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0.3 CDEHRDBE
ZOEFEEE MO AERX2) 07—~k M52 HFER (partial differential equation,
1%L C PDE) OB TH %, WD TEXOMEIIHEIFADOTELE S5 SISO LWVH DT,
CEHIFEZATVWS L, PDE FHHK, ZHARDOWVWTHEHEREZ T 2 DIFREIZHEL W,
PDE  BZ2ZHOWITTERTH S («» HMI /7K (ordinary differential equation,
ODE)), fliHICBRTE % X 512 PDE X ODE & h 327 hEEL W,

PDE Offl DUTHHIHT 2 A 3. Ifa;)laacxef’lfﬁﬁi (Laplace {#{%-¥, Laplace operator, Laplacian)

IR B W ERZET
0? 0? 0?
A'_ﬁ_:c%—i_&_:c%—i_“.—i_@x%
TERIND,
(i) K815 EX (wave equation)
Ut = YANTS

ZZT u=u(z,t) FRHMEKTH %,
ZFOX%D@EY ., KHFBROGELDICH NS,
PLEHEN (BU51E, heat equation)

uy = A u.

(i)

RUED u=u(z, t) FRHEKTDH %,
BB, HEEHS 2 ¥ ot BN 5,

R 7 v v
(iii) Poisson /5%23\ (Poisson equation)
—Au=f.

2T u=u(z) ERMBEE. f=f(x) ZBHBEETH %,
HT, #ES. B Y s REROGBICHEH NS,
ZD 3 DFRITIERZHEH» S TRV KERHITH 5,
e PDE (D ® 2 IFFICTIAVEIP) % 3 o WA, B, fsHA) I35 e N TE
B3, FNZEHOMAGIL 725 TW5B,
o i TH 270!, MO DHBNES TH 55, AEIFKRDIL TV,
o VML ERZESL (HRFTHIET 2HHR0H D). BEEANCH RV TEYS Lz,
HEXOBOWE ZYHINCEE T 5 2 L B HIKR T, HEIZLD,

DA, . SRR ORI RN, Z2hzhd o L LA ZEREE b6, ThEK
R, BRETER, Poisson /7Y 72 2 ATREMEA EIW,
9
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R IR D AFI 21T 5. FRNMRM D ROV T, S HT > TV B HEITIR WV, —
DD HHELSESIAATING KD D, BARAHVWHRLZHLZ 2 RTH B, X
KLU THNEZEALTD, 58O LOUNE NELIEY ) TH DS, BEL AL, E
7. BUBEAREL FEWr e, 2o Fourier OIS TH 5 (FRDBDIIMN#E B ITF L
HDTBWDOTHZELTS HWEW),

KK VBICRZHFREEIIT PDE ORI

1. Fourier f##T
(Fourier #£. Fourier Z427% i o T 5 5 /71E)

2. 2% (PLBRC RS N )
3. Mt

YWD 3ODBEENEETH S, £ ZAT, IN6DEEIFEFEINTEEZICELD KD O h3EE

L\, ZREZEFTH 275, Lebesgue TSI (HERITTR ORI 2T %7,
HIDPUHDFE WA %ZT %, PDE & I3ERKRIT2EH (AN IEBIRZEM) 1281 5 HiER
THH., ZDEELID NI IERERTTZE M D fFHT - DI RAHT B - 72 (Fourier fRHT.
o3k, O HERD 3 owc@E L T, ERIOTERSHL XD Y, TNERERT B0
BRI D0 BT 5 72), BIETIZ. PDE ORFZ2. BRI 2 TEZBRE S 2 2 0hE
MICHRoT VWS, BEDA Y F 25 A TIlE, 4 BRI O AMIGERZITO 28Ik
TWADT, ZOEHTIZEMEN ZHDOTICT IR 2L ICR 20, W, BN o S%E
WEELETZ2OHDTDH S,

RITRDZEI: RS IR OV TELSER, MM TEREZMIET 5 koo, BEEN D
HERD RS, Dl & BN O AP TE L oD EZRXREDRH 5, AY1TH D TR
WroR2—MhEFH 3T 2REOENNEENL DN, GFEEDLREL RS ) BBIENT O EDIEHRIC
SRDIBDPEDBASIZNADBDLZRLBNKSTH S, ELICHEBITONE T —RMEWT, 7% X
FEFRATHD DDADDHERNIEDPHTIERL, Lo ERTENLS5TH2, L LEBIL,
WD TYIE R ER D SfRAHN SN SERELEH LT T X (AYICRITD) BRTH 2 Z L 213
LT, BHIDSBIIE Y ERAELTH, LIESLRBBRIBLTHATH VL,

0.4 BZEXENA

BN HIUE (HTRREZD), ZOMBELIIITL T, H 20 Ihpi&b o712, flsRL T
HHIHIZeRES>TWVWSE, W OB EEZHFENLTBZ 9,

COBBEONANIIEAN LS DTH B0, ~MOATEASTRTEEL IS RDDIE. BRLLS
BOWEES (HEHIIRST o),

CDMBEONEDND OFIT (FHT 2, 3 B) &, BEH - s - R - &R [59] ZREARICLTW5,
HRED 20VESEBRIHEET 2 O0ERBROLED, BRSO BEFMERTH D, AFI#H LY (&

ZINBEEL (functional) ¥ 1d, BIRZZRE T 2D TH B, FRICE S & TR L 3B OREEU,
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WEE A, BIERE BB MTH 2006, HAD KZOBERORERE 57260 FTENTH ST
H39), BFER. Laplace A, ENTHEXD X 5 2B AREADIMH TV 2 DIXHAR
TdH 20, Maxwell DJ7HE, Navier-Stokes D FIERFICE T 2 5lab2i# - TV 3 AFTFIFEZ LW,
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REIRZEIE L H 20, MIETEI=—F7BANEND LIV,

Rba72F%F— (69 1ZiE. AFILVRAVDRMD ARG ERICBET 5. A=Y Ny 7 2REd0H
% (BEHID IR, OB E Y — R LEELRMRETDH D), REKDEWD, FHHIXT
WRWT, PHEOEMICHEYBRANETH 5 (RIIEEZEDFHRZIFLEORFDIHHBED T F A M TH - 7).
HROEHHY T o TRV, B2, BEEBEBERS Poincaré-Perron DFiE, K7 ¥ ¥ )LOED K
Y, EETED 0, MOKRTIEZEBEALEPN TORVWHAERRBEZELEIHHALTHD, HE
RIFHETH D, ZORBEIABNPOMRTH D, AFLEHL WL,

AR 8 [24]) YR A HERGRO FRNR) TSN AMETHD RERZ P —E)EHE L X
HbALEDPNTVWRRRIT TR, BMAOTEHRR EBROMR (WF5E7) NOFHBIZDORN B 5AATR
Al H B EHIEMAERAROMETHELTD 2), WM TERGREESIEETF-> T TiEE
LBWARTH 5,

DLE@ =3 THIBCEN ) AT, BEEM [59] & R TRM S AR T 2 RO @M 5355
WHRNDE K B 7R, ZRDWIR D R WEE I2E, IR EHHR [35], (REF - MR [72] 238D 6hs, &
BIC—MOMKEETH 2EFEHEICK S, BIRNRIT SO AMETDH 5,

B (23] 1F. o T0 B AEREZZD/ — b eRIC 3 DOHEXIZTIEN, HIFRNZ L NLRH 5
RSB RELRD B o T, FIFE W IIFFBFNCHE R 2R RATH 2, BEREEMEIDOVWTWVS
DHHEET 5,

EOOEDL AR —MENLTEI S, 77—n 7 58] &, TH¥ROFZFIC K> TELNIAT

HY, %&?E’J%&) U XIGHEBICI 2 T3, EEEE e LB EROEMRONTWS, BlFise
LTRWCEID I WATH 5 (EEFKIFETHS),

BHELEBRIAFNE G BADHT, e mAIC K 2) FEOBEIDIE, MR [35]. 77—
v 58] TH 5,

DD RMDHEINDE

COMRONEL DEEMHIEIHED ELRWVH, R AERICOVWTOfiED 2 2EFH T/
READZ, D LIENT %,

R [34] 13, —MOBNAROHFTEMA AR RO AEXZHAL TH 2 AMFTH 25, H
FICAshRVER DD, HHVWATD 5,

BE 17 BEMRCFHLL, @B OWTH —ED O d 5, MoK ERZ L ZAH0D
720

EF [20] X, NEEBERART, ROL>BFELH 5, (1) HERDOILTH (£E7V V7)., REHL
W EBRHRANBRDY = 4 PIREW (BUEEL LTI LWV, (i) BEAICE LW GERZENTE
V) 2T, NEOHMRIIEI DD DR OLIEEEL SN T I VWIFEZHELTWEY, (i) 1K
BORMT 255 %, BUERER Y, IBAVEEICO W T hshTwd (JERIc2a=—2THh3), A
FLRTVODT, FO—EFIIN-TAS I 2#ID 5, MEE#LFO NI i) TR AT
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ERVHIF TRV, 2D EDICHRETEZELRLE2 2D b, TO5WI T —ERFHITHISNIZARD
Ho LI TARLL,
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547 . B ROFAICIE Z DHEBRORICHMIRT 2 DIED HNZ S BATH 5, HEBIC LS
TR AR OED Hlon & AFIEIZIZIZ L Schrodinger HTERDE - TW 5,

MH « BH [76] 13BN D EEDORTH 5, WRMTHEROBHRERIEARDDTH S H
Hbwews NI o s (ZHRITOARZIND 7-MEFIMICHE D W), fEICIEHA IR
BRVATH 20, GO LWAZH D BER, FEoRBRWEUIZ LW, Wik e 5 2 231 [4] 13
WHFLAFERICE R Z BWARTH 20, HI¥FECEFACEED 3] 2B #2232 HPRV2S LT
2\,

B - KV - IUAR [50] 1E, —ICE S & TWREDAMETF A N 2725722 50 (BIROBIER
ED TEYMNE) OMEE E WA TOELHD 20 ANERBFHTH 2). WM RIS DWW TR
RZLdpBRDEBVTH-T, BHRD2ANORIFTAL LTHEAZ S RATH S, kB, LA [78] 13 &
h SRICHED 2 WRED AMEFTH 5,

RIRICE L E . A [74] &, WA REROELBREE TH - - EEOHRER D AALH
HBELVWHEME L2555, RLOPAICE,. BBERMOLEREPEE,LLTHhTHT, —/A
oD ERXKVHIRZGZ 200 LARKRWD (T F->Th 40 FLUEROATH 2), ZRTHRET 2
DX o720k, KifZ 2 TR HDICEST 2 AR TH %,

KKl

e R HERE - SEETRVHRAMETHD I L 2ED 0D, TV SGEICEHD 5N RDOH
T, BEADZ 2B VTHE2bDL LT, A [22] 23D b, 7AVIDRFATHEBELIEHRL D
LR L "B OEEIG) , 7L —Y—BRE] LI EEFELWL, R25DDH 5 ANIIFK
ERFHEN R ZA0H-> TEBLLVERS (2505 00F 2 AR EZ IV NES 5 7%),

RE&RIC

ZO/ — hOHFDRMIHENE BOF 7GR, HEITHHXTWLLT B 23E0TT,
FEVWLISMS, ZHEECTEBLIREL L2, ZZ0HHIETR D O6 VO TELELDER
WV, EWVWS EORBEERDREMTT, BFAALDT F LRI katuradaCmeiji.ac. jp

T3, BB . WWW R—= (http://nalab.mind.meiji.ac.jp/~mk/lecture/pde/) bHHET, &l
EERREF 2y 7 LTHHRDEFENTT,
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B1E EFAREN

Z OEONEIEANL D DT, KEORMHHEAD AP > TV 5 (B2 X -
MR [59] R0HE 4B [24] R Y. WEITAER R ST RIS LVAL LTI, < ke
7 2% — [60]. FE)II [4]. WA [74] REDD B,

1.1 KEAEREIE
L, t DREIEL u = u(z, t) 1B 5 BHFR

1 0%u

WW@J) = Au(z,t) (A FZEE 2 12ZBIF % Laplacian)

Z KEIATEN (wave equation) E MR, Z 2T ¢ = c(x) IZEEDORTZ2HFOBMETH 5,
B = WX [0, L) 2R 5 N EOM/IMRBIBR T OWT, KA ¢ 188 2 FERE «
DRDOENZ u(z,t) T 5, BHRITED M u id 1 RITOEF RN

1 0%u 0*u
e = TRt (@) € (0.0)x 00)

Zite T (ZoABEROEHICOWTIE. HIZISBER - Mgkt [59] 2R KX)o 22T c(z) &

Y #EbENZ, 7L T(e) EEOEN. plz) FHOBEEREDT, £ HICEOEPIR2 R
THED, UTTIE T(z) ZEBTH 2 ERET 5, SHILTNDRRDIZE A DHE p(z)
SEBTH 2 LIRET 20, ZOHEE c(z) DERKERD, BEOWMOBEIZDT 7 =v 71
XD c(z)=1THHe LTHRARF IO T, FEXRE LTI

0%u 0%u

w(xi) = @(%t)
EEZNUI T TH %,

2D E RN TR TE 2D LTIE, BEOIRE) CRep#B]) 255 5, KAl ¢,

E (x,y) BT BEDZEN u(z,y,t) 1

L gty = L) + )
02 atQ $7y7 - aIQ xay7 ayz xvya

— > ]- T > /4 Z 1
HRIEAA E AT, Sy = 2 (— ) w5 RO M AR ISR 5.
c? Or \ 1+ (ug)?
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WS HRRRIES, T 2ENEXH=DDES, p ZROEIEE L LT, ¢l

T
c=4/—
P
THZo6N 5,
SHKITDWENHFEATIHARTE 252 BHRE LTIX, BFEXEH 5,
1 0%u 9%u 0%*u 9%u
= at2(x yzt) = o5y, 2 t) + 3y T2 &Y 28 + 55 (@9, 2,1).

ZAUZOWVWTIE. £F [20) 2R X RAORMERDOB WS LAV, BEOFEDFHIHI T
WAREFEZHICT S Z 2137, 20 3BETH ),

BEKEE DR TR TH 5 Maxwell DR 6, B2 (FEff & BEREESFELRWV)
DEG E, WHREE B A, N7 MVEBERREE SRR 2T e 8rhs (B4 ),

f 1.1.1 (Maxwell DAL (1873), BRIEKDTE) EXP T, &% E, WHEE B, &
XU AT

IR p, BMEE j 3Maxwell OFER (Maxwell’s equations)

BE-r _ 9B G g_g & i OE
(1.1.1) VE—EO, VxFE= TR V-B=0, ¢VxB-= +8t
Zii7z 32 (c I3H, gg IXFEZEDFBERTH S),
FRICEm, EMEENIFELRWY (p=0,7=0) & %,
V-E=0, VXE:—a—B, V-B=0, 2VXB—aE
ot ot
TH206. BN rot(rot f) = grad(div f) — A f 2o T,
1 0’°E 0 0B
S5 =5 (VX B)=Vx =2 =V x (-V x B)
—AE-V(V-E)=AE—0
=AEF,
10°B 10 1_ 0E 1 )
§8t2_26t(v E) = ——V 8t——c—2V><(cV><B)——V><(V><B)
:AB—V(V-B)—AB—O
= A B.

$7bb E, B £HITHE ¢ OIRITERX 2723, Maxwell (James Clerk Maxwell, 1831-
TAR

1879) X ZDHEEZH - T, EZEHZERE T 2BRIEOFEL TE L7z (1864 ), ZAUIHEW
1887 4E. Hertz (Heinrich Rudolph Hertz, 1857-1894) 23EERTHRAE L MINIHII Lz £ D
ERREDEHRE E KL BT 2 2 eh o, b OB & PRSI SEDERKER).
bHAABIETIE, R BEREDPERETHS L IHRTDH 5, =

Maxwell DEFEZ R TS, ZOMIHTBERERLYZS520, ZUDTIOMIHTEROBICEE R LD
Heaviside T®H %, o

PEARBIT, STHARTIE, ¢ = 299792458 m/s (X — MVOEHEICEB), e0 = 7 = 8.854 x 10712 F/m.
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BILSUEDERIZOWTIE, KH [9], [10] IZFEL W,

BENZOWTIX, HEREEFTHLL, WYL LTEEITRELS LWy, FAOFM 4}
THHDT, EI5VIRDD 205 L 20H, FICH - 725 [79] 1&. TRILVEEEZ A
RPILFALTH o THBEOTE S (FHTEHE ST [3XITOWE L A18R), Bz 22882 D
FFT02D3L W EERICOVWTIE, ZLbyFr—- By Y7 [68] bW HLREMNE
DH B, [79] D &S BYHEYDAMNZ T F A MIFELIBHINTHEZDIE, BnwZ e
5,

Bl w=u(z,y,zt) PEFTHEROHMEE D HIER

Pu
P or

Zhi7z3T e E (22T p, pu, MNFIEER). p:=divu, s :=rotu lFZHLZTH

=puAu+ A+ p)grad (divu)

82]9 N {m|
pap = (A +2m) Ap (PIROTTHER),

?s R -

il 2 e B, — P (primary wave) 1& S (secondary wave) & D,

(fR50E p. 232) m

ROLDERLTEL b, CARBEEFBRTHRBTEXTHABTE S L WVWS DI TR
W Bl ZTE R O IRENE .

u

w<xay7t) - = AZ U’(xvy?t)
WS 4 BEDIRMD TERCHES (Kirchhoff-Love €7 L), ZZT

A2 — 8_2+@_2 2—84 +9 o +84
= 92 8?/2 - 0.1:4 81.28?/2 ay4

1.2 17T ZEf R! ICEIT 3 EREARER
1.2.1 d’Alembert Df#

BRORZDOMHRBZKOIRINZEZ LS, BV DL

1 0%u 0%u

Zii7zd u=u(x,t) ZEZX b, (c FIEEBTH 2 LIRET %, )
f:R—=R,g:R—RZEED C? oKL T2 & %=,

(1.2.2) w(z,t) = f(z —ct) + gz + ct)

TERINDS u D (1.21) ZHiZeT I 2R T L2DEBEHTDHS (TSETHENRD), FHi
ZOHMHMD D, EFHE LTELHTEI S,
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4 N
I 1.2.1 CREBARERO—MERE) (1) TEO C? B f: R - R, ¢: R - RIZXL
T, u % (1.22) TERT S L. ulid (1.2.1) 2HF

(2) C? HDBAE u: R x R — R 2% (1.2.1) ZifiZz 372013, (1.2.2) i3 C? okl
BIR—-R,¢g:R—RDPFET S,

J

AR HICERBEBOMIMEDICH TS 54 (1) I&
u(z,t) = f'(x —ct) - (—c) + ¢'(x +ct) -
u(z,t) = f'(@ —ct) - (=) + ¢"(x + ct) - & = (f"(2 — ct) + ¢"(z + ct)),
uy(x,t) = fllx —ct)+ ¢ (x + ct), ug(z,t)=f"(x—ct)+ ¢"(x + ct)
KOS, (2) IZDOWTIE, BEER (2,t) — (&n) &
(1.2.3) E=x—ct, n=x+ct

TEDT, v(&n) =ulz,t) B, ¥

0 %0 om0 __ 0,0
ot otoc  oton  0f
THIh b,

ou_ _ v v
ot~ Coc " ‘o

o2 oot \ “oe oc " Can) T~ \oe " “acon T o2 )

[FIREIC

o 9o oo 9 9

0r  0z0t oxoy  0F  om

CIRB, D,
ou Ov Ov
_:_+_’
oxr 0¢  On
Pu_dou_ (0 0\ (0 o0\ o o o
0x2 Oz dx \0¢ On o0& On)  0g2 o&on — On?
ob i
l82u_82u__482v
2otz 0z 0LOn

zaéﬁ\uﬁﬁ@ﬁ&ﬁéﬂﬁ:%x%ﬁt132#g\

v
ocon
YERST, f PMOTTEET, a & b ZERE T B E. (flar +D) =af'(ax +b) EWIBNRE¥ATE, T2

THITRS u ZZEEHBETH 20, WM OHEIZ 1 ZHEROWMS R TH2DT. ZOERBFEDAK
DEHATEAZIEEL LS,
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b g—:; 3RBTGO FD g B OMETH D 2 L Hh B

1R. o _
aGeoaxR)snéM_Gmy
G DIFIBEEL. T72bb ¢(n)=G(n) L7228 g Z1 205 &, ZHid C*(R;R) DILT

HY. 5 5
oy (67— 90) = = _Gm=o.

Do v n) —gn) & niKozw, DFD ERITOBERTDH S Zennhs:
If € C*(R;R) st v(&m) —g(n) = f(§).
N g
u(z,t) =v(&n) = f(§) +9n) = flx —ct) + gz +ct)m
DFED (1.22) & (1.21) @ (WbWw3) —fkfEZRDOLTWVWE EEZ 6N 50, D%

FHEIBRAT d Alembert DBEIEE, f(r — cf) 13 o MOEHFICES ¢ THELH.
gl +ct) ¥z WIOETTANIHEE ¢ THELEERDLTWS,

R 1.2.1 (122) . (1.23) ZE IR THDI 200 ? W05 T AT RNEDNHA]
W, ZZTRIELLTHH S, —D2DEFII,

L0V (0N _ (10, 0\ (10 _ 0
c? \ Ot oz \cot Ox cOt Ox
Y S BOMEZE O B AT, 2 e h O RS 2(% 2 tna rwscrT

o€
H5, m

1.2.2 #EHERIE, d’Alembert OFEAT

(1.2.1) Zi/z 3% u = u(z, t) FENTHFEL. Z2 —DIZRET 2 72DIiE. e iics
HEEMLRFIER SRV, REFRD DK, FEEDORKL (Z 2Tkt =0) 2B 2 IKEE
ZIRET 25MTH 5,

ou

(1.2.4) u(z,0) = ¢(z), E(m,()) =¢(z) (xe€R)

S (1.2.1) & (1.2.4) ZRIFHCHT2 3 = u(x, t) Z3RD X, W5 BEZ FIHRERIE (initial
value problem) %7213 Cauchy [ (Cauchy problem) & FER, ¥£7: (1.2.4) Z#IHAZ%

5 ITf=f(z,y) e CLR%R) 28 f, =0 Zi/2T RO, f(x,y) = f(0,y) (Vy € R) DD D) W I
%ﬁ%ﬁmﬁﬁfgéoiﬁ\*%Kf@wy:ﬂam+/‘ﬁuyﬁﬁﬁﬁbjozt#%ﬁﬁfgéoﬁé
0

Wid, FEEOEHZME > THREHTE 2,

O TR TR D—RIGEZIFTH S, PIHIRAREDFRAZHAWTREDBEZESZ T L5 FIHE, WM
I RRROMETIE LIX UIEH TR, R AEXOMETIIEZ IR, o (ZEH) 1 ZKoroEE 7R
BN EE R S,

21



f# (initial condition) &ML, KETTERIIRA] ¢ ITOWT 2ETH B Z e b, FIHASEA:
DADB DT> TVWEZIFEHL LS, Z2oDB# ¢ & + ZHIHAE (initial values) &
e,

BIETHRZZ X512, (1.2.1) ZHi7e 3 u O— ¥ (1.2.2) 2SNz, Z 2T, IS (1.2.4)
Zi7z3 K512, (1.2.2) HD f, g ZED S NAUIHIIERED T 2 Z 212k 205, THh
FERRCARETH 5 Z L ZUNITR T, #IHISMIC (1.2.2) ZRAT 5 L

f)+g(r) = 6(a) (€ R),
o2 +9(@) = ¥(r) (€ R)
L5, BENPDS
~F@)+ o) =1 [ o)y £0)+90) (weR

DIESLNDZ DT, #I 1 XRFEREZHENT

1) =5 (901 [“owan+ 10 -90))
o) = 5 (o) + 2 [ v s = 10 +.90)).
hh b
(1.2.5) u(z,t) = %(¢(a: —ct)+ P(x +ct)) + % i+:t ¥(y) dy.

hz &’ Alémbert DFEB LD 5 id Stokes DR L IFESR (Euler 12K 5., 1750 FEEHD
FEHER)o
Dbzxe®s e ROEHZF 5,

FIE 1.2.2 1 XTREABRRNOVRERECHRO—EEE) ¢ € C*(R), v € CY(R) &
513, WENTREROIAMEE (1.2.1), (1.2.4) ® C? HFDEH—EINFEL. ZHZ
d’Alembert OEEIAK (1.2.5) THZ BN 5,

BIENRH /56X > THAED ROZHEI d' Alembert OIREIARTHZEIHRE L. £hny
IWVIRZERDODTNEZTAKL (A 2—X—2ERZB5E, 7=A—2a 2R LTHA
£ 95%)%,

"Euler MR DI, 728 d’Alembert % Stokes DELZHEINBZDEA50? b, fGHETH 3
25 1750 2 W05 BWREICRIT 720725 505, R AR ORED 2 AR EP ORI 2 DI
D X 5 B5DT 5,

SEH DR DFA (2001 FEARME=HHBZE) ME-72 WWW KR—2 (http://nalab.mind.meiji.ac.
jp/~ee88010/) IZ7 7R T B WVWHFbH 3,

9RIX (2) DA, d’Alembert OIEBENIANTUTEIMINAAT 2 Z 21Xk o T w IFfEHHIC TRE 21 3, A
BRI o T L £ 5, MEHEEZ &5 o TN AERDREEZ 200, BHE ORALARXRLRVWE ZAT
BB, ZORERIIPHEINCENEZDICH o2 b RBDITH->TWVWD, DD DFEFIFBRT 2 BUE RN
CIENBINTH 5, AEEAFERDORL. RUISTERERH->TH, TRBIFELPLITR>TLEI D, ¥
FAREAORICBOTIE, NEFEEERE T ERL TV, EHE?S R TS, HHRRICBVWTIX, FHE
D &S 7%, FEfRBEBTRAT21E50P0 LAY RS DEWS BEYD 5720, TIUIEELRMETDH 5,
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http://nalab.mind.meiji.ac.jp/~ee88010/
http://nalab.mind.meiji.ac.jp/~ee88010/

(1) ¢(z) =sinzx, ¢(z) =0.
<m¢w:{; e @ =0

(3) ¢(z) =0, Y¥(x) =sinz.

1.2.3 #&EEE. LB, CRRE
FEAEREIC T % d’Alembert DOEEIZNT

x+ct

1) = 50 —et) +ola )+ 5 [ vy

ZRZY, FPRFHOEREDR (v, t0) (to > 0) ZIEREREELLE 2, ZOHRTO u DfE
u(zo, to) 1. ¢ D o+ ctg TOMEE ., ¢ DX I := [z — cto, xg + cto) TOMEIZ K > TEE
D, I DFEEITBT 2UHMEICIE—YIRZRI RV, 2oLz enb. I % (xg,t) DERTF
7835 (domain of dependence) & FERI,

t
c(t —fto) — (x — o) =0 c(t—to)+(xr—29) =0

(20, t0)

Y

(270 - Ct(), 0) ﬁ?ﬁﬁﬁﬁﬁ’ﬁ I (l’(] + Ct07 0) T

1.1: (.To,to) @ﬁ?ﬁﬁﬁiﬂj

Wz, 2 BB (2/,0) ZEET 22, ZORTOYAE ¢, » DEIZE > T, u(w,t) Off
DERT B (2,t) DEAIZF

Yi={(z,t) e R x R;c|t|] > |x — 2|}

ER5%, DY ZR (2/,0) OREMBEE (domain of influence) W51,

V- oFERTIE. (FRCH Y O WIR D, BHROFFOER I ->T) T W5 SELEEHES OEK
TRWTWEH, 20 MKFEE BEEETEVOT ) TEEV. BB, {(1.6):|c — z0| < et — to)}
YW SEE (2o, to) ZTEA Y T2 FHICEN=8E) O C & 2 REHER L IERFHD B 2.

Nz o BER G FE S TRV T, MEE TR,
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(ZNFTETIE. BRCKEFOCTEAY 2 RF v —(IETHELT, 2D D ITET
B pE. (2,0) TOMEOEEICHELZIT L) LERMLTERD, BT/ — FEHATHDD
hoow, i nzoT, UN, Rk 23FHZRA S,

(z,t) DEEEBICEEND o D (2,t) ODRIFHERICE TN
& 2 €x—clt],x + clt]]

& x—clt] <2 <z+
&t <2’ —x <t
& e =2 <t
BAIPS S5 LSRR oT=m? )
t 1
_ E ™~
cd+(x—a")=0 K ct—(x—2")=0
// (.Z'/,O) z
/
/
/
/
/
5B I

1.2: (2/,0) ORZEHIK

PIERANC AR % & BRI

1 0%u 0%u
2oe ™! = (™)

TAEZL Y

IZOWT, %ﬂﬂﬂﬁﬁ@f%ﬁ E (propagation speed, speed of propagation) & ¢ TH 5, &5 R
5THAH9,

1.3 R" ICH T HEBERRE

MPEZER) v DIET AZEMORTTE 1 EDRE2WVn 32 LLIRED, o 28 #Hl
2222 R™ TH 25830 T, HBAED IS e TE 5, BEERIIZEHZ
IX Fourier Z#1% H\W T, #IHMEREOMD AR EHE 2 Z e BT X %, Fourier ZHUIEIEH
BUICBI 2EDTERSINL DT, EOIGKZEHBICHEICT 5 &k DHEIEDS, 22
TRZDORIIIFHZ2L->T ( TEAWGEE) ) Fwd 2 28125 %,
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1.3.1 Duhamel =&

(T oEGEmcHN 2888 (I B §5) F: R"x[0,00) = R, ¢: R* = R, ¢: R" —
R IZOWT, ESWHEENED VLo TWRIFIUIESZVDRIZOWTIE, HEOFHELLLE
PRV 2IZT %, )

0*u ) ) N
(1.3.1) EﬂL”:CAg:ﬂ+F@ﬁ ((z,1) € R™ x (0,00)),
u(z,0) = o(z), 5(5670) =(z) (z€R)

WS IEERDOYIHHMERMEZ < 72912, ZORRIGETH L, XD 3 DOWIHHERE%
Ez2 &9,
BifEl F=0,06=0 DFA

0%v

2w t) = ¢ Al (2,1) € R™ x (0,00)),
o0 =0, W 0)=v(a) (R

BfE2 F=0,¢v=00D54A
O*w 9
W(l‘,t) = Aw(x,t) ((z,t) € R" x (0,00)),
w(e,0)=oa), (0)=0  (zeR).

BE3 ¢0=0,¢=0 DFE
02U )
W(w,t) =" AU(z,t)+ F(x,t) ((x,t) € R" x (0,00)),
U(z,0) =0, a—U(yg,()):(] (x € R™).

ot
F3 v, w, U DRENRX, X
u=v+w+U

TRESLZEIEIHALLTH S ([WWEKRTOERTHOE DRI the superposition principle,
principle of superposition),

AT, FiF v IZOWTOME 1 B —fICET UL, UIMIRT &2, 22w T
w, UIZDOWTORE 2,3 2 Ze D TE, fiF u \ICOWTORENEITZ Z2I1Tikhb, Z

F a7 X
A% Duhamel DJRIE (Duhamel’s principle) & W5 12,

12 Jean Marie Constant Duhamel (1797-1872, 7 Z > A ® St Malo IZ4EFh, Paris I THET ).
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I8 1 DFETHIE 2 DEZ1ES
1 D% vy, EEFESZLILT, w:= % e, widME2 DIk D, Tikb
BRI D LD,

e N
2 1.3.1 v 2

vz, t) = A Av(z,t) ((z,t) € R* x (0,00)),

v(z,0)=0 (ze€R"), wv(x,0)=¢(x) (xreR")

%ﬁj_}: %\ W = Ut t£< Z\ mﬁﬁfﬁibﬁﬁo

wy (2, t) = 2 Aw(x,t) ((x,t) € R* x (0,00)),

w(z,0) =¢(x) (reR"™), w(z,00=0 (zeR").
\_ /

SEB B ZEHETHS (LIEEZ. —0—D Lot h LHEET ZRENDH ).

wy = vy = A,
0 J /4 0 " 92 "L 9% 0 0
_ _ A _ 2 . — 2 = 2A e — ZA
W = gyt = g (D) = 5 (C ; a:@“) ‘ ]21‘9”52 ot~ © (&s“) cow

w(x, 0) = Ut(ﬁ,()) = ¢<x)>
wy(z,0) = vy(z,0) = 2 Av(z,0) = A0=0m

f:R?> (v,y) = f(z,y) ERD f(z,0) =0 (z € R) Zili’cT 225, fo(x,0) =0 1FEF
25, fy(z,0) =0 1FEFRV, ZDZ e Z2HEL THLDESEIRET 20ER D5, v(z,0) =0
(z € R") 225 v,,(2,0) =0, vy,0,(2,0) =0 (x € R") DD LDDT, Av(z,0)=0 (z € R")
ETEDIFIELWVEITRETH %,
AR 1.3.2 (ULDOERDEHAIEE) M 2 BRI EEIE. Thz t TOWTHEDTT 3
ZETHE 1 OSEONDE I LITh5, RFLWVWI L IZERT 5, =

Z DR CHERRIEE R vy = 2 A u OPIEREOBONANE 5N 2,
/CCi'C“O)iZ_&D(Jébbfiﬂffbjf%ﬁ'if%%i%t"') ~
HeE 5 X O WA fERT A

(1.3.2)
ug(r,t) = Au(x,t) (R* xR), u(z,0)=d¢(x) (R"), wuz,0)=1v(x) (R")

IZOWT, ¢=0 DHEDRE vy, £ELZLIZT DL,

— — +
U= =0 v
ot ? v

X (1.3.2) Of% 52 5%,
\ Y
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B 1 DETRHE 3 DREZES
(Z DB TEBZLIETH D) LI ADB WD (BIZER e T X% — [69], H2FE§12), )

t

(1.3.3) U(z,t) = / Vg (T, 1 — 8)ds
0

B TI T, & s AT A—K— LTATHE

Z;@w—aAm@o(@@equamm
ov "
v(x,0) =0, E(w,O) = F(z,s) (xre€R")

DR v THb, (F(,8) 1d s ZREIELIE ZIWCEES 1 EHBEK R" >y~ F(y,s) € R
CeZEKRT LY, 35D LEANRKTRZWEEIE. 10t0BETED 503, # /\@WJ
133 %2BEICL L5, )

ESaE =y

U(z,0) /fffx’%* MR ds = 0.
—

ou s, s,
E(m,t) = /0 57 Ur (z,t = s)ds + v, (2,1 —s) = /0 5:Vrc (x,t — s)ds

)
oUu
X e.0) /w* YR ds — 0.
51T
== Js + Sy (a2t = 9
&2 m2”> CIET e T
- / O (1 = $)ds + Fla 1),
0
t
U($,t):/0 Avg, (@t —s)ds
&

0*U 2 A Lo 2 A
5 —(z,t) = AU(x,t) = 52 Ve (x,t —s)—c Av, (2,1 —s) ) ds+ F(x,1)

:/%@+me:F@w

W2 U IIHE3DRETH S, m

BRIHZHEMIZ, TTIE Fy,s) EHFITERVOTIE? ) 2W0WHD00H 50 F(y,s) & (y,8) TBF2 F O
fEEieblLw,
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i 1.3.3 (1 XTDHE) 1 XD E. d’Alembert DIKEIAR D &

1 x+ct
'Uw(ilf) = 2_0 i ¢<y) dya
w(e,t) = 5 (6(z — ) + 9lc + ct))
5% (ag —w BT LT 2 ¥ ORERIZHEL < 72U, S

x+ct
vreolot) =0 [ Pl dy

r—ct

x+ct

(RART D20, HHOTEDNIEEZ y THRVBD, Pl 2 ITEZT — / F(z,8)dz &

LTHRLZETHE, —/T, s ZMMOLFITEZ 5 Z EIGHIKRR W, F(., ) EWVWSEED
FHMEZAELTH 5 ANULFENTH S, )
Wz

t t 1 z+c(t—s)
(1.34) Ulz,t) = / Vp(.s) (2,1 —5) ds —/ —/ F(y,s) dy | ds
0 2c z—c(t—s)

z+c(t—s)
/ / s) dyds.m

R#K 1.3.1 (Eiﬂ%i&ﬁﬁﬂ?ﬁﬁiﬁﬁ&ﬁt@tb%&) KIBOHEW D TR DOARIZHEH > TV B HHE
(Bl DERZE) T LS IEREN5)

d t
df =Ax+ f(t), z(0)=0 I (i) :/0 A=) £(s) ds
. ;
x

D% G(t) ¥ LT,

b SEGR N

dz
- = Az + f(t), x(0)=0

DD LD, LBV HN S,
COHERF, n EHENCBINRTE 5, Tn FEEBEREBHEE W00 77 - 0 WIEE

™ () 4+ ay ™I (#) + -+ a2’ (t) + anz(t) =0,
2(0)=2'(0)=--- =22(0) =0, 27Y(0)=1

Dfif G(t) ZE5 k.

2™ (t) + ar ™ V) + -+ a1 2 (1) + anz(t) = F(2),
(1.3.5) { 2(0) =2/(0) = - = 22 (0) = 2D (0) = 0
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DRI
(1.3.6) x(t) = /o G(t —s)F(s) ds

THEZHN3 (HHTHHERAS Z L 21D 35, 5AFIUSH ZIZHH [16).1 2212
HTR2 Gt) 25 .

™ () + ayz™ V(@) + -+ a2 (t) + anz(t) = 0,
z(0) = 2'(0) = --- = 2"2(0) =0, 2"V(0) = F(s)

DI G()F(s): t > G(t)F(s) THEH B, TNE vp) LEL L,

M) 4 ar ™I (#) + -+ a1 2 (t) + anz(t) = F(t),
2(0) = 2/(0) = - - = 2*=2(0) = 2(*D(0) = 0

¢
x(t) :/ Vp(s)(t — s) ds
0
ThHEZoNhd, LS ZeHHKD, ME 1 OEIHME3 DREFELFIRIIhEZoLKD
72, m

B (1.3.6) 23 (1.3.5) DfRIZIR-oTWVWB Z e 2D X (HMREEZ S 2720),

B E8w>0 a b H#HGMAR F:[0,00) > RGN E
2"(t) = —wx(t) + F(t), z(0)=a, 2'(0)=b
D RD K, (Dt d F=0DHEEEFMNTAL L E#D S, )

1.3.2 Fourier B K B BDERR

(Fourier ZH#UIIEEITHRSITH 203, [RFEET TEBREIN TV T, BERITOID LEEL W,
ZFDH, TOFEBTIEIHEDHbORNI LT3, TERWLHERL T TIENLTELD
WYHERTHAS, )

(ETHAT & 500, —fRr7RRIEE (1.3.1) 3. B 1 2 2 LIS a s 2 Lo
Fb DY) R 1 ORI & 518 5,

(1.3.7) v(z,t) = (271';"/2 /Rn i3 Sin£|65‘t) &(5) de.

ZZT i XEBHATHD, - = ijﬁj (R® ®NFE), 2L T U 1% o @ Fourier ZHaC
j=1
H b .
> — 7’L’.’L’~£ n
0O = o [ @) (€ e RY)
ZONRK (1.3.7) @ (—oD) BERERM L FERX, Fl 2 IXRE /7 # [24] 128> TW 3,
R" Loy OFEmIEEE 72, BB BRI RSN T 2 X5 IZHlHETH 5,
| 2 SR DIIFES 5 72010, B RIF 2 EIN IR T 572 2,
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SERBD 7O R SA1 Y
Fourier Z8482 ¥ #4153 D EE{R Y -
ov N
8_:(:]<§) = i&;0(§)

&b

92 9 £ ~ ~
522 = 3y (©) = i€, (©) = (€)°0(6) = ~€7(©).

J
% j=1,2,--- ,nIiZOWTHZ T, Laplacian @ Fourier Z#UZBH3 % /3K
Av(E) = —|¢la(e)
NEONDE, ZNEHEETTERX vy =2 Av 25
d 2
(3) 760 = ~clePacc.o

DD NDZ eDEIND, THE (T A=K — 3K HDOD) EERE 2 BERIE R
TR THDI, BHIZ

v(&,t) = A(§) cos(c[¢]t) + B(E) sin(c[¢]t)
YRR Z e KD, T 2T A®S), BE) MEEERTH 57, UG, 51861 5 54E

~ dv ~

N o) -
) 5(0)
AQ =0 BE="7g
CEDLND, DZIT
3¢, ) = Sl 5y
’ e Ve

Mz Fourier Z#2 3% & (1.3.7) 2155, =
DD, ZOHIORHNC BT IIMEREOMR « 13 (F 2 7 A LOEIIC & - T)

(1.3.8) ) = (Qﬁl)n/z /Rn 3 |:COS(C|§|t)$(§) + siﬂi%fl%(o] d¢

1L eix‘ﬁsm“'i’éﬁ =D ] a

TR 72 AR / e it U( de = — / a1, e y(x )dx—zfj/ e" 8y (x) de ¥ TEROFESD
R~

—F) TH2, MOTOPWHRZY %%AZ’?’%@H%;&K D WZFRDIDD B
1652513, AARBEIRBIO AR 27 (1) = —w?z(t) TH D (w = c|€])s ;@*ﬂﬁﬁ@& LT z(t) = Acoswt+Bsinwt
(A, B 3EEER) »Eh 2 DiE, HTROWEMTD 5,

Fourier D KEENF f(z) = 1 e”{f(f) dE WXk %, RXRTHBH. A V5 FHEITITTITRE
(27T)n/2 R™
i, LW =aT Y ARDH S,
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THEZBNB, 272U F(Es) 1. s BT RXA—R—rHBR LY v OB « — F(z,s) D
Fourier Z2#4TH %, THbH

1

F(&,s) = W/n e T F (2, 8) da.

1.3.3 R? R? ICHIT2VHBERIBDROBELR LT

1.3.2 TH X 7z, Fourier Z#2% WD (1.3.8) &, MOMEZHFANLIITE T
T WETHHH B, TITREMRIT n 282 £33 DHEL. DA DRTVRED
73 (Kirchhoff”? MR (Kirchhoff’s formula), Poisson® ORI) ZHEML & 5,

(1.3.9) %(m,t} = Au(x,t) ((z,t) € R" x (0,00)),
(1.3.10) u(z,0) = ¢(x), g—?(x, 0)=v¢(z) (zeR")

T2 ly IEQER ¢ eBE ¢, BEZ BN TWE 2T 5,

4 N
FE 134 ¢c>0,¢6cC3R), v c C3R) 35L&, #HAMEBRE (1.3.9), (1.3.10) ®
fRizgxATcHEZ BN 5,

(1) n =3 OHFAE (FILEHRT (Kirchhoff) DFENAT)

et = |5 (3 [ ew in,) + [ i,

77U do, BEREREET,

(2) n=2 DFHE (R7Y > (Poisson) DFEBINI)

1 [o o(y) 40
U,(J},t) 27.[_0 [at (/g;ﬂgct \/02t2 — |y —_ $|2 y) + /:1;93|§Ct \/02t2 - |y - Jf|2 y]
j

(ZOARIZDLEMHZ S ICRA 2, F a7 ANDFEMEZECHRIE, E072 T2
BNZ L2 s, Thbb ¢ OBBE (EIH2IE) O ¢ % ¢ THEMRAT % o5
L.bEdb ¢ OB (H0E LH) (KRB, )

N

B2 X, RS EEBTH 2 DA E TH ?

Y Gustav Robert Kirchhoff (18241887, Kénigsberg I12/E £ 41, Berlin I2TH 3 %) 1. BEXEEE D Kirchhoff
DAL BRSO Kirchhoff DMEGHERL 770 k=7 7 —#iHF P UV LDART ML THZ Z L DFHA
7Y THARYHEHE,

20Siméon Denis Poisson (17811840, 7 7 > A ® Pithiviers IZA F M, Sceaux 1T T %, )
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\
fiE 1.3.5 (R® @ Laplacian OWBEIERT) R? ICHB1T 5 Laplacian A = gy + Uy, + U,

ZMPEIRRR S 5 &

0% n 2 0u n 1 1 02 1
= — _— J— u = R .
or2 ' ror o270 r Or?

72720 Ag BRXATERZNAIEHZE T, KA LD Laplace-Beltrami {fEf% (Laplace-
Beltrami operator) & M35,

1 9 (.  Ou 1 9%

w1 ou 1 o
002 tanf 00 = sin®0 02

N /)

Z DOFEDFEHIZENS T 5 (M7 OEEMETDH %), Bl [13] D8R, H 20 [15]

ZH K,

EHE1.340DFHA (1) (Frehy 70RK) FED 2 e R? ZEELT. &£ r>0,t>012

MUT, KA |y —z|=r LD u(y,t) OFEEZ u(r,t) £B<:

~ 1
u(r,t) = - / | u(y,t) doy,.
y—z|=r

(1.3.11) Au

Igﬁ 1 Clgﬂtt = ﬂr'r’ + %ﬂr 71)5‘7;( D ‘/PCOO
BERR x ZHULY T 2 MR

sin @ cos ¢
y=r+rw, w=| sinfsing ((0,0) € ¥ :=10,7] x [0,27])
cos 6

ZHWS L do, =r*sinfdodp &0,
u(r,t) = L // u(z + rw,t)sin 0 do de.
Am ] J(0.4)ex
RS LOWMITBEZITIELETET

1 /0\°_ 1 1 /0\* .
() wro=g [, 7 () vt rennomas

u & 0—12utt =ANu DETHE0 5,

l 22~( t)—i// 22+22+lA
2\ot) "V T 0.6)es | \Or ror 277

(1.3.12) ¥,

u(z + rw,t)sin 6 df de.

T d 27rd
[:@@mww»w:m A 15 (G0) 4o =0 (G 13N 2m DB
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REZBY Ag DEIIHEL HT

1(@) ) 4w//9¢ [(a) i

BUOES MO olER S #H% LT

A o\* 20]

g(a) u(r,t) = (E) +F8r //9¢ u(z + rw,t)sin 0 dh do
— _ 2 2_|_23 u(r,t)

| \or ror| Wnb.

82

u(z + rw, t) sin 6 d de.

FiR2. v(rt) :=ru(rt) B L (

0_12“““” B = u(r ) ((r4) € (0,00) x (0, 50)),
u(r,0) = ro(r), v(r,0) =r¢(r) (€ (0,00))
7272 L

~ 1 ~ 1
r) = do,, r) = doy.
3(r) / S T /| W

42 42

FEE3. U 1), o, ¥ BEBKIEIEL T R £ICIEIRT & X,
c%vtt(r, t) =v(r,t) ((r,t) € R x (0,00)),
v(r,0) = rg(r), v (1, 0) = mZ(T) (r e R).
Z Xk d’Alembert OB S

~ — rtct
(%) o(r,t) = % ((r +et)p(r + ct) + (1 — ct)p(r — ct)) + 2%/ sd(s) ds.

—ct

Wid% r TH->T, r—>0 & LMREZEZ 5,
X I ONWTIE CPAEDOMIR D FAE BT 5. L WS R HBFET)

lim (1v(r, t)) — limi(r, £) = lim /|y 0oy =)

r r—0 r—0 47772
(k) DETHE 1EIZOWTIE, ¢ BMEBKTH 2 Z LITHEELT

ﬁ(ru(r)) = 1y + 2u, EVWIREBITEET S L&)

[ r 4 ct)p(r + ct) + (r — ct)(r — ct)} _ (d+r)o(ct +7) 2—10 (ct — r)p(ct — 1)

le

DR so(s) ICDOWTDENFITH S Z L ickhoL &

lim 1 [(r + ct)g(r +ct) + (r—ct)p(r — ct)} ds< qb( )

r—0 2r

s=ct
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() DAL 2THITDOWTIZ,

&
F(&) ::/0 si(s)ds
B, (v PEBEBKTH205) FIFMERBEKTH D,

1 r+ct 1 1

gor ), SYds =g (Flrdc) = Flr—ct))
_ 1 F(ct+r)—F(ct—r)
T 2r
— %F’(ct) = % et (ct) = t(ct).

IV - R o PR

(e 1) = 1(ct) + o (13(er)
= UL A (=) VLY
—1%5(4ﬂ7d%ﬁd%+§;4ﬁﬂdﬂ?d%).

EHEDFFHDBFTH 20, HEE ZDIFEBWVWTEL, (FiR3 DIFHT (0,00) 1B} 24
HEIR FUER AN 205, 2RI DWW TIEEROMEHETHE LS, )

2
P32 E%l@ﬁ%¢f\ﬁﬁ%%ﬁ¢mgimgg%éﬁﬁﬁﬁﬂéo:h%emomf
0, 7] THEZTLTWERRLKRD, EHALIEALE X,

I FE3 OABRRICHAZWIE o(r) :=ro(r), ¥(r) == ro(r) 1IDWT, d’Alembert O
KENNE W2 7201213, ¢ D3 C?*), o 3 CT fTRITIUIR B8V, T DD KLRD i
k., (ANTHZE-%26 G2 (p. 233) ZR X, )

(2) (Poisson DKENNI) Hadamard ORTThE NE (BBEREL $59) LWHamiszH
W5,
u 2 2 XOLEB RO WIIERE O TH 5 & &,

a(xvyazwt) = u(x,y,t), ¢(‘Tay,z) = gb(x,y), @/)(x,y,z) = @D((ﬂ,y)
B e uwid 3 ZonikE A o g1 E R E
éﬁtt(x,y,z,t) =Au(z,y,z,t) ((z,y,2,t) € R* x R),

u(x,y,2,0) = é(x,y) ((z,y,2) € R?), w(z,y,20)=v(z,y) ((z,y,2) € R?)

DR Y 125, Kirchhoff D2 5

(1.3.13) u(x,t) = # [% (% /|y—:n—ct o(y) day> + %/|y—:l;—ct U(y) day] :
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Z ZTROMEE W5 (HEDICEE 3 5 i B2 s fHE ),
. N
fHE 1.3.6 (ay,a,a3) € R®, r > 01X LT,

S = {(1’1, 1’2,.7}3); (xl - a1)2 + (132 — CL2)2 + (.7}3 — a3)2 = 7’2} ,
D = {(:Ela x2); (351 - Cl1)2 + (xz — a2)2 < 7‘2}

B, D LR f: D — RIIXLT,

Lfda:2r[é\ﬂa_tm{i3?3@2_%y¢mm@

\tﬁb [y, 29, 23) = f(w1,22) (21,22, 23) € 5) EBWVz,

%L\ﬁaié Z\ a = (a17a2’a3) c R3’ r>0 &:;(TJ‘L«C\ a = (al,a2),
S={yeR%ly—a|=r}, D:={zeR%|z—d|<r}

rBL e, D _EodfEEE f iU T,

/Sfda:%/D\/%dz.

ZORREHVT, (1.3.13) & T 5 L,

N 1 |o (1 9(z)
t) = T2 20t d
U(w’ ) 47702 [at <t ¢ \/\z_mlgct \/C2t2 — ’Z - .’IZ’P 8
1
+-- 2075/ ¥(=) dz
t z—@|<ct /P — |z — a2

—Lle(] L, ORI
2me | Ot \Z—|<ct \/62t2 — |z — a2 |z |<ct \/c2t2 — |z — a2

BB, ootk MEZEM LT, 1 XN EXOPEREDO N ZEH T2 2 &
HHIZR S (MR, d’Alembert DAFUIT—HT %),

1.3.4 Huygens OEIE

WENHERORIE, EREOTTTICE > THERTVWRAL B 22, ZZTIRRANAIRS
DREEBZHENML LD,
CZETO/RRD?E. (20,t) € R" x (0,00) DIRIFFIBUIRD & 512725 Z & B30 7z,

2GS % HIFARC YTz = c/R2 — (. — a)? — (y — b)2 WS HIES LCTHBD 25 H T 5. 2 = F(z,y)
WS 757 TR, HEERE do=\/1+ (F,)?+ (F,)?dedy &5 2 2HV5,

2z oREBAERXR S L INBITH 5,

2Christiaan Huygens (1629-1695, % 7 > X ® Hague (ZE 4, Hague ICTET %, LEOHELERORER
(1657). AV AV BEEDOFHA, IRTFRETOFE (1656-1659). JEDOHEF & R A N> ADFH (1678) 72 ¥ DA
BH5, )
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o n =10 TIPAXM [xg — cto, 20 + cto] {y e RY ly — x| < cto} EHZEE S, )
e n=23 D& ZIIKME {y € R |y — x| = cto}

FKiZn=1%fMNE LT, n>2 OHEATIE. ROEELAL—IIADBHD IO RSN
TWa3,

(i) n 2MEEBL SR, 2o ZHDE T 2FF ctg DEARR: {y € R |y — 20| < cto}
(ii) n YA B 2o ZHDLE T 22F1F ctg DI {y € R™; |y — 20| = cto}

BOBED ¢ THDBZ b, MFEEDIK {y € R Jy — 20| < cto} ITEFENZDIE. M
BTEX2THAS (ZDHTIEBITEDRVDTEIED), ZDIZ 2IZTDOWTIERIC n 23
THoTHHIZLLTWVWS, LAL (i) & (i) DEEFIREVEEOI 2 ZERW,

Fic DERHIT OV TORBRICED L FBITIE. MAFHEIIERTE {y; |y — 20| = cto} TH 2
2B ONETH A5 (1km BN HIA»LEESNLSH I A TWEEIX 3 PRioE
THDH (1000 m ZFHH 340 m/s THIZ L KK 3 ), 1 BATOF I BEAA (FLEOTVR
W), 4 METOEDMZ ARV EDBEETTLE-72)). ZAUIZEMORITD 3 TH S Z &K
HT, LD (SF WRIRETIED 20 ZHORITTH 2 4 THo726, ZIHF RSB WVT
H55 (BEBOIEETICT o B NTWS), WS e THD,

u(xo, to) (x € R™, to > 0) 2@ t = 0 ICFFNBEKMA {y € R"; |y — 20| = cto} L DF)
W7 — 2 DAHIHIET 5 Z £ % Huygens DRIE (Huygens’ principle) 23D LD 5
(5 Thwe E NEEIOILEDIE S ] W5 5 LW), n =3 Tik Huygens OJFEFEAIAL D 37
OB, n=1%n=2TIEKDILIZRK\,

i, HETHY R ZOFHLIEE ko LS KO RKAD T 208 fil UFILEBLITIZL T O
E2IENTH 3B,
~IREBIIC &k B ~

RA NV ZADB—NEIEFRER LI OFERUCB W T, HEOETORN EZEXKST 2 DIz
w75, KEIDMERE T 2 BCiE—2 DM LD TR TORBH 7 ITEH OHL & 72
b, ZRZEN_RFEEH L., TNHDERZDIZX > TROBENCBII 2 KHEBIESND &
k%iéo

y

1.4 #HAMBERFERE

[EEVI DR VEEIHRBRATHEEIORW (Fo THREDIESRVDITITLEI? ). 2V
DI THIHMEREFEREEE 2 X 5,

1.4.1 FRIEODETE

BIROEXDDOIREN D 5 WVITHERDE X DHWENDLEZLRDIRFIDET L TH S, GFHRIX
[ [0, L] \2BT 2B AREXOMELE X 5, e —DIZED 512, YIHISGEZ T TIEAT
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77T, BEREM (boundary condition) & MHEN 5, ZEMEMEOEES {0, L} 1B 55%&M4:%
HETAZEDZWV, ZIZTE p=p) (>0), 0 =0¢), Y =0 2HIANTEK. T
EHZoNIEERE LT,

(1.4.1) p(x)%(m,t) = T%(m,t) ((z,t) € (0,L) x (0,00)),
(1.4.2) u(0,t) = u(L,t) = (t € (0,00)),
(1.4.3) u(z,0) = ¢(z), %(m,()) = () (x €10, L)).

Zit7z 5 u=u(z,t) ZRD L, CWVHHE (LUFZOREEZ (W-IBP) TRDOT) 2EZ X5,

T D &S UG e RS il My TR O E KD X v S HE % JEER R E

fE78 (initial boundary value problem) ¥ 7213 JESf& (mixed problem) ¥ 5 5,
BREME (1.4.2) DD IS,

ou ou
(1.4.4) 5, (0:0) = 2-(L.t) =0 (t € (0,00))
EWVWIENEEZDZIEDBEN, (1.42) DX IR v DIEZD D DZIEET 2IHEMSE

ff7% Dirichlet 15 5H (Dirichlet boundary condition), (1.4.4) @ X S I RHBEE v D
SR OB R EE T 5 R4 % Neumann HREH (Neumann boundary condition)
IS,

FEAFHEW, RO LS WCERSN LI HHEBEEZ DI LITT 5,
~ (W-IBP) OEEBDRM: N

u S (W-IBP) OHBRTH 5 Lid, KD (1), (2), (3) ZililzF I EWV I,

(1) uwe C2((0, L) x (0,00)) N C([0, L] x [0,00)).

(2) Uty Uy & [07L] X [Oa OO) Tﬁﬁb(@ﬁo

\\(3) FoAER (1.4.1), (1.4.2), (1.4.3) EHilz T, )

(1) ¥ (2)1dFe®HTuc C?(0,L) x (0,00)) NCH[0, L] x [0,00)) EFEFIZEWVESICE
250 H LRV, (1) LW D2HFE LK. DERBTHlE, MO AREXORE L 72107E
FIHDOWET CF ) W5 22T, BEARNREMDIICRER ST DI &5 22
5223 (2) Lid, MBPERZRLZDTHAS, )

1.4.2 (W-IBP) OfEDEFE

Z DRIEDRDIFAEIIOWVWTIX, 02 Z 8 TF D &, Fourier D EE TR TE 2,
ZIZTE, DD p(z)=p (BB L LHEAEEEZ LS (—ROGEE. HlziE
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RhOTZRAF— 69 ZREK). c:=/T/p &BL &, HEEZ

1 0%u 0%u

o t) = T (a1 (1) € (0,Z) x (0, 00)).
u(0,t) =u(L,t) =0 (t € (0,00)),

u(,0) = (x), L4(x,0)=w(x) (€ [0,L])

b,
ZZTCINROAZBITTE L B, 5 2 BETiR T 285N % Fourier D77
HEOFm T ZE T IRV,

- t t
u(z,t) = Z (an Ccos m;c + b, sin m;c ) sin nzm’

nmc

2
/(b sinwdx b, = — ¢()sinnLLxdas (n € N).

B o2 Ol ¢ 25 C3 AT, ¢(0) = ¢(1) = ¢"(0) = ¢"(1) = ¥(0) = (1) = 0 DI H ILD
Y&, LD ulx (W-IBP) OfETH 5 Z & ks

B> b an,bn:O<i) (n — o) DK D 3D,

n4

Rk 1.4.1 (BOYESR) LoMORNKOYHZERE KEETHIAL &5, RBOBIEE

RS %
(an Ccos nel + by, sin n7rct> sin L
L L L
i 2 (E D 7L DEBIREI Z RO TR TH 2 (ROFEEE £ HI1T (x DR LTOD) 7
ZIME ST 2HENTELR K, n = 1120 T 2 EHERENHE - TIREIT 2 5%132°, W
W 2 EE (fundamental tone) ZFHT %, n > 1782 n IHIGT 2IREFTIEIEE (harmonic

nmc

overtone) LFHIN2 D TH 520, EHMED TR — IZEIREIE (angular frequency) 12
*H%’l L. 2% 21 THl- 7= E DIRENEN (AR, frequency) TH B0, ZUHEF OIRE)

£ i @*kéﬁzﬁuocofmé@ I 1 XRTCOREOFRHYT D 2 (2 D72 DFELDOT u(z,t) B3,

A T 7 DRI 72 > T B 1 (x,t+ %) (o ))e 2 JOT 3 KLU
T3, IR RIS RER OB B L A R, T LR

HOBERKRFOE XD S H DI D320 WE

R IHARE) GRS T2, 2RI TR ZI7 70 ) BELT e WwIRE? ), HIH [—
FIZ) HiREIL T\ 5,

BB, YA Y« =T OREALG T, BIHPHERET 5,

262 LW O E: Bl Z I3 Wb ARFHRICB AN T WS T DFEIT 440Hz TH R ESHNEH, 7 /D
BT I DX —%727=< &, 440Hz DN, Z DEEHULED 880Hz, 1320Hz, 1760Hz, --- DENHTK S (52K
&1 KICDEERRE D1 S), 06 1 327X =T EDOSDF— (H¥F 880 Hz) ZIBSR VWK I ICZ - X X
TBWThS, 7OF—%5EMNM 2, EOTDOF—DEPHIRLTES, H20VE, REILTVWEFR—DF
DOHFLERTHXZ 2, FHOGE (REEDE0) BPARHEAT, BOEIN 2512k 5,
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EHATEANDVD (255 CRESUNEAHITEL Z e TRARWES), REEZZET
HIRDIZL A LIE 1 JOLORBBRZHAM L2 b DTH % (5LHds. BEHdr). m

~ Mathematica CI&EHRE) % F 5 N
c=1; L=1; uln_, x_, t_] := Sin[n Pi x/L] Cosl[c n Pi t/L]

Animate[Table[
Plot[{u[n, x, 0], uln, x, tl}, {x, 0, L}, PlotRange -> {-1, 1}],

{n, 1, 3}1, {t, 0, 2L/c, 0.01}]
N J

Rk 1.4.2 (BARAFHFOEK) L Tid Dirichlet SR EHDHEZW - 7203, 5 A A Neumann
R S 5 5
u u
2=
BbHEZH D TE L, BFFROVMIFETEIHHRIIOVTHFATY S ADDITHEL
TH < &, Dirichlet TR EHIIEEmKRES (reflection from a hard boundary) D5E,
Neumann HEREMFIZBHIER S (reflection from a free (soft) boundary) OHEITHY
T3, AV a—X—THREERZTIEXNHIL(C.7.3 ), B AL TAHATZD
HEWERTALZZZ2E#D S, =

“(L,t)=0

1.4.3 (W-IBP) OfEn—EM

WENHREROBDO—EMEDIEIHIZE, DINMORT L5 T=xrvF—) 2EALT, 20D
RERIZ RS 227, GEIEE o 72 BEENTH 205, YRR Bk % R o /i Bh B B e 8
AT B YL ZADRHEWS,

HEE) T AL X — By = E(t), MBZRVF— E, = E,(t), BZ1NAVF— E=E(t) ZLLFD
XOWERT 5:

1
5/ uth‘t Z,
%/Tuxxt
E(t) == Eu(t) EMQZ%A [p(@)ur(z, t)? + Tug(z, t)?] da.

T CAMRE R RO H RO —E 23T 3 72912 TRAEFRF) 28 A 3225, TR VT,
BRAMEFIED X 5 2 EHIIAL LR v,

B E: WHNEZEZ G2 TAKRDEDUIMD THARLREBERE 22 DI N, ThzrLlzvweELWY
ZEamBH, IR0 TRV W=D DI, k37259,

39



4 N
EIE 1.4.1 (RBAREXNOEDO I RIILF—FREFH) v % (W-IBP) OHilfE, ¢ € C*[0, L],
YeCl0,L] bFBLE, EFERTHS:

E(t) = £(0) = — / (pla)il@)’ + Td(2))dz (> 0).

2
N )
I% DD, XKEDHMDIAD T uld C? TH 2 e RE L CAtHT %5, Z5RET
. RS FOMDHEZITIES{LTET
d d1 [*
iD= ),

= —/ at w)uy(z,t)? + Tug(z, t)?] do

[p(x)u(z,t)? + Tuy(z,1)?] do

/0 () (. s, 8) + Ttz )ty (1)) do
= /0 [Tty (, t)ug(x, ) + Tuge(x, t)ug(z, t)] do
= T/0 [t (2, )ug (2, 1) + gt (2, t)ug (2, t)] do

£72% (u BEEGTERZwM-T Z e 2 HWE),

SRS

w(0,8) = u(L,t) =0 (£ € (0,00))
»5

ut(()?t) = ut(Lat) =0 (t € (Oa OO))
DEPIND DT,

/O (2, )t (2, ) e = [ (a2, g, )% — /0 o (2, Pt (, 1)
- —/0 Uy (2, ) ugy (2, 1) da.

Wz
d L
ﬁSU A 0dt = 0.
INHDD E) Ft ITEIBRVWERKTH S, Fic

1

E(t)=¢&(0) = 5/0 (p(z)us(z,0)* + Tuy(z, 0)%) d

TH 2D, PG u(2,0) = (x) &, u(z,0) = ¢(x) KDEDPND u,(z,0) = ¢'(z) X DAE

x5, m
(—DEE) e >0,t > 0L T,
ou\ >

e [ [pm (2—1‘) o

40



EBL. FTHLRI

lalﬁ)l E(t) = &(t).

ZLTe>0HLT,

d Qu o] Ou ou ou ou

Tr=¢&

EWREDERIT D . %g—z I3[0, 1] x [0, 00) THEEETH D, BRENNS =0, [ DL &

0R2D5, cl0DEEtc[0,00) ICBHL TLTE—FRIC

IS E(t)IF e=0DLED t TMOPTET,
d
THDIeahrd, THEDH

d

B EED T >0 ZFET 5. e 0 DL &, 1€ [0,T] I2oWT—HIZ %Sg(t) 0 A D
MDZERRE, (BY b compact HBE EOEBEIENIL )

% 1.4.2 (KEAEROVEEERERZE (W-IBP) OHHEO—EM) ¢ € CY0, L],
Y e O, L] 352X, (W-IBP) ORI —ETDH %,

SERH O DR uy, ug BB oT2 T B YL vi=u —ug lE

BR) 0%v
P oz =Tom

v(0,t) =v(L,t) =0 t
v(z,0) =0, v (z,00=0 (

il d, 2O ELAILX—I1T

E(t) = %/OL [p(x) (%@,t))z 4T (%(m))z‘ iz = %/OL p(x) -0+ T -0]dz = 0.

IS (HRETBEIRIIIEA R DT, 77 LT 0 25613, EFEFENIC 0 TRITFUIR S 72WV)

ov @
N ox
WZAZ v & [0,L] x [0,00) TEHTH D,

(2,t) =0 ((z,t) € [0,L] x (0,00)).

v(x,t) = v(x,0) = 0.

j_foc?ij% U1 = U9 “C“?i)%o |
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1.5 FEDHDEIE - FEER
(Z2OWVSDIFHEMNIR > THLVWOLETE, BIETTHRDH)

(i) WENGRERZE T 55?1 KOTKEGERD n KoTRETERORRRG S v
STENTHLD ETR?

(i) #IHHMERE (Cauchy ) & AIHHES S ERE (BEHE) L 3Tl &5 ? EvEe—
ETEL®2L? M HTERANDBNLSETXTH?

(iil) FHAEREDOBEDO AU OWTHBEICHATE T2 ? (BRI 52 Kotk -
TEIRZP, Ta7 XVOFEHYIE? )

(iv) 1 XTOHAEME OO N E B TE T 30 ?

(v) PIHMESEFEREO RO —BMHDIEHICOWT—FETE 5L ?

(vi) WIHAMESE SYERE DR DIFIEIZOWNWT, YD ESICHAL THo7=TL & 5 ?

(vii) (B xotmE) 1,2, 3XTDHEZDLEE, Z Dz T OYHIERE D HmIITE N 72

HDITIR>TWVWBD, ZOHEIX?

(ii) D& EHHERDOME v = u(x,t) TBWT, x O#iIF Q BELEMTHZH0Z 5 TR
DDEWT, HiE CTEYIHIERE, %E CR3VERE I EREZE 2 5 Z 212k b, BRI
E. HTE G TE RSN oIESE:

u(@,0) = ¢(x), w(z,0)=v(x) (re€Q)
Zii7zd u ZRD K] WO HET, BEF I NRETER WIS ALSNTh 213
u(z,t) =0 (zed, teR)

D &S REFREMN T u ZRD K] CWSHETH 2, D UELRERE Z T, 2%E[H
DL EIIERPEEEITLR D DT, FEHRFEMFDPRLSLoTLEDS, EBERX D,

(iii) OF ZEHERIT n 23 1,2,3 OWITNHLTDH 2513, Fourier ZHUT X 5720, 770D
RTWIREDNRELEAT ., —KD n 1T L THERWFIE T Fourier Z242% F W=D /N
PE OB P, Fourier ZHUIAFMED TH D EHLITPRHABITH D, ISR METZ
DORDIED HIREDMHE Z N 2 DIFRRHE L,

Duhamel OJFFE ¥ 1%, #HAERE

C—l2utt(:r,t) = Au(z,t) + F(x,t), u(x,0)=0¢(z), w(r,0)=1(x)

WBWT, F=0,¢0=0,¢ 13—, L7 ZDBORNKDBELNGEIC. —KD F, ¢,
Y IZDOVWTDRZRTRNATH 5,
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(iv) D& WL XS] tEZXONTEEZD, MR LTHATLESI BV, EHA
CHERZ LD B,

(v) DB WEENCIZSEHT AL F— r UTHRT S 2 BISREA L, 20 3iie &
SFIEMTH S LS EH (THAF—REFA) ZRFT 2. LV 5 OPEH, K3, —
WA BT THLE, ZOEEREZD L. LS BIEHFER OO — MO EH T8 %
W 5.

(vi) D& Fourier DSEZHNS, W5 T TH2EELZ S THIF,

(vii) OF (i) DFEICENTH D T34,

1.6 *ﬁE wﬁﬁj\d)ﬁ:ﬁi

M8 1. XOmE (illtﬁ%) ZAEAHE X Tf: T = (a,b) - R KT, ce I, f X (a,c)
¥ (c,b) DM THIIAIRE. T HIC
JAeR st A=lim f(r)
TH#c
DD IO B f1F ¢ THOATRET f(c) = A TH B, X5 f D (a,¢) ¥ (c,b) D
AT O s, FE fIRI1T 01 WTH 5,

MRE 2. ROMEZTRIE (HYRIEZR O BEDND Z). (c), (d), (e) AL X ((a),
D) ERLHILNTWBERTH Z),

fERE 1.6.1 ( /fxydy—/ f:vy
da:/ 1y
b(x)
) [ ) dy = 7 (0@) 0w) — T () ')
P(z)
(d) d%/xg(x,y) dy:/x%(fv,y)dwg(%x)-
e o / / 9(x) 9 ]
© g ], o) dv =gl oo @) gl v @) + [ ) dy

BE 3. [fR">RPEHRTHIEE, EFED x € R IIXL T,

1
e IPRCL AL

THEHZexmrt, 2L, w, R ODHEMEROBIETH 5

Wn, ::/ dz, B;:={zeR"|z| <1}
B1
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FEEREIE: FEMCEEK R - RIIOVWT, [ ATEKTHZ LIF
f(=z) =—f(z) (z€R)
MDD Z 2V, f BMEEETH S 21X
f(=z)=[f(z) (z€R)
MDD BN oo BAEL f(z) = 2% (K IZBARE) O L OEF» 5K TV E D7
BT 5,

AT B > YRR = (RBIRR, A BaRL x BREEL = FBIRK, (RBRL x MBIEL = (HBEEL A3 D 52
DI LA GICHERTE 5,

M@ 4. f:R— R EAFHEY, ¢: R » R BEEKT. LI toRBBMorREe 75
. ROz ERYE,

(1) Va € R0 LT, /a f(z) de =0, /a g(x) d:z:zZ/ag(m) dx TH 5%,
a —a 0

(2) f X EBEEL ¢ EFBERTH S,

(3) EED k=0,1,2,... IHRHLT, fC0) =0, g?*D0)=0 Th 3, (WZIZ, Taylor
BN AIRER A, f D Taylor EFIIHEBRDIEZ I 57D, g @ Taylor ERIIHEECX
DIEE T2 575%, )

MR 5. f:[0,00) > RIX C? 3T 5L =,
_ ) [ (z > 0),

Fle) = { ~f(-2) (x<0)
EBL, (HHIEW: f 077712 LT, F 077 7%, ) LTFTDZ & 2R,
(1) F 255 TH272012F, f(0)=0ThH3 I DB TH S,
(2) f(0) =02 oE, FIZC' |/TH 3,
(3) f(0)=0DEH VDL E, FHRCP/TH 27D, f(0)=0TH3 I ehiEty

TH5,

GEE f0)=00r %, FIFEKTHZ, FOIr% f OFBEEILR L FER, )

M 6. _LOREDMBEEABILEN—Y a VITEE L,

BIE18ZE 0 < |h| <min{c—a,b—c} ZHALITEED b IH LT, FEOEHD S,
30 € (0,1) s.t.
RELD lim f'(z) = A, £ h >0 DEZ |(c+0h)—c|=0|h| <|h| >0 TH2Z25

TF#c

i et ) =) _
h—0 h

WZIZ f X ¢ THMIAIRET f'(c) = ATH5, =
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RERE 2 fRER

(a) BLAILNTWS (M5 LD OIEFRE, MATREFOMs. BY LI 5), B
BERL HICHTRS GINPEZ6N3) 2 RS,

(b) BRAIBRTWS ( (MM ZEOREATI ¥ IHEN3).
() (f W, ¢ & ¢ IFMATTHES DVEIGES 5. ) F' = f £72% F A5 ( (EEO
@ﬁ%ﬁdﬁ%%ﬁ%ﬁﬁjﬁ%@F@y:/j@w@o%h%ﬁmf

d @ d
= — |F(o(z)) — F (Y(x

vl TP (6(@) - F (9(@))]
= I (¢(x)) ¢'(x) — F' ((x)) ' (2)
= f(8(x)) ¢'(z) — f (Y(x)) ¢'(2).

dg

(d) (g 138HE -

FER S SWRRET %, )

G@uv):=/w90uy)dy

LB, . vy .
— _g —_— =
%(U,U) - , or (U,y) dgv v (U,U) g(U,U>~
o e
d [ d 9G oG, ["dg
= [ s dy= 66 = Gl + Grwa) = [ ) dy+gloo)

@(gm@ﬁ\%%m@ﬁ<6m%ﬁiﬁéo)%%XEDGWW)%mméo

o(x) o(x) P(x)
/ g(z,y) dy = / ge.y) dy — / o(ey) dy = Glo, (x)) — Gla, (a))
P a a

THHH15
d #(z) d
B L 9w dr= F6t6) ~ 206 )

e 00 + G ) 0) — (G (o vl + o w0 o))
P(x) Y(x)
= [ Sy + gl o) o) - ( | Gy g(xw))w'(x))

@) g , /
:/‘ 5 &Yy + (2, 6(2))¢'(2) — g(z, ¥(2))V (2) m
(@)
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1.7 FERRE
F e A RMED (RICERBEBROMIE, Eoids FoMy) ORMETH %,
B 1 f:R—-R,g:R—-RHC?ROBE, c WEBTHZ L %,
u(z,t) == f(z —ct) + g(z + ct)
WEoTu:R2RZEDD ., ulid 1 ZoTiKEN 2R
c_2u“(x’t) = Uge (T, 1)
R A BRI i AR c 8
B 2. w(x,t) = f(o —ct) (c EFEEEK, f 1 C° FDBEET f7 #£0) 1 Jori@h R
Ut (2, 1) = Ugy (2, 1)

DRI B ¢ =1 THB I ERtE, IO E, u(z,0), u(zr,0) ZRD X, (R Gl
TS 2 2 VIHMERTEOM & UTHEBT 21213, #IHEZ S BRUIR WD, WS Z
T Bl I 2L —Yay - Fulo20F5 2y 7 CERTH S, fELDENS, avEa—
R—DENED & [ 5RkBoTLEI | ADBZW, )

%8 3. (FEK, plane wave) v % |v|=1722% R" DJL, ¢ ZIEEH. U: R >R % C?
WO L 35 & %,
wz,t)=U(w-z—ct) (xeR" teR)

TERINDS u: R" xR — R uy(x,t) = Au(x,t) ZidT e ent, 2L v
v s ODNEZRTDHDOET S,

B 4. EEfct. CP OB u: RxR > (z,6) = u(z,t) e RDBDH B L X,
E=x—ct, n=x+ct
THLOVER (&,n) ZBALT, v(én) =ulxt) B L E,
C—l2utt(x,t) (2, 1) = —dvgy (€, 1)
DD LD T ¥ Rt
MRE 5. f:R?2(2,y)— flr,y) eRDBCTETHEE, KD (1), (2) 2Rt

(1) fuo(z,y) =0 THII, J9: R = Rs.t. f(z,y) = g(y) ((x,y) € R?) DD LD,

(2) fuo(z,y)=F'(z), F: R - R THHUIX. 3g: R = Rs.t. f(z,y) = F(x)+g(y) ((z,y) € R?)
N RVASH
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B 6. Q% R2OHEH, feCHQ), f=0QN) &T2EE, flo,y) =9 (z,y) € Q)
i TR g BT EEST S ehim L TRWA? (LT 2R HIFEEHL. £5TRriTh
BERHZEEZ K )

B 7. o: R—>R,v: R—RDPEIoNLE X1 Zouis 7RO HAER &

C_l2utt<x7t) = u:px<x7t) ((x’t) € RQ)

u(r,0) = ¢(x), w(z,0)=¢(x) (reR)

DfElE d’Alembert DIFENINT

x+ct

ule,t) = S(6(r —ct) + (et et) +o- [ i)y

2c r—ct

THZ N5 L Epit, (ZHETHTREMOBREEZFALTIL, )

BIEE 8. ¢cCYHR:R), v CLR,R) T 3L %,

z+ct

u(z,t) == = (¢(x —ct) + op(x + ct)) + — t Y(y) dy ((z,t) € R xR)

2c

N —

T—Ci

TED u P

iutt(x,t) = Uz (2,t) MR xR, u(zr,0)=0¢(x) (ze€R), w(z,0)=¢() (xecR)

c2

ZiY Z L 2 EERITRTRYE,

BE 9. 1 ZtlkE ROV T, Duhamel OJFEM O T 1 OfiEh & EE 2 O X E5
MR DAIDZ 2%, d’Alembert DIFEIANRE HWTIEHST 2728, DUIFOMIZEZ Lo

1

(1) g%t(%t) = vy(z,t) (in R X R), v(2,0) =0 (z € R), v(x,0) = ¢(x) (x € R) DfF v %

HOuTw:=v tBEE w7 ¢ ZHVWTEY,

(2) w B éwtt(x,t) = Wye(2,t) (in R x R), w(z,0) = ¢(x) (z € R), w(z,0) =0 (x € R) D
fRTH B LRIt

I8 10. [EEH c ik F: R x[0,00) - R B5Z6h7zk &,

2 2
%g@wyzé%g@wy+F@¢) (R, t>0),
U(,0) = 0 (z €R),
%—[i(x,()):() (x € R)

Zhi7zd U= Uz, t) Z2RD 3 PESGEFMEREICOWT, LITFOMIZEZ X
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(1) d’Alembert OIKBIAT (1.2.5) % Duhamel OJFH (1.3.3) (p. 27) IRA LR (1.34) D
Uit LT, B

ou 0*U ou 0*U
E(Jﬁ,t), W(xvt)’ %(x,t), W(xat)

PEHEL. UDPBTHDZ 2D X,

(2) PIFMERSMERE O U DEELLEIREL. € = x+ct, np = v —ct, V(En) =
U (ﬂ 5‘—”) L BRI 3.,

2 7 2
(a) VI
?V 1 E+n E—n
s € = F (LT ((€) € ),
V(€ =0 (€ €eR),
oV oV
iz R, 2L Q= {(n) € R%E >}
(b) 'EE‘%:\O) (50,7]0) e &CﬂL“C\
o B
V(&0 m0) = V (10, m0) + 8—2/(5,770) dég,
70
oV oV 92y
MDD Z e ZHAHLT
o 13 _
) Vi = [ ([oew )i aen =gz (51T

2,

(c) Bl (%) ZEBEWT 221k >T U 2ked (0% b FTERT), (1) DR (X
(1.34)) £ =T 2 Z2HED X,

B 11. FE#R I = [0, 00) LOBEENTEA DI ESESFHERE

(WE) Cl—Qutt(x,t) = (2, ) (2 € (0,00), £ € (0,00)),
(NBQ) wp(0,8) = 0 (t € (0,00)),
(IC) u(z,0) = ¢(x), w(x,0)=1(x) (v el

BEZB, ZCT e RGRONLERI ¢ € CXLR) ¥ e CY(LR) & ¢/(0) = /(0) = 0
i35 2 o -FEe 53,
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[ w20
W= o) <o)
C2(R:R), U € C'(R;R) TH 5 = & &t

(2) WIHHESSHYERTE (WE), (NBC), (IC) Offz KD X, #WIHHEREDOBD RN (X5 > _R—
VDR EEAIE L THOWT X W,

@@y:{¢@) @i? TO U EEDILE, Dc

(3) (NBC) ©f b 2 Dirichlet H5HEAM:
(DBC) u(0,t) =0 (t>0)
R U OESE S ERE OO N2 KD Ko 7272 LU ¢, o (BT 2 53
HIZBIET S Z L,

IR 12. 3 Xoui@E

1

gutt(:z:, Y, 2, t) = Uy (2, Y, 2, 1) + uyy(x,y, 2, 1) + uss(x,y, 2, 1)

DR u = ulw,y, z,t) T FEURBE w 2T
u(z,y,2,t) = w(rt), r:\/m

DFICE T % D ZEKE K (spherical wave) & R, BRI FE X

hl('l" — Ct) I h2(7" + Ct)
r r

u(z,y, z,t) =

DIEZE LTWD (hy, he 0% 72 1 ZREI) & 2mtE, £ n ZITOIRMEHIIE S 725D

%8 13. (Fourier DHEZFATROM DT Z ) [0,1] FERS A, f(0)=f(1)=0%
G dTHEODLLEE f &, ce RDBEZ N 212, EETREXOVIHES S ERE
(1.7.1) QUtt( t) = taw (2, 1) ((z,t) € (0,1) x (0, 00)),

(1.7.2) u(0,1) = u(l,t) =0 (t € (0,00)),

(1.7.3) u(@,0) = ¢(x), w(r,0) =)  (rel01])

% Fourier D FIETHT (FEFRICETH 2 Z LIFFFIAL 72 < TRV, BEFSEM (1.7.2) % Neu-
mann FEFEM v, (0,6) = u,(1,8) =0 (t € (0,00)) WCEZR D L E D 7LD D%

B2 14. R" OFFRMEE Q 1B 2 KB O W) HHEE FERE

() = Au(x,t) ((z,t) e A x R)
u(z,t) =0 ((z,t) € 02 x R)
u(:c, 0) = ¢($), ut(xv 0) = w(l‘) (x € ﬁ)
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DIFN AXxR T C2HTHBLTHLE (7L QIZ Q20D HED).

E(t)::%/ﬂlutxt Zg— dz (teR)

FtICEXORWERTH B Z LRt

EBORKRTOMEMEILC CETo UMK S D, WIFERETDH 5,

B8 15. (al,ag,ag) S Rs, r>0 GZjﬂ‘LVC\

S = {21, 22, 23); (21 — @) + (22 — a2)” + (23 — a3)* = 7},
D = {(z1,22); (21 — @1)® + (22 — a2)” < 1%}

EBL e, D Loy f: D — RIIHL T,

x17I2)
do = 27“// dridxs.
/f \/7“2 (1 —a1)? — (x9 — ag)? e

DRD IO L BT, 72U flan, za,23) = fz1,22) (21,20, 23) € §) £ BV, (Poisson
DIRENNKZ BN T 2 MO RIER, HEDZHEETTRE, w52k, )

R 16. 2 XJT. 3 XJTD Laplacian ZMEFE TR TULTFDO AR EET,

0? 0> 7 10 1 0?
2 aE o T or ' 12 o
8_2+a_2+a_2:a_2+ig+i( 1 9 (Sln92>_|_La_2)
oz Oy? ' 922 Orz 12 or 1 \sinfof 00 sin?0 0¢2 )

2XITCOHEFENTHRS K5 1TRoTHRLWV, 3XTTLOHEE TRZLIZR S LR DH
1:&[”\-72%0 )

8 17. Kirchhoff, Poisson DIEEIANRD—RKITN—T a3 Y 2RD K, (FVWTHEARZE
LHLTHHIL, SEHET, EWVWHTERITREITHAH, KEMBL L, b LHEKEDS
VR—=FELTIRHLTALD, )

BRARL £ b
BE 1. u, b Hm%f% )+ g" (x4 ct) KELL RS, m

FRZ 2. uy=Af(x—ct), Upe = f'(x—ct) THEID D, Uy = Upy & D (2=1)f"(x—ct) = 0.
"Z21 XD =1 W2 || =1. ZLT w(z,t) = —cf'(z — ct) WHFEEL T,

uw(z,0) = f(z), w(z,0)=—cf'(z)m
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ﬁcﬁt 3. uy= CQU”(V "L Ct), Ug;z; = ViQUH<V T Ct) (Z =1,2,--- 7n) L%%, =

FRE 4. ABIROWIER T 5720, 2FAEMNT D (22 OMITHE7 1] (http: //nalab.
mind.meiji.ac.jp/~mk/tahensuul/) OEEMETH H 5, =

BRE 5. 1ZBOBED T/ =07456123C e Rst. flo)=CJ DA CEHEEOEH %
WO DOTF A MO EEROWHLTIEEST 22, [f: R — R 2 O flik 513,

b
f(b)—f(a):/ F(t)dt) ZHEET 5, w
BRE 6. BOLLZRWV, Q=R*\{(0,y);y>0} LT, f:Q—=R*%
0 (y<0)
flay) =9 v (y=02Dz<0)
y> (y>05Dx>0)

TEDD L, ThDRHNCZS, =
BRE 7. A (§122) TENTHZ, =
FRE 8. o DJFIBEIE ¥ 23 L,
(o, ) = % (6 — ct) + $lz + ct)) + 2% (U + ct) — U(z — ct))
EEFLZIEEZHVIE LV, =
BRE 9.

1 z+ct 1
(1) v(z,t) = % /_ t o(y) dy 725 DT, w(w,t)= §(¢(z —ct) + ¢(x + ct)).

(2) d’Alembert OIKEIAKT v =0 &5 & u(x,t) =
1) Dwe—HT5, =

(p(z — ct) + p(z + ct)) T. ZHUE

N | —

FRE 10. (1) W 3HR2WOOBMETH 5, (2) FMHR [35] KHEVWTH S, =

B 11, ROGE (THEOFEME VS L A CHATE 2) 28D &5,

~
e 1.7.1 f: [ = (a,b) > R DEHKET, ce I, fiX (a,¢) & (c,b) DT THIATRE, X

5z
JAcR st. A=lim f'(z)
zH#c
MR IO SIE. [ 1E ¢ THOTTEET. f(c) = A. 51T f B (a,¢), (¢,b) DWHT
KCI Bz olX, X flF1cectfcdhrs,

J

o1


http://nalab.mind.meiji.ac.jp/~mk/tahensuu1/
http://nalab.mind.meiji.ac.jp/~mk/tahensuu1/

(1) @ IFHALDIC 2 #£ 0 OHIPAIT C? TH 2, £/ ¢:[0,00) > R DEHTH 505,

D(+0) = lim B(x) = lim g(x) = 6(0),  B(=0) = lim B() = lim §(—a) = $(0),

/N lim ®(z) = ¢(0) = ©(0) TH2305, ¢: R — RITHEETH 2, EREFIZTOW
T
oy ) @) (z>0) noy_ ) @) (2>0)
) ‘{ () w<0), O ‘{ #(-2) (x<0).

THBEPB. ¢:[0,00) >R D C2HTHB L & IE #(0) =0 ZHVT,

P'(+0) = lim ®'(z) = lim ¢'(x) = ¢'(0) = 0,

z—0 z—0

¥/(=0) = lim &' (z) = lim (—¢/(—)) = —¢(0) = 0
z<0 z<0

£i2%, i 1.7.1 25, @ 1F 0 THHAIEE (9/(0) =0) 222 &' 13 0 THHEFTD %,
B

O"(+0) = lim ¢ (z) = lim ¢"(x) = ¢"(0),

x—0

z>0 x>0
@"(~0) = lim ®"(x) = lim (¢"(~2)) = ¢"(0)
<0 <0

L2520 T, BUGEE 171 256, ® 1% 0 THMAAEE (07(0) = ¢"(0)) 222 " 1% 0 T
HEMHTH D, WA PIWERTC?|TH %,

FRRICL T, VAR TORTHZZ AT E 2 (HIK),

(2) ® € C*(R;R), ¥ € C'(R;R) & D
éUtt(:c,t) =Up(z,t) (z€R,t>0), U(z,0)=®(z) (x€R),Ufz,0)="¥(x) (z€R)

F—E% C? RhofE

x+ct

(O(x —ct) + P(x +ct)) + 5 / U(y) dy

ct

Uz, t) =

N | —

ZFFO,

Ug(x,t) = = (' (x —ct) + D' (x + ct)) + % [U(x + ct) — U(z — ct)]

1
2
THBH,

LMQUZE@%ww+@@D+%NWﬁ—@GdW

2
O, U BEEETDED 0, O BT, B(—ct) = ~¥/(ct), U(—ct) = V(ct) DD
AN

Uy(0,t) = = (—®'(ct) + ®'(ct)) + QL (U(ct) — W(ct)) =0.

C

DO | —
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Lop
u(z,t) =U(z,t) (x€]0,00),t€[0,00))

r B L. ulid (WE), (NBQ), (IC) DRTH %,
BT NER BN B (D 8 U TR, ¢ & o) TRINE) BICKS ES5EHT 2,

i) x2—ct>0DEEE, U & ITEZIHZ B2 TR0,

u(z,t) = = (P(x —ct) + ©(z +ct)) + ic /ithct U(y) dy

(Ola —ct) + ol +ct)) 45 [ 0ly) .

T—ct

N~ DN~

(i) 2—ct <0 DE X, y <0 OEPAT U(y) & (—y) NBEIRZ 2 Z L 2ETT 2.

x+ct

(P(z —ct) + P(z + ct)) +2—c/ U(y) dy

r—ct

u(z,t) =

x+ct

N~ N =

@(to—en+ora) o ([ wie ae [ v ).

HHDTRADBEFICOWTIE., 2= —y EEZHEHRT L2 2T

y CX
/:_th(—y) dy = — /Cto V(2) dz = /dew(z) dz

—x

L7 %DT,
o 1 . . 1 z+ct d ct—x d
ue.t) = g (@t — )+ o+ )+ o ([ v ane [T v ).
MEzxedTRA2E5,
z+-ct
S+ a)to— ) o [ i) dy (¢ —ct>0)
U(l’,t) _ r—ct

N | —

x+ct ct—zx

oty rotet -+ g ([ owars [ vwd) @-a<o.
€ \Jo 0

(3) FERDART . ¢(0) =¢"(0) =(0) =0 ZRETZDLENDHD, ZOL =

(p(x —ct) + ¢z + ct)) +2ic/z+dw(y) dy (x—ct>0DEX)

—ct

DO | —

U(x,t) - z+ct
(¢p(z +ct) — g(ct —z)) + 5= Y(y)dy. (x—ct<0DEZE)m

26 ct—x

DO | —
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fRE 12. (Laplace AR D & ZAIZFENWTH % Laplacian DMEBEIERRDAR)

Pw 20w 1 1 92 1
Au—m—krar—k—ﬁs az(rw)—i— Ng
PHWA E, v=rw i .
CZUtt—Urr

BTSN an b, ks C? OB hy, hy DTEEL T

v(r,t) = hi(r — ct) + ho(r + ct).

v(r,t)  hi(r —ct) N ha(r + ct) -

w(r,t) = =

r T T

FRE 13. HEHARER BEREMZ i 3R w(x, t) = X (2)T(t) T, BEANZ 0 T
VD DX, Y BER NI LT,

X"(z) = AX(z) (z€(0,1), X(0)=X(1)=0, X(z)20,
T"(t) = eAT(t) (¢t >0)

BT, Chrs (5 2 BORT X5 1)

2

>/

=\, 1= —n’n’,
) = Xn(x) := Cy sinnr,

T(t) = A, cosnrct + B, sinnrct (Ch, Ay, By (JMEEEE; n € N).

I DM E LT,

o
u(z,t) = Z(an cosnmct + by, sinnmet) sinnrx

n=1

B I eHHRD, WIHSRMAIRAT S &,

oo o0
= Z apsinnmx, P(x) = Z nmeb,, sin nrx.
n=1

n=1
INro )
a, = 2/ ¢(z)sinnrx dr, b, = — w( )sinnrz dr.m
0

DHIZ DRIV LELRTH 2, r1d r >0 OHFAL2ED RV T HROT, EHEEH 122 PEHTE
2D TIER N,

o4



fRE 14.

2

K@T RS oMy (Mr L T DIEFERE) . BoMpiE e, KB EXOMRA
. RS DIER % LT,

E’(t)—l/aat(ut—i—Vu Vu)da:—/

Q

E(t) = 1/ (uj + Vu-Vu)dz (Vu=gradu)
Q

0
(ututt + Vu - QVU) dx

= / (uy Au+ Vu - V) de.
Q

Green DR E ., HAREH v =0 (on 9Q) K DEDINS u; =0 (on 9Q) 5,

/Vu Vutdx—/ —utda—/Auutdx:—/utAudx
Q Q

ThHhIHbH,
E'(t):/(utAu—utAu)dx:/de:O.
Q Q

DRI EIXERTHS,

BEITOME ¢ BIEDOER, I =1[0,00) ¥ T 3,

(1) Vo <0 WRXLT f(z)=g(x)=0" ZHWiITEED f, g € C*(R;R) IZH LT,
(%) u(z,t) == f(x —ct) + g(x +ct) — g(—(x — ct)) (z € R, t>0)
TukEDDLE, UTOMICEZ X

ﬁ)éwwﬁzwﬂaﬂ@eRJ>m%%ﬁo

(i) u(0,¢) =0 (t >0) TH 3 Z & Zmnt,
(ili) 2 >0 D& E, u(r,0) & u(x,0) ZKD K,

(2) ¢ € C°(I;R) ¥ ¥ € CY(I;R) 23 (0) = ¢/(0) = ¢(0) = ¥(0) = ¥/(0) = 0 Ziliz=d & &,
) D f & g%>EEAT,

(WE) ;Utt(x t) = ug(x,t)  ((z,t) € (0,00) x (0,00))
(DBC) u(0,£) =0 (t € (0,00))

(IC) u(z,0) = ( ), u(x,0) = ¥(x) (€ (0,00))
D% RD Ko

(3) WS o =0 TREENZ ., NTHEBICH-T) BRoTHKD I EHHAE X,

01 RIETWVS & (f2) =2f'f LWIRKL T, 2 (w)? = 2wuy, & (Vu-Vu) =2Vu- 2Vu.
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525 HHIED

\ng

ZDFEIFZ L ZREHM [59] ITH STV 3,

2.1 1 XRTHAEADEH
—RHTHSE SRS (MDA TH 2 L B TS 2) 254, MEOFSAY &

BT, WEDMBE S 2T 202 MEICT 2,
Sha1% 5 BIOIKRE [ — [0, 125 RT 0B E Ly 216 Lot o ORI ¢ 1250 2 RIE R
u(z,t) &3 %,

HELOERDR 20 € (a,0) ZE R D 19 ZAT/NEIRHXMEYV = (a,8) Ta<a <z <
B<bZiilTERDSDEL B, KAt IZBWT, V NIZH 2HARIZ

B
J(t) :/ c(x)u(x,t) dx

ThHZoh3, 2ZTe=clz) IHBOHMEZI DD DBRAETDH 5,
K% ¢ 22 BHIZ ¢ + At FTORM At OO, & J 021k AJ &

Aa;m+An—ﬂwif@Ah{lf%m@mme)m:<L%@mwwmQAt

THA BN %,
—7. FUKREICV Ol v =a, 2 =855 V KRIWAATREEZEZ b, v =a b
VACHRAVAATZ BRI
—k(a) uz (o, t) At

THb, T
Fourier DFREDERA (Fourier’s law of heat conduction)
AN DX, 10D LI LEH]F 2
(1) 2= IR E D ENTT D HARWT)

&5l T THAER k = k(2) I3BMEESR (thermal conductivity) &IN5,
FIRC LT, RABIDOR = = 6 225 V ITHAVAA BRI

k(B) u.(B,t)At

P2 oEANE TANRIRE DS WT 2 HEWITICHN S | L WHFETH THloT) WHHELZERMIIKRLED
@T@%O
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/C:\%éo
BERFHNCE 2. AT Rt 2oRZ t+ At ORIIC 2 =, 2 = 226 V IZHif
AATBEIZELY, T2b5

g
(/ c(x) uy(x,t) dx) At = AJ = k(B)u. (B, t) At — k(a)uz (o, t)At.

N (i RR
B B
/ c(x)u(z,t) de = k(B)ug(5,t) — k(a)ug(a,t) = / %(k‘(m) uz(z,t))dx.

Ml% f—a TE-THL, a—xy, f—10 EFT DL,

cunlan, ) = 5o (k(x) uy ()

T=x0

2%Db

(2.1.1) cuy(x,t) = %(k(m) Uy (z,1)).
HBIZ—HET, ¢, k BEBTHERETSL, ki=k/c LT
Uy (2, 1) = K Uy (2, 1).
FeHTHL & —HREBICBT BRE v =u(z,t) O/ TERZ
(2, 1) = K Ugg (2, 1).

BB, BHCEBOBMNEZRMDEZ S ICED k=1TF5I N TE S FElIZRE —
p. 109 Ofl 2.14.1),

FE 2.1.1 FoiEmT. BoFEOME IO WT, Fourier DBYREDERILIANCE > TWB D
Z. ROHZEROFRIOBEZ R 72D ERFHIEL 5W\WTH 5,

[l e
[20%} DK 100g &, 80°C DK 50 g ZIERET=L XTDKDEEZ KD K, ]

ZE RELBROKDEEZRZ °C LT 5L,
20 x 100 + 80 x 50 = 2 (100 + 50).
IHERNT 2 = @ =42.9°C. — ZOERIRVIES L.
(1) ME x KOE (Z ZTEZ T 28 T, KPFE-oTW2ED T8 25,
(2) BB 2HTEIEEETRADRRIIZED 5720,
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PWHZEEHOWTWAZ DT 5, =

R 2.1.1 (BMEER) BLERIT, BAIRMEICHEMAHEREZ #2833 — 2 RE LN
(B RXH7h OlREE) TEl- 78R DT, STHEMRTIE W/K-m PHEMATH 5, 2K
0.024 W/K - m (0°C), ¥28ARH 0.1 W/K - m 2 (0°C), 7K 0.6 W/K-m (0°C), A7 ¥ L R
16 W/K-m, #k 79.57 W/K -m (20°C), 7,3 237 W/K-m (20°C), #i 390 W/K-m 7R &
RE,

L OBUEICIRENRZ TH 5D, FZAMRERIIEEICHKET 206THS, DFD,
Elxu OB E=k(u) TH 2, ZOHE. LOREMIIEKIBREBENLEICR S0, u HE
ftL7zt 2D k OZLZESL DT, MEZLDV/NERIBICHE > TWVWd & Zid, k(u) &
ERE LTHRBRICKERBVDIELRY, 2D THS, n

2.2 ZRGHARENDOEL

HITET T, 22/ 1 ZoTOPMRERR (0 < T R TH 2 e B L X N7 dtE Lo
238) 2l 2 HEN2EH Les, HEORBRIZ 3 XTTHS L. R ITBIF 2R 51E
IDREABRDDTH 20, BIRDPDEIATHS, MrbE D &y

(2.2.1) c% = div(k grad u)

£74% (c ZHEAARED D ORERE, kIFBRER), ZhZ (2.1.1) OREZRILRIZKE - T
W3,
PWER BT, ¢ & k PVEBDHAIZ. vi=k/c LT

2.2.2 —=krA
(2.2.2) 5 — hOu

21822, BROBMNERDBFZ L2 Tr=1232ILdTE3,
(2.2.1) DEH EZTV3HEE Q NOEEDR zp ZHS, DX
eV CVcQ

IR AEEOTER V RED . V ORM (BEENIEHER) 2HAD T 2BERE X 5,
BN DBAEE c=clz) T2, V ITETNIHRARIZ. BE v ZHVT,
ROEHTRILTE 5,

J(t) = /Vc(:x)u($,t) dx

XoT, VICBUIZRAEE J O, Bt o4 t + At T TOB DS AJ 1X

AJ—J@+AQ—J@%;I@At—(X}mﬂm>At

22Dz divgrad = A 2WIHIRT MV DR EH - 72,
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—77. 22N BT % Fourier DEBMEEDERNE, KD X S22 %: DB t, D5 2 1B
A EGRAE T, REANEICHAT 2, w22, HHIERE k= k(r) (BMRER (thermal
conductivity) FHIN2) &5 &,

BURREE = —k(x) grad u(z, t)

TH3 (BWIREDOEVT 2 R0 I 2 DT, EIEER k(v) ZIEL TUIL ABDH
B2 3) TS, Kt 225 t+ At DRIZ, V OIER S 2TV 2OHRETIEA

=i
(/(—kgrad u) -7 da> At
S

Y755, ZZT Al S EORICB A E AR ML TH B, Gw1si®ﬁx

Zate S O/NER AS 5, V OANERICTIRHIT 2 BAEIE. (—gradu(z,t)) - 71 |AS| At TH

%o 7272L |AS| X AS OHifERRT, )V KMATI2RAREEZ, FHEE2EXZBDTH S,
AEOREAIL D,

/Vc(x)ut(a:,t) dx = / k(z) grad u(z,t) - 71 do.

S

fid% Gauss DFEEBUER (p. 156) ZHWTHERETICE T &

/Vc(:c)ut(a:,t) dr = / div(k(x) grad u(z,t)) dz.

\%4

D zg DIERE DR V (C Q) THOID I Enb,

cui(zo,t) = div(k grad u(z,t))|

T=x0 °

Wz 12,

w(z,t) = % div(k(x) gradu(z,t)) (x €, t>0).

R HEHEEE f: R - R 25, 0 DIEEOFREEGE V T

/V f(@) do =

Zi7z 37261, FE f(0)=0THB It (E¥b: MOpOVFEDER, 50\
EHEEH WS L HETH S, )

3heat flux density DaRGE, HANIRERIC A HIFEZ @i 3 2 B, NI REDOHEER Y ML ONEDZ DH
Z NI N EE T 2 AR L 72 5,
TARRIAICHN B LBIERIE. TE 2RO IEE T2 DAL L,

Bm@:Zﬁ@%m%Tméﬁmmg%mwxaa%immmW@gg%afaz%\mﬁﬁﬁ/y.n@
S
&, BB D IC S &8 DT B KO KRR ET,
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R EGEREE f- R” - R IR LT,

s—H—O |B To, € ’ / (zo;€) (:EO)

D DIALDZ &R, 7272 L B(wo;e) :={z € R |x — 0| < e} T. |B(zg;¢)| I& B(xp;e¢)
DHE (n =2 DL ZXHE. n=3 D& ZZIE) 2RT T 5,

AE 2.2.1 BARERCEHFERXDEN — F<CHONBIL) UIDTHERLEZ,. Brok
R-HWIZE (A ITEPMT-T) BU5ER ut =Au EFEEFHER uy = Av ZBTWBE X510
BRI (EE 1220V TOWMTORHEDA), LrL. ZOWERENRD BizoT
% (RIE A, 128 3R v 3E S F’*” WHEEND), £DEVIE. HHDHERD
7ruaY—TiHHT ., A ZEERETHLED

(2.2.3) Vo Ar (TR SRR
&

2
(2.2.4) To = Ar (B SR

DIFEVIZBIT VS, (2.2.3) ORI
z(t) = Ce ™ (C BEEER)
THDH, (2.2.4) O—ffEx
z(t) = Csinwt + Dcoswt, w:=VA (C, D ZEEEH)

ThHh, ZOWEIEF -7 BRZZe005 (RiZZ t OEME & ITHFICHED LT 0
WEDK A, BHEEFBEETOOETHIREI LIS 2), — Fid. 25ER L kEHEX 0]
AESR FUYERIRE % Fourier D IETHE S BUCEHN S t IZOWTOEM HERX, 2hrsh b
DRA TR H>TVWBEDT, HRZHFLULEDDDIZR->TWB, dHd RN OWEhEHFER
IEEL W) 23

TN AERIZDOED IIEFHAERLEHLS]
CWOHOBSERIRO LD, 8E0xH2KLETWVWS, =

2.3 #HAERFERE. EYE

2.3.1 FERMt
DIFUIZS  EROMERE 2 5,
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~ (H-IBP) N
X®D (HE), (DBC), (IC) %{fi7z 3 u = u(x,t) 2K X:

(HE) w(z,t) = uge(z,t)  (z €(0,1), t>0),
(DBC) uw(0,t) =u(l,t) =0 (t>0),
(IC) u(z,0) = f(z) (x €10,1]).

k?‘:f:“b £:00,1] > R IB5Z6NEEEMTH S LT 5, )

e (DBC) O & 5 ICZERETIM DT B 2 IR EHE T 2 KM EREM (boundary
condition) ¥ FERAS, F#iZ (DBC) O & 518 RAIBEKOMEZ Db DEIEET 5 5:MH%

Dirichlet R4 (Dirichlet boundary condition) % % M3 BE—TEEREM LT
Ko TDXIIMEN 0 TH 5 W5 5&M%ZFER Dirichlet IR %M (homogeneous
Dirichlet boundary condition)” ¥ FEX,

o (IC) O X 5 ITHIIRZNC BT 2 IRREZH57E T 5 5= 2 #IHAS 4 (initial condition) &
MR, ¥£7: f Z#HAME (initial value) ¥ 7:13#HAT — 4 (initial condition) & FE3,

o (H-IBP) @ & 51X /ite s MG L GRS 23R L - %2 #IRRER R E
%8 (initial boundary value problem) %7z13’E5 MR (mixed problem) ¥ L3,
$#12 TDirichlet {BEFIE)] L WORENT D Do THEFTH 5 (H5SEMA % Neumann 5
REMFICE Z 725813 Neumann {EERE] LIERDIFTH B),

2.3.2 @Y

Z D &5 REERYIEY- OREICN LT, 7 X ~—/b (Jacques Salomon Hadamard, 18651963,
7 5 ¥ AD Versailles IZAEF 4, Paris 1T T 2) 13, BYIE (well-posedness) &\ 5 HER
DOEENEZRIBL 7z, MEDEY] (well-posed) TH 2 & 1d. RIEDOMEL—ERNFELEL. 2
DR T — ZIERGEHNKFE T 5 e TH 5,

M EYITH 2 Z i, I FARLRERE HE? ) THEEF o THI0B, —HD AD
FAMEBELTVD LD TYHARRDIIDZ ) TIERW, RERFET 2HRZHLAT 5 X

62 2Tk, ZEMESE XM (0,1) DZ T, ZORFIIZ LR IES {0,1) TH b,
e

"H 50X, FX Dirichlet BiHEMA L SMER, X = [FX) = “homogeneous” TH 5,

SEIMMFELRVEFECR LR, Fh—EERRVE WS DIE, MPRETERVE WS Z & THwN
T TH2eDEZONDEZTHAS (AL TRE—EHOEHBIZLL DAL EE S 1 Lvkw) — Hidz
FSEBMOLRVDIED, Zhrb, TRRDZLZTET S DIZE. BEDRNEZEHAIL T, 207—-%%
H LI LTEHET 20720, HEOUE T — X IIIBTIREDNDH 27D, T —XAOHEFGMHES D > TIZL
W IATH5%,

IR ABE LS OB MHEH : HEEOEE L WIS DI TRBRVDED, T—XD I b Eils
FHRORELMHEZEDE VWS DA RRDONZTSAMROFERICED. RO TS AR 132 5 Il
FHTEL2HDTRERVERIETIFEHZINE X511 -oTWVWD, T IHFHBETIX. Bo—BMEDHD L7
BWZEMIFFIZLIILIED S — L ZADHATH D, FIIH s Z TRV, EWwi 2 kimo
TEk (BIRFEE LT, 2 RARATHL 21X - TH, MEOYHNLZEK2 S, ADHEIZETTIEDREL
FERE DT, BULTDDOEYREEN DT LV, ) T HIT, BEEBLIN 0 (B0 67— X %KD
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I (ZI7%2 DI CO) ESNBFEETATRED 20, 25 LTRLNEEEET L
CIEDBHREIE, HLETHHDHDTH - T, ERPEBRIRZIZ b, BEETNMC
RDIFET 2 Z L 3FETER WV, BEETADELLERZHLR L TWBEHE S i, KL
WIFEEAL X572 0WZ e TH 5 (BRWEBEWRIEHLZ DTS 5WVWLNATERY), 355
A BUEEETADE SWH WHEEZ DO, BN 2 Z L IZAIEETH 2 (Eh e T 5D
PEETH ),

2.3.3 LHfE

WYIEDHGRZ T 51218, ERONRE T 2MEYMICERT 2 DELDH %,

Hxix, INTIR, HHEZERONRE T5, (H-IBP) O L X, KD X 5 ITERS
s,

~ VIRERFERE (H-IBP) OHHAR ~

u 23 (H-IBP) OHBETH 2 2 1d, LUFD 3 FJ(MEDBEDIIOZ e TH 5,

(1) w X [0,1] x [0, 00) T,
(2) ug, Uz, Uge W (0,1) x (0,00) THELEL. HiHi,

k(zs)(HE),(DBC),(IC)ybi‘ﬁSibﬁx% )

AR 231 ( MEHE CWSEBOZa7YRI20WT) R AEXOMEZEE L WD T,
ORI 7201, LIELERD & 5 LamiEz s,

FTH L DNTEROEREED T 55V O (558 (weak solution) %
72 3L (generalized solution) & FER) ZRDTH, o, ZHd LD
HEREZHEZT e E2F v T 5,

BFAETIE, BICL S o258, DLATNL DR, IWEREEWRT 2GHE 1D %L
HoTETWS, 22T, Zhon HERRRE) 82 2 2HEICT 22K T, Tl
fR] LVWOSBERFONTNS, m

B AEXOMEOFEYIEZ R T OIFEHIED (—RIREE L ZATZZTTH D). R
WA R OMEOMEYIMEZ RT O, LIXLIErRVEELYL, —BINCGERRT 203 A
EHEEHT, & DIRMAGIERD X A4 A IS CIFEHBRENIC R %, X5, —DDFHE
ROMET, MMOFELRTLODHEL, O—BWE 2RI LDDHIENE o7 BigoT
LES28dBLAERY, AP I I TEX TV AHEFAERE (H-IBP) . Zoit

k5253, flZIX5DHEETIE. HIRANTBT % u IZOWTOERD SRR 28 - THIHAME f Z2RD XS
LD T5TL, ) Tl REZDRD TRLRVE (—EME, EHEEE 5 CRIZT) MOFET ST 2
DLW EDHBEIND LSRR oTER, b, MHMATOWIHEIEYTH 205 00F. £F
BANCHRNZNEEERZ L THD L WVWIBMIEE D> TWRY, — BB, 242200 TE (BUEEETIERY
D) 2V v 2 [26) BBEDDAFIETH 3,

DZAR LR LXEHRBOFEZ R T XD HEHICR S,
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B ZBITH D BOIFEX Fourier V5L (i) TRE 223, BO—EMNERT — XITH S
el RARMEEE (Rd) e W EHERWS Z &Il

- B 1L 1 RBRROBORE L —Blt N

EEERETORF T, FEROMEZ T e ERkanHE, ERICRERIT %
RERDZDPHETHoTze & 2 AP, —fkiITIE, FEDOMEE BRR R TRET 5 Z
EDRVOBAIEETH B LIRS, 2R A0, MOGFEL —BEHDIEIHIX. HL F
THHTH 2 Z L ICTERL L5, EEIRY—FAET, MRS EFYATY BT,
ROEM EFFHICH R - 72,

T2 179 A ERIo e =, HERK Az =0 OfEIE 2 = A,

SERR Az = b OFAICEDLS A DWLTH| A~ it b L 2= A~1b.
MIZr =AD&, Arv=AA) = (AAHNb=Ib=b. m

COFEMY, ST ORZE D, LD TS, HRFofCIX, O fTHD
BB TH 200 TERP o7 (RMITWET 2 ETHHH D 2D o72), EiZ—1TH
T, TH LHEROBPFET 2 IRET S . Z4UT A7 LUMCEH h 272 0vw) v
528 (WHIERO—EN) L2 LTEL T, MOBFEIFEHATETVWARVWDTH %,
“fTHODHGMIC X o T, MROTEEDHEDI D SNT=DIITH 5, FERED & 5 LfEH iz
BIZBOVWTIE, fRO—EMHBOFEIE. 1ZL AR UAE GETHIOMEEDOFIH) Tk
HHC & 723, RS T EROMETIX, Z2 5 XMEDEE 2w,

2.4 BRAXEFRIBC#EO—EMY
EREICIEOR T ZEEL T,

Q = QT = [07 1] X [OvT]7
P =Ty {(0,4):0 <t <TYU{(1,1):0 <t <T}U{(2,0):0 <z <1},
Q°=Qr:=Qr\I'r=(0,1) x (0,T]

EBL, T OZt%z Q ODBWIRER (parabolic boundary) & FEX!,

u DBITER up = vy D Qr RBUIAHMETH 2 213, u D ROEM 2T TH
523 %

25 5B IES TOLE
HEERE. BB 5 2 K (parabolic equation) & MEEN 2 X 4 TORMAD R TH 2, ZZTRL
TV &5 REBGEAOHEDOZ IE, BWAERICH@EICH D IO Z e BBV, 2070, HEEICD Y
EVWSOBELLTLE27blITH S, 2B, HPIHES) INHEZEEEROHED HER) id—HLiRwvwe
ERTFRELTHEL,
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~ BAERAD Qr ICHF 3 HHBROSM ~
(1) uiE Qr = [0,1] x [0, T] T,
(2) Uy, Ug, Uge V& QF = (0,1) x (0,T] TIEFEL., Hifi,

(3) Q5 T us = gy B D 7D,
- Y

&%, OIESRSYERIE (H-IBP) %, ¢ I22WT [0,00) DHEIFITE X TWEH, HliH
REEI S, BEROHME —RINZ Qr ITRET 2D TH 312,

s N
TIE 2.4.1 (BAFERDEDRAMEEIE (maximum principle)) v = v(z,t) 55, BJ7HE
RD Qr B 5 HEZ 513,

24.1 max v(x,t) = max v(x,t
( ) (z,t)EQT ( ) (z,t)elp ( )
2.4.2 min v(x,t) = min v(x,t).
( ) (z,t)EQT ( ) (z,t)elp ( )
_ J

Qr X R* OARAKETH 205, av k7 b THD, 20 LTHIELREE v 3. BTK
KIEL F/MEZFFO Z L ICERL & 5, BROHHE Qr ICLIE-7DIE, 2D XS ITKRK
fE, RMEDFEZRILT 572D THH 2%,

SR RIS OWTEIAT 3 (RMEICOWT S RBRICEEITE 3),

A= (xr’tn)%}lgT v(x,t)
k g %\
(2.4.3) v(r,t) <A ((7,t) € Qr)

DRtz HIEE §2%, 207D
w(w,t) == e (v(z,t) — N

eBLe, FTHLRI

THBED, THIZ
(244) W + W = Wy (Q% JZ)

EWVS WD DO e bbb (EE v=—cw+) XD, v = cvtevy, vy = €Wy
BELN, ThZ2BAER v =0, WRALT etw, + etw = etwy,. e >0 TH D056, Ml
% o THIUZ (24.4) BEBRS).

[I%:<%_twga (2D HAUR (2.4.3) DT H B, ) j

LI WER: Q5 25, HEOEKRTD Qr DI (0,1) x (0,T) TE& L. BAFDO I (7272 UiisidE %
B) BED D DI, p@bﬂai b b LR HEREE Z TV 2HF [0,1] x [0,00) DFEE (0,1) x (0,00)
WKRT 225 TH5%,
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EROTH o= max wie,t) LHE p <0 LTINS 2, EORKIEA (20, t0) €

(mvt)eQT

Qr CTHEEZINS ERET %:
= w(xg,tg) > 0.

ZHw<0(Tr £) &Y (20,t0) €T THED 5. (20, t9) € Q7 TH b, THWZ, (2.4.4) I
(x,t) = (20, t9) ZRAL TIHESLNZEK

we (o, o) + p = Way (0, to)
WBWT, URD 3290 hiLh, FEXEINS,

(1) Z234%5 1 36 > 0.
($30<ty<TITHEET 5. B w(wg,): t — w(wo,t) &t =ty TRAMELRZDY
THHD, 0<ty<T THIUX wi(zo,t9) =0 ERDB LY, tg =T THIUL wi(x0,t9) >0
ThHd, EEt=tg=T TRRKTH2Zhb, Vt €[0,T) w(zo,t) < w(xg, ty) TH 2
M5, Yh € (=T,0) IZX LT w(xg, to + h) — w(xe, t) < 0. WZIT (h < 0 WKHEELT)

w(x07t0 + hle B U)(.I(),to) > 0. :’_nﬁ)fo wt(xo,to) > 0 iﬁf%‘%ﬂ%)hlo )

(2) /305 2 38 > 0.
(ZUIEEEDORETH > 72, )

(3) &4 <0.
(0<zo<1WZ, BB w(- to): v w(x, to) FNA g TRAEZEFEOZ LIZRZ D5,
BLHISNTEHIZE T, we(wo,tg) =0 THEDARED T, wee(wo,t0) < 0 DD I
D, HEE. DL D wee(wo,t0) >0 BOHIR, w(-,ty) I& zg THREBEOM/MEEZ 52 2 ITHR
D. g CHRAMEZ 22 ETET 5, )

THHPDPO, >0, HFL <0 eROFEHIELE, DI u<0THY, Qr Lw<0»
KDL, [FEIROFEBIED]
LOFEERNIS (2.4.3) 1XTIWEINL, BRI

max ov(z,t) < A= max v(x,t).
(:E,t)EQT (m,t)EFT

WA Z DAFRIZHAND L0V H 5,

max o(z,t) = max v(x,t)m
(z,t)EQT (z,t)el'r

RAMERFL, A HERE L. Bz ZAHMBREETDH 30, IEEICIELWINHD
Bo FEARBOFERZEL 2DIC/HS 2D TEE30., T TRIKEHELZ D EHITTE
Z9,

WA ATRER BIRL f ASALE o CHIEZEUUZ f/(a) = 0.
Wz hid, WARTHIEZ BAUIMARED 0. 2 WS EHOFEH (D7) 2FEIT L 2 IZRoTWw5,
BQr DTy THY ., EVEIFHDRAMED A5, PeOEIFHORAME L D B RKEVHLHELVI DT, max v(z,t) >

(z,t)EQT

max v(x,t).
(z,t)elr
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% 2.4.2 ([BFOFRE, LLBEE) u, w 252 HIZ Qr B 2R EXoHMfET, T k
u>w x2AETROHIE, Qr ETu>w.

BERA vi=u—w 2B, v 1T Qr WBIARGEROHMBIZR 5, FER

T R A R
U= 0= (U W) = U = Uy — Wep = 5 (U W) = Vg
W Z IR AREDRE D 5
min v(z,t) = min v(z,t)
(z,t)EQT (z,t)el’r

THHD, RE»S 'y ETo>0ThHh, EROAHTOUETHZ, ©ZIT

min v(z,t) > 0.
(z,t)EQT

IThbHb Qr L Tu>w. m

3 2.4.3 (IEEEDRFRE) v 28 Qr KBTI 2BGEXROHIMET, I'r Lo >0 Ziikd
o, v Qr Eov>0 22T,

GERE (BRI EBEEE 0 BSREROEHETH 2 Z L IER TR, LDR 242 DRTH
2rbEZONS, Ly LEEEHAL XS, ) RAKMEORE X D

min v(z,t) = min o(z,t) >0
(z,t)EQT (z,t)el'r

THDHDDI b5, QTJ:UZO. [ |

R 2.4.4 (BHEXOVHERRERNE (H-IBP) OHHREO—EY) #URER 01 E
SESMERE (H-IBP) O Bifld—FTH %,

EERE g, up F 2 BDICHIAMERFYERE (H-IBP) O HfEY 35, LRI T > 0 2H - THE
ELT, Qp KHIBLTEZ S, vi=u—u B2, v X Qp WBIZEHERX v, = v,,
DOEMEICHED, Ty ETo=02,H D2, ®ZIZ

max v(z,t) = max v(z,t) =0,

(I,t)EQT (xvt)EFT
min v(z,t) = min v(z,t) =0
(I,t)eQT (xvt)EFT

1%675)6\ QT J: v=0. ?Zﬁb% QT J: U = Us. T Giﬁ%@@i U1 = Ug ON [0, 1] X [0, OO)
|

PUR OB HiAMR L TH 6 AU T TH %,

16:0)?&\ TC&CJ”E\?O){%T?%}EHL\VC\ Uy 2 U, U1 S u9 73’15 U = U2 }: Lf %éﬁﬁﬂf‘% 575) (bi)’b ij—
M7 ). TTTIREKNEFEM? SERFEHL TH L,
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HE1: BREAERE HBIERAMERMIZ. Q TBY2RAMEITI TELZZEE
RLUTWBZT T, BAMEA Q° THAEL A 2EFEIZLTWAEW ( TQ° TIXHRAME
5720 LB o TVWRWY), KR, v=EH OHEEIE. EYZIRKMERDIT, Q° DHT
HIAMEICR > TWVWD, Hi, Q° TRAMZEHD 5 2Di%, 20k 5k (BHEHD) HE
DRV WS EHDEEATX 5, 2 2BRAERIEZ VS, =

HE2: BABREBIIEAAEERICOVWTEDIID H7k DKW 2 B R
LT (3) BACEEASR D 7o, BRI, EHE 3.3.1 (FRIBECE T 2 BAMEER) %
WEBRGRIC B 2 RO ER Y,

~
i 2.4.5 (LEERIBIMDIMEXHEICXT T 2 AMERIE) D 1 FHEFFH C OFFREHET,
f: D — C Lk, 7o fid D CIERIx 3L &,

max | f(z)| = max [f(2)|, min[f(z)] = min [f(z)].

2€D z€0D 2€D z2€0D

\fb o i, D ONECTRARME R 3R/MEREZES N2 261, f=E

—7. BAGRERXe—t L7 (ZEM% n ZoTIC LT, 1 MY oEE DI 2)
" ou
:Au+;;@@ﬁ57

WZOWT, EOEH R CIEDRKREFRHZEET 2 DfHHETH 5 (AHICHETH 2056,
HOTRoTHADE LWV, HIZE MEKAEFMES KD, ). 0FEDHE c(z,t)u ZEDT

Au—l—Zb xta% c(x, t)u

WZDOWTIE, %ﬁﬂﬁﬁ@bi%@ii“ﬂiﬁibif:&m (c <0 MREDFFZITONTDSE
Mz 2748, HTOBENKEICKS), 72720, [EFORE. EEEORE. Bo—F
PRI D IO, b o & —fRiT. FETRWY

Au+§:bxt8% F(z,t,u(z,t))

DIEDOTHBERUTH LTS, (ELYZRIED T) NHFF DRIFPEO —EMEIEREH T Z %,

BB 2HBEOIE AulZo2W0Td—BILTE 2 (2505 — (Lo mlaEr il LFRID
DR BDTEK LT THS), »

RAMEFREIZOWTIE, Protter-Weinberger [84] 23ER|72 7% A FTH %,

2.5 BOLTEM. FIHT — I\ OEFGHKEYE
WEYMED & Z A TR X H1IZ, i u PIHHT — & fISEBRNCKEST 2, T2DBM u
EROIHME f OB T(f) AR LI &, T 3HEHTHE LWVS L ERE D,

TERHEN L TWRWEEZME S &, BRI L AR ERICOWT (5]) AR D 122,
BRKMEFFEOFEA L FRRIC, v ORDDIC w=eMu 2ER DLWV T 7=y 72 V3,
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e OERZIED 51213, BROESITE Y RMHE AN S HELRDH D, Z 2T, [0,1]
FORBUEEGREMEAROES X = C[0,1] 1. KR T/ VLEERT 5.

(2.5.1) 711 = mas |F@)] (f € X).

-
8 2.5.1 (25.1) TERLZ |- [ & X =C[0,1] D/ VATHD, X EZD/ILLT
Banach ZEffiC72 %, THROBRD 4 SHEDRLD LD,

(1) (EfEME)

(a) Vfe X XL Tf|>o0.
(b) Vfe X LT ||f]|=0< f=0.

(2) Vf € X, VA e RASHLT |IAf]| = [AI£]l.
(3) (ZAAREX) Vfe X,Vge X LT |If+gll <[f] +1lgll.

(4) (GEfRtE: Cauchy FNIRALTINH T 3) liI_I} I fn = fll = 0 2B If € X st
J}gl)”jh _'j;oH = 0.
NI J

AR (B2 oA, )=

~
T 2.5.2 (REM) AR OWHIESESYERE (H-IBP) Q&R o« HIHIE f 12D
WTRDAFXDELD LD,

(2.5.2) max lu(z,t)| < max |f(z)| (vt e|0,00)).

0<z<

VLD ERfio TEERDZ L

u(-, < \ ,00)).
L [u( Ol < fIl (vt € [0,00)) )

BERR ||fll=M B, JNVLDEREDIS —M < f(z) < M (x €[0,1]). ZhE u OIS
BN 0 THEZ o, EFED T >0 LT

—M <wu(z,t) <M ((x,t) € Tp).

W ZIZRAEFEHE D 5

T I3EETHB0 6.
—M <wu(z,t) <M ((x,t) €[0,1] x [0,00)).
THHS (252) AEANG, =
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% 2.5.3 (H-IBP) OFIAME f = f; T2 HEY u=u;, T2 % (j=1,2), XX
DI D 3LD:
Jui(- ) —u2( O < [ fr = fol| (V2 €10, 00)).

Do, FIHHED T 0E T USRS T VW2 B35, ThDb5. RIIHIIT — 12
HRANRIFE T B,

2.6 Fourier DFETHEZKRDB (1) BOFRANLEL

HIETCRE D — B 2RI U 72, RTHE ST S E R E
~ B3 (H-IBP) ~

XD (HE), (DBC), (IC) Z{i/z3 u = u(z,t) ZKD X:

(HE) ur(x,t) = uge(x,t) (x € (0,1),t > 0),
(DBC) w(0,t) =u(l,t)=0  (t>0),
(IC) u(z,0) = f(x) (x €0,1]).
\_ J

Df#% Fourier DF7E (Fourier DEMAEEE) TRD 2 Z e B ZDOHIOHETH %,

Fourier DAZEZAWVWS ZCICDWT BAEAL L1, YARMETD Fourier DA THE
3% WS DI TRV, &2 TV ZEMMEE (0,1) D3EiHL7z0, Fourier IBDMEZ % &
WH ZEMREWV, —F T Fourier DATEFEAFEALNDZ L o AR LTHHZ 5,
Z IO ZOEEREE WS BEROHARIZIFE ICEHETH 5, Fourier O EZEANTIED
M, WD AHERAME LTE, 220060502008 THS, IEL 5,

Fourier [cDWTOXE

Fourier DA X730  Fourier (Jean-Baptiste-Joseph Fourier) (&, KL A > DRHRD 7 7 > 2 D%
FEPOYHFEEI O T VEETHY, YT ok u ) T (MEXT) 2Lz v -
7YY« ¥y YRY AT (Jean Francois Champollion, 1790-1832) IZ=Y 7 s DHli%E 52 7
ETHHEHTDH 5,

HEHE MWD T Fourier DHLHTEH>7-DIX, =P 7T MIBEHELTOZ 2 TH -7z, YA TOIA
DH5IHT % (5T BHBREFEOEENERIEZ. MacTutor History of Mathematics archive T
fHFICE LN Z DY ZE TN THHW),

[\ AR 2 & F LB DT TIERE L 72 7 & > ROBUEFEE ., YIFEE, 1768 £ 7 7~
ADA =2 RVTHAVEOFE LTAEEN, UKD L ZXMR L Lo TW0d, EHIORERE L EARTH
FrFO, T/URT ARV ICH TEFEOMFIERE L. T/ URTHTRREBI L 725, 1798 . F
RUA YOI T MEIRCIIFEE L LTSI LTz, RERIZBIGERICIETC. A =, v0—XDRMHE
LD, ZOYRETHEL R 5, R ERERL. 1828F I, 77V R - 7 A7 I—REEYE

YFourier ®IHHIZ, http://www-history.mcs.st-and.ac.uk/Biographies/Fourier.html
AN & 7D, 9L LTHBHHDBZ W,
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BNz, 1830 FEH. ) 7V ZFEKR A RICAB L, =9 7 MNEROHTHERH 2 K, =¥
T hERIBED B PR L O E 2T LT BOFMABKE LWEE, A FREME. 725 %
HLHEMADLEHS 2, BIEXOEHAEZE Lz, ZODHIEMEEIHUL T2 5d, BB —A
IPFMCEYED, HRESMAOHZAEXRA 7S AT 2R EERE D TISED Kl 7=,
HOBFOREHETIE. 7787 OREACHT 2EE R R Lz 12!

Fourier DTENDEE Fourier DIEFITIEEIT 2 Z ¥ 60 FIZEHNIC, d’Alembert FIZ X 3
BB RN DOMSE (1750 tH) 238 - 753, Fourier D EHEZ 4R B EHIZIX, T2 D 2 IR
TIHTEFE D DRKRLC 6N BIRERIZH o726 L\ (Fourier fRTOAE XA X v U LB LT
HBHTvF— 27 D §91 F),

Fourier (ZIRENGIER DO LD EER L LICOWTDER2Z2 L v M2, BB HEROE»
R BER ORIV IERRAS & (Fourier #ii£)) THRRT % £\ 5 Fourier D EERAM Lz,
DO TFXRTOFMBERIE, Zhd e ZERTI HR b, ZORMOEL D 1 2/
¥ $ % sin, cos ZIHE TP TRILTE 2 I FiRIE, UROBFEHE I AN
W WBDTH -2, I 180T I 7 T RADELFUCH X BRI L, BT 32k
HHRT, 1822 I K 5 K TAADMTHYHEER ) &\ 5 R (PIM - &l [65] & W 5 HERD H
%) ZHRT X7, BEOHAD B AL, Fourier DFEIRIZ. HTDBIEIZHETD 5532,
K CTIELD o728 EoTRWS, L LYKOMFED L N T, iEFIEEEAAIRETH -
7zo T L A Fourier DERZ IEXM(LT 272012, A BREENEEN, B> TWVoE
ZABTHAS,

2.6.1 F1RTvT: BHOMEREIFEE

3 (IC) I3 L C. (HE), (DBC) OZHDBERR. T72DB u(z, t) = ((2)n(t) DIEZ L
7= (HE), (DBC) of#%ke 5 Z & 2 HIFIZS %,

RIS A BRI, EREE 0 13&MH 2T e 2TFRELTEL, ZNIBEHBETD 55
5. UFTRZENLBIDb DERDZ Z 12l 5%,
u(z,t) = ((x)n(t) = (DBC) IZKAT 3L

CO)n(t) = ¢(W)n(t) =0 (vt >0).

2INHK 6% 50 FFLRFEHEZ £ e O TRRADEE 1), 220 (1974) 255 Lz, BFETHH o7z,
PWS EIREEXHTE xo b ARTH S, BB, BARKFEZEDIE Y — FEEDTH 301 [70] (ZHIE3E
LWVWitAPITH %) I Fourier DFEHHE > T3,

2YE R OGE IR, RO BRIIERIREZ R T O T, BEELS2 DT,

BZHZD sin R cos D XD RNFEEEKIE. Ol bRV WS bWEL»REKTHIDIC, ZhoEIH
WHFFOMET, WO TAIRERBEIIZE A D, THEEREBE TR RTEZZ2 W05 DIE, FICKBERFRTH S,
TR HIATREB L RELITE R VO X IR TH %,

BT o THh o 72 X 512, Fourier FEDIGR U2 WEGBIE D FET 2 DT, B OHFH O HIFR IR
DEKDFICOVWTEZRZRLENDH S, L L, YRHIBEEES S SHED L 5 IIEEE > TWid - R
26, Fourier X HA L EHZIRNRZ DIFFAARETH o FR LD,

BRIED NiE. Carleson-Hunt OBHER (1966, 1968) p>1 R2FE M p LT fe P BB, f D
Fourier fEUXIZL AEER 25 fINGRT 5 THERPOVWEEEoTW3, o b, HROBFZ, F
72 Fourier @ F5k (JEAR?) A > TOVRW (o EBDBEND), LWIADBWVWEEITH S,

B TROHEODHH S ZHE 5 TEMBER 0 B HTERS, ZHUIEDLIETH 20, —42ZNEEFITT 5 LM
F7zDT, BRENCERL TBW,
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N gy
(2.6.1) ¢(0) =¢(1) =0
HEoND, FEE BLHEZ I TRINUT

nt)=0 (VYt>0)

Y. u(z,t) = C()n(t) = 0 BESNDD, ZTIUTEBRBER 0 LSHDOBDERD B LS
HIEIWCK T %,
RIZ u(z,t) = ((z)n(t) Z (HE) ITRAT 2 &
C(z)n'(t) = ¢"(z)n(t).

Zhhs

() _ )

n(t) ()
ORI, FAZRAUL 2z itk d, GHZRAUI tIcEkowvw, Lo T, 21t
WHEOBRWERTHDZehnhbd, e N B

10 )
262) ORI
N 4o RY 5
() = (),
() = ()

BEON D, (2.6.3) ZEBRBIIEEM D TEXTH 2026, KHEROGIETHT 5, Kt
Bz s eFEL TR (2.6.3) Rt AR

s2 = A
TH2h5. FERIE s = £V
(1) A =0 OFA, FERIZ s =0 (FER) 720, (2.6.3) O—fHIX
((z)=Ar+ B (A, B IMEEER).

ERLA, B % (26.1) DD IUDEIICEDDLE A=B=0. Zhpb ((2)=0 2R,
NETH %,

(i) A #0 DH\AE. (2.6.3) DRI
((z) = Ae¥™ + Be V™ (A, B I3EEER).
EB A, B % (26.1) EDILD LI ICED b,
C0)=¢(1)=02A+B=0 and Ae"*+ Be ¥ =0

& B=-A and A(e‘A — e’ﬁ) = 0.
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HBLD A=048BEB=082%RD ((2) =0 PEIPNLFTHETHS, DI A0 LT
2 eA_eVA=0, Thbb

(2.6.5) eV =1,
L7eD3oT (b K< HoNMEIZE D).
In € Z st. 2V =2nmi, i=+—1.
W 21
VA = nwi, A= —n’n’
X535 ¢

C(x) = A(e"™™ — e "™) = 2j Asin nr.
CITCTARERERTHEDT, n & —nDFEL (A E2E5EXZ8. ZThDH A #0
WHEETZE (0 RPHDEBERIIETTLES> ). nld N 228 2 LTHEDRW,

—H n IZOWTI,
n(t) = CeM (CIIMEEER).

Z 5 LT (HE), (DBC) OZEBITHEfRY LT
u(z,t) = ((x)n(t) = cpun(x,t), uy(z,t) = e tsinnmr (o, IZEEER, n e N)

PEONT (¢, = 21AC THBH, A, C L DERERIZ 272D T, ¢, bEEEKTHZ), Z
DIERIEEERD A > T0 3 DIE, (HE), (DBC) BEERIXAGERELSTH D, ZOE
B DEER VW EE SRV, m

(2.6.5) R DI J-MEEZFHAL TEH Z 5,

[ﬁ% 2.6.1 C LOHER 2 =1 DIRIX 2 =2nmi (n€ Z). 72721 i ZBEHENTH 5, ]

AR 2.6.2 ZOFE26.1 1%, EENBOEREL T 27-DDROMEDFHDOGEL BEZS
N3,

V2e C,Vr >0,V € RITHLT,

expz=re? & IneZ st z=logr+i(0+2nmi).

(72721 logr 135EREE LTONBERKZRT T2, TKRDOE e =r Zii/z3 unique 72
reRDIL%Z logr £EFL, )m

B 2 =x+iy (v, yeR) T B L,

THREFER WS SEOEKIE (MPRBRETHEATVRIETTH 20R07D) BikT 5,
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THED, |ef| =" THEHILICHEET B L.

ef=1<e*=1 and cosy+isiny=1
Srx=0 and dne€Zst y=~2nr
SdneZst z=2nm. m

AR 2.6.3 ((2.6.2) DR =0 BRICHEDIAN) LOHEHT.

(2.6.6) ' (t)¢(x) = n(t)¢"(x)  ((z,1) € (0,1) x (0,00))
%

n'(t) _ ¢"(z)

n(t)  ((x)

EETRLTHEMLTWED (25T 200EHOTF A MOMEGTHZ), 7R 0ICkDL
IAHTIEEDITED, BrobtRICRKRZEIATHBS, RIROGEDKILTZDT, o
= DERS 52,

4 N
il 2.6.4 (Fo T FRNIDFLITHLHEBAIL TWDB) HTHRVWES A, B 2 2D L TER
SNTAHGREBEREEL G, (o2 A = C, mi,ma: B — C 3%+

Gu(z)m(t) # 0,
(2.6.7) Glz)m(t) = Glz)n(t) ((z,t) € AX B)
R RANCY A
L INEC st Gx)=Aa(z) (weA) »D mt)=\p(t) (teB). )
i8S

THFERNZ 0 TRWEWIRED S
dege A Jtp € B s.t. Cl({l?g)?h(t()) 7é 0.
(267) W2 x = Zo, t= to %'fk]\ LT\ Cl(l‘o) 7§ O, nl(tO) 7& 0 03“&‘%’??’5 Z

Ga(ro) _ m2(to)
G(wo)  m(to)

ZOERDMEE N B, 267) I r=00 ERALTEHETZ L

0= Co

B & HIRRBOBROF T, DB 0 1Ckhenwze® AL TLE > Tl WAADRWE, T D#iH
DB THTRBHEER (((2) = Csinnrz, n e N) ZR 22, ZRUIKD LW 230 h 5 (bHAA TFEA]
EEBEWTH B),

FH, HDEDIZXINVILEEDLRVWAENRRLD2S Lty

m(t) = m(t) (L€ B).
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FRIC (26.7) 1Tt =ty ZIRALTERETZ L

n2(to)
m(to)

ZomdEliE. FEEPHNTHRALLDEDS, BRIZKE - T, IXEFAKD Z 2D, Rba 7R
F—[69) H2HE 21 KEVTHI2OEHA L, ZORIKZE, Zoficd, HEIIAR SN
2V, TOVRVWRHERDE > TWT (BEFEINTVWEDT, 255> TEELL2 D Lk
) IEFITROL L 7z,

Gao(2) = G(2) = AG(z) (red)m

B RHBEEHARS PVERBTH 2560 THIDE) BHEL %5, EENIC 0 TldRwn
B w(z,t) = ¢(z)n(t) 23

du =Lu

ot
EWVS WD TERZN T L TWAGEIRE S R0 K (L 1F 2 IZOWTOMITERE, ¢

FRZ P OVEBERL, n 13 A A 7 —(ERE L T %),

2.6.2 B22RAT7v 7 BENHBEEEREOLETH (HE), (DBC) DOf#

(HE), (DBC) ZREREXAERTH 2 2 icFERET . TEDOE c1, ¢, -+, ¢, IR
LT,

4 9 n?

a2 . — A2 . _ g2 . _ 2 .
cre ™ tsin e + coe M tsin 2 4+ c3e V" tsin3ma + - + e VT Lsinnme

'3 (HE), (DBC) Of#TH 2 (HEREEOHFEM), X HIIIMERDOET {c,}hen 1TOWT, &
BR AL

(2.6.8) u(x,t) == Z e ™ sin nra

n=1

TEHEN2S u 2 (HE), (DBC) DIFTH 2 L #iExnz, HBWE, 5P LEKKICES
Y. B EIR 72 B FTRE T H AR (HE), (DBC) OfFTH %,

AR 2.6.5 (THIFSNB) E—HBERLTLESHIF) ZZEHLETH TR ITBER
WV, BETERIND u BDEBIIRCTZZ 0 S 203, BRI {calnen I0& 5. 28 Z B
DIPCRLBRWE DR {cphnen o THH 55 L., 728 ZNOR L THIEG OO0 KL T 2 5>
ESDEERAOMET., (HE) Z2{fi/c IR Z>TLE 223 LAKRY, =

SOBIBUBMAL >~ ful(e) WL T, (Z fn(x)> e DN ACOR . VRACTRE Vi[53 D DRACTER AN

n

-

Do
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2.6.3 HF3IXTvS: (IC) BEDIIDELDICHEE {c,} TER

RN (268) Tt=0¢rBLL

u(zx,0) = ch sinnwx
n=1
ERBM. BLDBIND f(x) ITHFLLKRSE, DFD
(2.6.9) flx) = ch sinnrx  (x € [0,1])
n=1

E72% X957 {cotneny ZRWHT Z ORI, v 1 (HE), (DBC), (IC) O F T2/
3. I74bb (H-IBP) OfETH 2 (LHIfFESNE) Z&iTik5,

Fourier fBUZENTWIUX, EDFERIX f D Fourier IEZANEER DR TH 5 Z & 23550
%o WZIT f(0)=f(1)=0T. f BD2BEES P THE BIZIE CT ). {ci}nen &

1
Cp = 2/ f(z)sinnrx dx
0

TED D Z LD (2.6.9) DD LD DREFDEITDH 2 Z 23005 (fFik B.2.7 ZH),

Fourier fE0ICBE 3 2 HIFDB R WIGE D, F0 < SWIKBHLFHETHEBETEZ %, (26.9) @
Wi sinmaz AT [0,1] THETLT

1 1
/ f(z)sinmrx de = / Z cpsinnrrsinmradr  (x € [0, 1]).
0 0

n=1

THRBIRE D DS ATRE T H 2 L RE L T,

1 e ¢ 1 e’}
5nm Cm
xr)sinmmnx dx = Cn sinnmxsinmnrx dr = Cp— = —.
Jo 1 >, 2
Wz X
Cm = 2/ f(z)sinmnzx dx
0

Y oem WEE D0 W ¢y BZDINTED D L ZIT(2.6.9) LD IDODTH BH, ZAUEfE

HUZIZHR RN (2D 72912 Fourier BT T 23R HAHE I ATV S),

r CDEDXESD ~
(fIZOVWTETOREEBL & &)

1
(2.6.10) Cp 1= 2/ f(x)sinnrx dx
0
TEED {c,}2, THWT

[e.@]
—n2x2¢ .
u(zx, t) = E cpe " tsinnma
n=1

| TERSNS w x, IEHRERE (LIDP) ORTHE (LITE ),
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8 2.6.1 (GERYHEICN T BH) (1) f(x) =sinmr D& ZF u(x, t) ZRD K, (2) f(z) =
sindrr D EF u(x,t) BRD &,

BE (1) f(z) =sinmz ZZNEED f D Fourier BB TH 255, u(z,t) = e ™ tsinna.
(2) f(x) = sin® mz = (3sin7mx — sin37z)/4 25 f O Fourier FEVBFTH 2053 u(r,t) =
(

_ -2 . _ Q2 .
3e ™ tsinr — e ¥ 'sin 3nx) /4. W

2.7 Fourier DFETHEZXRDD (2) BBTH D & DHER

BARXTy L LT, HifioEmcEoN ROERM AL ICHETH D Z e ZiFHL
X9,

2.7.1 AZFERALZITFRIEVITFEVLD
PAEE f 35, WIIMESSYERE (H-1BP) OfofEm e L THE OBz Si(x,t)
EEID, Tihbb

o) 1
(2.7.1) Si(x,t) == che_"Q’Tgt sinnmx, ¢, = 2/ f(z)sinnrz de  (n € N).
0

n=1

COHDHZEZ FHEICES & ROEHZAMNT LI TH %,

EIE 2.7.1 (MIHHED C* HDIBED (H-IBP) DEDTEE) f 725 [0,1] Lo O HEK
T f(0) = f(1) =0 Zi/ 372 51E u:=5; & (H-IBP) OHMETDH 5,

ER 2.7.2 (M £(0)=f(1) =0 ODBEMEICDOWT) f(0) =
e ZOSRMOERIZ, PIEENEREEZECT. v
. EED t >0 LT

=0 EWSFMEPHTRH

F()
D THB, DFDEHREM

u(0,t) = u(l,t) =0

MDD, EWVWI D TH o705, HHMEDERTIE, vl [0,1] x [0,00) THAHTDH %D
b, tl0o&LT
w(0,0) = u(1,0) =0

DD LTI B0, & T A, FIHISEM

u(z,0) = f(x) (z€l0,1])

i

|

ZERLTWA D6, fIF

/e SRTUIR S0, DFD

3D sin 30 = 3sin—4sin® 0 ZEH L THELNZ, X H VY v A YW TEELEIY A S KA
THRAZIELNZE LD (Google T 183 fFL b v b L7RWE), BAFIT#IE°9H T, sin 30 = Im(cos 30 +isin 36) =
Im e = TIm [(cos 6 + isin0)3] = 3cos? sinf —sin® 6 = 3(1 —sin®H) sinf —sin®0 LT ZDTL & I,
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(H-IBP) OHHEBEHFET D 7DICIE
FIHAME £ 1% £(0) = f(1) = 0 /I RIFAULHS L

YWD TN B, AL LD O L0 ENE - TS, LWV EKRT, THUIE
B%&MH (compatibility condition) & MIN 5, (MW HEEETIIRL, B2 EZ 5
Balld. COBEFRMMEAEILRLZ D5, )n

EHZFHT 572018, Fxv 7 3RE L

(1) HEED (x,t) € [0,1] x [0, 00) 10 UTHEL Sy 13K L. SpiE[0,1] x [0,00) boDii5Ed
BThsrzt,

(2) Sy DIREREE 2S;, 25, 2,5, 75 (0,1) x (0,00) THAEL. HEETH S Z &,

(3) (a) Sy WEITEX (HE) 23 ¥
(b) Sy A3 Dirichlet $E55&fF (DBC) %z 5 Z &
(c) Sy DTS (IC) ZWi/ed 2 &

TH 5,

o4, B (HE), Dirichlet 35585 (DBC) %7z $ AR MR Z RO T, ZDMT
Sy ZEole2 ed B, Sp #5 (HE), (DBC) Ziifi7z 3 DIdF—H L THS2ITEZ %200 HHI %
Vo & ZAH. (3b) S; A (DBC) %ifi/z 3 Z L MNP ICHHSTH 20, (3a) S 2 (HE) %
725 2 CIFA S TRV, IR BUC DWW TR IS TR 9 23 D 372720
PHTHd, TILTADE, (1) &(2)S; DIBELDED, EHbALTF v I/ ITREZLTDH
B2 h B,

i A

WELDBIAD 2 & ZMRNBI T H - TH, I L mwvwh s LvZznwl, PERL TR

WL DFNIAHE D LR WL, #ftTH > THWMAHKRR WS LAk, Eohrd

SIS TIERELDFNELE LW,

—7i. (3¢) S; 23 (IC) 223 2 2RI O, ZAUILRHETIERV, FHAME £ 15EE
EWVISIEITTRL, CPREWIEEER L0, BHOEMI LT 27:DTH2 (f H
R WD 2T Sp(2,0) BEBEDOEKTIZIORT 2 RS20 Z L ITHER). f 1k
YT 2ARE L 723558 O d R OIEEAIIC O W T, BRICHEHD H & F U 2 BT
212 b,

Z T, SEOFEDOHIREL 2 izni¥oh b,
F1ER (2) WMy AIREM . (3a) (HE) Zii/z 32 & 2T
TR [ C R RELT, (1) @ty 3c) (IC) 2MiZzT I e 2md

2.7.2 2 1E: Fourier ¥ S; H"BAEXZEIITIL

Sy DUBR L., ZDM S; 28 2 1ZDWT 2 [H, ¢ IZDOWT 1 |, FEHIMIH R,
u==S; PEHBERAZMALT LR3I EINL, $T. TOIENLRE I,
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e ™
18 2.7.3 f % C0,1] DEROEHRL TS5 L =, I Sp(x,t) ZAIEIEGIMS LTHIK
BHED . [0,1] X (0,00) TIRE—HRIIRT 5, W RITH S; & [0,1] x (0, 00) TIET B

TEAIM T &, KRS
. 02

28 =5
ot~ T gg2d
Y ’ Y,

AR 2.7.4 (¢ =0 (FFHRVY) LoOMETIE, #HPHD [0,1] x [0,00) THL, ¢ =0 2RV
[0,1] X (0,00) IZ7 2 TW%, t =0 Z&FD72 [0,1] x [0,00) TO—FRIRMEZRTITIE, f 1T
DVWTEDHNELP S ZIRET 2R EDRENHTKRL, =

FREDIER M Sy & 2 1T E (E ¢ 120F m [\, BEHIMD L THISK 23
- 2_2\m —n?m3t I lm
ch(—n )"e (nm)"sin <n7m: + ?>
n=1

12D & 32
272

B on 8| <|e,|(nm) e
—_ n

iz,

len| = '2/0 f(z)sinnrx dx SQ/O |f(x)sinn7rx|dx§2/o |f(z)| dz = M.

L5 >0 ZEBICEEL T, (2,t) €]0,1]x[6,00) TEZB Y, e ™™t < ™ THEH 5,

COHEMIZ z, t ITHRSE. £

0
2.2
§ :Mﬂ_ZJere nemw 5nf+2m < 00

n=1

TH 5563, Weierstrass D M HEE D 6 B [0, 1] x [0, 00) T—ERICKT 5 Z & 23
TIPBe WZIT Sy 3% OFEPTREITHHEFNH D AIRETH D, C°RTH S, § >0 I13MEE
THE00. fm Spid [0,1] x (0,00) THEITH I AIRETH D, C K TH 5, Hil
MITAIRETH B Z b, Sy PRz I L E3HLLTH S,

2sine O k FEEREU sin(z + kr/2) TH %,
33y = e‘”z‘s, a=2m+L &BL&. re (0,1), a > 0. nor™ < et TH B, an = nrm 1O
T Bz lim lant1]/lan] =7 <1 TH2H 6. Zan < oo B3 (d’Alembert OHEE), W ZIZ

Znar”2 < Zno‘rn <oo. Thbb Zn”%”e*”%% < 0.
3415k B.2.5 R &K
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2.7.3 ZE2E%: Fourier fREHED t = 0 TOEEE & FIEASGF
S, Bl
S¢(x,0) = f(x) (z€]0,1])
RG2S hE o, OFD

o 1
flx) = Z Cpsinnmr, ¢, = 2/ f(z)sinnrx de  (n € N)
n=1 0

M DALOPE DD ? ZAUT f D Fourier fFID fITFEL WO E I, EEVIZTHRL,

Fourier fEGHZ2ZATWIUX, FHi f DHISHEFL L WS 2T D 72720 2 & 30
%o BEICHEAL 72X 512, f R CHIRT, f(0)=f(1) =0 TH 2 LIRETIUIALKTH 5,
e

iRl 2.7.5 f 2 [0,1] T C* # T, £(0) = f(1) =0 &z 34 512,

b 1
f(x) = an sinnrr  (—RRINCR), b, = 2/ f(z)sinnrz dr (n=1,2,---).
n=1 0

YWD AN D LD (5 B.2.7 BHR),

EZAT, TRTLRLLTEWIT RV, HMfEOERZ RV L, Sp 23 [0,1] x [0,00) T
R Z e bR TRENRD D, LN, 22Tl &5,

F9 (I LOMEDREICEEN S Z 8 THS0%).

o

Z\cnl < 00

n=1

D DIALD, FEBE ¢, DEBRZHATET T2 I LIT& o T,

1
Cn =2 ({_W]O - % /01 f'(z) cosnmx dm)

2 [t 1
=— [ fl(z)cosnmx dx =—A,,
nt Jo nm

1
A, = 2/ f'(x) cosnmx dx
0

THEH. A, \Z f D Fourier fRE(TdH % DT, Fourier fEGEH CTH R Bessel DAEFER (Z

NHER B.2.7 ZIR) 25
o0 1
S A <2 / ()2 du
n=1 0
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PENNDP, TIh b

1
Z |Cn| = Zﬁ : n|Cn|
n=1 n=1
o 1/2 /o 1/2 . 1/2 7 o 9\ 1/2
1 1 |A, |
0o 1/2 1/2
2 1 !
S§<Zn—) ([1r@pa) <o

—J7 Sp(x,t) WDV,
|5 n | < ea| ((2,%) €[0,1] x [0,00))

TH20 5., Weierstrass O M HEIEIC X D Sp(x,¢) 1 [0,1] x [0,00) T—HIINKT 2 &
DR %e PEoT Sp(x,t) 1&[0,1] x [0,00) THHREKELEKT., =

2.7.4 BZF: f D O {TEHECEBEITERAGES, Green B

(Z DHOFHEMIMPAVD T, HIDTHUREIRIT I L 2#ID 5, FETD 95% DL EOTE
RTHET 5, )

T RO RTHZERE L, 22D ZDIREEBNT. fIEFEZ T LK
FELRWE, f1X Fourier fREVEFAFIRED ¥ 5 DB RAEX N VWD TH 5, TlE, HUTHERER
Bac, HHEOFEIRGEHTZ 272550 ? MmaicE 21X, Yes TH S, EBERDE
BN D 3D,

4 N
EIE 2.7.6 CESIAIEMEICH T 2 (H-IBP) OHEER) f A [0,1] Eo#EEREE T,
f(0) = f(1) = 0 Wiz 3 %51,

w(z,t) = S(z,t) ((z,t) € [0,1] x (0,00))
7 fx)  (zel0,1],t=0)

\fﬁ%éhéumeﬂw)wﬁﬁ%fﬁéo J

ZOEHEDIHD H S E. B Sy (x,t) TERS N LBBITOVWT

(2.7.2) Si(x,t) = f(z) (tL0DEE x€0,1] ITDWVWT—EE)

D ILDODT, u & [0,1] x [0,00) THHFICHKD, EWVWHIDDTH 5,

(2.7.2) DFEANZ X EHE U <RV, FRiIDD D%, BEIDED X S5 TEH 205, EHED
ZL T Dol AN, MRIEEHETHE, 207kD, THHEPEEREKZEF O,
AR OUHEREFERE (H-IBP) @ Green B LN 2 G(x,y,t) ZEANT 5,

35\/2cosnmx (n € N) 25 L?(0,1) DIEMBERRTH 3 Z L ITHERT %,
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ZHUE (KRDTH B, Z0BER)

G(z,y,t) =Y _eon(@)enly) (z,y€[0,1],¢>0),

Ao = =272 n(z) == V2sinnrz  (n € N)

TEHRIND,
IO G EEHWSE, S BRDESICEKINS:

Sy, 1) = / Gy, t)f(y) dy (x € [0,1], ¢ > 0).

FER CHRETIIERICIESETE 2D T)

/OG(%yyt)f(y) dy:/o > Mo (@)en(y) fy) dy

= i (GA"t%(x) /0 1 f@)en(y) dy)

n=1

00 1
Z (e)‘”t sinnwx -2 / f(y)sinnmy dy)
- 0

n=1

E cne’\"t sinnmzx

n=1
= Sf(l‘,t).

F/2. G =G(z,y,t) F[0,1] x [0,1] x (0,00) T C® KT, EED yc[0,1] ZEELL
X, ox, t OBEY LT, B5ER (HE) 2554 (DBC) 2z, 2%
5, o2
aG(l’,y,t) = %G(.I’,y’t) ((l’,t) € [07 1] X (0700»7
G(0,y,t) = G(1,y,t) =0 (t € (0,00)).
FHAZHICOWTEZTA LD, BRI
(2.7.3) fec(0,1]), f(0)=rf1)=0

D DL HIE, (H-IBP) (& it 2 £52, F#IZ Fourier #REUC & 221 C([0,1] x [0, 00))
B L. u(z,0) = f(z) (z €[0,1]) BEDILD, WD ZEMBTo TV, &ITHD G(x,y,t)

1

¢ = 0 1S L TR A 70 (R OSEIHE L ) 0T, / G, y, D) f(y) dy 23

0
t=0Dr&E flx) ITFLWVED, [0,1] x [0,00) THEFE TS Z IFHRKZV, KD LS ITFE
TIEBEZILND,

(a) (EH 2.7.6 DEM) B u %

/0 G,y ) f () dy ((z.8) € [0,1] x (0,00))
f(x) (x €[0,1], t =0)
TEDZEE, ue 00,1 x [0,00)).

u(z,t) =
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1
(b) / Glr,y, ) f(y)dy 1¥t -0 DEE, f(x) I [0,1] LT—HRINKT 35, T4RbH
0

(2.7.4) lim sup

t=0 20,1

/0 Gy, ) f(y) dy — f(2)| = 0.

PLEZBE, (a) & (b) BEHETH 2 Z D300 %,

LR, ARBHNCIERTEETIZO»P > TWVWAE I 2 TH LD, X HICROFMELKD IO, 2
DIHH (4) (BT 21T (2.7.2) BPEARZEZRDELZDDTHS — [ 25 CH T, BIZHEK
TERWIZ YN KRA VN TH D,

a N
fie8 2.7.7 (Green BB OME) G IZXOFMNZHRET 5.
(1) G(z,y.t) = G(y,x,1).
(2) G(z,y,t) = 0.
1
3 G t)dy < 1.
()é (z,y,t)dy <
() fe (1)), £(0) = f(1) =0 & BIE
1
/ Glz,y, ) f(y)dy — f(z) (L0 DEZE, xel0,1] IZD2F—FRICIR).
0
SWEZ B2 (2.7.4) B D LD, )

SEEA
(1) Gla,y,t) DEHERD z ¥ y COWTHIHCTH 25 5HEHTH 2,

(2) Vyo € [0,1] 1IZXF LTy
G(ajayﬂat) 20 ('1'6 [051]7t>0)
BT yo=0,1 D& XX G(z,y0,t) =0 THLPRDT, y€(0,1) &F 35,

(DURDGEEIRIE, FEIX Gz, yo,t) W& 6(- — yo) ZWIHAE & 5 2 F)HAEEE SERT E O g 12 1
Yg b, CVHIFEFEERJFCBL EHBELL TV, )

T CERD T 7 = v 7 THBWLIEHZR (molifier) ZHWS, £7
peCR), p>0, ple)=0 (2| > 1), /Oop@s)dx:l

Ziile$ p ZAEEIZ—DOHD,

£B<,

[e%s) € o] Yyo+e
/ipxwdyz/ﬁ&@ﬂwzl,b/ &@—yddyz/m pe(y — o) dy =1



MDD, /2. f: R —= R 2y, DEFHETEEEZ 513,

lim /Oo pe(y — yo)f(y) dy = f(vo)

e—0 oo

DD D, FERR

00 Yyo+e Yyo+e
/_ pe(y —y0) f(y) dy — f(yo) / (W —wo)f )dy—f(yo)/_ pe(y — yo)dy

Yyo—¢

/yﬁa (v —wo)(f(y) — fyo))dy

THBEND,
‘/ pe(y —y0) f(y) dy — f(yo)| < < Su1|>< |f(y) — f(yo)] e pe(y — yo) dy
§|§u1?< |f(y) = f(yo)| = 0 (e —0).

0<e< |yl e lMLT, fly) = p(y—w0) £BLE. £ 1&[0,1] TC KT
fa(o) = fg(1> =0 THBDIH

e, t) = { /0 G,y 1) f-(y) dy :/o G(a,y, )p-(y —yo) dy (x €[0,1], £>0)
fe(@) (z €[0,1], t =0)

eBLE, u X f 2UIEE 35 (H-IBP) O HHfETH %,
[:>0TH2056, EEEORTE (R 243)1I2XkoT

Vo e [0,1],Vt >0 u.(z,t) > 0.
e—=0&295L ulx,t)— Gx,yo,t) THIZHDH
G(z,yo,t) > 0.

(D&% E: DLEEFIDTRZ NE, 27D 520 DI S WEEH2 S LIV, fo & 6(-—yo)
EHELTDDICR o TVWE DI TH S, TAXBEEIIIFARKD X 5%bDT, 2h%
P e 2 MR OMER A EMEOM CTH S Green BIBIIIFATH S, WD
ezl bDze A L TR L TWa

(- — yo) G(- Y0, )
1 (KAL) T (MRRR)
fs :p6<'_y0) — Ue
(& <)

EWVWSERZWD TEHEOHHEZ DD D 5, )
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(3) (ZHEBBRETHEDEIH B THS 5, )
fo€CH(01]),  fu(0)=fu(1) =0, 0<f, <1, Voe(0,1) lim fi(z)=1
Y125 {f,} ZEoT,
1
%@w%{té<%a%wn@ww (t>0)
ful@)
B, u, X f, BOHIEY T % (H-IBP) OHELETH 2 (FriC [0,1] x [0,00) 1B
2RO EMRTHB), —77
u(z,t) =1 ((z,t) €10,1] x [0,00))

1 [0,1] x [0,00) ICBIFIBTEROEMBETHZ, t=00DLZE, H2WVWE2=0,1D
EZu, <uTH206. EEEDRE (L LALEKEMH? $£242)12KoT

V(x,t) €10,1] x [0,00) wup(x,t) < u(z,t)=1.

—Hn—oo00 DL E

un(af,t)Z/O G(z,y,t)fu(y) dy—>/0 G(z,y,t) dy

1
DI, D 3036, »@m:/ G(z,y,t) dy < 1.
0

(4)
fo € CH[0,1)),  fu(0) = fu(1) =0, lim sup |f(z) = fu(2)] =0

=0 1¢l0,1]
iz {f.} ZHBT,
1
u@wFAGm%m@wy

%mw:AGm%wmwy

36Lebesgue 7 2o TRIFAUX. AFUER % > THIFICIEATZ %, %h%@ibf%lgﬁﬁﬁbfr&i
o fo QWD HEZEMARINCTRLT, HIZIE [1/n,1-1/n] T f, =1 &2 XTI / G(z,y,t) dy—
0

1 1/n 1
/ G(z,y,t) fuly) dy < / G(z,y,t) dy+/ G(x,y,t) dy. y— G(z,y,t) IFETARERDIED B n — o
0 0 1-1/n
DY ZHAH 0 WPERT 22 I3HLHITH 5,
ST D&M {fu) PENS Z 2, FIZREMILEAZCBERLTOWIUIIZE AYHLLTH S (k]
DL LT oL TIUIRW) 23, 22 WS ICHIERNCEEA T 2 D3RR HFEITH 2006, 2 ZTIEFAEN
55,
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SRR N

e, t) — un(a, )] = / Gy, ) (f(y) — Fu(0)) dy\

< max |f(y) — faly I/ (z,y,t)dy
y€[0,1]
:£$%|() [y

XC, Vne NIZNLT £, € CY[0,1]), fn(0) = fo(1) =0 THED0 5,

lim sup |u,(x,t) — fu(z,t)| =0.
t—=0 z€[0,1]

YV, Vt,¥n I3 LT

uz, ) = f(@)] = [u(e,t) = un(z, 1) + un(2, 1) = fu(2) + fulr) — f(2)]
< Julz, t) = un (2, )] + Jun (2, 1) = fu(@)] + | fulz) = f(2)]

<2 In[%}l( |f( ) (y)| + yrél[%,}li] |un<yut) - fn(y)| :

Vt, Vn 1 LT,

gﬁfhﬁxﬂ ()I<Qgﬁﬁﬁ() f4w|+££§h%@¢>—ﬁxw«
FILAUFE1EZ/NELT2E51Cn Z2EATEEL. FAD0OAUE2HZ/NXL TS
X2t ®0WEDIF5Z iz,

1 = 0.
gﬁ$nyw f@)=0m

ZOffiE L ﬁ%m%mmﬂ®m6m;é F 72, BT D Green O BEAN L MEE %
TVRWIZHH L AR LT, 5 [6] 23D 5%,

Rk 2.7.1 (Bt Green BAE? ) Fourier S T—IOIENRIITE 2 DIZ, L Green B
BOL>2b0Rb 300 ? —o0EEE MHERFE L D IXE—DEKE 2 THEDT
2 (ZOVIHIBBOZ e EZBARE VD) LWSTEOHBFTORTVHNS | THb, FiZZD
o h T — BMERROMA — 3. RO EDDHE ZHI2ELT 5, n

Rk 2.7.2 (MEBENLER) LTOIFL AL, LOEHAFICENTH 2 Z 720, IREHL
TErHTEL,
G(z,y,t) &t =0 TH y ICHMNARZEWY K% ¢ TOIRBE M Z RS,

2

DGy 1) = 3Gy 1) ((0) € 0,1]% (0,00), y € 0,1),
GO,1) = Gy =0 (e (0,0), y[0,1))

G(z,y,0) =6(x —y) (z€]0,1],y €][0,1]).

BTVRWTIEH 20, ZOMOEREND THLANEEBITR S 08 Litwn,
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HREDOEOFBICI D, WIRED D f THod =, KL ¢ TOREID

©) )= [ G050y (1) € 0,1) % (0,00)
725 DXBAETS, Green BEEL D IF{EM:
G(z,y,t) >0 ((x,t) €]0,1] x (0,00, y € [0,1]))
Z. ASEROBOIFEHDOREDOHENE WS Z ik b, EE DPLEZ DL
G > 0 & IEEEORERAL
D5y (EMEMEDIRIEN RIS 5 2 ¥ R385 b MW 5(— y) > 0 b Gloy,t) > 0.
—HG>0tF5, (O)ZRUL f>0=>u>03HLHNTHS),

/0 G(z,y,t)dy <1 ((z,t) €[0,1] x (0,00))

. FIHIRAICIEE =1 TH 2560, Rl t OIRBIZY I TH 1 IR WIEET, 2htd
HIEHTHONLTH S, =

Rk 2.7.3 (G(x,y,t) ZRIRT D) G(o,y,t) [ FEBEHIETERL TH L0, 9% DHEEK
THHB Yo7 THREBTUE, a2 Ea—X—TiBETI2DIEFHL IRV, ZhrEHeo
THfULL 726 RW0WH? 3EHBIBLZDOTESHK hERAE Z A, y ZEEL T, ¢t ZEIDL
Bz Gr,y,t) DF I 72N THkD 2, t WS Zedarbva—&—%25 FETT
x5,
Mathematica T

G[lx_,y_,t_] := Sum[Exp[-n"2 Pi"2 t] Sin[n Pi x] Sin[n Pi y], {n, 1, 50}]

Manipulate[Plot[G[x,0.5,t],{x,0,1}, PlotRange -> {-0.1,5}], {t,0,5,0.001}]

Mz R THERETED Z L,

e Dirichlet 351 G(0,y,t) = G(1,y,t) =0 Z{ifi7ZzLTWA DT, Wiz =0,1TOT
b5

o XRIDAE (0,1) TIXIEDMEZEE S,

ot > 0DEE S —y) KICRT 22 bMBRINE XD, t VNIV E, y DI
X T12DIEEFH->TWVWE, ZOUEt 50 LT3 EALAELLED, t=0%8D
7= 8Tl ER TR L R B,

oﬁﬁ@ﬁﬁtﬁKMMﬁ<ﬁb\ik%%%m%%ﬁ@%@¢%xzémﬁd<iim
25,

MERZS T2 e h, FBRIHLZ2ZL2E#D%, n

87



R 2.7.4 GERXRE) F:[0,1] x [0,00) = R 2% “RW B 513,

w( ) // (2,y,t — 8)F(y, ) dyds

ut(x,t) = umx<xat) + F((I,’,t) ((%,t) € <O71) X (0,00)),
(&) w(0,t) =u(l,t) =0 (¢t € (0,00))
u(z,0) =0 (z€]0,1])

27z ZDZY (uld wy = U + F(z,t) OFRTH %) ZFHT 2 2, FERXE[ =D
B O IHAEIR SHERTED — RIS T 2 Z 21272 %, (O) DREFE. TERAVCiE (RE
U F % Duhamel JRFE DGR L [P T) lHETH 2, L L. Glr,y,t) &t =0 TE
HINTVRVOT, FEERITHEHT 2 DIFHHETIER WV, HIRA DI 6] zH L. =

TED u i,

Rk 2.7.5 (AHIRARXMHDIZED Green ) R 2r XM T, AR EMAFZIRL 2
BT O PIIHES SFHERE D fF v 1&

o0

1 2
2.7.5 G r,t) = — e " ttine . ©
(27.5) (.1) = 5 =2

n=—oo

e—(z—2n7r)2/4t

B, IS f £ G L DBEAAATERYE 5!
u(a, t) = / Gz —y,0)f () dy.

GERRIEAER G3 2R K. ) G 37T —&B 9 o—flicZ>oTWVW5, =

2.8 Fourier DHEE ARY ML R
— 724 Fourier D HIETHIEDE T BDIEAS 7?7 —

AREAEXOPIHAES AR X, Fourier O HIETHREZMK T 2 2 e BN TED, Zh
A THE R T AD TRUIMTINEREZITI TRANLTET S LW EHP, EHfk
RO w00 T R A\ O AT fE R

dx
i = Az, z(0) = xg

DL ROVEIRICH 2, ThodZ e ZHAL L5,

BEECTHLEDIHDOAE HETHA LEHEMEZEIETE LRV LAKRW,
[EEEDFEEL (X HI1213IEA) T R 2 EHEIE S 2 BEHBIKFELAERRT 25 2 & I3HR
A[RETH S 5,

t

t
39%/ g(t,s)ds:g(t,t)Jr/ %(t,s)ds EWVWHREEET S, LrLSDOELEICIhZIEYLT 201355
0 0

TR,
WA PEBEOFEMNIMTINIE T2 & &, BEYUREERZITH U 2BEE VAU AT, 20nwS 2k,
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2.8.1 Fourier DAAEICEHENZEGERE
Fourier D {E%2EAT T %@ T

RRAEW=T ¢ = C(2), A & RUHE:

——=C@) = X(z), ¢(0)=¢(1) =0, ((x)#0.

dz?

LS R R, ORI L SRR A B
~ 1B EEERE N
A€ M(N,R) #5Z2 I Y &,

Ar =Xz, x#0

%?ﬁf:j xZ, A %Eh\lﬂ%o
N J

DELUEBDOVETHAH 0 ? Fix, LoMED., H2EOBEHEMEELE X 515,
BBIFICEZIE. 0)=¢(1) =0 ZMITEED C 1L T

d2
T dr?
WEkoT, FHE A ZED S &, ZHUIRTEERRE L 52, OB, A OFEEHE N &

EHERZ bV (SO IFEBEEMEMER) ( ZRD K, WS ZkiThbd, ZOREDEIX BE
WRZX 512,

AC: ¢

o EAHMEIX N\, = —n’r? (n € N)
o )\, ITRIRT BEHNZ PR ¢, (z) = sinnra
e o teh, EAMEDTRTEYET, EAERZ POV TERBER

n#m=— /0 ©n(x) o (x) dz =0

EED LoD, BATIEZRL,
ENTMTHDOEBNRY bILOEISE

A ZEMNFMTHNE T2 . BEEMHEIZ TR TERCT, HERZBEEEICETEERY ML
WEHWIZERT %,

WS IERBOER e [F UFEHEIC RS <, FEE BE f, g DN (f,9) %

(f.9) = / f(2) 9(a) dz
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TERERTZL. f(0)=f(1)=0, g(0) = g(1) =0 ZifE/=TEAE f, g WL T,

(Aﬁmz/fﬂxgxdx
/f
/f

/f

- / f(2) 7'(@) dz = (f, Ag)

BRD YOI L (A OMERHE | 1) LT, BRINCE. £ -7 < 7 U 2
2, EF.

An(@ns 0n) = (Ann, n) = (Avn, 0n) = (On, An) = (Ons Ann) = An(@n, @n)

BN
A=\, ie. M\, €R.

Xz
= (A¢n, Ym) = (n, Apm)
i)

(An = Am) (@, o) =0
THBPE. A\ £ Ay THIUL
(n, o) =0
PEMNDL, m

AR 2.8.1 (ABEHNETHZIL) EFE N\, <0 (neN) TH3ZLdEKDMREMCAFAT
x5:

An(#ns 0n) = (Anns ¢n) = (Apn, o)
- [ i = [eeia@)] - [ e

1
- / (@) dz < 0
0

DML % (0, 0n) >0 TH>T, A\, <0. m

WITH] A BWFRTH % 7o D DRBEF35MFE EEDONRT ML o, y LT (Az,y) = (x, Ay) DD LD
e TH3,
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AR 2.8.2 (BABEICOVWTORBROFAEADHA) #ifiCEA L=
("(z) = X(z) (z€(0,1)), ¢(0)=¢(1)=0, ¢(#O
EIENTDTF R, FANCEAME A BFEET, B3R 672 0T 2 /o Twild,
A=—p? (n>0)

EBL N TET, FHEID UEHICKR 2 (BREREOFIREEELTITHED), MR w40
DEHEFT I
((z) = Acospz + Bsinpzx (A, B IMEEER)

BB, @AVHIIHKEIZ) Z0X3CLTEAELTH2EBE 02, o

AR 2.8.3 REEOEEEBNEFEEITZI L) TEOEEME N PEBTHE e nhroTz
DI TH 20, FUBET2EEBKE LT, EBED D O E, ZHUTDOWTIE,

Ap = dp
i)
Ap=Ap =g =Ap=\p
i)
A(Rep) = A (%(Wr@)) = A (%(Wr@)) = ARe ¢.

% o 7z L [ARRIC
A(Im ¢) = Xm ¢.

WZIZ Re p, Im @ DD &b —HIF (IHFEHNZ 0 TR T) N BT 2EEHEKTH 5, =

2.8.2 [EFBRHOTEM

FEMFRTINE, EFEIATHE AT ALEINS ] WS EEISRERETBRLATH
LM, IHEREEMHE., BEXZ MLOSETRT L, RDXKHITk 5!

[EIE 2.8.4 (RNFMTIDZART MILDE) A % N XEXMFMTAIE T2, A 0)75/\‘\
7 b6 RY ORESENS, ADFHLIES . A DEIFEE (WELHIFTEHEE
ORI RT) Ay, -, Ay &2, ST DIEHERT ML gy, -+, oy & ERHIER
RTHBEOITHLS Z ek S:

Wwﬁ%ﬂ%—{o (i4] DL X

TBE fha w FREHITS 300, RY OREICHK 3,

J

LR 20, HIREBOMBRICZ DFOFHALE S o255 D 5Ly 23 2%V T, B2 an
LIMERESZITK D,
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Fourier D FIETHA-EEHEBEETS., ZOEHDO—LICHY T2 RPN L2 8
PERLES, Thbb,
- {sinnTr;n € N} DM ~
EEBIEL @, (x) = sinnrz 12X > T, [0,1] Lo MEED] BAEL f 13, #47285 {c,}nen
T

o0
flz) = Z Cpsinnmwx
n=1

¢ TRBl) TE3,
N J

(BHSIC A D #1DT Fourier DHERFAL L F1&, HLOVHE « £ 2B XA L TR T,
KT EIC VWE ZATIEH B0, EOFHFZIZOWTIE, KRWICHREEDR > TH 50z, — KA T
HEDRWI EBMD LoTWEDEAS | ERE Fourier PEBRANCI 5 FRL-E &, ZhzHRE
WRZFANTZNFZFE AL WD 572, sin, cos DIREUZDWTIE, Fourier @i T BRIEDOA Y X2 5
LTI TSN 1) T) ZRDLT 22 e 2 FAR LR IN, RIFFEED o KEVWDTH S, e
ZATRITD ELATL DD, NERICEL 2 REEFFEBHIT TIEL WY, )

HIEITId. 2D Z &% Fourier IRBOME (FREEIE Fourier IEXHRETRILTE %) Ttk
BHL 7228, FIE—RANCK D LOEH (Z ZTIEZADE S VI D EIR VD, [EEHE
HROTEM LEh3) ORAIRGEICHEYT 20TH %,

2.8.3 [EEERCEEME

Hi/NETE Tld. Fourier D iEY . SHMTHDOEHEME L ORRZ R0, & 2Tl 1
P& ERUR BRI E W HIER OfRE » OFLUSIC O W TR K 5,

ES
~ 1 BEBHREREEMD HRADEDO R ~
Ae M(N;R),zg e RN &35 %,

dx
pri Az, z(0) = xg

DX

z(t) = ey,

N J
BERKTDH 2,
Z ZICHEN B 1TH ORI o4 13

[e.9]

tA "
o n
et = E _n!A

n=0

TEFEIND, M iF. —IIFFIZIE A D Jordan BEHEE 2 FIWWTEHET & 203, (REUT
G A PFERFMTHNITH 2 55121E IR T L2204 il L ROBICERIITE 5,

BZEIHETH, FEHANETES L WSFET. MHRTRWITHIO Jordan FHEFZIEL K (IR IXa ¥
Va—&X—%ffioT) fHHT 2D1% EBRE»RDEEL WV,
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DR LI 503, TEMFMTINIREZATAZHOTHAETE 2] nWSEME, EF
h\.ﬁN7FﬂZV5§%%ﬁmfﬁﬁbﬁﬁ@2&m%umERNM{%hiﬂN@ﬁ%
Mar L TREIN%S:

A(cy, -+ ,en) € RY s.t. g = c1p1 + oo + -+ eyon.
Ci:(ﬂjo,goi) (221,2”]\7)

WS R TRD SN B,
T, @ X ADEGME N ICEBTBEAERS PAVTHD I Db,

Azxg = A(crp1 + copa + -+ - + cnon)
= c1Ap1 + Ay + - + enApn
= 1A\ 1 + Cadapa + -+ CNANON

Thb, UTFRWMHINCEED n e N IR LT

A"zy = 1 AT o1 + Ay s + - - - + N AN EON.

Wz Iz
o0 tn
tA n
ey = Z{);A Ty = ZU ZC])\]%
v, ( 1" )
= ’ ‘ ;
Jj=1 n=0 n
N
— che/\jt@j = Cle}\lt@l + C2€A2t¢2 N CNeANtSON-
j=1
o T
N
(2.8.1) () = ZCJBA '
j=1

DED. v % A DEBERZ PAETANDRLTEL &, o AND 4 OERE. BT
exp(E G x t) Z2F 32V fEHRDDICK D,

(ZZTE 2(t) = oy WIS RNEHVT (2.8.1) W25, EEME, HEXZ bLotk
HEHOWTER (28.1) 2B v HkK2, )

OR I0F Rals)

ISR(EN
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MBS RN OVIIMERFEREDED AT

(oo}
T) = cpsinnrr — u(x,t) = e, e ™ gin nra
f(z) n (z,t) n

n=1 n=1

WCBWT, —n?r? DEFET, sinnmr DENWCETAEEEBTHL 2 2B 0HT e, 1
B EBURERRE HE M 7R RO UIHAERRE & BVRE R O PHHER FMERE » T, DD
VENFESLKFULTHEZIZEBNTHASH, SETRERKIT L

WIHAME % [E G B OIS S O ICE VTR,
BT et (N, W XEHE) 2500 5 2 CREREMEOMIE SN 5,

BB EREDHERA

ZDEROREE T —~TH 5 Fourier DHEDREE B F X 5MA HEAOEIEHEMETH 505, 17
FOEIHEREE BfRD 2 KD D) L4 T 27200 T. HEDELIFEAD BRI 5Tz, —
DITIFEERIT M O BERE R T 2 DICNMHREORENELC T, L2225 TH2 (R
NR—=RT D ELFIHT 272 FDINIEFITR), FHROEHEBEICOWTHEL 2 WiEaEid. &
AR EMATERRICOWTIIHEER [61] 25BEIHTH 2 BFEEL VDLV THIHAIRE D),
& D —ROBEAERRBOREAEEICOVWTIE, & [31] B o2ZZ500d LKWV, BITROY
AlZ. BB O L o0 b LM, B - BH - 5 [59] B2 R20b X0, THEHIFANY
REMAURM D TEHZRICBE T 2EERBEBUER) C WO EDLD S, 2L, ZOREFHAIRTDIIH S
REOREBLIBEREDPS, GO TAX TZI0VIDDRHL] LRHRATBLZITTATHAH, Z
NTHHHL LS 205 NiE, DLABROEHE LTHEWI —F ¥ « B~V b [25] 1Bk %
DBRWHS LRV, 2B, /My - RE 28] BHEHWATDH %, m

2.9 FEREIREE

Z DOFITIE. JERIREE DL Z W DA D BT 5,

2.9.1 BAEXDIEFEKERE

ZOHEITIE. KB 2 IEFER W ES S ERMEZE 2 5,
~ (3FFR H-IBP) ~

XD (JEFXHE), (JEFX DBC), (1.4.3) #2723 u = u(x,t) 23R k-

(FE[FX HE) ur(z,t) = Uge(x,t) + F(z) (z€(0,1),¢t>0),
(BEFIZX DBC) u(0,t) = A, u(l,t)=B (t>0),
(IC) u(z,0) = f(x) (x €0,1]).

KtﬁbfﬂQHﬁRJﬂMJkyRm5i6hk@ﬁ%ﬁfﬁét?%o )

WHEWAFIBICEEEEMAEE TREEVTORVWI EBEL, DIABREOEIDD 2R BINETH 5,
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R GEFXHE) &, YN, 0N TR (& » THAREDZD F(2)) 2
HRELTOWBEKRNERLTWS

AR 2.9.1 (EEFEVORESE) 2 ZTHXR, FRREE > T2 DI, MM 2RV,
DHER EREFEOAZMEIC L TWEY, ORI AER RABEEB v 22w To
1 XX - TWVWDB) TEDHZD, u iZOVWTHIKD 1 XX TERL, EBEHZ WS 2 0 X
DIE (F(z) & A, B72Y) BA->TWbDT, FERXAFEATHZ, Z4uxtL T (H-IBP)
® (HE), (DBC) ® X 51 u IZ2WT 0 RDEF—T& < T, 1 ROEIXH, D 0 ERIZFEX
FHERXEFEENS, =

Fr o (BROLHDEDEL)

o AR IT 1 KAFEADZ 2, 205 BHiKRD 1 X (BEIHIX0) 1Z0 0 254
%2 DZEXRAGEA, 0 TROVWERIEND % b D2 IEFRIRAGER & FELR,

o HiHIE Tk o ZAIHIMES FUERE (H-1BP) 3. M4 (HE) L HER&M (DBC)
DFEXRAFEX (v 122V T 1 ROBELUAHT IR — (1% B28 22R) THhoT, Z
o z

BEREDLEDOFEIES:  {u,}, DBALEL ST, WS }:%%%ﬁ#

DA% D 3B, Fourier DJTIEDTEHRE L 7=,

o ZHIZX LT (FEFAX H-IBP) Tid. #MERETIED 25, M aE. HEREMAIE
[FRIZIR o TWB 7, HREOEOFMIIM TS, Fourier DK (E#HIZX) FIH
TERW,

2.9.2 HREEROAE

X O REREOGE] L WoEEE, —RGER LRV, 220 HEE,
IEFRZITRERDIEICOWTIE, BRIEREC. EMa AR BN I T TH B, 20
B, B R L T, &R

[ FEFXTTREA DR = FEFEXTTREAXDORHE + FRIOTRE D — B J

P S I (EEB.2.18) M T 5 L WO IEEF AR BT TH S, TITR. ChEEE
b BREROTELIERC LITT 5.

fll 2.9.2 (BWRAER) MAERy —y -2y = 42 DK LTE y = az+b (a, b Giﬁaﬁ)
EEVWTRALTy = —20+1 B3ROHD 2, 2RO B y(z) = (—22+1)+Cre*+Che™
(Cy, Cy FEEER), =

DBYIAGREZBRNTHE Z 2 DIE, EMAHTEROGE L FAKTH %,
46GiFETlE “principle of superposition” ¥ 5,
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KR LTIlE, BRARLKBHERDOREITREEDS, Z2TER IR VWHD, Thbb
T DADE v =ov(z) T. GEFXHE) & GEFXDBC) Zii/z3 b0z Rl Z 5, ZD5
i
(JEFZX ODE) 0=1v"(z) + F(x) (x € (0,1)),

(FERIZX BC) v(0)=A, v(l)=B

£ %, D& BEE JEFRIXHE) & (FEFXDBC) OFEB#E (steady solution) & FE3R,
FeC0,1] Boid., ez d o IXHEPITFET 5, ER

(2.9.1) w@:A+%B—mx+A<%%wF@M% G@Wyz{ﬁl_w 0<z<y<l

DR I2 5 (G G (FITIRSSM N D) FFHERTED Green B EFHIN 2 DD TH %, vi(x) ==
/ G(x,y)F(y)dy % A = B =0 OBEDRIZHR o TWVWEZ L, vn(r) = A+ (B—- Az BH

=0 DHLE @ﬁ’ikf;ofh% EERTFRELTEL), UTRHEEZ F=0 0HBE1RTEZT
&J: Do

) 2.9.3 CEREZGZIHIERXDBE) F =0 OHE (BB X 2 WMo HEAEFRXT,
FEFIR 72 DIFBEREEM 723 DHE) 13, M?@ioh%ﬁkvbki% 30" (2) =0 kD
VIXERBERTHE e b, R viId 1 KB, Z2ZTo(r)=ar+b EBE, &
REMIRATE2 a=B-A,b=A ®ZIZ

v(x)=(B—Azr+Am

DIRTIE, 2 v BN D LED. TaE, wt) =u(zt) —v(z) B
Eow il f—o 2SR T 5 (H-IBP) 273, 374205

wy(x,t) = Wee(x, t) (x €(0,1), t > 0),
w(0,t) = w(1,t) =0 (t >0),
w(z,0) = f(z) —v(x) (x €[0,1]).

INnro
> 2,2 !
t) = ane_” “tsinnmwx, b, = 2/ (f(x) —v(z))sinnrx de  (n € N)
— 0
E w iﬁ*i %)o

‘I, BBAHA
u(z,t) = v(x) + w(z,t)

TudfEoihsd,
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2.9.3 TFHZItZE

RITEDOMREIC BT 2 IEFIIED F A5, R ¢ IS IRTET 3 & 51— b X = JERR g1
EEE SHEREZE 2 Kk 5,
~ (RfEkFIRZ FDIFFXR H-IBP) ~

RO (FREHHAFIERK HE), (X DBC), (IC) 277 u = u(z,t) 2R X

(R MK AFEIER] X HE) ur(z,t) = uge(x,t) + F(2,1) (x € (0,1),t>0),
(X DBC) uw(0,t) =0, wu(l,t)=0 (t>0),
(IC) u(z,0) = f(x) (z € [0,1]).

\kﬁbfﬁm}+RFﬂQHme%ﬁRﬁ%i%ﬂkﬁﬁ%ﬁf%%o )

COBE. SLEZEND B, RO & 5 BERERO AR RAIO5E 2R E)
5% AT,
v 2 AT, RO SRR M R

dx
—=A F(t
z(0) =z

BEHBEETHT. BEIXD LI/ LNDTH o7
t
z(t) = eag +/ e =IAE (5) ds.
0
Lo (FEREFEEZROIEFIR H-IBP) &, JERHNIZERZELIETEHE L T, XOBOR
R B BN S (FHEORMINT 3 ).
1 t 1
ue) = [ Gl dy+ [ ds [ Gyt =P dy
0 0 0
(72721 U 1% Green B8 TH %, )
HBWVE, ANERNCEFC Z 7205, RXGEROMED
Z cne’"Q”Qt sin nmwx
n=1
DIITET 72 Z L 2 ERIT,
u(z,t) = Z (e ™™ sin e (D 2DWVIF u(z,t) = Z () sin )
n=1 n=1
EBWVWT (R ¢, PRBIKEFET 2 L5 L 2 ER). 2hzgiEIcAL T,
{ea(®)}22, IODVWTOHEXZENTHE, u ZIVET S, EWVWITED DD, DHAAK

ROV 2, (72720, ZOHEIF. EBENELES LD b, EEEKERAEL »
Galerkin B MRIADBZ VLS TH 53, )

T2 DD D Duhamel DR EMERNZ D2, T TOXS5 XL THEMIESN S Z &%, Duhamel
DEENHK DD, BV S, (Duhamel DFEIIE, A IZHY T 20 0REENCKE T 2 581D HYREIE
DT DD, WIS, ZELDOANPEET, 2561, ZORINOEHETH % - ADVIEMHEZDD
bANLN, )
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2.10 Neumann EFR{ERE

ZDiEFETIX. BHARSEMHD Dirichlet TH 2356 % IS LD 720, U3
Neumann HEREHFDGEDEETH 5, HHEICEFLDHTEL,

2.10.1 Neumann EREZG
HIET £ T2k o 7= WIHES SYERTE (H-IBP) OHi5RS&MF
w(0,t) = u(1,t) =0
2. FEFEXVIEERE FYERE (JEFXR H-IBP) DRSS
u(0,t) = A, wu(l,t)=B
(. Dirichlet FEFREEMD 2 WIZH TR LN 203, 22 TREALDDDIC

(2.10.1) uz(0,t) = u,(1,8) =0
K
(2.10.2) ug(0,t) = A, wu,(l,t) =B

B EZ %, (2.10.1) 2R Neumann HEREM, (2.10.2) %IEFER Neumann BREL,
H 2 f8F L T Neumann EHRFEH (Neumann boundary condition) & % \WIE ZFERER
SIS,

PRI, (2.10.1) (&, $HBEOMEm TRADOH A D 20, Thbb, $HEFHT & BIiC

LA

XN TWDE I 2ERT 5, ZOOWBRERFMGLIERI DD 5,

2.10.2 [E’X Neumann EF{ER&E

(H-IBP) DIRFEM%FIR Neumann HEFRSAICHE EH#1 2 /-
~ (N-H-IBP) ~

XD (HE), (NBC), (IC) %{ifi7zd u = u(x,t) ZKD X:

(HE) u(x,t) = uge(x,t) (x €(0,1),t>0),
(NBC) ug(0,t) =uy(1,t) =0  (t>0),
(IC) u(z,0) = f(x) (z €1]0,1]).

7L f:00,1] - R 352 oh- sl csd s 235,

EWVWHEEEZ 5,
Z Of#EIZ, (H-IBP) &[A#IZ Fourier D HIETHET 5, FiREHEWTEL &,

oo 1
(2.10.3) u(z,t) = % +Z ane " cosnmx,  ay, = 2/ f(z)cosnrr dx (n=0,1,2,---).
n=1 0
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2.10.3 3JEFI’X Neumann EFR{EEE
JEFIX D Dirichlet HE5SME 2 3R U=, FrER RO E TR 205,

ug(x,t) = ugy(x,t) ((z,t) € (0,1) x (0,00))
u(0,t) = A, wu.(l,t) =B (t € (0,00))
u(x, 0) = f(.CE) (33 € [0’ 1])

D & 57, JEFRD Neumann HEFRFZMEDIGEXE 57220 ? Mimkkicg>., A=B D
GBEFERBPFELTT S HAO0 2D T, FfREROFETHERRT 2 (ZUIEHHEZD
TRH>TABLERWV), LU A#B OEAE, EFBIFELEY (ZOZHKEF = v
23 3DFRIDHETHZ) DT, PLEELWV, ZDXIRBED. EHEEP Galerkin
ER IR ERERTE %, FROADITTELE,

(2.10.4) u(z,t) = (B — At + ——a% + Az + % + Z ane” ™t cos e,
n=1
! B—A
(2.10.5) ay, =2 flz) — 5% + Az | | cosnrxdr (n=0,1,---).
0

A = B EWDEBBROEFEIEEEICEALDZI ZICDOWVWT — YIENLER JEFRXE
Neumann HERGEHZH L HE. HEBEINReBDPH D E2T S, Aldz=01CBWVWT
HEPOLMHT2BEDHEIEZRL, Bldrz=1CBVWTHEBIIMATI2AE2DOHEI TR,
WED—HT 2581, ERMBPFEET 20, MEDP R LRVWEEITERMBFELRVE
WH DI, HENDOREELE VW BDEEZTANUI, ETZ27255 (FREENZEILLT
WAGAEI, MESHPEFETH 2TV ), FEE Moz HsE (B- At v
S RENCHRIES 2IHD D 2 DT H2 B 6

2.11 BROEHNIZES)

t—o00 DL E, PRI Z0? BOIRSEEHY (EO#ILEE), asymptotic behavior &
W) ZEZ LI,

2.11.1 [EPK Dirichlet IBRZHDFE — AAFRENDEDISHEREIBRE
[A]2X Dirichlet 58575t % 7R L 7= WIHIEST S HYERTE (H-IBP) O u IOV T,

lim u(z,t) =0 (z€[0,1)),

t—o00

By(z,t) = (B — A)t + 55222 + Az 205 B8, B52R v JEFIR Neumann HREHE T T2 L 3A
GHERRHIR 20 W RIZ, w(w,t) :== u(z, t) — v(z,t) 1FBVTEX L AKX Neumann G &4 22T, EWVWH D
DI
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DD LD, TOZEZAAZ LTEBI 5, MBORBE (0 ANCRT 22 &) 13, 2K

oo
a2t .
= E be ™ T tsinnrx
n=1

2B W, mne*%:06@512#g\%a#@;5f@5ﬁ\

t—o00

o0

. _n2.2 . . 2.2 .
lim be " ™ tsinnrr = E lim b,e™™ ™ tsinnrx
t—o0 7 t—o0

n—=

D &5 AT E B H{E Y & MIREI 2 HE lim ONEFO MR B3R D 317

n=1
BWZeTHE00, itHZET LI TH S, REOIRPNKT S 2RTRTRLIE )
BHO—RRPR L TWa Z e ZiEBHTUX X W, Bon s, KDFHELWHERZEZ S,

~
EIE 2.11.1 ((H-IBP) OFOIEHBEMIVEE) v 2 (H-IBP) DL 51, EEIZ 6 >0
ZHEET 2 & X,

(2.11.1) lu(z,t)] < Ce ™ ((x,t) € [0,1] x [6,00))

7 TR C DEAET %0 FHC u(z,t) &t — oo D& E, 2 ITDOEF—FRIC, EEEIK
NIRRT %,

N J

~ TTEEBEBIICRRT 3 ~
BAEL v(t) 23, HBIEEL O, 7 1Txf L,

w(t)] < Ce™™ (FHkE W ¢)

D &S IHREEIE Ce /™ T EDOFHliE N2 & &, To(t) [ JIEEEIRMIIC 0 ISR T B 1.
kif:b;’c Fo(t) \JIEHEENICHET ). W,

J

EIEOFA =7 .
b, = 2/ f(z)sinnrx dx
0

0o )
|bn|§2/ |f(x Slnnﬂm|d:p<2max |f(x |/ dr =2 max |f(z)| = M.
0 0<z<1
R

oo
_ 2 _(n2_ 2 .
u(r,t) =e ™" 5 bpe” U™ sin na

n=1
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THED5

oo

o0
w(z,t)| = e ™ b,e~ D™t gin x| < sup |b,le ™ ! e~ (n*=D)m*t
o) = 3 < sup byl ™Y

n=1
E (n —1

=1

WRNAEEDIER 6 1T LT

o

ue, B < Me™ 3" e 0075 (1) € [0,1] x [5,00))
n=1
£ ZT
Ze 1)7r25
n=1
THEIZeZRBX LV, 2
e—(n2—1)7r2§ < e—(n—l)TrQS — Tn—l r = e—7r26 <1

— )

IO PR T BHFEARE D2 L 0<r <1 ZERBH O 6L TH S, n

2.11.2 [EX Neumann ERFZHEDSZE
ERZTEVTEL,

tlgguxt /f
IDEL
(V6 > 0) (3C > 0) (¥(z,1) € [0,1] x (8, 00)) ‘m%@—%ﬂgoaﬁ#

C OFEREBYIEINCHER T 3 &, THSEBRNICHR EER XN TWE DT, FElCBIF5
R, WIHIRE D TR > CWeB &R, #E B —HRICoELL 723560 TEFRE ] 12t
BEABENEM VT WL |, 2B,

2.11.3 —RDIHFE — EEHRADINRFRIE
AR D Y20 ARERTIE. 2L 0BA.

EEEADOIGRRIE
[t — 00 DEE, RIXERBICTEEEERNCICRE S %, ]

DM DILDY, ZZ T, ERMEE (steady solution) & 1&, Xl ¢t ICX SR WE, WS EKT

W DERBAOIREM | &, —BIEH T 2 HEETRERL, ZIRIOHETHZ, THIHWVWSEHE
ZHELTEL . WHENIFETRETIDHMLL TS ARLZDE, EARMELTWVWD
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»H2%0, Bz, EFAXEEOH T, R LTt 2EERVDOEHL D, HOLSITFER
fR7z 57Dl TH 557,

SEZBR. [A2X Dirichlet 5E5UERME (H-IBP). [AX Neumann 5E5HERME (N-H-IBP) iI2BW\WT
by 20 DERBADOPCRIFEE ) 138D IL>TWd,

&5 (H-IBP) 12t s 2 EH o I

THhh., TR 0 13HEIICZOABERO—EMRTH 5, £72 (N-H-IBP) IZHIET 2 EH#
DA
0=12", 2'(0)=2(1)=0

THDOH, PDERETH 2 EREE ag/2 3HEPICZDIETH % (Z ORIEICIZREO—EMHIZ W
M, ZNTH v=const. THDIZLIZFMHEIZTHNS),
DIRTiE. & 52 LEHEZ (FEFX H-IBP)

u(,t) = uge(x,t) + F(2) (x € (0,1),t>0),
u(0,t) = A, wu(l,t)=DB (t>0),
u(z,0) = f(x) (x €[0,1]).

DGETD TEERADICRFEH ] 2D IDoZ & ZiEILD X S,
TTICRZX 51T,

V'(z) = F(z) (z€(0,1)), v0)=A4, v(l)=DB
iz v=ov(z) &.

wi(x,t) = wee(z, t) (x €(0,1), t > 0),
w(0,t) = w(1,t) =0 (t >0),
w(z,0) = f(z) —v(x)  (z€]0,1])

iz w=wz,t) ZHVWT, ui=w+v TERLZEE u BRITR D, w ITDOWTIE,
TERBEEENC 0 IR 2 Z 2D 0h o T B 5,

lim u(z,t) = v(x) (z € [0,1]),

t—o00

IDFLIE
(Vo >0) (3C > 0) (V(x,t) € [0,1] x [0,00)) lu(z,t) —v(z)| < Ce ™!

HEOND,

SORENA R B VTR, EEMBITE - 7-ERICR 5, BRILZRWE S IR,
Sl I DbIFT, HEITHTRE v 1d BIEERD27-DOFEL L TELRRE WS BRI Eob D%
*%th\ébéjﬂf%éo
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AR 2.11.2 (BMoAERcn7+OY—) BEMO ARG CBVWT, LoEERIIHIES
ZWREE AR, NFROVERTH 5, ¥R
dx

= = F()

2.11.2
(2.11.2) 7

DR & 1
F(z,) =0

Z72S v, DI EERSINDH, A o LT,
z(t) := x4

TERLUIZERBERE o(t) #EZ 2, 28T (2.11.2) DRI > TWS (DX DI K 5
RVRIZHE 2 TW0 By NERDEHEO SR WO DR H - EHIATWEES
S0 7? HEDDIT F(z) = Az (A BITH) O5GE. bbb EBIRBRIEE M 7K

dx
=A
a

BEZDE, 0 FHHET, TSI WS XA S TH 2L A DEFEZFHNS Z & TH
ETE, PIZIEEBEEOELE TR TCATHIUX, WEIEIMTH->TDH
lim z(t) =0

t—o00

DD LD (CFHR 0 X TH 5) &y TZETELEHORWAE D208 LA
23, (H-IBP) % < Bz (K Dirichlet B> = OMAERZE ¢/da? ) EH M
—n?m? BEIRTETHD o7, BAEX ZN 2D LEBIELLTERDOBOZ D, EFEIC
PRLUTLES B ORI RZATERZEAS 7 n

XE AKX L IEFXX Dirichlet, % 7z13IEFEX Neumann DIFE DFEEZZHENWTEB I RX/,
LD HRTHRDA, HIHEOHE

lim u(z,t) = v(z) = (B — A)z + A.

t—o0
BEDOLGE
Qo ! A
. o 0
Jim wu(z, t) =9 (A>BDr¥)
400 (A< BDY¥)
2.12 {ZF

AAEXOWIHMERIEIC OV TROAREZEF THA R TE DI RED, FEEED LS54
Dy WO THT) AKS5, BUNTIE, E57E (finite difference method) & FHINS
BAERRIC X o TR o L UifE 2 KRS 552, faofl G.7.2 $BMEE X,
52Java Dffiz 2 WWW 7' 7% —T http://nalab.mind.meiji.ac.jp/~haruo310/soturon/heatid.

html (2000 fFFEAEEBI2EME, EREBES & KEBXDOR=D) 77t RAT 5L, 7=X—yaryiPioh
%,
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http://nalab.mind.meiji.ac.jp/~haruo310/soturon/heat1d.html
http://nalab.mind.meiji.ac.jp/~haruo310/soturon/heat1d.html

2.12.1 (H-IBP) Of#
WA f 23

(2.12.1) filz) =

THEZ BN TH25E% (77 713X 2.1) 1, FIX Dirichlet 355 % 3R U 7= #HAMHE
BREMERRE (H-IBP) DD TERLIZDDK 2.2 ~ 25 TH 3, TNLHLDRIZ, t = 0.01,
0.02,0.03,0.04 £ L7z ED x DR u(a,t) DT 7IHIET 2D TH 3, 77 7 DR
HE, HHINEEEZRL TWE I E2EX 5L, KR ICONT, IBEDOEVE Z5H
LW ZANBDTAN TV T DD 5, K261 t=02056t=03 £T 0.01 ZAD
RANCBII 277 7 F e D THOWTALSDTH S, REDPEDICONT, BED 0138
T obr s

heat equation, Dirichlet B.C. heat equation, Dirichlet B.C. heat equation, Dirichlet B.C.
theta=0, N=50, lambda=0.5 theta=0, N=50, lambda=0.5 theta=0, N=50, lambda=0.5
t=10.01 t=0.02
2.1: PSR f = fu 2.2: t=10.01 2.3: t =0.02
heat equation, Dirichlet B.C. heat equation, Dirichlet B.C. heat equation, Dirichlet B.C.
theta=0, N=50, lambda=0.5 theta=0, N=50, lambda=0.5 theta=0, N=50, lambda=0.5
t=0.03 t=0.04 Tmax = 0.3, interval = 0.01

2.4: t =0.03 2.5: t = 0.04 2.6: T4 VLA, t =
0~ 0.3, At = 0.01

SBERE: f(x %Z —) CERTX 35,
k=1

- 4 (sinwx sindwzxr  sinbwx
5 sin 2k:—1)7m]:7r2( 2z 3 + 52
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2.12.2 (N-H-IBP) Of#

TICERT 4V 7 VIEFEFEOR DI, FR/ A ~ VRS2 3R U 70 B iE s S E
(N-H-IBP) Off% X 2.7~2.11 IZR 3. HEICRMIDEEDIC DN T u(-, ) (& EEEIEL (I3
HUED Y o TOWMEAETIRE 2 FIIRETH 2 1/4) WKL TIT S BRF2 b H 5,

heat equation, Neumann B.C. heat equation, Neumann B.C. heat equation, Neumann B.C.
theta=0, N=50, lambda=0.5 theta=(1), N=50, lambda=0.5 theta=0, N=50, lambda=0.5
t=0.0 t=0.02

TNl T

2.7:t=0 2.8: t =10.01 2.9: ¢t =10.02
heat equation, Neumann B.C. heat equation, Neumann B.C. heat equation, Neumann B.C.
theta=0, N=50, lambda=0.5 theta=0, N=50, lambda=0.5 theta=0, N=50, lambda=0.5
t=0.03 t=0.04 Tmax = 0.2, interval = 0.01

2.10: t =0.04 2.11: t =0.05 2.12: ) A< V&Mt =
0~ 0.3, At =0.01

2.12.3 EHELYEREBEICXY T3 (H-IBP) Df#

ne
PIHME f XK 2.13 DX S5k, 2 SADADD 27T 7% FOME f, OGEICHIIAER
FUERE (H-IBP) Of# %X 2.13 ~ 2.18 IZ/R T,

BOMEE Ao TWVWEET fIIMITERVDT, n— +oo DX ED f D Fourier 5L
DRZEZD - W TH B, L LIRDOAR

o0 1
u(z,t) = Z boe " tsinnrz, b, = 2/ f(z)sinnrx dx
n=1 0
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ZR2Z Y. Hn HIE KEICERT 2T exp (—n?r?t) 23002 > TWT, ZHUI >0 D
EEon ODEIMZONBBIT/NE b, fEo T, FIHASH f = fo DI AIRETRHR L &b,
DUTHREDI R T S 2. u(-,t) EEmWaAlREEZ & (FHIMR R rIREICR %) T
EEPND,

FEIZ, TTIZt=0.001 &S BWERETHDIHKL TWa Z bbb,

MOOER ORI T 2122080, MMOBLWVWE 2AIFERHICEF L THRE L.
77 TWEBIBITED ZeBRTEN S, MM LW (DR e 2A03H % DI,
KERES n 1T 23 sinnre QDEPKRERFNELZHDTWENLTHS eH#HTES, L
PL n BREWVZE, FERICBEHRT 2HF exp (—n?7r2t) 1. ¢t DIFEINMTONTHLI /NS LR
b0 2D, MMOZEBHLVWE ZAIZERLIHERT 2. tEZ6N5,

AR, RORNRITBWT, t BIEFITRELS KD, n=2,3,--- DHEHIE n=11THET
ZIH by exp(—7?t)sinTz ICHANRTHEMATEZ2I1ZE/NSLREZZ bbb, 25 t DK
X\ Z ATl

(2.12.2) u(z,t) = bie ™ tsin 7.

I T 7TV e, BBV A Y - =T OREFEFITEOL T B EKRT 5, FEE,
218 T&i%5EOTL\6o

2.13 I XILF¥F—%=HL\IER

TN ECTEAHBERDOEHIBICOWTIE, wy, Uy, Use 25 (0,1) x (0,00) TIFEL THEfiE LT
X72H, ZOHITIER. D UREZRD T, uy, Uy, Uge (& [0,1] x (0, 00) TTAE L Tk & ARE
T5, 2995 T. UNOHEDILS FOMITZIESLT 2 2 EDAIHEICTR %,

2.13.1 $EBE ¥ Neumann &
€ [0,00) WXL T
1
J(t) ::/ u(z,t) dx
0

B, THEHINIIRZ t 1B T 280 Er b, SO FEGRE bR
TE528TH5 (81,2 DifamrSRE X).
u DEFER u, = uye & Neumann HFRSEH:

ur(0,t) = A, wu.(1,t) =B (A, B ZBERIELR)

I IES S
u(z,0) = f(z) (z€][0,1]))
PR -HAER S ERE OB TH B LE S5, t >0 1L T

f@%zlzmmﬂdxzzg%Amwdx:WALUK$:uAL0—uAQﬂ:[%—A
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heat equation, Dirichlet B.C.
theta=0,N=100, lambda=0.25

heat equation, Dirichlet B.C.
theta=0, N=100, lambda=0.25
t=0.001

heat equation, Dirichlet B.C.
theta=0, N=100, lambda=0.25
t=0.002

213:t=0
heat equation, Dirichlet B.C.
theta=0, N=100, lambda=0.25
t=0.003

2.14: t = 0.001
heat equation, Dirichlet B.C.
theta=0, N=100, lambda=0.25
t=0.004

2.16: ¢t = 0.003

2.17: t = 0.004
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2.15: t = 0.002

heat equation, Dirichlet B.C.
theta=0,N=100, lambda=0.25

Tmax =|.2, interval = 0.01

218: t =0 ~ 0.2, At =
0.01



Qe X X
J(O)z/ u(m,O)dx:/ f(z)dx
0 0
THE2H 56,

ﬂ0:ﬂ®+B—Aﬁ:/f@MmHB—Mt@e&m»
0
CNBBRD T LB B,

1
« A—BOYE. J1) FEK / (@) de 12 U, VIR, SR S AT

0
ZEE Y., Hlmr ot T 2BEDNE L VWHEIE. HEoRAE (FERE) IFETH
% (@R ICHMIANC B 3 2 e E LWV, LT 5,

e A>B DY EZ, Jit) XBPEB TN STH/NILS D, A<BDE XX, Ji) &
HWINEAR T WL 5 THREL RS, FIC A4AB Ok &, EEBIGFEL RV,

2.13.2 Dirichlet 98, Neumann RIREDED—E 14 D BISERH
€ [0,00) XL T
1
E(t) = l/ u(z,t)? dw
2 0

B, THUIYFFNIZEHICERRI R WX D TH 20, LURICR 2 X 512 T o ftiBEa#
TH5,
u BDLTRDOZoDBERLEtEOWT 2T e IRET 5,

(DBC) u(0,t) =u(l,t) =0 (t € (0,00))
(BBC) uz(0,8) = u,(1,¢) =0 (t € (0,00)).

CDrE, RIUAEE f=0 THRRX EN =0, >oTu=0THZZDBLUTFDEIIC
LCAtATZ %,
¥3t>0L33L
1 1
E'(t) = / w(x, t)u(z, t) de = / Uz (T, t)u(x, t) da
0 0

= [ux(x,t)u(x,t)]izé —/0 U (z, t)ug(z,t) de

I HIZ

THE05



& ZADHB NI

THBD5,
E(t)=0 (te[0,00))m

ZDZeno, MHEE. Dirichlet BE5YHE % 7213 Neumann FEFHEATFE LW (F72D5
w0,t)=A, u(l,t)=B (te(0,00)),
HBVIE
uz(0,8) = A, uy(1,t) =B (t € (0,00))
YVOBRRSMRIT) oI, R —DIRE, TROBMO—EMENED IO L
D5,

AR 2131 A Db DD (H-IBP) OHIMBDOERTIE. w(w, 1), us(z,t), upe(z,t) 1&
r=0,1 NLTHFETZLEREBRVDTHo7h b, DETE R C—EEER (& 2.4.4) 5
AERAT 272 TIER, HIROEME 2D LD T, R LTHE N2 —EMEEHIX
YL Ieolz2 EZ2 5, L L. LoEmIEELPEWVWL., R T DT Neumann 5%
KMEDBEBWA D L IRERUBNILE X %, m

Rk 2.13.1 (BRTAD—MKIL) ZOHiDHKmIZ. BONKZHOTWERY, 207D, &
T ZRITD — S T OB X O PIES FYERE AR S N 5, FRDOH 25 Nde -
TADERWV. ZO7®HIZiE. Green DR (EH 3.5.3) BMEILD, m

2.14 ZEHZBOH

WMo HERNCHN 2 LR Z EHER: T2, HiLWHMAERDIBENS (¥5 0o Mr
HEXTH 2003, WD THAL TEREBOWMDE] ZHWTEIRETZ %), ZOREDLHE
FAUR, TCOMBEDEERD 2 Z DKL, DX ST, BEEHL, W iEXZ &
DOFERE LU THHEETH LD, REABIRVEETYH, AARBEVENRD S, HlZ2RT,
B 2.14.1 (BAIOEDEZ) [0, L] x [0,00) TEFRI NI HER

ur(z,t) = KUy (z,t) (2 € (0,L),t>0)
(k WXIEDEE) ITONWTEZ %,
§:=z/L, T:=at

KD BB (2,6) — (&,7) 2T 2 (720 a 3EPSED S IEER).

v(&, 1) =u(x,t) =u(LE, 7/a)

109



B viE[0,1] x [0,00) IZBWTERSINZBEET,
8u_8v8£+8v87_5’v 04 @ ov
ot ocot  orot o€ T Y
Oou Ovdé Ovor Ov 1 (% 0 1 0v

or  0tor "oror o9 L or | Log
8%_3(181})__(3(% oc 0 v 87‘)

Py Lo¢ 9€0¢ Or or o oz

_L(Pe 1 P N 1o
L \o€ L 0ro¢ L2 9¢€?

THDEIND. Uy = Kugy ITRALT

ov_ 10
“or " I2oer
ERAS/9)5)
v _ v O
or  al? 0
Wz
KR
“T I
oo BIENI,
Ur = Vgt ((577—) € (07 1) X (0700))
DK D 3D,

ZDZ o, PIfEE S ERE
u(x,t) = Kug(z,t) (x € (0,L),t>0),
u(0,t) =u(L,t) =0 (t>0),
u(z,0) = f(z) (z €l0,L])
DIFDRADBRD L 51X LTRLN S,
F(&):= f(LE) tBL &L v I&
vr(§,7) = vee(§, 1) ((€,7) € (0,1) x (0,00))
v(0,7)=v(1,7)=0 (7€ (0,00))
v(§0) = F() (£€0,1])
2736, BB LA TV AR (H-1IBP) OffORRK) 25
v(&T) = icne_"QWZ)T sinnrg, ¢, =2 /01 F (&) sin(nn§) d€.

n=1

@%—c:\

knlmit . nTx
sin

u(z,t) = v(&,7) = w(x/L, kt/L?) = chexp( T2 7

cn DEFRAICOVTUE, ¢ =a/L EBIHES LT

= z/o f(z)sin <?) drm
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Bl 2.14.2 (BAREROEDITERE u BT IBELHZHE) ¢ ZEMERE T 5. u D)
HESE S UE R

u(z,t) = uge(x,t) + qu(z, t) (x € (0,1), t € (0,00)),

u(0,t) =u(l,t) =0 (t € (0,00)),

u(z,0) = f(x) (z € [0,1])
DIFETH 5 & E1Z,

v(z,t) == e Tu(x,t)

eBlE, viX
vy (1) = Ve (2, 1) (x €(0,1), t € (0,00)),
v(0,t) =v(1,t) =0 (t € (0,00)),
v(z,0) = f(z) (z €[0,1])

75, 24U (H-IBP) itz 72 0h 5
oo 1
v(x,t) = Z boe T tsinnmx, b, = 2/ f(z)sinnrxdx (n € N).
n=1 0

EIRT B, WA

u(z,t) = e®v(z,t) = Z b e ™) sin nre.m
n=1

Rk 2.14.1 FOWIER w(z,t) = uw(z, t) + qu(x, t) OVIERZERZEZTAL I,
H BRI ETEEIL. BRI LERISHET, REICHAIT 2 OREDD 255 DTN
. TOWVWSTBICR S EFBALTE D, 77—m v 58] ZFA T, bot HAKRRZE X
BHdZer Mol ¢ DEADHEEREZ S . HFRDIREH 0T, HOHIRDSTER TR
70, WHIRDB D 25 EDHEREEZOND, TOro, BULEDMRILWGE, T4
b

u(z,t) = qu(z,t)
WD R ORI

u(r,t) = u(z,0)e?
THEHD5. +qu EWVHTHDIRIIN T 25K e Z201F 2 Z T, 72056 u(z, t) = e?w(x,t)
WD BB ELTE, WO BHR R BRPEHWEE L, »

Bl 2.14.3 (BILIC u, ICHHIT BEL B ZIHFE) p Z2BIERE $ %, v 2WIHESSYERE

ur(,1) = Uae (2, 1) + pua(z,t)  (x € (0,1), 2 € (0,00)),

w(0,4) = u(1,t) = 0 (t € (0,00)),
u(z,0) = f(z) (z €1[0,1])
DIRTH 3 & EIZ,

u(z,t) = eMu(z,t) ie. vz, t) :=e u(x,t)
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LBl L,
(2, 1) = Vg (2, 1) + (2A + p)vg (2, 1) + (A% + pA)v(x,t) (x € (0,1), t € (0,00)),
v(0,t) =v(1,t) =0 (t € (0,00)),
v(x,0) = e~ f(x) (x €[0,1])
WZIZ A= —p/2 LFEXNIX
e
ve(x,t) = vgp(, t) — Zv(m,t)

%, FoBls

o] 1
v(x,t) = ane(’ﬁ/‘l’"z”%t sinnrx, b, = 2/ P2 f(x)sinnrrdr (n € N).
0

n=1

u(z,t) = e P 2y(x, t) = e P/2 Z bpe P T i nrr m

n=1

FofloliEIE D E LV, ZOMEEE. ZHAINHRBETIE RV LS TH S, EEE
BoEsRDTHDZ LB, TEONEIZOWTERMIZE D V-0, 725 5 B Fourier
DIEEFES DIFEHT 5,

FEEE A ERoVIESRFYERE (H-IBP) 2B \WT, OIHHEDS 1/2 I L THFFCH
3 (WIHRESHBELGNHTDH 2) HE. EEOKRZ t \CB VT, i u(-,t) & 1/2 1B LT
W TH 2 Z & &Rt

(B> b Bl fF A 1/2 ICBLTHFFTH B 21

f(l—z) = flz) (ze€[0,1])

& IF%, €T
v(z,t) = u(l —xz,t)

ZBVT, v 23 50 FIIERSFHERE ORISR o T\ E 0 2EZ 5L )

2.15 CZDOEOEAERDMIR

COMETIZ 1 ZOrARAXMEICB T 2 BREA LPHHATE R o0, Zhl ko
ERFVTWBEDHTA X A2 L XD,

2.15.1 1 XoIEERXMICHEITREFIER
BHERAEEZ 356, RICBIT2HEBIIXRD 3 DIC7ETE S,
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(1) BFBHXME (a,b). ZEEHT (0,1) OBBCRETE S, — ZOHAEICDOVT I DS
THATEDITDH %,

(2) BEM R = (—o0,0).

(3) HHERBIXRE (0, 00) or (—00,b) (a, b € R). WIS ZHIHET (0, 00) DIHEIIFHET
x5,

(2), (3) DHZE T OWTU, BIZITHEEME [59] I LWEID D 2 (BEID),
B ZIE (2) 2B 2R EAOREIZ., WERREP RS T

u(x,t) = uge(,t) (x € R, t>0),
u(z,0) = f(x) (r € R)

WS TR B, D K5 I iR DINCHIHIZIE72 3 T C & T 3 MiE Z YEHERTE
(initial value problem) ¥ 7z{% Cauchy & (Cauchy problem) & L3,

BO—EM HHEFO—BEMHIERLE Y EXMEFEZH WIS 207720, —EER1§ 5729
W13, BRI OWTHB TR VWSS ZRTHREND 5, OF D WIS AEICHEG 2 WS 72T
RO —BMEDRD LT DID 5, ZORHNZDONTIE, 7 vF— [27) F72I1FER 7 4 [24]
XRAHE2DEED 5,
( TILF—D 505 H ™
ZTHONOLNDGH LWL, ERED S OBRENLREOMAZRDOLTED, 2LEZIN
@ COHRIBZADGIEREIC LR WD I o TWA I edbhr b, LizhoT, AR
EHDOEELTH 20D T RETNE, FEOREEZZRRIELZITLE S, Hl 67.4 @ X 5 Rfifid,

b LIEENTERD & 5 ITHELOED 2 S BERTHIUIAEL 2 Z i3, £k BTEATY
Kﬁﬁﬁiﬁf@%kfﬁ%fﬁﬂﬁﬁ?h&iﬁﬂ%i%6 TEMTED,

J

ROETE — BRZRAVEBORT MBOFEICOWTIE, & D Fourier @tz AW TH#EE
MR 3 2 Z © TREFHE N 2 034, Z DA Fourier ##E(T7% { Fourier 212 W3 Z 212
85, FERIZTFFVTHBL & (fF5k E2 Ol E2.2 ZZHE X).

u(z,t) /Hx—y, (y) dy,

772U H 3R TERS N LB TY, BREROEREE (fundamental solution) & %\
13#4% (heat kernel) & X4 556,

1 72
H(a:,t):\/ﬁexp )

BE H(-,t): v — H(z,t) D277 7%, Hl G.5.2 (p. 238) ITH 5,

SURKEI 72 7 % A F T, Fourier 2% Fl W THARM (BU%) ZRD 2008 [ TH 20 (15 E O
E22ZH). oLl 3ECHMMEZ R L TERBEZEE T 2 FEDTIToTW0S 5 LW, REF [71], MR [34] 72
CER X,

SORERGRE SR L 72 &, H 2 0, 778k 2t O EMD A OMERZEEREBICE LW Z 2K TH A 5,

SRR D WIHAERIED Green E@%ﬁztnﬂn L3H5,
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RO EEZMWD & H 37TV RERENHIEL 52 WHHEMEDRTH 2, 74D
B RO &7z
Ht:Hx:E (Z‘ER,t>O),
H(z,0) =d(x).

(PEERNCIE, H(z,t) 1. Rt = 0 WWHAICHMBARN DD, ZABAGEL TV - 55D
BESERT, t=0TlE. FE =01 BDPEFLTVWEDT, ZDOHEDEEIXEREAT
Hd, )

2.15.2 ZRITTHEIBICHITEIHAER

(ZOHETHFPT, 2RIHNTT, )

ZRICZEMNC BT 2RAGERICOVWT S, HEAFICE T 2 R AMEFBEIZ ZUIEH L < 7L<
PR TE 2D T, HMEO—EMOIHEHRTH 5, FHUTLENR D L ROTEEIEIE 7072
DEEL N,

EZ TV AHEEDPEZEM R 581X, 1 ZoeoGaD0 BRI LT, FHHERED
fFEH

_ 1 |z|?
u(w,t) = - Hy(x —y,t)f(y)dy, H,(v,t)= Wexp (—g) :
EERDENDG (2D H, Z1XTOHEDT ¥ Y NVFRITE > TV 55,
. OH, N
&8 18. atzAHﬁ#WbJﬁZk%ﬁ#@Io
- - O0H, —x; O°H, x? — 2t OH,

RPEERER R 3¢ = = L i —n =
(BBEHICRPEIEAR 2 L TEL o, Hﬁ”)%’aﬁ Eﬁ,)4ﬁ, 5

2> — 2nt
&ﬁmy—ﬂr—:AHm

LUK, 25 ThRWEE, M0k Q5 R OFREROBEIC, 1 X000 & & L kA
P fEE S e TR

(HE) w(z,t) = Du(z,t) ((x,t) € Qx (0,00)),
(DBC) u(z,t) =0 ((x,t) € 9Q x (0,00)),

(IC) u(z,0) = f(z) (r€Q)

EZ Do

Fourier D iE%#FITLTA K S, (HE), (DBC) DEEBD B u(x,t) = ((2)n(t) T, IEH
D D (u(z,t) #0) KD %,

() () = AL(@)n(t) (z€Qte(0,00), ((a)n(t) =0 (x€dte/(0,00))
P ERD & > 7 EFEREAE LS,
A¢(x)=X(x) (nQ), ((x)=0 (ondQ), ((z)#0.
T3 1RO L = L AREOHE RO EEM [\ }en, EHRE (G}, DEFET 5:

STH(xy,t)H (29,t) - H(2pn,t) = Hy(x,t) EWIEKRTH 3,
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(i) 0>A\ >X > = —0o0.
(i) An # A0 = (G, ) = 0.
(iii) {Cu}pen BEERERT,
INEHWS , PIHERSMERE (HE), (DBC), (IC) DfIZRD XS5 260 %:

S Ant o (f7Cn)
ED R L o)

Bl o, [EEERMEDS BRI 2 DX, fEEARENC® 1 Zoro XD EFET
H2E57% RO XSG EROENZ, ZRITZEMTIFHEE (EMGHES) BINT T 1 —
WKCELDT, £ DEEIX Fourier DHTEIC X 2 BARKRETE T, e85 2 2IdHRERWE
il %,

(1) RIiE (RQ 2[375'7:,) [EPALYN <R3 @i%/a\) Y
(REFH [18] 5§ 2 5555 2 BN R AR OB ORI E VT H D)

(2) FtR (R? O5E), FIEE 133K (R? O5E) rY
(FEH [19] \CFE. FEOBEEOFERNIENTH D)

(1) D55, FIZIEEAEHE Q = (0,W) x (0, H) IZ2WTI,

2 2
A 1= [(%) + (%) } 72, P = sin mmix sin% (m,n € N)
MEEEMEORTH 5,

(2) 1IZDWTIZ Bessel BRI ¥ ORFFRBIRZ S Z L 1Tk 228 (RiMEHEEITH 225, f5RL
72 ANE THIEW) ERBRD2RBDPEFECH 5 Z e B2 — BNED f’o?h%?)\ Rem DKM 1
TICDEE D Fourier HELE FIRETH 5, Bl Z XA FIBEERO G S,

n=1

/\m,n = —anm,
Cmn(1r,0) := Ty (fm.n1) cOSNO n=0,1,2,---;m=1,2,--+),

Umn(1,0) = Jp (fm,n) sin n
THb, TIZT J, & n XD Bessel B

Zkln+k ()n% (n=01,-),

fnm W& T, DIEDBRR/NZ WD BIEICI RS DTH 5:
0 < ping < pinzg < < finm < fpmer < -+ —> 00.
— ORI BIT 2 EMRT 2415 (WInd BEANLRRBFIIEONT, RN EDLE
5%218720) E LTI T 2% LTE I 5,

S8 ZAXFIMIC DWW TIE, MR EZ WS Z 2 I k- THIEE AT 2 &, f8IE (0, R) x (0,27) £W5 1 X
TEXE DERICR 5,

291 ZITX B DERICH 2 TV BIHEICD A, E HIEBOTHEN T & THIF 1 ZotolEAHEMEICRmE SN S
Zxickb, BRI S Z 2Tz B,
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(1) Green BIBUZRERN L T, ZR W THRZRKT %,
(i) EHZRD 1 87 X — X —$HEERE WV 5,

(1) 13272 D HBERERR T E L T 503, —& Green B ZHERLTLES &, 22 HH
LCTHROMEEDF LW TE 5, HARETHD S Green BB DOHERIEDFHAE L TIIH
B [7] D3 590 (AR T IFRVDT, B IFEID ), Green BIEUZ W THROMEE % 5|
ZHFEERICOWVTIE, F#E (6] DRWICSEICR D (25 OIS DH 2 NIRRT Z %),

(i) BRLTHETE R0, BOTERDANANDICH S RHICH 5 DT, ERNMET 2 Fm
THb, 727U, BOMWEHZFL L BHT2HMNEDE D A»rZW (- S), D LB
FriZoWT b ==Y 7 2BATLLIDMHTLD X\, FRHETHD 5 (RERADSDWT
WB DT TIERWY) & LTHER [62) Bd %, ZOMUCT LI R [67] REDEID HN 5,

2.16 f#E: Fourier I OREIE

Fourier fRBUZDWTIE. TEMBHT 1) THEAZIZTTH 20, My HER2) TS 29,
DULEEL XS, DS, B TEBICHETLZZ L THWETE2DT, FELLTWV
Z3TH 3B,

B 1. ROERTOMEZRD K, 7270 i ZIEHHEAT, neZ 53,

™ ™ ™
/ cosnzx dx, / sin nx dx, / e dr.
—Tr —T —T

RISE 2. LIFOSR 2 X,
cos . cosb — % (cos(a + b) + cos(a — b)),
sinasinb = —% (cos(a +b) — cos(a — b)),
sin acosb — % (sin(a + b) — sin(a — b)) .

(Gl 550 % 8 DB BREWIC U TEA» b HLZE TS X5l THL L, )
A+ B A-B

sin A +sin B = 2sin cos ,

2 2
sinA —sin B = QSiHA;BCOSA—;B,

A+ B A-B

cos A + cos B = 2 cos —; cos —5—,
B . A-B
cos A — cos B = —2sin —i2_ sin 5

60 Z DATIZBT R Z — (L U 7265807 FE D Green BABEER L TH 3, 2B, TDARTI Green B
DI BHARREIFATNS,
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8 3.

(1) X :=C([a,b];R) IZX LT,

b
(f.9) = / f(@)g(z) dz (f.g € X)

ZNRED AT 27T 2 L BT,
(2) Y = C ([a,b]; C) T LT,

b —_
(f.9) = / f(@)g@) dz (f.g€Y)

FAEORNER? 2073 2 & 2R, 722U g(x) 1F g(x) ORBEFERZRT LT 5,
MR8 4. HAZEME X & 2D L TERSNLNME () BD 5 & F, Schwarz DFRER

(@) VigeX |(£.9I <(f.f)(g.9)

DDILD Z e Zmte (VA ||| & ||f] = /(f. f) TERT 2L (Q) & ((f, 9] < IfI 9]l
CEZXEE L, THELDIFDOHITENTVWEADRZ VDS LKV, )

fRE 5. N _
(f.9) = / f(2)g(z) da

IZOWT, BBCR
{cosnz} U {sinnz} >,

DERZRSTHZ 2R, FHILE X,
(B XEDIEZFTICTLT

(. g) = / F(@)9(z)dx
CWOHONBTEZGEIXY D Dy,

P 6. PR ]
(f9) = [ Flalgla)da
0

WIZOWT, ROZODBEMANERRTHS L., EHFbE X,

(1) {cosnay (2) fsinnaly,

61(1) (fa f) Z 07 %% = f = 07 (11) ()‘lfl +>\2f27g) = >\1(f17g) +)‘2(f27g)7 (111) (g7f) = (fag)
62(1) [EERZZDY, (iii) 720F (iii) (g, f) = (f,9) WEEHZ %,
BF PERRTHZ LR Vge FIZRHLT f#49= (f,9) =0DBERDIDOILEWVS,
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BRE 7. WA

IZOWT, BEER
{emm;n € Z}

PERXRTHSZZml, EfHbE X, 2720 i 3EBBEMTDH S,

ME8. K=RorCt3%, XIZKLOMEZEMT, W (-,.) 20255, f= chgoj
j=1

(c; €K, p; € X) DD o TWVWB ERET %,

(1) {pj}r PIERERZRTH DL E, ¢;=(f,¢;) THD I L &R,

(2) {g;}1 PEXRTHILE, ¢; & [ & o BAVTRYE,

BB 9. BEECR {1,2,2%23} 67746 -2y bOBERKKICED, WHE (f,9) =

1

f(x)g(z) de \TBEY 2 IERMERZRZFN, FHEIEHREZ LB 769564 TRWTY,
-1
CARBRIEDBHRDIAL, EWVHHIZRLIZNZFRDT, )

& 10. Fourier D ERZ BN K, (AAZ 2r E L TRV, )

BIFE 11. JAH 27 oBEL f: R — C @ Fourier f&&(A3, Vo € R TYH L T f(z) IZFL L
25700t nEM YR ed—olRNEK, (ZET23HE-ZDTIE? LEVET, )

FIRE 12. DUROBEE f X [—7, 7] T Fourier FEERYE & (BE R 51 [—7, 7] DHT
WHITHRR LT, JAH 2 BEE & % 2 T Fourier #EBURHIE KX)o

(5) f(x) = cos®z.

(6) f(z) = sin®x.

IR 13. (1) cos® O ZJEH 2 DFEMARER L L T Fourier fEBURHE Xo (2) cos60 % cosd
¢ sinf OZHEA L LTERE (FiE—@D TidRWv, —2E20 03 +7).
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STEEZBEICEEXEESHDOEV N cos"0 & coskd, sinkf THERIIZIZE.

o0 1 emiO\ "
2
Z B3 5 OBMEHTH %,
cosk % cosf, sin) DZIAN TR TITIE,

cos k6 = Re [(cos 6 + isin 6)*]

25 ODENTD %,

MRE 14. (27 DA OREMDEE) f: R — R 2EH 2L offT, #EOHES»X (HlZIX
CUHR) ZHoTwa 23 5,

F(X)= f(z), 1="% (XeR)

(e

L. F 2R 2r OBEICR 2 Z e ZFIH LT, ROKXDED D Z & ERE,

nwT
n bosin "0
—l—Z(a cos + sin 7

ezl 5
1
ap = — f(x) cos@d:c / f(z sin@da:

IR 15. ) n’(a) +b}) < oo Ziii/F {an}, {ba} HLT
n=1

= Z (an cosnmt + b, sinnnt) sinnrx  (x € [0,1], £ > 0)

n=1

LBLEE,

Ex(t) := 1/0 up(x, 1) do, E,(t) := 1/0 ug(z,t)? drv,  E(t) = Ey(t) + E,(t)

2 2
% a, &b, THOWTREREHERATRL, € PDEBBEBTH 5 Z & 2R,
BE 16. f: R — R 2 2r OEHEKE LT, XD Xk S512BL,
:%/ f(z)cosnxdr (n=0,1,...), bn:%/ f(z)sinnxdr (n=1,2,...)
(1) f DMEBEETS B1F by = 0, 0y, — %/ F() cosna de £ 1B T L ETA, (2) f AR
0

5i¥ a, =0, bn:%/ f(x)sinne de 7225 2 & &2t
0
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RORE 17. BA%

% Fourier IE5XikETHRYE,

RIRE 18. RA%
flx)=2 (0<z<m)

% Fourier RIXFMTRE (HIZZN K DHTOMEIC 15 23D 5),
Bl 19.

(1) f:[0,L] = C S DX AN C §rs 513,

_agp > nwx ‘_2 L nr B
flz) = 5 —i-;ancos 7 (xe€0,L]), a, 'L/o f(z) cos 7 de (n=0,1,...)
D DILD Z 2 &R,

(2) f:]0,L] = C 22X RN CT #T. f(0) = f(L) =0 Zii/ 378 513,
0 L
f(:p):ansin? (x€[0,L]) b, ::%/ f(x)sin% dr (n€N)
n=1 0

PR D 3D T ¥ B,
(13 (1), (2) & HIT—REIURT 3, )

I8 20. (1) A 27 EHREEL f: R — R @ Fourier %% {a,}, {b,}, BB k 1220WT,
an (lan| + bn]) < 00
n=1

DT, [l CFTH 5 2 2Rt
(2) A 2 oEAERIEL f: R — R SEARE k1T LT CF fHTHIUK, f D Fourier FREK
{a,}, {by} WTDWVT,

lim n*la,| =0, lim n*|b,| =0
n—oo n—oo

ThHhdI%ERYE (k=0 DEEITHEHL Riemann-Lebesgue DFERICHK S — ZAUIBEA]
¥ LTRW),

B8 21. f, g W3EM 27 OBEELT. (-7, 7] OHIPHTIE

1 0O<z<m)
f@)=lz| (= <z<m), gle)={ -1 (-7 <2<0)
0 (z=0,n)

THEZLNTWVWEETHLE, DITD (1), (2) ITHER X,
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(1) f, g % Fourier #EUERME K, (2) f, g D Fourier iU D & DBIFITITR T 25 (KR
PR, —BRIDCGR, 3 FEEICR, 2hz2iuconT), BHZDTTER X
72720, BB {hn}nen D3 B ITZHTFEIRT % 2 1E, ROFADBED DI 2V

gn/]h z)|* dx = 0.
(FRE% HEBEEGRERHW5S L, g@f@%%ﬁf%b XHIZ g DEBEK L DBEZDZZ LN
R 2. 2T AR Z VT, h(z) =2 Z 1)"6(x —nm) L RKE 2, BHEKD

n=—oo

HFRTIE, —MRITERIELD Fourier #UE. & & DBEIELD Fourier #Z=HANZHM D L7zd D
IR -5 TWb, f,g, h ® Fourier DD FID T Z 7% a v ¥ a—R—2HOTHIWTAS
DIFHEHEV f D Fourier BT —HRINIRT 2 Z e DR THH 5 (—HRICHININR T %), g D
Fourier fREUI S RINKR T 223, NEAERDIETIE Gibbs ODHKBE LN S, h @D Fourier
WEBUFZE BEDOER TR LR WH, ZDERTHINE (2 = 0 DI TIX) 6 BRI S 5 Z
EDRTHN S, )

MR 22 W () %45 TIHEM) X KBUT (e HEREERTHS (ie
(iy i) =0ij) £ T B ZE, LLTOMICER

N
(1) 2€ X, NeENITHLTey=a—-) (z,0)p LBLLE,

=1

N
lexl® = llzl* = > Iz, i)
=1

DD ALD, 722U y € X WHLT |lyl = /(y.y) LEET S (—RELVWESETH
. R oROFHEIC X 2RO T, FIFfH),

D563 I, Bessel DAET,

)
> @ en)l” <l
n=1

7

P2

GERAT = %,

(g(:ﬂ@%%bféﬁmoyx#mraam§: L on)p EIURT % 2 ¢ R,

n=1

(3) FRZ f: R — C M 2 OHEHETH % & %,

Sl <5 [ 1@

nez

ﬁ&bjozt%%ﬁotﬁbcn:é%/ F@)e ™ de ¥ 5.
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B8 23. XD (1), (2), (3) ITEZ Ko
(1) MN#& () ZFFD Hilbert 22 X OIERERR {p )2, DD X, Vfe X ITHLT

IVWZHf—Z]ﬁwM

+ Y 1)l =L Nyl =V, v)
=1

MDD 't ZHahb Hf — Z(f, ©0i)eill = 0 DI H LD E %61 Parseval

DER | f° =D I(f. 00 B LD,
n=1
(2) f: R — RIFFEAM 2r OEHEEKT, f(z)=2% (-r <z <7m) ZWMiTdDrT5, T
DY E, f D Fourier %KD, R D&z T, Z D Fourier IEDRT 50>, £
ZORNE f(2) KL\, FHEOUTEL &

@(%®%%%ﬁhf\2x%®ﬁ%*@ioitﬂmwm®%ﬁ%%mf\zx%®@
n=1 n=1
ERkd X

feE 24. JEH 2r OB f & 8P {an}n>0, {bn}tn>1 WXt LT

= EO 2:: a, cosnz + b, sinnz) (x € [—7,7|)

DD ALD78 B
1 [7 1 [7 )
ap = — f(z)cosnzdx (n=0,1,...), bn:—/ f(z)sinnzdr (n=1,2,...)
T ) . T ),

Eidam L CRWA? (7F: Fourier fREUI—ERD (B 2 W& Fourier #EEIZ—ERD. &
EoTHEV) LWIHIEBKTRKERILETHD, b s RO »HTE5, )

fieE 25. f,¢g: R — C 173185 272 BE% T,

= Z ane™,  g(r) = Z b, e

nez neZ

% % ® Fourier #ERE 3%,
(1) (D Fourier (&, Fourier fREBDEAIAA) f(x)g(z) = chem % fg @ Fourier #%

neZ
BEHE T2 2 RORXZTRE,
Cp = Z agb,_r (n € Z)
k=—o00

MZIDMEED fIZDOVWTHDIIDE E, {p,} BERIEHERLRTH S W5, Parseval DFEAIL,
REHERZRICET 2@MmEL LTHIRRE N,

aﬂIE
Rl
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(2) (BAIAAD Fourier REUZ. Fourier fREIDHH)
1 v
f*Q@%=§;/ fx—y)g(y) dy
LB,
frglx)= Z ¢, e

nez

% fxg @ Fourier fREVERH & T2 & X, ROXZ R,

Cn = apb, (n€Z).

(Z OB THIANT=HIIZE, Fourier Z#TIIHHZD,. Fourler B OWTIEZEM I NS T
EMEZN, )

& 26. f: R — C ZJAM 2r OB e LT,
an:%/ f(z)cosnxdx (n=0,1,...), bn:l/ f(z)sinnxdr (n=1,2,...),

Cp = % /: f(x)e ™ dx (n€Z)

LBl E, (
%qum) (n>0)
P - (n = 0)
\;mﬂ+ww)(n<m
THdIZErDd K,

Fourier #{NZHB&#EZ
FRE 1. 0, % Kronecker DT NVRE T 5 & X,

/ cos kx dx = 2wy, / sinfx dx = 0, / e dr = 276 pn0.
(IFLACDHEIF 0 D, ZOMRITDHEAAMBEICHAEL THEIDHDTHRWL (HHT
RO ZEDRITNIRIEE D —HER - TAD I, BRDHAT, &5133). =ABEI1
FIADOBIT TRICZT) Ol AZFRO2Z 1L bHLNLTHS, ) n
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BE 2. 3 =ABRoIEER

COoS(

sin(
(

sin(a —

cos(a + f) = cos acos f — sin asin f3,
Q

+ ) = sinacos B + cos asin 3,
) = sina cos f — cos asin 3.

ZEFLEOICTEIE (ZOFEERZASZD., a+ 8 DHBETRIHRAT B %2 -3 TEEHZ
%, Euler DR € = cosf +isinf R TIEBIER] e*tY = e%e? & 2 =ia, y =if &
LTEL D), £ o2 TR 21375,

)
— ) = cosacos B + sin asin 3,
)=

BRE 4. R Loz TthiuR, Vi e R IIHLT

0< ltf+gl* = (tf +g.tf+9) =(f, ) +2t(f,9)+ (9.9)

MDD DS LT5 (f £ 0 THIUR, 2D HHIK D 1icowT 0> D/4 = (f,

9)°—
(f, N)(g,9) DD ILODTHIHTIUIRY) C LOREE-TH 25 51F. ¢ = arg(f,g) &
LT, t=pe ™ (peR) ZEZNUIEV, =

RE 5. (ZOMBERE—EW- < WBEBEBEVWTER S ZL) —ABROIEEMD &IPS

1

sinmx sinnx = 5 [cos(m — n)x — cos(m + n)z]

b, VmneZ IZHLT

T 1
/ sin mx sin nz dr = 3 (270m—n0 — 20m+4n0) = T (Om.n — Omn0)

THEHB, mneNTHIUEm+n#£0TH2ZEIXERT DL,

s
/ sin mx sin nw dr = T, .

™

[FIBRIC
1
coS M COSNT = 3 [cos(m + n)z + cos(m — n)z]
Xb W .
/ cosmx cosnx dr = 5 (270 m4n0 + 2M0m—n0) = T (Omtn,0 + Omn)
TH 5D,

m,n € NU{0}, m#n THAUI. m—n#£0, m+n#0(

m,n>00D, £556
P—HIFEBRDT m+n>1THEILIIER) THE05H,

™
/ cosmax cosnx dx = 0.
—T
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m=n=0 DHFEX §nino=0mn=1TDH2H b,

/Tr cosmx cosnrdr = (1 + 1) = 2m.
m=n%#0 DHEX 0pino=0,0m,=1THED5D,

/7r cosmx cosnrdr =7(0+ 1) =

E
: L. :
cosmzsinne = g [sin(n + m)x — sin(n — m)z]

) )
/ cosmaxsinnz dz = 0.

MEXDERZRTHZ 3o, ELT S L

{=1U{ cosmx}:lu{%smm}jl.
BE 6. (HH)

BE7. FEDn, meZ ITHLT

s ™ s
/ e"rem dy = / eV dy = / el n=mT g — 27 0n—m,0 = 2T0p m.
—T —T

—T

D oHEPIKERZRTH D, ERLTS L
1

V2r

RE 8. 2)me{l,- - ,n} 32, j£ZmBOIX(pj,pm) =0 THEILIIFET DL

(f, om) = (Z cjsoj,som> = ci(@)r Pm) = cm(Em, Pm).

j=1 j=1

€™ (neZ)m

_ (fa(p])

@2mcm:l£ﬂﬁa@im(%%&i%%ﬁuﬁm#%bhﬁmﬁﬂa oo
VR )

(©m> Om)

RE 9. (WRDA) FITERME IR E Legendre DZIER P,(z) IT—H T %:

1 dr
2nn! dxm™
PEEHISHZSTH, 1L,z 22 -, 2 OO T, V746 >23Iy bOERLETERSR
R DL

Py(z)=1, P(z)==x, P(z)= %(3x2—1), Ps(x) = %(5x3—3x),P4(x) = é(35x4—30x2+3).

[ e oo oo
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% 10. f: R — C3JHH] 2r OBAELT. [—7, 7] THEPAIRECIRE T 2,
(#) an ::%/7r f(z)cosnxdx (n=0,1,...), b, ::%/7r f(z)sinnx de (n=1,2,...)
T {an}, {bn} ZED D & Z,

Qo > .
(h) 5t Z (a, cosnz + b, sinnx) (zr € R)

n=1

EWVWO R f O Fourier I FEXR, {a,} & {b,} & f D Fourier (R & R, %< DI
A, f @ Fourier fREDFNX fIT—HT 5., I2bDBE

(%)

f(z) = ) +§:(ancosnx+bnsinnx) (x € R)

n=1

D DILD, THZE f O Fouler BUER & FESR, (@I f 23 [—7, 7] THEAATRERGEIC
EZBH. (1) 2EBEBNRERTEZTHNRT 2 Z e dHIK S, )

A 11, [ —o7 3R Z 2720 TEE 2r oKL f: R — C NER TR RN C!
W7z 51X, f @ Fourier #8lE, R T—HRIC fFIT—HRICRT %, CWOEHERZIZZ %
#d 5, IREPEZIZIFAUITD UL T If 2 C i oid) 2 LTHRV, —HIUR
T3, XATHFTIX

lim sup
N—oo zcR

N
Qo . -
flz) — (7 + ,;1 (ay, cosnx + by, sin nm)) ‘ =0

DB DD, WS e Thb, s R THEEINKTZZE, O2FD

N—oo

N
. ag .
VreR lim (; + ngl (a, cosnx + by, sin nx)) = f(x)
MDD Z e PEPN D, FEL ITERD B.2.7 (p. 197), D (p. 210) Z R X,

BE 12, (1) f3&EBEEAE2»S a, =0 T

2 [T . 2 1 T 1
b, = — zsinnrdr = — | |—x-—cosnz| + —cosnx dx
T Jo T n 0 0 n

_2 (—wﬂ THEL [sinm“]g) = (—1)"‘1%

T n n2

W 212 Fourier A ERIX

n

& —1)n1
T =2 Z ) sinnx.
n=1
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(2) fIFEBEB®Z b, =0. ZLTn#0IIXLT,

2 (7 2 1 " o1
a, = —/ z?cosnrdr = = ({:ﬁ - —sin nm} — / 2x— sin nx dm)
T Jo T n 0 0 n

4 T 2 2 4
=—— [ asinnzdr=—=x (=1)""'= = (-1)"—,
nw J, n n n
2 [, 2 @ 27?
=— dr = — — = —.
0 7T/0 v T 3 3
W .12 Fourier FREEREIX
22 = 7T_3 —|—4§: (_1)n COSNT
3 e n2

(3) f IXMEBEE® X b, =0. ZLTn#0IXLT,

2 [T 2 1 . T 1.
ap = — zcosnrdr = — | |z-—sinnz| — —sinnx dx
T Jo T n 0 0 n

2 [T 2 g 2
= —— sinm:dx:—[cosnx] = ——[(=1)" - 1],
nt J, nrtl n lo nim
2 [T 2 72
aoz—/ vdr=2-" —n.
T Jo T2

W 212 Fourier A ERIZ

(4) fIFABEBDZ a,=0. LT

2 [T 2
bn:—/ 1-sinnxdx =—- =
0 T

™

W 212 Fourier FEERIX

. 21— (=1)" |
S1gn r = % ; TSIDTLI’.

(5) 2 FEADRI cos2z =2cos’z —1 & D

cos? r = 1+ cos 2z = L + 1005233
N 2 22 '

(6) 3 fEADNIK sin3x = 3sinx — 4sin®z £ D

. 3 3sinx —sindr 3 | 1.
sin®x = Z—SIDI—ZSIHSQJ.

4 4
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R 13, (1) R2AINVD=MAEEELREYLT

(a+b)® = a® + 6a°b + 15a*b? + 20a®V® + 15a%b* 4 6ab® + b.

N g5
g ( —19) B 216 (5% 1 66 1 15629 120 + 152 4 e~ 4 ¢~6%)
:%(QCOSGH—FZ 6 cos460 + 2 - 15 cos 20 + 20)
:3%00869+%COS46+;—2C0829+%

(2)

cos 60 = Re (cos 66 + i sin 66) = Re [(cos 6 + isin 9)6}
= Re [cos6 0 + 5i cos® 0sin 6 + 15i2 cos® 6 sin? @ + 204> cos® O sin® 6 + 15i* cos® @ sin* 0
+67° cos 0 sin® 6 + i sin® 9]

= cos®0 — 15cos* Asin®f + 15 cos? Osin* 6 — sin® H.m

fRE 14.

+ (a, cosnX + b, sinnX),

P%

%o
2

n=1

1 s 1 s
an:—/ F(X)cosnX dX, bn:—/ F(X)sinnX dX
m

- -7

MO 0, X = ™ B LT,

+Z (an cosnX + b, sinnX) —504—2(%(:08—4—() smw).

%
2 L

—_

n=1 n=

dX =7de, X =2n DL & 2 =L TH 2505

by COWTHEKTHZ, =
RZE 15. (FERo0A)

oo 1 oo
=1 Z n*n? (—a, sinnxt + b, cosnat)®,  E,(t) = 2 Z n*n? (a, cosnwt + by, sinnwt)?

Zn a —i—b2
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(T u=u(x,t) d. ZETHA L. XE (0,1) 18T 3 KETEEI O OIHAESEE SHE R E

(WE) U (2,1) = uge(z,t) (€ (0,1), t > 0),
(DBC) uw(0,t) =u(l,t) =0 (t>0),
(1C) u(z,0) = ¢(x), w(x,0)=1v(z) (ze€]0,1])

DIFETS, E(t) FZAINF—TDH 5, )

g 16, —RITEBIEIE g: [—a,a] — R D3ATBEEUZ 513,

/iﬂ@dx:o

TH5 I LIS TE 5, H7o. MERIR < (HEI% = MBI | TArBI% < WRIR =18
BR , TArBIR < BRI = W RI%L WO HHBAITE 2, =

RE 17. ZHEARIHE - TEHET 27517,

m _ _ 0 EQEE
bn:—/ 1-sinnmdx:—2[cosnx]g:—2((—1)"—1): { 4 " )
0

nm nmw —  (n IFFE)
nw

1==
AT T T 2% — 1

4 (sinx sin 3z sin(2k — 1)z ) .
FRE 18. f ZEBBEIBILRT 2. M 12 D (3) (z — |z|) IR S RWH 5, HIR Fourier
WD ZNEFL WV, =
FRE 19. HE 14 OXTHER FREROBEEZEX %, »
fRZ 20. (1) f D Fourier H&X
% + ;(an cosnx + by, sin nx)
Z 018 (1 <0 <k) BT LTI 7=l

(2.16.1) > 0’ (ay cos (na + (1/2) + b, sin (na: + (7/2))
n=1
IZDOWT
|55 n | < n'(Jan| + [bal) < 2" (Jan| +[ba])

1 1
057721 {an}, {bn} BXATEDZ LT 2: a, = 2/ ¢(z)sinnre dz, b, = n%r/ () sinnrx dz.
0 0
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THH, RELD an (|an] + |bn]) < 0o THBH 5, Weierstrass O M HEEDHEH T =
T, (2.16.1) 13— *illyﬁﬁ'?'% EDTD B WZIZ f D Fourier AR k [B] % TIERBIM
KD, KT

o (z) = i n¥ (a, cos (nx + km/2) + by, sin (nx + kn/2))

n=1

WE— IR L TV O TEBEBTH 5, @RI fIZ CHilcTH 3,
(2) (EHFESTZE, )

& 21. (1) f, g ® Fourier #8 (Zhzh S; S, LFHEL Z LT 2) IFME 12 TKRDT
5,

2= ()" —1 4 3 5
Sf(x):m:g‘i‘;ZLcosnx:g—%(Cosx—|—COS z , cos x+'”)7

12 32 52

1
S, (x) = sign = = %Z 1—(-1) S — % (snllsc N sm33x N sm55x L ) ‘
(f D Fourier = IERIM TS % & g D Fourier IR o TWB Z D05, )

(2) f TN CLCHBH 5. f O Fourier S8 S, 1% f 12 R _EC—HNHRT
%o WA R ETHEAEICRL, (-7, 7m) THREEINRT 2, —FH. g BXTHNZ CT fTH
2026, g D Fourier #EL S, 13 Vo € R ITH LT, o 2R HIF g(z) WKICRL., o 374
BRI O (g(x+0) +g(x —0))/2 KR T %, g id 2 =nr (n € Z) THREFBTD 5 D3,
(g(x+0)+ g(z —0))/2 = g(z) DD Lo TWVWB DT, #iF Fourier #EL S, 1& g IT&RIK
T5, £ZATgldaez=nr (neZ) THREHTHS056. Gibbs DHRBEI D, S, E R
BRI g IWINR LRV, g 1 (=7, 7] OHEIPAITIE L (—7,7) IZJB T 5 DT, Fourier
B S, 13 g PR T 5, =

FRE 22, (RNEMWTEZZZLEMIED L, A XY L&, BEA=ZAFTIER
H—FEV] WS “YhEi” OHEFICKR S, iFHPIF RN Z DT TIER0wD, RELIX
RBw, )

(1) fif ey L (i=1,2,--- ,N) THEIEDBDPEDT, ¥XIT7ADEHNS

N
2
lel* + Y [ @)* = ||,
i=1

BHELA [len||? >0 TH225,

N

DIz @)l < .

i=1

FHidZ N I2Ek 50T,

o0

2] con)l” < .
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(2) (Eh)
(3) WRE (f,9) = / f(2)g(x) dz 1TV,

(l’) _ 1 einx
<pn - \/%
FIERERRIZZ D, £

Cn = \/_—<f7 Qpn)

D DILD, TRHRHAL, =

fRE 23. (1) ®#ifo (1) EFILTH %,
(2) f @ Fouier fHZ 12 TRDTH 5,
3

Sl = 44y =)

n2

3

n=1
f1E R 2R THEE TR CHTH 25 5. f © Fourier FEL S; & f 12 R _E—FRINK

L. f 0;—1&‘;—5
(3) f(m) = Sy(7) THBH 5, cosnm = (—1)" IFEELT

73 = (=1 3 =1
7T2:f<7T):Sf(7T):?+4Z > cosmr:?—l—élzﬁ
n=1 n=1

™ ™ 2
Hf”2:/ ‘1172‘2(193:2/ zt da::57r5
—T 0

900,901,7?17902’1#27 e

ERERZRE LT,

PN D, 72721
wo(x) = J%’ on(z) = %cosnx (n e N), ¢,(z)= %sinnx.
Fourier fR#13
2 4(—-1)"
(f.0) = %WW, (fron) = % (neN), (f,¢m)=0.

Parseval DX 5
2 V2 > 29 > 1
=IfI* = < "’/2) +Z( ) =g 16Ty

Ny LY



FRE 24. BHROPCEOEKRERD LN FERDATER, HEOD, HlZIXHREDS R £
T—HRINET 22 2IET S 2. BB coslx 20T 7=

f(z)coslx = % cos lx + Z(an cosnx + by, sinnx) cos lx

n=1

b R E—RRIRS 2 Z 222, [—n,n] CHEBFED KT,
ap = %/ f(z) cos bz dx

DRES, by IOWTHEETH 2, H2WVIEEBEEGZH > CwiuX, Bz BEEROE
WRT#&E X T,

1 [" 1 [7
ay, = —/ f(z)cosnzdx, b, = —/ f(z)sinnx dx
T ) x T ) .

PRED (L Z0HEE. [ EEEOHED TRV, =

FRE 25. (RED S Fourier FEVEBII—HEIURT 2 DAL S THXNCR ST 2, ZDZ 2ITiE
BT, REOMOED FIZEENI, (1) =

R 26, ZAUTHEOD FlcRy B ELBIIERICS S, n

2.17 FEHRE

(ZOHINIY =2 =7V F 5 FETT — 2012/11/15)
(UTF OREICIREREMEE 22T Twiwas, Mo 7K 2 @RRTR 50 1B L 72 MED
ERBHHDT, THo2BWTHL, )

B 1. 2UTREXOYIERAE

u(,t) = uge(x,t)  ((x,t) € R x (0,00))
u(z,0) = f(x) (r € R)

DERR% Fourier 2% W TR &, (k> b EEHEROVIAMERE fREE S RE
Xo U t) ZRDZDIIHETH 5, 7272 L Zh %z Fourier ZH#1L T u(x,t) KD 2 DI
DLUH LW, (185 E2 4] E.2.2(p. 220) KEWTH 20, Z OEMEIEIRIEAR L2V T,
L2563, )

56http://nalab.mind.meiji.ac.jp/ mk/lecture/pde-2010/pde-kimatsu.pdf
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FMRE 2. f:00,1] — RIGEHEET. f >0 (on[0,1]) ZHMizT T3 &, wHAMERERME
[l

(2.17.1) ur(z,t) = gy (x,t) ((z,t) € (0,1) x (0,00))
(2.17.2) uw(0,t) =0, wu.(1,t)=0  (t€(0,00))
(2.17.3) u(z,0) = f(x) (x €10,1])

DO v (u X [0, 1] %[0, 0o) T, u, 1 (0, 1]x (0, 00) TIFE LB, U, Uge 1& (0, 1)% (0, 00)
TELEHL, 2 LT uldAER (2.17.1), (2.17.2), (2.17.3) &/ T) IZOWTEZ 5,
IEER e ZEE LT w(z, t) = e (u(z,t) + ca(x,t)), a(z,t) =1 —2(l —z) + 2t £B<,
TEOER T > 0 ZEEL. Qr = [0,1] x[0,T] £BE, Qr KBWI 2 w OF/MEE
m = u(zg,to) ((o,%0) € Qr) €T %, m >0 ZHHETRT DT, m<0 ERET S, Z
D r ELLROM (1), (i), (i) & X & ((ii) FTTFEIELC THEHIEDTERT %, )

(1) wy +w = wy, (in Qr) ZHEDPO. ZHZHWT (20, t0) € (0,1) x (0,T)] TH2Z %
R,

(i) EED t WL T w,(1,¢) >0 THE I ZEIPD, 10#£1 THBZ L ZERE,
(111) xo%szééZZ\ to#OT%é:t%%%o

GER: ZORD o HIBO—BMELTH 5, F72. Neumann FFREEM u, (0,6) = u,(1,8) =0
DHGEBFERRICIRZ %, )

B 3. ¢ Z2FERE T 5, WIHHMEsE S YERE

u(,t) = uge(x,t) + qu(z, t) ((z,t) € (0,1) x (0,00))
u(0,t) =u(l,t) =0 (te€(0,1))
u(x,0) = f(x) (z €0,1])

WOWT, FEHOHRTF f>0 = u> 03D Io0? HEZDOTTEZ X,
(B> b MR TRD ID ) ZBBEH: v(z,t) = u(z, t)e® 25 DDEH, )

MR8 4. (BEHEEREOMEH) €8 c 1T LT

(") = cl'(2) +((x) =0 (€ (0,1)), ¢(0)=¢(1)=0, (#0
Zii7e SRR ¢ = ((v) BFET 270 DREMZ KD X,

RORE 5. #IHME f 2VROBBOKE, (H-IBP) 0% R X,
(1) f(z) = sinmz. (2) f(z) = sin® 7. (3) f(z) = a(1—x). (4) f(2) :{ v (we(01/2)
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B>k f @ Fourier fEERM Z KDIUX, BRI H, Fourier 8% Z DEFRITEDOWTEF
BLTETH IWH, MEH2DHET sinnre TERT 205 504U, #47D8 Fourier )
Bz 72w ( [Fourier fEO—E M) ).

(1) fIIZB7THB®D Fourier #EUERMICR > TV,
(2) ERTEH 1L S BR=ABKDZEILT f O Foueri REERDKE 5,
(3) EoZitE T2 Z T, f % Fourier (IEX) EBEMT 5, ZORRZHFVWTE L,

8 (sinmx  sin3dmx sin(2k — 1)z

3

(4) THBRHFEICED [ % Fourier (IF5) FUEMT 2, ZOREETVTH L,

_ 4 (sinmz sindrz o sin(k— Dz
f(x)_ﬁ( 12 o D e )
& 6. (H-IBP) O u(0,t) = u(l,t) =0 (t > 0) ZRDEZFZEMICANZE G EDOMR%

Fourier D HETRD Ko
1) ug(0,8) = ug(1,£) = 0 (¢ > 0).
2) u(0,) = ug(1,£) = 0 (t > 0).

3) u(0,) = u(1,t), uz(0,t) = uz(1,) (¢t > 0).
)

(0,8) = u(0,8), ug(1,8) = —u(L,t) (t > 0). 7275 LHEiAD 7= OIS EOBIK [ 13
fl'):]_ ZT%O

4) u

(
(
(
(4) ug
(

(5) u(0,t) = A, u(1,t) = B (t > 0). 7272L A, B35z 6h7=E8.

(6) u(0,t) = A, u,(1,t) = B (t > 0). 7272L A, B &5 2 57288,

(7) u.(0,8) = A, u,(1,t) = B (t > 0). 7272L A, B35 x 57288

B> hZEOM (1) IZFEX Neumann HHFEMA T, (2.10.3) ITHRIEFVTDH 5, (2) ORIE

u(z,t) Zb e~ (2P gin [(n — 1/2) 7x], by —2/ f(z)sin[(n — 1/2) wz] dx

n=1

(3) 1IZDWT 1 ((a) = CLeV™ + Che V™ DSBS 272§ 7= D D4elhns

VA1 VA C} 0
(®) <eﬁ —1 —eVr 1> (CQ) B (0)

LD (C1,C) £ (0,0) &7 BIREFDIDDEIED (AR = 05 586N3) VP =1 T,

DL E () IF
0 0\ (Ci) (o0
00/\C/) \o
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LB, TRBEINWS e BLEZBZ, URAFXFy LT, BEHEL BEEEKEZE
Witk e,

/\0 = 07 CO(‘I) = 17
2

Aon—1 = dop = —4n*7%,  Cop_1(2) = sin2n7x,  (Cop(x) = cos2nmz (n=1,2,...)

vz s (EMEEAM! ).
(4) DRERF T EENTBL &,

u(x,t) =4 Z Can_ —4at cos(2a,(x — 1/2)),

. 1 .
7272 L. sec = —, {a,}o2, FHER
cos
¢ 1
atana = =
2

DIEDRERTH % (y = tanz & y = % DRRZEEZX), (5) MREEHEIERIXTH 2 5
5. E# Fourier DFTHEIMEZ LWV, (5), (6) 3 REZEHEIX IV, (7) IZEEL WL (2.104),
(2.10.5) IZEWTH %,

fIfE 7. BEONAE. HiOMREZFH L TUTOMIZEZ X, (k¥ b: Fourier D%
HOWTHRT 205, ZEEHL TBICHR LIRSS 5, )

(1) (H-IBP) @&t u(0,t) = u(1,t) =0 (t > 0) & u,(0,¢) = u(l,t) =0 (t > 0) TEZHZ
Dz KD X,

(2) XM [0, L] i<B1T 2B 0RIREDRME

(2, 1) = Uge(x, 1) (x € (0,L),t>0),
u(0,t) =u(L,t) =0 (t >0),
u(z,0) = f(x) (z €[0,L])

DfFZ KD X,

(Ly b (1) BBEE 1/2 100WTH D3RS (B, € = 7 — % Y EWIET B).
Hiffl @ (2) 8o TLED T ITHER, (2) bAMICEREH i Z2EZ 5, )

ME 8. keR, f:[0,1]xRMPERALNIE X, ROYIHAERE FHEREZ # T,
u(2,t) = e (2, t) + ku(z,t)  ((2,1) € (0,1) x (0, 00))
u(0,t) =u(l,t) =0 (t € (0,00))
u(z,0) = f(x) (z €[0,1])

67G. D. Smith, Numerical Solution of Partial Differential Equations: Finite Difference Methods, Third
Edition, Oxford University Press (1992) @ Example 2.3 7> 5485 7z,
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(B> b: Fourier DFET OIS 2. ZEEHN v(z,t) = u(z, t)e™™ 2o TH RV, 2.14 12
ENWTH5, )
BEREMNE 1, (0,1) = up(1,1) =0 w(0,t) = up(1,t) =0 ITEZR D EIRDID? ¥72%
Bia O OWHLEENL ?

fIRE 9. WIHIMESE S E R E

(2, 1) = Uge(x, 1) ((x,t) € (0,1) x (0,00))
ug(0,t) = A, wu(1,t) =B (t € (0,00))
u(z,0) = f(x) (z €[0,1])

WOWTHIRDICEZ &Ko (1) A= B DA, t — oo DINOMNLAFEH ZRD K, (2) A< B
DA t = oo DIRFOWHEZER 2R D X,

(b ¥ b BHREADPHFEFRTIZR WO T, E#H Fourier DA ETIEMT R0, Fifif 2 H8
LTA%, RMDBHIUE, BREMEE ua(0,1) =1, up(1,t) = 2 ITEX T2 & F WL Y
7B, BEATAK, )

&8 10. G(z,y,t) : Z Tt sinnra sinnry (z,y € [0,1], ¢ > 0) B, MFORIC

EZ Ko

(1) FEYRARED T, / (x,y) dy = / g—i(x,y) dy + p(z,z) DD ILDZ & R,

(2) BAEXoWIESREFERE (H-IBP) OORNKZ2EZ, ZADRXRATERINDS vy &
—T B EED X,

A<ﬂ%%ﬂf@ﬂy($€DJLt>®
f(z) (x €10,1], t =0).

vp(x,t) =

(3) F(0,t) = F(1,t) =0 (t > 0) ZWi/=3 C' OBEAEL F = F(z,t) WL T,

:[f(l%ﬂa%t—QF@ﬁﬁ@)w

EBLEE] w(n,t) = ug(x,t) + F(x,t) DS DILDZ & ZRE,
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53E Laplace 71£I(. Poisson H1EI\

\ng

3.1 A>bO

3.1.1 #yIhE
R" O Q O _ETERSNFRUEREL u = u(z) IZOWTOMIT TR

(3.1.1) —Au=f

(f 1F Q FEgREh-BEAEEE) % Poisson Hi25 (Poisson equation) ¥ L3,
FrclEx A, 2% D f =0 DA%, Laplace 5121\ (Laplace equation) & FE:

(3.1.2) Au=0.

Laplace /72X D g% MBI (harmonic function) & M,
COETI, G2ohBEE Q=R v: T - RIIHLT,

—Au(z) = fa) (zeQ)
u(z) = ¥(x) (z€T)

Ziti7z TRAEE RS K. 2\ S Poisson HERICOWTOME (Dirichlet IRHRBRE & FHE
s — LUK (DP) EM&EL T 2) 2E X 5, 772U T I3 Q 055 00 TH 2,

BBuDELPIELTUX, ue CQ)NCHA) EWOEMEEHAETILEHERT 2, 20
IO u D% (BRABEADEE LRI dHLig e FER,

COEONEDE IF. #EHEM [59] 12K 25, BIZEORWEEIE, a7 2% — [69)]
(BESHERE DR DFELEREIAIZ DWW T, Poincaré-Perron D f5iER, —HBERT > vl - ZH
JERT > 2 VD TTRERITHE D L TEDHE - TV 5), I 1] (BoaiiRE R T o x
NWERDHAFETH 25, AFINLZABRS I DR T RSN TWDS) BBEEIDTH S,

3.1.2 HIEZZITT

(H-IBP) % & 2 0B HFRXOYIAERFERE T, B u=u(z,t) D t 300 D E, &
Wi v =v(z) ITICRT 25E0ZD - 7

1tlim u(z,t) = v(x).

EHR v =v(x) IHERERTH 2 2B Z o720, ZIUIZEMDOXILH 1 (z € RY) T
HEIPOLTHD, ZEZEDRITTN 1 LD RKRELSKRE e, ERBEIRNE Zr BIRDRHEE 125,
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3.2 4

DUR, fiEzphcsl sk, B HIZEB W T, Poisson RSP Laplace FERX DI
LHIZAEN T 5, WHICNEZH 2 5 51T WA, Poisson HFERS Laplace HEERDI W
DICEED, FHKIEZTTHMELTL VW,

3.2.1 1 ZTHEH
n=173%bb 1 ZROGEIFETHZ, £F

d2
T dz?

WHEEL XS, ZT0p 5 Poisson HRERIE
_u// — f

W2 53, w ik f OFRGEROIRBETH 2 2 2350 % (1€- T, Dirichlet Hi5HER
BUIED Z W TP 22 TE 5, 4B (29.1) 3ZRE L, ). F7. Laplace /712
ik

u//:O

L2 B0DT, 1 ZEOFEMBEK LT 1 KB SR WZ 223005,

3.2.2 r=|z| DAHDEKTH ST
C? DEAEL f: (0,00) - R ZHWT

u() = f(r), r=lz[ (zeR"\{0})
ERINDEE u 1ITDOWT,

g = 0, = 1) 2 = T,
Pu 1O LS0) )0 - T 5T
o3 r? s r r? r r
Wz 12
pu=TOZTO 2 T ey L)
ZZT Au=0 7512
£+ 1) = 0

HI7Z 0 72 5. BLROPEIZBERE T, ERKERMANE2 A ob VMBS oNZ T T, BFED#H
RTCOIDODIF UL ERTIRERZLRD 0BT ROEN, BoLlZZ 5 b WVHARWE S TH S, HHDBEFEDAK
WKRHEDFEVTRNI b LRV, ELAILRLSTHOMDRVWI LR LREBFEARVER-S,
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TR RSV, ThZ2BELTEMT 5 L

f'r) _1-mn
f'(r) r
RO LT
log f'(r) = (1 —n)logr+C (C IXMEEELR).
Wz

f(r)y=Crt™" (CTIMERER).

. 017"2771 + 02 (n 7é 2) 2
f(r) = { o logr + A (n _ 2) (Ol, Cs &i{fzm\ﬁﬁ)

Cy
+C £2
w(g) =4l Nl (Cy, Cy WHEEFRR).

Ol 10g|CL’| + CQ (n = 2)

3.2.3 #EXBEHEEHS

(BRBEEGHOEB IR > TLE S, BEERZOT—EY AT 2) ERIFABOEE. BB
EFARIBERTH B, FHEBR. Q PERFHE C OFEET, f: Q — C PERILREKTHL T3
=1

flx +iy) = u(z,y) +iv(r,y), ulz,y),v(r,y) R
Ik > CHBUMBME o b v 22D B L 2 (RFL i BEREMERT). KO (1), (2) 2K D
VOZEERBEBLAISNTWS,

4 N
(1) u, v IFXD Cauchy-Riemann 5123 (Cauchy-Riemann equations) % iz 3

(3.2.1) Up = Vy, Uy = —Vp.

(2) u, v & C° |TH B,

N J
INHhro
Au=A~Av=0
THZZENUTDESTLTHD %S,
0 0 0
Ay = - . = — _ = =
U= Ugp + Uy = g + ayuy 5ty T ay( V) = Vyy — Uy = 0,
0 0 0 0
AV = Vyy + Uy = P + a—yvy = %(—uy) + 6—yu$ = —Uyy + Uy =0



3.2.4 ACERRDERKE

B §iE TR TEEBADOICRFEH | 132X ZEMIC BN T3 %, Poisson /7
23X, Laplace AEERIZ. BVEEAEXROERMETH %,
R" OMEE Q 1281 2 805120 #HAES SHE R

wi(x,t) = Aw(x) ((x
w(z,t) = (x) ((=
w(z,0) = ¢() (x

D w=w(x,t) I t 200 DEE, DB v =u(z) ITPHT 5:

1) € x (0,00)),
,t) €' x (0,00)),
).

lim w(x,t) =u(z) (z€ Q).

t—o00

ZZTuld RO ODEMI»BEE S Z RN TV :
0= Aux) (z € Q),
u(z) =v¢(x) (zel).
D% D
Laplace A12i3. ERROBAERTH S
L Eo#nTc. ReoBsERoRb DI
wi(z,t) = Aw(z,t) + f(z)
20 R EE 2 58

lim w(z, t) = u(z),

7272 L

0=Au(z)+ f(z) (x € Q),
u(z) = Y(z) (x el).

55 w X Poisson HERDFIZINEH T 5,

3.2.5 BERTUIYI

BRHECEO RSN TH 5 Maxwell DHFER (1.1.1) (p. 18) T B L BIRHHHNIC & -
TELLBRVEEREZ 2 L. B L I EMRIER S BeEE B iconTorERE

(3.2.2) divE = gﬁ,
0
(3.2.3) rot £ = 0.
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ZIT p FEMEE. ¢ &iE%O)Eﬁ%@Z@&ihéEi%&f% %o
E YVERFFOY, ENE —¢ &F

E= — grad ¢.

D ¢ HBMAERIIBERT VI vILE SR,
ZORE (322) KKATZL

div(—grad ¢) = —
bbb
(3.2.4) —ng=f f=L

D D#HERT ¥ ¥ U Poisson TEROETH 5, FHTERDPZN (p=0 &RoTWVD)
L ZATI, BFEART > v Ui Laplace FRER A ¢ =0 Zii/z3,

FEY L FIRRD Z E BEIIGITOVWTHRDILD, THROBENRT Vv L (BEHONME
T AILF—) &, Poisson FIERZHMZ T,

3.2.6 3XITTDRNDIEG

u(x7y’ z)
3RILDBEES v = 0(z,y,2) = | v(zr,y,2) | TDOWVWT,
w('x’ y’ Z)
wy — v,
G:=rotv=Vxv=1| u, —w,
Vg — Uy

kR4

%3BE (vorticity) LR, MENEZL I3 0 THEHNEZBELTHS LWV S:
MODTHEL <~ 1ot 7 = 0.

%%éﬁﬂz-?‘/‘/auwﬁ% EEBRIC, X7 MUV CRAHONTEED S, (DR bE
FNCIEY) o DRT ¥ v b o BIFET %:

v = grad .

107 . ,
2H A g = TE= 8.85 x 10*12 F/m, c = BZEHROWHE = 299,792,458 m/s. 2B, 7 —nv > DiEH

WHbLNSHBIER k 23, k= 4m EVWSBRICH D (1205 k=c2/107),
0

3 THUHFEREINT rot f = 0 2WE TR MG F 3BTV o v VeSO, $hbb, f=grad U Zifi3
B U DFET 201 — XZ FVIEHT O H Gl

12 ZOFTIE. 7 OB EHVTOARW, fl 2 IXFEE R TH UL, SR TRT Y v D
FET 2, 5 TRWEEE, HEHLTWA R o OFERERIEE, BIZIE e 3865 Blaje) KBWTKRT Y& v b
DT 5,
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HEGICRT ¥ v ADEET MDD Z & 2RT > v LR (potential flow) & MU,
FDRT VXY NVEBRERTVIVILE WD,
—77. FEEMEMRL I,

divy =0

DI D LD,
W R, TAMEL OIEERETRIC OV T

divgrad ¢ = divv = 0,

ERAY.0X5!
ANp=0

MDD, DF D

TAE L DIFEMRIIRT V2 vILRT. RERT V2 vILIZFANEHRTH S

>
ST 3.2.1 (2RTOBE) 2 KIEOEES & = i(x,y) = ( u y§ ) EOWT . R

9

Z oy ov  Ou
w = rot ¥ := det 85’ - _ ==

dy

CERITIUX. FREOFEROENLT 5%, X512, 2 ZItDIEEHEIRICOWTIE

divi =0 <@nm<_”):0>
u

VIRNSN
grad ) = ( Y >
U
Thbb
% _
oy -
_%
ox -

Zimlc TR  DIFET B I eBnD 5%, ZD ¢ 2RI MUV 0 DRNEE (stream func-
tion) &S, Zor &

0 0

0 0
Aw—%¢x+a—ywy—%v ay

Si(x,y,2) = (u(w,y, 2),v(z,y, 2), w(w,y,2)) B2 RTEHMTHZ LiE, () w=0(>Gi)u & vidz KKELR
VW BHD YOI EED. ZOLE rotd = (0,0,52 - 5 ) DI,
CHNBIE D E SR N D W 2 AR (stream line) TH 2, [TREFE, L WVWIBEEE N 22D 27255,
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W Z AT L OIEERETR O TR S FAFBEBTH 5, R ZDHE. ¢ 1% ¢ OIHATHFIE
Bz DT,
flx+iy) = o(x,y) +ip(e,y) (i ZEHEAL)

rBL e, fIRERIERICR S, 20 f 2ERERERT I vIL R,

HBHEERT, 2O L OIFEMROERZ. 1| ZRERBEEGRZODDTHSEE X
2, ZOHTHDZ IFESH (8] THPRICHIHINATVWSS, ZoORIFEZBEEGHOEFIA &
LTRWZEID SN E (4 OERIBEEIC TRADA X =Y 2RO PHKZ), =

3.3 EAXERIE

RURE A D & & ARk, BSYEREOBEYIEO =%/ D 5> b oo—Fte, 7—X
BT Bl IRRMEFREE D S E N,

3.3.1 HRXERIEBrZDXR

FIE 3.3.1 (AMEKICETIRAMEEIE) QX R OFREWT. I ZZ0HRATH S
Y32, uc C(QNC*Q) 25 QTAu=0 2T Ro1E

max u(z) = maxu(x), minu(z)= minu(x).
z€Q zel 2€Q) zel

(K EVDd LRV, BOLDIERLTELE, QR T3 bIZR" R
DTay 7 +THH, EFHEEE w13 Q, T THRAME, RIMEZRD, )
AEFDRENS, W Op0FEE e, EHP LT CEINLEREBRNTEI S

AE 3.3.2 (LHAMEK. ERAMBE) 2% (U TFOIFHEFER FDIEHT» 5 EL512) Au=
0 Db bz

(3.3.1) Au>0

EWVWS R T 6

max u(x) = max u(z)

DEMN D, [FEEIC
(3.3.2) Au<0
EWIH KNS

TOFED, o, Y & pp =Yy, p, = =, (Z4UL Cauchy-Riemann AN TH 2 | ) 2/ SHFHAEKE VS
2 (ZHUIHFRRBGRTIE BN L ICHERL LS, 2D o iF o OHEFAMEETIZR WV, ),
SEH MR NFZDORRTH 25, BFEEDPHATHHOWAZMAHMDEFVTWS,
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HHEPND, (3.3.1) i/ d u ZHFAMBEK. (3.3.2) 2T o ZEBRAMEH L TR, O
EJ)

LIAMBERICc OVWTHRAMERIE. ERAMBEZIC OVLWTRIMERIEN KD IID
EWVWHZlITRDE, m

ST 3.3.3 (LRTOEL) LoOFEHs, FORBICARZHEL, | REoBE IR T
2 e 2 BERINC B 52T H B,

e ANu>0u">08WVWHZET, ZhS udFZ 7 71X Mg,
e Au<0lFu <0 2WHZET, Zars udZ 7 713 Eiai™,
e Au=01Fu" =020VWSZT. ZHHb uDZ T 7 1FERK,

(ROHESTHERNT, BAME, B MIASKEOMCERENS 2L 2MELTILY, )

R 3.3.4 ((BERLTEHER L S IFLAETEMEY) Q3 R OFREHT, T 3205
RThHdL 32, uc CQNC*(Q B QA TAu=0 %=L, 51T u X LERK
513, uw i Q TERBEKTH B,

AEAE (ARHI2) RO TEIET 5,

4 N
% 3.3.5 (Poisson AR DRFEMBOLHEO—EM) R* OFREM Q 2BT 5%
Poisson /7#23® Dirichlet HFEME DO HHEIZI—ETH %, T hbDBu, v I
C(Q)NC?*() DILT,

—Au=f (inQ), u=v¢ (onl),

—Av=f (inQ), v=1¢ (onl),

27237251 u = v (on Q).
N J

B wi=u—v &BLE, Aw=0({nQ),w=0(0nl) TH2256, FIRIZED w=0
(on Q). WA u=0v (on ). m

Laplace /723013 Poisson TS H 2 DT, Laplace HFIER D Dirichlet 5 5FHERIED
HHRO—BEM S REL 8Tk D,

ROMEDHSEHETDH %

IZANZIE S X OIRWEEEUT UC MEFRFL., T 2ERTE 20, C? ol LTidz, 22T
AL & 5 Mo AERTREoO T s 5,
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\
% 3.3.6 (Laplace A D Dirichlet FREDREM) Q 13 R" OFFWIKT. I' 320D
BRTHDI LT 5, uec C(QNCQ) »

Au(z) =0 (z€Q),
u(@) =¢(x) (zel)

DIFETH 572 561F

max [u(z)| = max [¢(z)].
e zel’

\_ J
BEYIEDSED S5 B D7 — R ICET 28D, ROMmENHE LN,

4 N
% 3.3.7 (Poisson AREXDRDIZFREICE T 2ERME) Q& R* OFREET, I 3%
DERTHZL T2, u; € CUONCHQ) (j=1,2) 28

—Aui(z) = f(z) (z€9Q),
uj(2) = ¢;(x) (v el)

DfRTHZ (j=1,2) 251X

max |uy () — up(x)| = max ¢ () — ua(x)].
e zel

N J

3.3.2 mAXIERIEDIA

EHHTHRILZ NS, RAEIZDOWTEAT %,
M = mealg(u(:v) EBWVWT,

u(lz) <M (xe)

ZEE S AUT R W,
QD—r a ZREEL.
QC B(a; R)

Y33 R>0 %5 (ODERELS, ZOXD7% RBPFEETS),
FEED >0 LT, v &

v(z) i=u(x) — M +e(lr—a*> - R*) (v€Q)

TED ',
FiR: v(z) <0 (z € Q).

Wzovoksiz, ZhEEH L TIHE D BRI LV, arEZAAT 2 L W5 il Lo B D =912 H
WHNBLBD Z e MBI E R D D,
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FROFAE maxv(r) ZERT S &€ Q &R,

e

v(2) <0 ZREBRBVWY, T BHEIETIHEHT %2, 2079, v(@) >0 ERELTFE
ZIE L,

FED 2 € QIINLT [z—a| < RTH2H 5, v(r) DEBRRDEIAE 3H e(|v—al*—R*) <0
TH2IezFELTBL,

M DEFEHIS, Ve e TINLT ulz) =M <0 TH2h5, v(z) <0 THb, DRI
¢l Fbb i eQ ThRIUUIE SRV,

WR & T o DPBRICKRD 2 D5

DIFFTTHHH, HREIELTAS &,

Av=NuteA (jz—af) :0+SZ@ (21— a1)? + (z2 — a2)” + -+ + (2 — an)?]
j=1 7"

:522:2n5>0
j=1

YIRBZDTHEEPEC S, WZIZ v(d) <0 TRIFIUIE SV, (FROFFHKD)
FIRLAEAEXLBEHT 2 L

u(z) <M —e(|lz —a)* — R?) (z € Q).
IADEREDIER e ICDOWTH DD 6, L0 &L T

wz) <M (z€Q). =

3.4 HRMEEICH TS Laplace FTETD Dirichlet EE
T ZCl& Fourier DJTIE TR D 6N 25 FINRGER DS & 2 R 3 2.

3.4.1 Fourier DFEICEK D Fourier $&ENH7
Q23 R? OENIN {(2,y) e R} 22 +y? <1} THB L &, MEEE

xr =rcosb,
y =rsinf
Ko TEBE S5, DED

U(r,0) == u(rcosf,rsinf), V() :=1(cosb,sinh)

0%v

L jITOVT o
Ly

(&) <0 L7557 5,
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EBVWT, U, UV IZOWTERD L,

(3.4.1) U + %UT + T—12U99 —0 ((n0) € (0,1) x [0,27))
(3.4.2) U(1,0) = 0(0) (0 < [0,2m))
WS REICEBR RN,

Z OB % Fourier DJFIETHREZ 5,
U(r,0) = R(r)©(0)
YBVT, (3.4.1) KRATB L,

RI(r)O(6) + - R(r)6(6) + 5 R(r)6"(6) =0

(R”(r) + %R’(r)) of) —%R(r)@”(&).

rR'(r)+rR(r)  ©"()
R(r) CION
WO B LRIBEICZDORDMEER r, 0 ICEBRVERTHE NG dhb, Fhe A B
< &,

3.4.3) r?R'+rR — AR =0,
0"+ X0 = 0.

O IR 2 DEHBIR TH 2 Z L ICHEET 2 L. ©(0) = O(271), ©'(0) = 0'(27) £ 5D
T, (3.4.4) 225

A=\, =n?
= —0,1,2,---).
{@((9):@n(e):AncosnG—i-aninnH (n=0.1,2,---)

ZZT A, B, IMEEEHTH %,
—J7. RIZOWTOHER (3.4.3) 1X, iR T % Euler D5ER (3.4.2) ORI SGE (p =1,

C+ Dlogr (n=0)

(3.4.5) RW%=RMﬂ={(%n+Dwn(neN)

W TH 5 (C, D HMEEER). LHL. R=R(r) 13 r=0 TEETRINEE S
75315\ D - O VG\% b A
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2T, (3.4.1) OEETHE L LT

U, (r,0) = { ag (n=0)

r™(an cosnb + b, sinnf) (n € N)

GOz, Thh b (34.1) D LT
ag > n .
(3.4.6) U(r,0) = 5 + Z r"(ay, cosnf + b, sinnf)

MPEHN 5,
(3.4.2) DD LD K 2120 {a,}, {by} PENRIUIRWVD, (3.4.6) & (3.4.2) ITRKAT B &,

= 50 Z:: a, cosnb + b, sinnd).

Z ORI U D Fourier EEHADORZDHDTH 205,

1 2m
(3.4.7) ap = —/ V(@) cosnfdd (n=0,1,2,---),
T Jo
1 2m
(3.4.8) b, = %/ U(f)sinnddd (n=1,2,3,---)
0

EBTRE (V OEo»rIREATIEYRINE — PRI RC ] — OFT) WikEhd,
FeHTHL . TMREBICHT % Laplace 7F23ND Dirichlet Hi5FYERME (3.4.1), (3.4.2)
DX, (3.4.6), (3.4.7), (3.48) THZBHNS (THAS), =

ffl 3.4.1 Q= {(z,y) e R 22 +¢y> <1}, T =00 &9 % & =, Dirichlet HE5HERE

Au=0 (inQ)
u(z,y) =y*> (onT)

2, LoRsZfS &

\II(H):yQZSin?Q:l_CTOS%
THE056
11, 11,
U(r,@)zﬁ—ér 6082925 5(7’ cos? 0 — r?sin? )
W 21
L1, o 1 2 2
U($7y)=§—§($ —y):§(1—9€ +y7). =

AR 3.4.2 (LOBITHERNMNZIEBXTEIFZ 2 ICDOWVWT) LofITHERE », y DZIHKT
RITZEDTELDN, ZHUEEL DAL VI DIFTIERV, FEITFTRBEBUIEMBTTH
D, z,y DMFETRIHATE 2 (LOFITIIREFHEDEHIZ - 72D T, MHERNZHRE =
ZIHAICR 572D TH 5), ZHUI r"cosnb, rsinnd BZNZH

Re (re”)" = Re (z +4y)", Im (re’)" =Im (z +iy)" (7272 L i IZREEELNL)
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WELWIELLMETE2THA S, EE LTI =ABBOEAD AR EM - THE
L 72723,
7 cos20 = Re (z +1iy)* = 2% — ¢°.

DESICHIHATZS, =m

3.4.2 #aK: Euler O HFTEI
FFET
22" +pta’ +qr =0 (p, ¢ \EEE)
% Euler 771 & P2,
t=c° LEREHIT DL

APz dx
A. — —1)—
(349) )T

2D ERRBERAE M RIS T E 5, w2 IRME R

+qr =0

PP+ p-1)p+qg=0

D2IRE p1, po T DL, (3.4.9) O— BRI

o ) aet A ee (p1 # p2)
c1ePr + cosef®  (py = po).

In5
_ citPt + ot (p1 # p2)
Cltpl + CQtpl lOgt (,01 = pg)

3.4.3 BETHDZDEHL®. Poisson &R

Qo > n .
(3.4.10) A(r,0) = 5 ; r"(a, cosnb + by, sinnf),
1 2 1 2
ay, = —/ U(#)cosnbdh, b, = —/ U (0) sinnb db
T Jo T Jo

EBL, BB, ORI A(r,0) 13 Fourier #BGRICHBWT, ¥ @D Fourier #ED Abel A &
IR TV,

u(rcosf,rsin) = A(r,0) DEEDEM & 72 o T2 DIF 7203, HFEDE & 272358 13D Z
57 %

220 Euler 0Bz 80MAAEROEE L 7 5 22, MEREAEOAERETIN2 0055, #
WM RO AZSZRE X, 2B, Euler BZBERIEETH o727, IS Euler DRI 5751
APV DD BH B, 77ZHIZ Buler DR EF o T, MOANEFEIEL 208 523 E LW,
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s ™
FIE 3.4.3 (BRENESHES Abel MIARESZZ) BRIE U = U(9) 7 O W
513

u(rcos@,rsinf) = A(r,0) (0<r<1,0¢€]0,2n), Al (3.4.10) TER S Nz

X (DP) O HHfETH %,
N J

AERR ST D AR

(i) A(r,0) I3 0<r<1,0¢€0,2r] D&, [MEITHHEZNMAAEETD 2 Z &Rt
(Weierstrass @ M HIEiL), WZIZ C KT, Kl

#2 10 10
(af75+ﬁ%ﬁA“”:0
(i) U 25 C'THBI D5 Y (an] + [ba]) < 0o BEHI, TNHERIL L 725 DT,
A(r,0) 12 0<r<1,0€0,2r) THRICRT %, FHIEHET,
A(1,0) = B(0) (0 €0,27)).

(ZDFEFHDINE. BTEERDGE L RRTH LI B2 THA5, ) n
FFEE A OB 2 RE U 7272 CRROTFEDSREA T & %,

4 N
TIE 3.4.4 CEBIERBICNT 28) o DEkR 51
) A(r,0) 0<r<1,60el0,27))
u(rcosb,rsinf) := { Y(cosf,sinf) (r=1,60¢€[0,2m))
K'C“E%aéﬂé u 1% (DP) OHBFETH 2, )

COEHOIADAGTERDGELFAETDH 5, BRI L TIE Green B ZEA T 2
TR L7205, S5 D5E1X. LIRS % Poisson 7% AW TCEERATE 5, 2ty —
BOFALTEBZ 9,

4 N
fiid 3.4.5 (Abel F1D Poisson T IC & DKIR)
1 = . 1 1—r?
(3.4.11) P.(0) := oy (1 —1—2;7’ cosn@) T ———
eBlk ,
A8 = [ RO - oWo)s (0<r<1.6¢0.2m)
0
EEI 5,
\_ j
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SEER  AEUE 0 1B L T—RRPBR L TW A DT (BAHIT Weierstrass D M HEEDTE 3 ),
HEHRARE D DI[RET H 2 02 6

A =5 [ wio)ds

o 21 o
+;r” (%/0 U (o) Cosn¢d¢cosn9+%/0 (o) sinn¢dq§sinn9)

2w >
_ 5; 0 (o) 1+—22§grnﬁﬂsn¢008nﬂ‘+Sh1”¢sn1”91 o
2 >
:%/0 (o) 1+2;r”cosn(¢—9)] do

_ /0 WGP — 6)do.

ZLT

0

27P(0) =1+2Y r"cosnf=1+2Re Y "¢ =1+2Re ——
n=1 n=1

1 —ret?

re?(1 —re=") 2(r cosf — r?)

=1+2R , =1
e 11— rei?)? +(1—’rc0s9)2—|—(7’sin€)2
2(r cos @ — r?) 2(rcos® —r?) +1—2rcosf + 12
1 —2rcos@ + r? 1 —2rcos +r?
1—r?

— N |
1—2rcosf +r?

\
EZE 3.4.6 (Poisson #%. Poisson &) (3.4.11) TERSNZEE P.(0) & HAHRD
Poisson # (Poisson kernel), Poisson & U & D&HAFH (convolution) TH 2 FE7

(3.4.12) R*wwpiéﬂﬂw—@wwm¢

% Poisson 847} (Poisson integral) & FE5,
N J
DFD U D Abel fl A(r,0) 1&. ¥ D Poisson I TH %:

A(r,0) = P+ ¥(0) (rel0,1),0€][0,2m)).
IE 3.4.7 Fourier I TEITITVWADIZ, DA TEXETHAIXMD ?

(1) 321X Poisson FEE. ZZRIDOKIT n 23 3 LEDHE T —RILTZ 2 WO HELD 5,
(ZAUTH LT, Fourier fBUC & 2 EZ —RILT 2 DIEFEH LWV, n =3 DHFEFITIHIZ
Y5 2Dk, EREFAMBEIEZ HWETH A 505, HYUHETH 2, ) BRITADIL
BRIGRD X 51275,
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-
i 3.4.8 (BRTDIKICH TS Poisson F573) n LD Q = {z € R™;[z]* <
R*} Otz I'p LES L E. v e C(Tg) KHMLT, T4 V2 LHE

Au=0 (inQ), u=1v (onl)

Dfit u € C?(Q) N O(Q) 1&7272—D21FE L T, Poisson DFE7FRI

1 R?* — |z?
u(ﬁ) - |Sn—1|R /FR (RQ — 9. Y+ |x|2)n/2 1/’(9) dOy.

THEZ6N5, 7L |57 & R OBRMIROKREET, -y & 2z & y O Euclid
KV\ﬁé\ do & Tp LOHEBEERLZRT LT 5,

J

(GEBFNHI 2 (06 /0 [24) 5 5 R X, )

(2) MRETREIUTH T2 Green BTS2 5 TH B0, MR LD . BH—BE % 5
J RS T BTHOAROAAIMD BT VEHEEDNZV, EEREETIE, F IR
IHARED E D DI T2 D — £H, MOTEATHENTS, 25K DT TR
VDD ) m

HBEBE PR R OMHBIZEBIT % Dirichlet HEDOBDONRIZE 5725 h? Fourier fifi %
i 5 7= & Poisson o = {H - =DM 5 %2 KD X, MEZRHIC Poisson 7 DHEAEENWT
Bt

s R2 _ 2

wr) = 5= [ VO =1 (€ 0.R). 0 € .21,
Poisson ZDHEEIZOWTHEFL X 5,

4 N

8 3.4.9 (Poisson &DME) (1) P.(0) > 0.

@) /OZW P(0)dO = 1.

(3) Po(—0) = P,(6 + 21) = P,(6).

(4) EED € (0,m) KRLT, §<|0| <rm Zili7ed 0 WAL TR thllP,a(e) = 0.
N J

AlEFH
(1) 1—=r*>0,1-2rcos@0+r>1-2r+r’=(1-r>>0Td22b,

(2) BEITEED TE B 55,

2 1 2T o0 . 2 1 e
/OPT(H)CZQ:%</O d9+2;7“/0 cosn@d@)—%<2w+2;O>—l.
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(3) cos FJEAR 2r DB TH 2026,

(4) P.(0) 33X 0 DHEEAKTH 206, 0> 0 ZIEZNUI T TH S, § <0 <7 T cos
DI BEETZ DS cosf < cosd. W 2T

1—2rcosf+1r*2>1—2rcosd+r?>0.

HOHELT

1—1r2 1—7r?

0< .
1—2rcos@ +7r2 — 1 —2rcosd + r?

ERAS/PX5)
0 < P (0) < P(6).

rtledse, Gl = 0BHLLELS (R — 1 —2cosd+ 1 =2(1 —cosd) #0 1
FE). fIzoE—Hc

17}%111 P.(6)=0m

0.9 — T
p(0.x)
p(0.1,x)
P p(0-2:x) -
08 | / p(0.3,%) ]
{ p(0.4,x)
i p(0.5,x)
L ' i p(0.6,x) - - - ]
o P pOTH)
06
05
0.4
03
0.2 |
01 F " . - . s e
0 Il
3 2 1 0 1 2 3

X 3.1: r=0,0.1,...,0.7 X LT P, OF 7 7% [—n, 7] OFEFHATH<

(TEEBEBICIR L TS ZeELonzs ? )

4 N
2 3.4.10 (EHIEED Poisson &) A 2 OEHIEE U: R — R A9k 513,
(3.4.10) TEFKEXN DB T D Abel 1 A(r,0) 12DV,

I A(r,0) — = 0.
g&gﬁ“(%@ (@) =0

DFED rt1DEE, §€0,2n] ITDF—HRIC Abel F A(r,0) 1Z U(0) IZIRT %,
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SEER U IE—HRERETH B H 5. Ve > 0 WKL T, +0/hEk 6> 0 2HL5 &,

0—71]<d = |¥(0)—T(1)|<e.

ZZT
Mﬁ@—WW%jA%RW—¢WW@—WWDM=:W@qﬂ@—éWﬂ@—WWNw
&b
A0 v < [ RO-oe) —vOldor [ PO - vo)ld
<2 max |9(6) e P60 — ¢)do + e /w s Pr(0 — ¢) do
<2 max [W(0)] 27 max Po(r)+ e =dn max [W(0)] max Po(r) +e.

GOF 1THIZFE 349D 4) 225 r11 D2 E P IZOEF—FIC 0 IR T %, m

T 3.4.4 OFEEA A2 [0,1) x T, T =R/27Z IZBWT O~ T,

0? 10 1 02
(5ﬂ75+ﬁ@ﬁA““—0

DI DILDZ eE, EH 3.4.3 QAL AR TH %, WRIC uld B(0;1) TC® KT Au=0.
u DEFEDNS u PIFFEM

u(cosf,sinf) = 1p(cosh,sinf) (0 €T)

Ziiz 3 Z EIFA S 2 B u 23 0B(0;1) LOEREDR. D% D (cosh,sinf) (0 € T) T
B TH D AT 5 2 & TH 205

lu(cos 8, sin @) — u(rcost,rsind)| < |u(cosh,sinf) — u(cos ', sin )]
+ |u(cos @, sin @) — u(rcost rsinf)|
< |¢(cos @, sinf) — 1h(cos ', sin ')
+ max] |A(r,0) — U ()]

0el0,2m

IZBWT, (rn0) — (1,0) 322 &, A% 1 HIZ ¢ OHFERE» S, GUF 2 HIZME
3.4.10 226, WIEND 0 WCRT 222 0h %, m

3.4.4 HMHOAE®EE. HREFICHITIEDOAT

Mtk & FRRIC. ORI, FERFEIEClE Fourier D /7IE TN KD Hh 5,

Euler AREIXO—MRIZIX logr 0 r ™ 28, r =0 TIFERREND - 7225, FREED
MRECIX. 2B NERD DL ULTRI Nz, MO EE, MREBIX r =0 28 %R
Wiz, THHDEORNKOFIUTES T 5,
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FROAERMEE O %A FHONEREE {r € R% (2| > 1} 358 %, QIZBITS Laplace /i
2D Dirichlet [
Au=0 (inQ)
u=1 (onl)

DIFD 5B, BRLS DI/ —DFELY, HIIEHEO & & R 7T Z e ptisk 2,
Z AU T,

Qo

o) r~"(a, cosnb + b, sinnd),

WK

U(r,0) = — +

1

n

ezl

1 21
an:—/ U(f)cosnbdd (n=0,1,2,---),
T Jo

1 27
bn:—/ U(f)sinnfdd (n=1,2,3,---)
™ Jo

ERIND, (ZDHER. r— oo DEZWIFFRITLLZRVE DI, r ZETHEMRMN
TW3, )

Hiﬁbﬁiﬁ Q %P{I%ﬁﬁ\tﬂj Q = {LL’ c RQ;Rl < |l’| < RQ}, Fl = {JI c Rz, |$‘ = Rl}, FQ = {SL’ -
=Ry} B E, QB3 Laplace HFER D Dirichlet [

R?; |x
Au=0 (inQ)
u=1; (onlY)
u=1y (onI}y)

D u 137272 —DIFE L. ZAUIMBERE T,

o0

1
U(r,0) = E(ao + bologr) + [(@nr™ + byr™) cosnb + (c,r™ + d,r™™) sinnf]
=1

n

LREND, 772U BE {and, {0}, {ca), {dn} 13

21

1

1 2m
a0+bolOgR1 = %/ \111(9) dg, a0+b010gR2 = — \Ij2<0) d@,
0

3
S—

2w
/ Uy (0)cosnfdf (n € N),
0

=

T

1 2
Om,R;L + ban_n - / qjl(e) cos nt d@, anRgL + b”Rz_n =
0

27
/ Uy(0)sinnfdf (n € N)
0

A=

1 27
0

TEDLNS,

BHE R WS ZEE2 D3RV O—EMIZR D 720, FlZIE 0 BHE ¢ = 0 1an 35 LT, u=0
& u(z) =log|z| DZDODDH 5,
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3.5 FAMBEHOE S FRT. Laplace TERAEDEAKRE, Gauss D
EEFIAEE

BESMERE DD AR OWTE Y 2 BN, #AMBIR DI R b 5800 % FRMBIE D
A RMHZRML & 5

3.5.1 Green DT
FTEHL Gauss ODFEBUEE EZEVWHZ 5,

4 N

EIE 3.5.1 (Gauss DEETEIE) QO = R” OFHREEL I = 0Q ZERED C #ERIE
HIE 225720, 713 T LORICBIT 2 T DM EHEAIERERZ ML 352 % Q O
FETEHREINS O MOLEDORY S FITH LT

/divfdxz/f-ﬁda.
Q T

kkﬁb do 3 T OHBEELREE T 5,

)
ZOEHIIIEMEICEER T 2 D0 LWEMT (2 205D “LWDnIFA” THD), XHEAL
FEPNTVEIREIFND LW, LarL, DUNEA T 2 EHEZmE T, G Z 0@z v
5DE, T Q VIR TH 2EEPZ VDT, HEHXKUTTIHEIIRWES S, RDfnE
W ZDEHOEHLEEMZ TH D (ZDFDHBERREGEDD L 0,

4 N
% 3.5.2 Q13 Gauss OFEFCEHD KD LD X 572 R® OFFFHET, I IZZDHEA, n;
T EDOAICBIT2 T ORI EEAERRZ bLOE j Ko ERT LT 5, Q OEFHT
O R DEE DBIE v 1T LT,
ou

—dx:/un-da 1=12---.n
anj r J ( )

\ﬁﬁ}‘z DNLD, 7272 L do i3 T OHEBEEZRL T35, y

SEBR 5 R u, FRUSN DRI SERER 0 TH R XS5 W UER f L LT (D%
b f=ué). Gauss DRECEFZHEH T2, m
Green IZ X2 HHBRLNRZHEMTL LS,

Brsohrwnd b, FFAZOD OIFHEMARGTHETZIUIEHEL < R,
15George Green (1793-1841, FE[E D Sneinton 24 F 4. Sneinton 12 THET ).
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~
T2 3.5.3 (Green OFED LT (Green’s identities)) Q, ', 77, do (&, &M 3.5.1 & [A
CLtd5,

(1) u, v 23 Q OFEFHFTERZEN C? #, Ct iz 1%

ou
/vAuda:—/v—da—/gradv-gradudm.
Q an

( Green’s first identity &ML, EFRT 2 & [Green D 1 1R 7227 [Green D
LRI WIS FEWHHAE@E? )

(2) u, v B3 Q OEFELET C? A 51

ou ov
/Q(vAu—uAv)d:c—/FG)%—ua—n) do.

(Green’s second identity & FEZI, )

(3) u 23 Q DILET C? Pz b3

/Audx— —do

B u ST B 25811 /—da _o.

N /
slEEAR

(1) f=vgradu ITHLT
divf: gradv - gradu +vAu

725 (BOWITE), T4 Gauss DFEEBEM T HW 5
(2) (1) & (1) Tu ¥ v B2 AR EREZAERTHL I EETUT L,
3) (1) Tov=1,BL (HBWVE f=gradu IZH LT Gauss DFEEEHEZHV3), =

ZOME 3.5.7 d “Green’s third identity” EFEAT, ZOMHEICANDS Z 2D 5,
ZDOMED (3) 225, Laplace T D Neumann 55 HE R E

ou

Au=0 inQ, —
u()ln,an

=y onl

DMRZ RO/ 0I1Tid, HYE 1/)75>/@/)d0—0 iz T DR ETH DI EBTHh 5,

3.5.2 Green @ third identity
2T Laplacian OFEARMBE FINZ Z IR B E #EAL L5,
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4 N
E&E 3.5.4 (— A OEFRE) R\ {0} LOBK E %
—ilog || (m=2)
(3.5.1) B(z):={ 27 -
o || (m # 2)
CEHET Do 77 L & m RFEHAIROWEL T 5 w,, = / dz.
|z|<1
\ )

EE 3.5.5 (£ ICDV\WTOMHLEER)

o KIZXoTid, R™ OHNEKE S™! O |S™ 7 ZHVWTW23DHH 5, HAN
B, mw, DRAMICZ S Z 2 ICEEE L, (R™ OHMEREOMEEY ™! ¥R
TARLDo T, HEPVETH D, TENNRVE VWS EKETIE, |[S™Y 25 PR
Whrd LAV, )

mwy, = [S™ !, BIZIEm=3DL =% w3:§7r, |S?| = 4.
em=30DLEZ, KLfESDT (BD1D) XEFVTBL,
1 1

o VI 7BMWTA RV ZBITIRZE D, m>2 DL E, limE(x) =400 TH%, m

z—0

~
e 3.5.6 (F OEAMAME) £ % (35.1) TERINIEK L T2, XD (1), (2)
DI D ALD,

(1) B 3EEEZROCCHMBEKTHZ: AE=0(nR™\{0}).

(2) B 3ESCREEDR D 20, E BE L E O 1 BPEREBIF S OLMHETAESTH 5,
ER/YPX5

/ E(z)dx < oo, | grad E(z)|dz < oc.
|z|<1 lz|<1

N J
AERR (1) §3.2.2 “r = |z| DADREEKTH 2 ML THE» D7,
(2) (U OFIEDHEEL D50 5726 m =3 OEEZEEINCTENTAS L X, ) EED»H

1
——logr (m=2)

E(x) = f(a]), for):={ 274

m(m — 2)wp,

EEFET DI, MPBERICERLTHET &

P2 (m £ 2)

1
/ —rlogrdr (m=2)
0

/ |E(z)|dz = |S™ ! /1 |f(r)|r™ tdr = const. x 1
lel<1 0 / rdr (m #2)
0
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RIKENT 2P OEEN, O EIEFICEETH D, FFETIX “Green’s third identity”
CIEHEN D, HAETIRES LMDV E DS TH D0, 27D Green DA & FEXN
51 LWHOERNHD, TITRZEIUMS 21T 5, ZORK (D 2z € Q OHE) X H
BEGHCHEA R — A By —x) = 6(y — ) ITHES 255 (EEE 3.5.10) DAEAICHIITZ %
M, W ZDEEEZFATLTEHICE o TIX, Green DFED LR (2)

[0 20 ) 2oy = [ (o550~ ulgo0)) o,

r
o(y) =Ey—=z) 2ZRAL. —A E(y—2z) =0y —z) ZHVTEET 2 Z L TERHITET
% (f&fE. ROMEDHZ XI1E5 Z L IZHKRBE WO TH 523, @GR E Y e B LR
{72oT, RAZEWHEBDLD DL 0W52THB),

4 N
#8578 3.5.7 (Green DT (Green’s third identity)) T' Z R™ D & 572 HATEARH .
Q% I CTHENZARESE, u: Q — R % C? OB E 2iEFK 3.5.4 TEFLZ R™\{0}
OB T2 x. ROFEXDED LD,

- [ Ba-nsumdy+ [ Be- y>§—§y<y>d0y -/ u(y)a%m ~ y)do,
ur) (e
= Eu(x) (xel)
0 (z € R™\ Q).

72720 z el DG, FEUE 3 HOBEDIIRD FEEDTH % L ERT 5,

0 . 0
pv. [ uly) Bl — o, i=tim [ u(y) - Elo oy, T.={y € Tily - 2] > 2}
I

Ty =0 Jr. Ny
J
SR m—3 ¥ LCAHT 3 (25 TROWEABIAETHS),
(i) 2€Q DFE ¢ % Blrje) CQ ERD2EI% (TH/NER) EEDIEKE LT,
Q. :=Q\ B(z;e)
EBE, Q. T Green DFEITAIN (2) ZHW 5,
0 0

(/(E@—yﬂﬁww—uwﬂ%E@—yD@Fi/ (Mx—wgiwy—mwg—Em—de%-

c e Ty Ny
zzT

S. = 0B(x;¢) = {y € R |y — | = ¢}

YBE,|S| TS DREEEZRT T %,

AyE(x—y)=0in Q. THH, 00, =T'US. THZD5

ou 0

@32 [ Be-p = [ | B0 5o - utgEe )| dr,

+/¥Pﬂx—wggwl—wwé%E@—yﬂd%-

ony,
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TZTel0TBI%REZD, EATOVTIZ (BEDEED Q TAIREITH 20 5)

ggQfﬂm—wﬁuwﬂy=1¥%w—wﬁuwﬁw

—7J7 (35.2) DEHADS B, T LOMHETIE e 12X 560, S, FomEED

o 0
L::/nEuwﬂDE?@M%, Lﬁ=/fww57E@—yM%
€ y y

€

BERT D,
%3 Schwarz DAFEREFHWT,

1| < L/ Ou
471'5 Se

an,
—h. S ETEn,=—(y—2)/ly—=z|, ly—z|=¢ THSDT,
0 0 0 0 (1 1> 11 11

Gu| = |gradu - n| < |gradu| |n,| = |gradu| TH 205,

1
do < — sup |gradu| [ do=¢ sup |gradu| — 0 (e0).
dme ly—z|<e Se ly—z|<e

(z =) or drr? 4 e?

o, " or oy

drr

(D2 %E(w—y):ny'gradyE(x—y): ymo L) L1 L gz )

Cly=al A fy—afF T Amly—af? T 4me?
W2

1 1
Jg = /SE U(y)md(fy = W /S5 U(y) de.

ZOEME. S. BT u OFEHEEICZE 5 TWE DT,

li = :
im J. = u(x)

(560 |1~ u(o)] < s Juty) ~u(o)] g [ do = mas [ufy) ~ u(w)] > 0)
WZIZ (3.52) Te—0&LMREE LT

353) [ B sudy= [ |Be =050 - ul) g B - )] doy ~ ulo

8%, BIELCHERZSE .
(ii) z e T DJPH FEIX
Se={yeQly—z|=¢c}, I.:={yel;ly—z|>c}

BL, ErEBRIC Green DD S
0
@3) [ Be-paundi= [ (g B - Ba-n gt do,

21550, THEIX



b, FEE

DD ONS, m

3.5.3 FMEROERBOERTR

W 357 ORY LT, KOEHAET 5, A u k. BRTO u & ‘9_ DIEF T %

AWTEEND 205 DT, ERICHRERLHRTDH S (HHEIRT Cauchy @ﬁ""f&’
LT3, 25 LE > THEBOMEZT TR L, ERBDMED HEITR 2 HITITVD),

-
EIE 3.5.8 (FAMBHOBRBOERT) I, Q, v FLOEH T, X512 Au=0 (in Q)
DIV o> TWVWB% 518

5 5 %@ (z € Q)
/E(x — y)%(y)day - /U(y)%E<1’ —y)do, = Eu(a:) (xeT)
g ’ : ’ 0 (z € R™\ Q).

72720 el DFE. EHE 2 HOBDPIFHEESTH 3 LfERT %,

AR Au=0%2KAT27%T, =
[% 3.5.9 (FAMBIRDEENE) EEOMHEBUCE T 2 MBI FEMTHITH 5, K C"o]

WMTHD 5,

ﬁﬂﬁ(OWMTﬁé’twﬁ%)EE?55%¢©tiéﬁL£mf\%@358@%@%?
. IS TOMANFEITHTELEZ b0 %, »

354 El3 -/ OEXETHS
ROEHSHE 3.5.7 DRTH 5,
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-
EE 3.5.10 (F 1& —A OEXBETHD) feCPR") LT DL X,
- [ Be-p it =) @er)

Rz

(355 - | Bw & fg)dy = f0)
\_ J
R Mo k. f ORCOMAZELEILHR {ye Ry <R} 2 Q &35k, f i
F=00={ycR":yl =R} DEHTOTHE05, HRALOBEPIHEATLESIDT

- [ Bla= 2 1wy = fa).
FErdHE R 2K LTHHEIEDLOLRVDIRHLLTH 205,
- [ Ba-p 2ty = fo)m

HERIBGRO S IELMES & (3.5.5) &,
~AE=6 (§1% Dirac D71 XEE)

CELZEDHRDZ, ZOHREF E D - A OEXME (fundamental solution) TH 3 Z &
EZREKRLTWS, 2 E-oTH, BEAEGERS TV XBEBE S ZRWADBZ NI T RDT, KIH
THAZ A %o

3.5.5 TILRBEHEICDOLWTDRHMIDA A

TL R BN THIN 2 b DD—FETH - T, FHAINCHHT 2 DIEIARIEZ XA
DUEfEDSNEZIZDS, AT & 23 Z E A .

P ClE, AR T I (FIZIXBETFDO LS4 TH, WL HPXLTH/ETIIRY)
T ALR DL TWED, 1RIRERL TV LT 2 Z e AR H 2, HlZITE N
(BROEEIMERBEDO R N1 DD RUCEF L TWD), SEM (AROERMIMEED N1 DD
RIZEHFLTWS),

CHNEMD/ZZ LI LZDDOD, T4 7y 27DTNX (@) s TH 5,

DUR, “i2 2 R Bt itz il A %

il (HELEMZEWIEINS & RWV) AFHEOAICOMLTVT, BEDN 1 ThHdL
T3, TOEEY p: R" >R 35, BEOEK EaT2E) &, RENL VWS Y

Rl
/ p(x)dx =1

rof (LIZLIE supp f eFED»ND) 2id. &G {y e R f(y) # 0} DEAETH %, f e CRM) ki,
RS RBOC®H|THY, fOBB R Dav Ry VEETHE I E2EKT 5,
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DD LD, DD (BT LDZI TR THRWY)
x| <1 = pz)>0,

lz] >1 = p(x)=0

CIRET 5,
e>0 X LT,

i SEQRaN
(3.5.6) / pe(x) dx =1,

2] > = pe(x) =0

MDD (y=x/c £T5E dy=c"dr £725 Z LIZHFER),

e DVNZIWIZEE, p. DT T 7IEML RoTITkh 2, 2KDEIZ 1 TEDLRW (2545
EOWHEo72),

R LTE e — 0 OMRIE, FA1FRIEHFLTVWS X5k 2:

é(z) = liII(l) pe(z) (BBLWR).

e—>
WIS ZOEHED lim #EHET 3 L.

(3.5.7) 5(0) = oo,
0

(3.5.6) DI D LD 5,
(3.5.9) Nﬁ@mx:1(:5&5:z%%ﬁﬁé)
EBWVWWE ZALEN, 62 (3.5.7), (3.5.8) iz T HBORAKTHNUL. (BT LWIZIFLA
YEIZL A0 THEND)
/né(x)dx —0 (25BN ).

DS ENT 2o THERL (3.5.9) DD LD X 5 1B OBERDE S 41 (L. Schwartz,
R, 0 IZEBIBOREN LB 25, ZDamIfMERER20DT, ZITIERLR
W(—BRTHALTHBL L (35.9) IFA TRV DICEZIRZ 52 212725),

T, EEOHEHRE f 1T LT,

e—0

lim [ f(z)pe(x)dz = f(0)
R

T2, SFE 0 DIERIH OMERE LD, T — 0 DR E & o THIZIFRAED Z L 23K 5,
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DI D LD, FERR
Faputo)ds = £0) = [ flapla)in = 10) [ pla)ds

R”

THDHINHe—=0DE X,

- f(@)pe(x)da — f(O)‘ < sup [f(z) = fO)] | pe(x)dx = sup [f(x) = f(O)] = 0.

|z|<e Rn |z|<e

Inro
(3.5.10) - f(z)d(x)dx = f(0)

#% GHIK B, FIE Schwartz OIFHTIE, (EREOMGIIEL f 120WT 2 ORI D Lo LW
T TAREBE 0 ZEERT S,
HIETE W
- [ @A f@) s = f0)

2 RAINCH 7R85 (Green DFEST N H#HAH) L7
- [ 8B@@ 2= 5O
Al))
— A FE(z)=0(x)
BELNE. WD ?_ CIZHE 5,
BRHE p TRBADPDMLTVE L Z, ZOBMDIELIBHBDRT > > v Ui,

—Au="2
€o

il T e PHISNTWS (3.25D (3.2.4)), @2 IZHER
—AE=5§

. BEAMR E DPFERICEIr MBS EROIELEZDRT Vv L (D g fF) THAB. &
WS ZeERRLTWD,

B ZZATANGZE, JHRIZQ EWVWHBMRZEL L& fo KB 52EHOBEMIE
1 Q

47T€0 |£L’|

THDHRLEWVWIHIILERHZITWVWA A2 LNRWL, Q=12F5¢L 11 n=3DEED
E@}zgﬁ% (HLBIEE 1 /20 ZRNT) BT 5 L 7B THS 5,

47r€0 ||
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3.5.6 Gauss OEEFHDFEIR ¥ FAMBEB DRz KERIE
ROEFHHE 357 DR TH 5,

~

[Z""F_IE 3.5.11 (Gauss OXETFHEDEIE) u DK B(a; R) = {xr € R™; |z —a| < R} IZ
B TEHE, WEFCHMTHIUX. v OHFINIBT 21 u(a) 1& v OIRE _EOFEIFHEIZE
LW
(3.5.11) u(a) = ;/ u(z) do,.

’Sm—1|Rm—1 |z—al=R

\_ /

SRR M REET 5720, m#£2 OBEORHEZELDS, m =2 DFED E oL AT

BB, FZETEREIODYI>Tm=3 DLEDIHERE T 2DHBRVHRD LKW,

E¥FT ud T={reR™|r—a =R} ETADT C* hDGEICFAT 5, EMH 3.5.8 12

XoT,

(3.5.12) / Bla- )2 do, — / u(z)=2

r 9 r

Ty Ty

E(a — z)do, = u(a).

EAOE1HEIZ 0 TH 3, EE. T LTk

1 1

Bla=o) = gy 7

FEBTH 206, HITDINIL K DHET,

ou 1 ou 1
E(a—x)s—do, = do, = 0=0.
/F (0= ) 40 = o s R Jp o, %% = (= 281 R
ZIZTEM 353 D (3) AW,
RIZ (3.5.12) DALDE 2 THIZTDOWTIE,
) 0 1 1
E _ - 2—m
o, Pl =) 8r{0n——2ﬂ5m—wr }

|Sm—1 |Rm—1

r=R

WERWEDEBTH 205, ErOML L hHET,

0 1

DEzge®sr (3511) BE5N5,
uD T FTC*RTHROVFEIE B(a; R) DD IZ Bla; R—e) DOWT LO#EmZ1T- T

1
u(a) = —|Sm—1| = /|a;—a|R—a u(z)do,.

2RTHS [0 2T 5 (M v OFEBEKIIHEA LN L ICHER), =

FE 3.5.12 EKEFHOEH OIS ) 50D %, FHlZIX
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o IRICHT 2 FHFIREE DG AR E X BARRNICHET 2, 2 ZouoB R ERzHLE 35
HAERICE T 25 FEME D, Fourier fEUC X 2 MDFERZE G270, ZHUITX B L,

1 1 2w 1 2w
u(0,0) = = —/ U(6)do u(cos B, sin 0)do.m
0

2 :%0

FIE 3.5.13 (FAMBEMOBRAERIEE) Q% R" OFRHEE. [ 2Z20HR 35, ud
Q THfE, Q THAMTHD., Q DRICBVT maxu(z) ICEFET 272 51X, Fid u IZEK

z€Q
BT DH %,

A e € Q, u(a) =M =maxu(x) €3 %, Bla;r) CQ ERBEED r >0 1L T,

z€Q

u(z) =M (z € B(a;r))

PLUTMBAL XS5, O< R<r B3FED RZHW%, FH 3511 EIRE u< M IZXko>T,

1 1
M:U(CI,) = W/'IQ|ZRU(CL’) do S W/MM:RM do = M.

RN e GABEFELVDT, AFSEEFESTRINZRS LW,

1 / 1
—_— u(z) do = —/ M do.
|Sn71| Rr—1 |lx—a|=R |Sn71| Rt |z—a|=R

wlFER T, u <M TH2056. TOFEADKDILDIIE u(z) =M (Jv —a| = R) TRIFHN
3B 573%0, RIMEETH 2056, u(z) =M (x € Bla;r)) 23D LD,

BRISEERN ZEEORRZ T AR, Q2K Tu=M THH 215, u

2B, FREFHOEMIID 2 BRTHA D LD,

4 N
EE 3.5.14 (BREFHOEEDYE) Q1F R* DEEOHEET, u: Q — RITEHT, QI
BENBZEEDHAIK B(a;R) = {r e R*; |z —a| < R} WX LT

1
U(G) = W /;c_a|R U(l’) dO’x

Kiﬁ‘ﬁibﬁ“)t?‘éo CDEZE uwlE QT O™ KT, FANBEKTDH 2,

SR AT 5. BRI (59 2R X, w

EIE 3.5.15 (Harnack OFEIE (2D 1)) Q& RY OEEDOMHEE. {u,}nen 1 Q 2B
MBI 572 55T, Q TIREHRICWNRT 295, TDL MR u:= lim_ w, &
Q THMTH 5,
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slEEA

K :=B(a;R) &% Q NOEE DKL T2, REFHOEH (EHM3.5.11) Kb, £E

DneNIIHLT

1
o 0) = T [, )0

DD LD BED D {tn tnen & u 18 K I2BWT—HICET 2525

1
U(CL) = W/';M:RU(ZE) dO'm.

KA OB OM (B 3.5.14) 225, vl Q THMTH S, =

3.5.7 B FF: TILIERCERE
DURDR D & D302, B3R (EBICH o @2l v k),

H
<

H

N H N H

&

TEREGRE EoTh. BroBWEIEAHELHWVWT, ILHLZVDTIT, ]
TREER AR L 7-ER T, MBSO EHICTE R XS ICEZoNEHD, eV IThE., A—.

O FELEHATE 2 HE N W T T -Dirac DT ILABEEIIH > TWB DD ? ]

ZZe, BREJTEaavyeRoTWETIIRRLRAN - ZNT
5(0) = 400, 8(z)=0 (x#0)

EWVS kS RMHEERO L B WIERADH D £7,

(¥HZz57208, 20X FTETVLXEKZRZ SN TRV, TEHUL

/wf@w@ym:fm)(fMEﬁwﬁﬁ%ﬁ)

YEoTHLVR, UeRirolb, DT §(0) = +oo IHAT

/Za@ymz1

EHEHZTHEOLWEW, T2 2803 TlERL, ) 1 R 3BEOEBERZL VWS 2
773,

NIdH, T, ZHADBBEBE S VWHSEEZEBIHAATLLED ? )
(HH., TAREEIZEEOBBL 22 WAT X, |
MERR A7 A TEEIRZ 25T ? )

(5 —A, EB500EED & NAL, Lebesgue 74 T, HEERKE WS HZE2 B ER
DD T BT, TAXEBITZE S WD XS REBOMEICD iz v,

[ ZHETVATL &,

TEDOMEZ Lz & T—RoOHIEZ 0 7200, —HTOBRBDELZZEZTH, EDDHEICIE
BNV LBV LB FRAN? | (ZIVRBEADVEZSEFIT, BALZS
HIHLEo3? )

(25 FARRABKBLET) HABRUAIIEoTHIS. )
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<

i

(29Tl ik, T3, TAXEBIZ2=0Z2ZD2VWT, {HIZ 0 BRDENLL, ZORETIZEK
B0 DT DOED 0 e ZEDLSLRWET RO,

/ D(z) da :/ 0dz =0 (D ZEALSTIE 0 TH 3 & 5 RIEEOBEE)

CORD D IZTFNVRE 6 #RATZEFETZTL &0
[T % 7V XEEBUITEE L W,

(Z5, MOMwHMBERTE 2 X572 F e dRBKICIZ LSV, o oEBE, (51572172
M ED, WES S, )]

TZARDBDNBE S LTRIZLDODTL ED ? )
Fele BT A
(228, FORZBEERNRHAL LTRETAXBERIZEAAADHNITTH 5 £ WO HER
H3, ]
[EAAB S TAITLIZ20F ? ]

[Fourier fRMT CE - 721X 3720 68> THIE T3, BE f, g TN LT,
M@—/‘f@—wam@

TERESNG h % f g DEBAAALEST, frg LHEL LVIRD, BARABTHRLT
BRI B > b HNE . ZORD g DL BT ARXERERINRALTAZ L ?

Nedd

PPV RBEROREDT (MO E 3y TESRATEL)
| sy = 1) (7 wiEmoEsE

D f(y) DIRODIC f(z—y) IKKR>TVWBEDT,
f*d(x) = “BEK f(z —y) D y=0 TOME = f(z).
D fxd=f.]
3D, FR2THEBOHID FE A

MBZIE —A DEERBE LWV 5DI1F. —AE=§ 2T 0nW52% /7 —FOAIZE N
TBWRITE., 2o

u(z) = /_oo E(z—y)fly)dy (ZHUI E & f DBHAA E* f 12l 5720)

TERIND ud —Au=f Zil/lTIERROISICHMFETESL L5115,
—Au=—A(Exf)=(—ABE)«f=6xf=F.

ZZT i(f*g) = ﬁ*g EVIRRBFEOETD S 5721FE,
8l‘j 8$

J

A58 2 S 7 DIF T D EL7ze RTEZATAE T

168



< TFNEBEEIITTA Y EEDE Z T2 5T, VHNZFHHE WS DHEE L I3RniT e,
RoTAEIIN?]

A T HED
Z THEHREHNLRWT, HIZIXERRFZINC TV XEBIIAERE L THRTE %, |
B NE? 23T ORABERLRTHTT. (ZOlsbroRVnE, )]

o TH#ETH MBS 20EBEZ20Y. (KEER2RWENEOER 1EREFEO DT, &<
FEZTAHADBEOHMZEbRn? BE (B /A 3ERERICRZ2TLx? ]

B THH, 250528 TTh, AYF L TH/NIREBICEMB ML TV ITFIE, FEE 0
W L7MRE#E 2 %5 (L) 205 28 T34

Z TZ5%5, 2%D -
/ d(x)dr =

5(z) =0 (z#0)
BEMPIFER—REZTICEFRLTWE, WS, 290, HICHBHREES LD b,

WBERORIX 1. £ T

TILZEKIZ. EFE 1 ORERT (BUKRER) OEREEOKFENRIR
Y E oS DIEMER 75, )
H TEFHh7TLEAEBORXDA X —JFOFF L7,

Z THEGOHHAE L THZL AT, BMEE p CTEMAIHLTWS X, ZABESELD
FrERT V> voL (BEN) ¢ 11X
—Ap=p
Ziile T 0 0B LT Y, Zhe — A OERBOIREME

—AE=9$
ERERZ . (0 BB REROBEMERLZDEND)

BEAMR F ZBRURBEOESBISZOHERTVOVILTHS

WS IR DET, EAMMD THEAR) D=2 7 VADBEHATL & 9.

B N3Ed. )

. THNSEMOME TEAMR) oiud, FEOBROBEIBENZTIRTH S, LFedHH
N2307%%, ]

18 — MIFFHEER ¢o LWV HBIEBIEFCTH 21T, BAZELIHOEZAT =112 LEeEZTK
72EW,
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3.6 FRDTFETELFA

3.6.1 BN IE

RO E I, BIET TR T 2 2 e R0, — R DOREEIC U THROTEE L L
BT 21215 LA X0nWEAs 507 2k, BEAEOOLLWVIETH- T, T I TEHL
WEBHIZHR WY UL L Z MRS A EROERRO SN INE LN AT H S
DT, REMRTFEE T KHHECHALTBL, 3 CHEMICHML X5 3208 I1TR
WV, RBICHEWT FEAT) 5 XIUIRENMTH %,

AL TEBEWI MR 3 5Th s,

o MRDIFEAEAFIED R DHEL W 2 WD, ZF W E LB EBEDLD B,

o FROFTEAAZ L LS 35 ., BT OBEMEDRE T oD K512k 5 (R
RITD BRI 2L TR DA N BRIC 72 5 D T)o EER. B 2D FTRCB VW TIERNEAR
A[R7H DT %, BRI AIIBRRORM S RGO EMRETH 5,

o MEDIFEALIIZHIRAVL S DIT/Z D HIH T, BT OV T OB R EHRPHEE 2171 <
W EDZWV, FHC LN RBIRD 513, BIEEDORENNE L Lo TR D, BEE
EERICD A DD, £ ITHBRRVEEDLD 5,

3.6.2 Poisson AIENDLHE
[ %7 R £KICHESICHR L, F % (3.5.1) TER X4/ Laplacian DEAMEE LT,
wle)i= | Blz =) f)dy
B, THLHEIT
—ADug = f

DD ZDY, FTRDBE ug & Poisson HEERDFHRETH 5, WRITvi=u—uy £BLE v
X Laplace F#ERD Dirichlet 35 FERE

Av=0 (inQ),

v=1v—ug (onl)

DY 725, Wz, Laplace JTRER® Dirichlet B2 5UERIED —fRICHIT IUI B W Z 212742

5, (0% D, FAXGERDOFHEL—200 D RTGERD —BITH T UL, FEFRKTTHE
REHICHES ZENTES, LW XK DHIFMETH S, )

Yz #2113, Z2ROTZEMICBVTIE, FHEDBINT T 4 —ITEATWENHTH S, Fid, #iET., B
BRI E Lzp, BERICOWTH, 2AUCHEBICE T 2 WIHER SERE OB OIFEEE R T DIZHE LW,
R TE, 1 ROTOZEMMER, TR2bBEMKXM (0,1) TULIROTFEERL TWARNWI LICERL &I,

DB DM TIZHS 2, HIMPRERTE Z % & AEHIEHBHEEI TS 2, fe CH(Q)NL®(Q) DHER
B [59] DEH 3.9, (& D —fD) Holder HEHDOHEIX, FifR [34] DEH 15, H 2\ id Kellog [85] & H X,

170



R 3.6.1 COZLIEYWHEIMNIEZD ., BDEHICIEWE SR TH D, EE, EAMHE
E(z) BRFACHEMEERDID 258 DEGDRT VXY VTHE0 5,

EAICEN Q B52BE0OBEHORT > > v L QE(x).

o My IZEM Q BDHIGEDEBHDRT V¥ I QE(x —vy).
N
° ,'f—:_'; Y1, -, YN 0:%% Ql,...,QN ﬁi\zééi%é\@%i%o)ﬂ%iy\\/'\”ﬂ/({i ZQJE(x—y])
j=1
ZEENCERDEAANC ML TVR e &, ZOEMEEZ f L TdL. BHOKRT~
¥ U(z) = / E(x —y)f(y) dy.

R”

@;5((:7;60 '?}tEOVC_AU:ffﬁéztaiE%&:ﬂﬁ?%énéo [ ]

3.6.3 Fourier OFEDER

FIARTEIE. FOAMERmEEL PR & DI5EIZIE. Fourier DFIETI £ 1{To7%2 2D
finz, EAEMEELR Y, BiimEBIcBIT % Laplace TR OMEE RS 2 D2, Fourier @
TEPMEZ 2 (72720, DRDEELLZRZZIEDDH D), T/ b x o & EHRBEBITH LT
F. oK EATERY (2D KRZRITR)o

AX 3.6.1 (BE: KICHTS Fourier DFE) (MEMHFEHTINL DT, HERH D 2 NIFHEH
ft [59] ZHTHREWV, ) m

AR 3.6.2 (BF: BEEKER) —MOEBICEBWTHRILT 5. Fourier DHFIEIIHILT %
(EBARLKHRV) Hime LT, BEREMEADERE VWS 00D 5, ZIUI RO
BT S EMAREHROBERRE T, [SWEFHOBBDERMTE 5 WS NEDHERTH %,
Lo L. BEEEBOFEIHEZAESH#H L L., BEBEBOBEANRRBIIE S 0wD
T, DEPHEFMEMEOREL IZE VIRV, =

XE D ZOHIFZD LFE ANV, #EHNE, Fourier DA TE 2720052 LT, &
RELETHEROEZ1E 2 7 DITRIBFRIXITENT D 2 ED D 5 & > ZROTEED S % <
1T 7oz, EFEDERE S TR IFIUIWIT 20 & 5 (B ISP O FIRE TR, MUBEE

_ . ot ot o
S > > S A % EFI %F—‘: 2 —
B2 LT, [0,1]%(0,2m) THAS LTS FATC), ElEAR A = o +28x28y2 o
T/ ZRABHERTH > THEH T B Paﬁﬁiéz'fci 5 F LT &b, Wi
. - ,— d d - i
Laplace fEHZEPRIE T £IT DI A = SO+ L@ a7 DEIBHEZ LTV
PO e, EMHE 3.7(p. 183) b EE K,

2GR TH. Euler D FBERD X 5 R AFEREML DEND - T, ZIOMMETIE R -7,
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3.6.4 Dirichlet DRIE, ZB5H&

Riemann (Georg Friedrich Bernhard Riemann, 1826-1866) 23, fRICIKDHARIZH I NS Z &
1275 o 7z 'Riemann OFEHEM | (1851) DFEA%Z T % 791, Laplace J7#1XD Dirichlet 5i 5+
{EREZ M BEPE T T2 Z D7D, XD Dirichlet DRI (Dirichlet’s principle)
2RV,
~ Dirichlet DR

~

2 A\ 2
/|gradu| dx—/ <8—$1) +<8_a:2) +

u=1 (onT)
L EWVWIEHED D & THR/MNTT BB ug ZBAUX. Z3UE Laplace HFERDIRIZK 5,

ou\’
d
i (83771) !

%

W 212, up 1FFK 4 DK D % Dirichlet HEFHEREDRIZMTZR & 720,

ZhUE. ZEREOERE L TIN2mED—HITH 5 (Jt4. B DRKG/NREEZ M
JRERITFE ST, 2V DREGEDFHMIZ -7, T 2T, ZDHIZn /iR
DREZ N DR KR/ NEICHER L T, 2552 M o0 DETEREMBNT, ZOMRE
LT iEROMZRLS. EEZATWVWS),

22T Ju] ZERMNIT % u=ug A’ Laplace HIER 2723 Z L I 3EHICHEIr DO 5,

B J # RN BREIE Laplace AIERE BT 2 L OREER
u=uy B J ZRNTT B EIRET %, EED veCr(Q),t e RITHL T, up+tv &
uy+tv=1v (onT)
27T DT, J DERBIBL TV, u PERIMEEZ G225 2 WS RED S
J[ug 4 tv] > Jug).

THUE F(t) = Ju+tv] EBLEE, f A =0 TRMERI S, LEVEZLNE, kT
A3

ft) = /QV(uO + tv) - V(ug + tv)de
= /Q (|Vuol* + 2tVug - Vo + t*| V) da
= Juo] + 2t/QVu0 - Vudz + t* J[v]
DEIZ 2 REBMTH 206, THD 0 THRIMTIR DI 1 RDOMFED 0 TH 2 MEDD 5:
/Vuo-Vvdx:O.
Q
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Iz

ok

B3 LT (H 20 Green OEM %25 T)

/Auovdx:O.

Q

v PMEETHDIeho, (BDEOEXRMFE? LWV DHHZT)
AUOIO (HIQ) |

ML J[u] ZEH/NST 5B u=uy DIFEEZRT I & TH 5, Riemann FHF). JIEF
B (H1Z 0 LLE) Z2oBehR B oizs LA, JLTES Tldhun?, Bz
HRIOTDOZEM 2 DT, TERMEEE compact ] ¥ WS EHM DI/, RAMEDIEEE
R DIFH LW,

ZD/z®, FERINIIMOTIETHROFHERIAT 281033, 205 DWW L DD
WL 7zh, —J7 T, Riemann {Z X % (Dirichlet QJFF % HW %) GEAAZ IE4{L 3 285 )1 b Hil)
54, Hilbert (David Hilbert, 1862-1943) 12 & » TRz X7z (1900), FRFETIX, Dirichlet
DFEFZ W 25iEIE S HICBEH I T, BRI 2o THIHEI NS Z 20,

Riemann OEGEM DML ERIL, FifF [43] 12 %, Dirichlet OJFEED AL & 72 A
2® 20, B ZATIEL 72 2 & 32T (38]. B O BIBENT A & OB RUIRA - Hhi [11) 2
. Laplace 1272 ¥ OFEH A X DR FERBE O Z /3 ER R HD oo (59D FTHE) 12
DWNWT, HEREF L F o FADHAZ VR SIX, BIZIXEM [74], HEWVIET LY R [67]
HIRWVH,

3.6.5 FABRIC K SEML
AEEIZABHNC. A ¥ A ZEEROBRICOWTHEE D VBN T 5,

ZTfeLl () PMEED ¢ € C§(Q) ITH LT, /f(x)(p(m) de =0 ZH7/2 3R, Fid f =0 (ae)lo
Q

loc

ZhEZEREDEAREE (fundamental lemma of calculus of variations) ¥ FE3,

BIREERTHAT Dedekind A5 [RERA) ¥ T L7253, Weierstrass 23R Bl% 5 27z (0% D Z DFFHIZ £ H 2050
Tol) LW HAREND 5,

M [74] FHEAT. EELFM A FEOEHCHFEY I THRLZZ 225 25, BETIE., 7L YR [67]
DI TR BIDT0,
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e ™
thrE 3.6.3 (FAFMRBABKC EZEEH) Q 2 R O, f: Q>R % C? fiolfr 332
. LURD (1), (2) S D 3D,

(1) fEE® a € R" 1K LT, B F %
Fly)=f(z), z=y+a (y+aecQ)

TEDD L X
A Fly) =0, f(x), z=y+a (y+a€Q).

I b5 Laplacian [ ZEERDFATEREINCEAL TARETH S, FFIZAFf =0 72561%
ANF =0.

(2) fEED n REEATH U LT, B F %
F(y)=f(z), z=Uy (Uyec)

TEDD L E,
NyFy) =40, f(x), z=Uy (UyeQ).

T

I 755 Laplacian [ ZEERDEREZFUCEHA L TARETH 5, FFIZAFf =0 25618
AF =0

GERR (1) EED k(1 <k <n) LT

oF O PF . Pf

Thd2H75H
AN, Fly) =210, fly+a).

(2) U O (i,7) % uy; eBLe, FEO k(1 <k<n) LT

N

B 8@ B af

ayk B g 3yk - L= Oy Uy,
N /N
. aZL‘j . an
WH % k) BT,
7L
H= Of (Uy) ) = f @ Hesse 1751

Wz

NF(y)=tr(‘UHU) = tr('UUH) = tr(H) = A f(z)m
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-

8 3.6.4 (2 R7TD Laplacian L IFRIEEE) Q % C O, w = ¢(z) & Q LER
SNT-EEFMEOERIBEEE LT, Q = p(Q) 2BL, C & R? ZHAKFA—HL T,

Q=R %ZCPHROBEEE LT

Flz,y) = flu,v), w=u+vV—Tv=9p(2), z=z+vV—1ly, (z=z++/—1yeQ)

WEDBE F ZERTHE X (DFED F=fop),
AF(x,y) = A fu,0)d @) (z=z+V—-1yeQ).

SV 5
AF(x,y) = A f(u,0)(ug(z,9)* + uy(z,9)?)

Kiﬁ‘ﬁf«bﬁ’)o R f D5RFIBIRUZ 513, F TN TS 5,

~

SR SR R ORI LD
or _ofou ojov
Or  Oudx Ovox’

CF _(0°[0u | 0 00\ Ou O Pu (B 0u Ff00 v Of v
o2 \ou2dr Ovdudr) dr  Oudx? Oudv O0x  Ov2dx ) dx  Ov Ox?
:az_f % 2+2 an %@_FaQ_f @ 24_%@_'_8_]68_21).
ou? \ Ox Oudv 0z 0x  Ov? \ Oz Oou odx?  Ov 0x2
F,, bFRRICFHRETE 5D T,
CPf e, D’ f Pf oy o, Of of
AF = 0z (u2 +ul) +28u8v (ugpvy + uyvy) + 902 (v +02) + %Au—k %Av.
u, v & Cauchy-Riemann D72
Uy = Vy, Uy = —Uy

il Zehb,

2 2,2 _ 2 2
UgUy + UyVy = Ug(—Uy) +uyu, =0, vy +v, = (—uy)” +uy = u; +u,

PELND, FEIALATVWSE XS
ANu=~ANv=0

DI D ALD DT,
AF(z,y) = A flu,v) - (ul +ul)m

ZNTRAEICE D, FHEHAN QB2 (# C) &, FAGRICEL > T, BAMIRICE
T KD, FEEE RO ORERBGR THEANLEH TH S FEIIX T 2 TREICH

NTEZEIRDBDTERVDTEL ),
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4 N
EIE 3.6.5 (Riemann OEREIE) Q »EFRVH C OHEFLREET, C IldRL 3
bDTHDHT 5, ZOLE, QZHMMK D = {w e C;|w| < 1} WKHEANCETEMA

B © DFET %o
N J

a N
TEHE 3.6.6 (Carathéodory) I' Z#ERFHND Jordan PHHIFR T, Q & ' OFHIH S E
Kfﬂﬁt T2, LOEHMOEAER O I1X Q55 D O EADOFRMHEMBIHIRT X %,

IR, LoZooEMIcEHNS @ ZHWTaHimS %, FRND Laplace FFEXDT 1V >
L [tE

Av=0 (in D)
v(z) =9(®7'(z)) (z€0D)

% (Bl 21X Fourier #i&z W) il T,
u:=vo®
B,

Au=0 (inQ)
u(z) = () (rel)

DD IO (u B Laplace R ZM/2 3 Z L 1da#E 3.64 12K 3), DF D u & Dirichlet i
FUERIE (DP) Of#TH 5,

AR 3.6.7 (Riemann OERFEIEDIEASEICDWVWT) Riemann [FEGREHZ AT 5729
12, Laplace /7#23XD Dirichlet SESHEREDEDEIEZ RTHED D - 7= Z L IFBLTEHA L
7zo T ZTI& Dirichlet SF5UEMEDEDFAEZ RS DI EBREH 2> TNWHDT,
T2EeHELKD (ERME) DX D TH 20, BETIEIEBEHZFEIHT 572912, Dirichlet
FSUHERE Z R0 N THEE 2 HENHI SN TV S DT, FoHmIMEKRTIERV, B
AT, B OERFEBGROARIE TR, KD 2FMTEBRZ. 5N DRKEEDMRE L
o). ZDOFEZIERK (normal family) O¥EHZHOWTRTONREBETH S (£5W0 D
BT, Ihy HOZENETHIEERDKAHD). =

3.6.6 Poincaré-Perron O FH%L

(2ZW@EF—7—FOWMNMDATHEEE S, )

RANEFEHZ T, BO—BMERENZ R LD, FiE. ThzREHD TT-o T, i
DIFE% 13 Poincaré-Perron DA% (&L T Perron DA7E) (Perron’s method) &
WBNBTTERD S, R8T RAF— [69] ik« /MR [46] 72 E1#i> TW 5B, EOTFAEZ AR
TE3HEDH AT OWTIE, MOTELEHRT—R—E1IH 5,

CDHER, FIFENTIED 205, RLIBIMENHD D2 L ALINTVWE LS TH %,
Laplace TR D, —fkD 2 FEEHARTER, 2 BEBWATREAANDIGRE ATV D,

BREHmZehrd Lvzns) ZoRBEROER., ERIBERTE L #HBOmEZ BKT %,
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3.6.7 BEOAEXANDIRE, Potential &4

Carl Gottfried Neumann (1832-1925) & Dirichlet, Neumann &% 5 L O TR
liAE L7z, Bl Jordan PHRIFR I TP £ A 7=58K Q 1231 % Dirichlet [

Au=0 (inQ)
(3.6.2) u=1 (onl)
WOWTHHT 5, T % p(t) (t € [a,b]) EXT A=K —HIFRTRDL., & p(t) TBIF2N

A X BAERNR Y ML% ny £ 35, f:a,b) = R Z f(a) = f(b) 273 HEHBEE L L.
Dirichlet FEDE u % (WbWw 2 Z&ERERT >+ Jl) (double layer potential)

t/f ——ng—<mﬁ (z € RY)

DK TKD %,

u ONERD & DRERR & . A4E5 & ORERRIFTE L < 72 < (FAIC w 1T R? THEBETIERWV), Z
D 21 f(t) TH D, THIITT LORICHBU 2FERFHOMDIEIAME A ZTELL,
ZDZEenb, fIFROBER X R T,

b
(3.6.3) g(s) = F(s) + / k(s 0) £ (1) dt,
=72 L .
o9)i= 1 N ula), K(s0)i= —1 o loglp(t) — p(s)
T €N
Th 5,

NI RA—K—t % T _LOEELDSDEMEE LT, pt) = (a(t),y(t) T2 L,

(y(s) = y(@®)2'(t) = ((s) — =(1)y'()
(z(s) = x())? + (y(s) — y(1))?

YiBDT, T 23 CPTHIUL k= k(s t) 1 THEBUTIR D FHTE(t,t) 23 p(t) ITBFZ T O
HIRIC /2 %
Fredholm (E. I. Fredholm, 1866-1927) & (3.6.3) ZHRIITOREHFER

k(s,t) =

gi=fi + AR kijf;
7j=1

TIHEPILTEZ 2. 72770 A e C Il s X —&—T,

fi=1&), g=9&), kj=k&,&), h= b= a’ & =a+ih

n

K = (kij), 0.(A\) :=det(I + AhK), 8,()\;i,5) = + AWK ORRKF
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B, WHW3 Cramer DANFKIT X o T

n

5;%53.253(5N(A;j,i)——6n(A)5m)gr

Jj=1

fi=gi+

n — oo DIR%Z#E Z % &

Su(N; 4,1) — 00(N)6;

lim 6,(\) =4d(A), lim L= M\ s, 1),

n—00 n—00 h

S L b ty ty -+t
SN\ =1 2| ... | K "o dty - dty,
9@ +;n!L /a <t1 ta -0ty !
&mw_mm+i£/ﬂ/}-sﬁb“'%dﬂwt
[ = ) pa n . . ¢ tl t2 . tn 1 n

% ( S1 82+t Sn ) = det(k<3i7tj)>'

tl tQ e tn

7272 L

S(N) 1E N OEEBIRTH 523, Fredholm {THIR & MIEN T3, 6(\) # 0 DFEIX

ﬂ@:ﬁ@—%ﬁ/a@wwmww

EIRT B, 6(N) =0 DGEEE HIZEFELWIENTDRBETH %53, Fredholm 13 RXRDEF 2157
(1903),
e Fredholm ORXAEIE (the Fredholm alternative) ~

iR

ﬂ@=ﬂ$+k/k@ﬁﬂﬂﬁ

TR TOEMGBAEL g 1T L THE—DE f 2RO DDRETDHRMEF. g=0DE XD
\%ﬁ f=0DATHEILTHbD, ZHII(\) #A0 LRMETD %,

J

Hilbert & Fredholm @ Z DfEHENHERINTH S, T OFREREEFIZER 2(N) ZBWTH
B L7z (1900 £EiZ Fredholm DX DWEZEENTH SMET 215D, Z DRGHRIZ 1904 F5 5
1910 FFORNICFHER SN, 2 ZITIBROBEBITIC B W TEERE 2 DRI N D
SHNTWDEH, F72 2(N) & La,b] ORFEMESR, A(N) OFEHMER SI3E#H SN TVR
7‘7))07’:280 -

Z OHiDFLIRIE/NA - BRI [28] BBEIC LIz, BMOHTEANDRE DTS IE. M [74] 7
EWAYRT PREDBOHEARLTVLBHNLWN (KT VY VOFFE LW E WD TR 5,
RhBT7ZXF—[69] % Kellog [85] Z#1D ), H7 7R OEGEMEDMEHIZEE [31] 12

204G R R TIERIZR BRI D Z & ZBEBIEL (entire function) EIERDTH o 7z,

7 TeAES TR O —BER DR (1912) IKEeHLENTVWEZ S TH 5,

BE AT, BIEO BN TH¥5 X 5 72 Hilbert Z2#D7EFRIE John von Neumann (1903-1957) 1245 % %
(/A= [56] BBHRE X)),
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HLWV, o d IO DFE. HETIE T o BHEINATWT, =yt 2 XEEE
W OFHER R X =2 — F X 5DT, HHEEHLVEBIEN OBRFITIIRKEFH > TV
(B 2 VX - SLH - B [60])0 SFIR [48] 1IC1& 27 73 v 772D F F d Fredholm DikafhdE
WTHo>T, ZOVHEKRTIIEETDH 5,

R 3.6.2 (BERICOVWTIRIFEVWCIEDOEVR) wl

THDIED

BIDEDLSICRATH. BRIFEEBOEELILLIAETH 3 AHEENREL
ERELTWS, b5V LEANICES &

REE DGR DFEREIIATRIFTH D o T, RN > TENLZERWRL LS5 T 5D
BARFEL L., £d T2 NANE PR o TEFITRLEMBKEN, Thed, BRI
HREDRSoTLEoZbDRTI RIS LT 2DHDOEEND S5, ZOBROMERZG -
Ko7 KD BRRBECOVWTE, BLxok@HATH VLS LTEL AL,

R TERERE. C 200 LERIERVWAOLEERT 2 HLVWARSETH S5, ZHUTHD Thlh
BT OIRETIE, MDD LI ITHBINEDL, EWVWISDRMELWHETH 2, FHEHF DB
IR RUC ORI

IOy IRIEERROEBRZRBLICTEION LW

TH b, FEEPFE 3 FAEDOEHZEVIRT & BRI OIS KE R Z D XIAAT W, Zh
FEABEENM R HEEHWE B o705 TIEH 20, SRHIMRNLRHEH IS 2HhN TV TADKE
<L FEA TR 2 BERBIOBRICHEMET Z 3 o Tz (REEBEIK VB oTnik) BRANH S, 5
ERoTIHMEL HNRVDTIED,

o Z53iE (5O Buler /7R & 13i2> & 2>, Dirichlet OJFFE L 20)
e Fourier D FTEIC & 2 BURE HFE R DIk
e Fredholm 2L %, R7 > ¥ ¥ L%H\W/ Laplace 72N DfRTE

REWZDOWT, FEACMBAS W E KT (& Z2AUcE-D IR /EGE) 2/ L Tuw
TDEPORNTDDTH ol —DRTBEVIRITZTIUI, FFEAVF 27 22 EER DL
Bo, RICKE-T, —2—2INLDHDEFEATLL XIL, MAZZS/12570h 25 EME
ERio7, FRHICZNS OFERED L THFR > TWIUE, 5D LHISEHRDMERL LT o DIt R
®L<}3§‘O7’:290

ZO5WVIHIDIT, 2O/ =M FHLLHHBETIC (HI2ERTREIEELELEDBVR D). AR

Lx5¥o

DB, DARIED DD, LD BEEHICHEVTDH S, IDTHIRT 2 ANZiE. /A4 X2k
EREU LN DD LRV, SEROMIBDIDIZRE B ->THATI S L TARk, (FAd. 34FE
DEHOHTICHEELW ./ — F2FHVWEDOB D THS, )n

R 3.6.3 (AMBEMICEATZ ISR BZFE) ZOETIX. Laplace 7#23Z Poisson 712X
DFRIZIGE (RIRAGERN—=2 a ¥) E WS IG T L7223, Laplace 523, FHIBRERU
FRICREL KRS N TV B, MW T EDHID 72 K 72 o 7235513, Axler-Bourdon-Wade [82]
MWBER D, RT Vv M X BIIo0nTIE, H#TH % Kellog [85] LA, Folland
83] BEHNTH 2, m

98RBT, ZARICH OB D BHIAE. HAVEMOMED W 2200 LAk, EBak
DOBIRIZZE S o TRV,
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3.7 HEME
(IRGEBROBEM D T VWSRATF oD T, —EF2 ANT, MEBLBIEOED S W T
WTELZDDICELBTZI, )
@ 1. (Laplacian O FEMERIC X 25KR) FEHOMBIEEZZ X %5, D% D © = rcosb,
y=rsinf €32 x, ROMITEZ X,
(1) ROIREREZRD X,
(a> Lry Loy Yry Yo-
(b) 74, 7y, Oz, 0.
(2) BEEC f = f(z,y) BEZBHNTVB L E, g(r,0) = flz,y) THK g EDZ, DL =
(a> 9r, 9o % fa fy THRE,
(b> fa:7 fy % 9r, 9o VC:\?%’H-_O
3) fors fyy % g DIREEBTHEL, KORPMD LD T L EHEDD X,

g5 P50 Aoy 10%
oz Oy2  Or?2  ror  r200%

(FE: MRV o TR, AlZEE - BHLTEAZE LW L 2R T AN T -
YR TH 2, L L, RINIERD DL H20DIE2S, 2O WVWIEHES KL
TIEWVIT RV, )

RE ( [ZEROMAIHED 1) THEARZTRDOT, HROA)

x, =cosf, xyg= —rsinf, y,=sinf, yy=1rcosb.
(1-b)
ry =cost, r,=sin0, 0,=——sinb, 0,= —cos0.
r r
(2-a)
gr = f:cxr + fyyr = fw cos 0 + fy Sing,
9o = fao + fyYo = — fxrsin€ + fyrcosb.
(2-b)
sin 6
fa;:gﬂ"x—f—geex:ngOSQ— , e
, cos
fy:grry+99€y:gT81n9+ , 9o-
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9 2cosfsinf sin? 6 sin® 6
f.tz = COS egrr - ’ 9or + ’ gr + 7‘2 9oe,

5 2cosfsind cos? 6 cos? 6
fyy = s ggrr + ” gro + , 9r + 5 966-

1 1
fmx + fyy = Grr + ;gr + ﬁg%‘.

7R 2. f:[0,00) = R D3 C? OB T H 55, u(z) := f(r), r := ||z| (x € R") &BL &,

n—1

Au(z,y) = f'(r) +

f'tr) (z e R"\{0})

DB DIDZ e ZRE, (n=2 DHEAEFFAIR»S TS50, n>2 DHHITHITIoHh
% DITE L,

I8 3. (fEHRFMBE D)

(1) v %, FE»SFESAEZRVEERK Q = R?\ {0} TERSINFAMBERL T2, u
r=+/22+y2 DADEETH 3, Thbb 1| ZEEBMEREE f: (0,00) = R BEFEEL T,

u(z,y) = (Va2 +12) ((2,y) €Q)
DEDIUDOE T D, TOLE u2RKD X,
(2) R? TEBS TR u 5. n XKAXTHZ, Fhbb
u(Az, \y) = N'u(z,y) (A>0, (z,y) € R?\ {O})

DD DET D, TDLE uZRDK,

RE  (MIRHERT Laplace 23X ®D Dirichlet % 7z ¥ Z2HIN 2 BIEL (logr 03
MZHEK) ICHEATHLES. LWH EEOMETH %, )

(1) u(z,y) = =\/x ) THBD., Au=0 &b

1%
(8r2 r@r > ﬁ) f(r) =0.

Wz .
f%ﬂ+;fﬁ%=0
fl=g 2B ¢ +g/r=0 BHEHLT
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CHEEB LT D 2 0 S HICHIT T
C
g(r) = v
5 (CIMEREER). WZIZ f(r)=Clogr+ C' (C" 3MEEER). Zhhr o

u(z,y) = Clog\/2% +y*+ C".

(2) FRIXRMEDIRED &

u(rcos@,rsinf) = r"u(cosd,sinf).
W22 F(0) = u(cosf,sinf) £H< &,
u(rcosd,rsinf) = r"F(6).
Au=0TH205

2 10 10\,
(w*zaﬁw)“”@”—o'

W 21T
n(n — D)r"2F +nr" 2F + 7" 2F" = 0.
BHLT
n’F + F" = 0.
U

F(0) = Acosnf + Bsinnd (A, B I3EEEE)

LR B (F 3 RN, B 2r OFBI TR I ZW I R0, 2
MBI SN 5), Zhdb

u(z,y) =r"(Acosnf + Bsinnd).m

MRE 4. (FARICBIZ 775 2AFBEADT 4 V7 L) Q= {(z,y) e R, 22+ 12 <1} I
BT % Dirichlet R

Au(z,y) =0 (in Q)
u(zy) =y* ((z,y) € 0Q)

ZfRT,

RE U(r,0) =u(rcosf,rsind) &35 &, HAKMHE

U(1,0) =sin®0 (6 € [0,2m))
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TH 5, sin®f % Fourier fEVEH T 5 &30
$ﬁ9:i@$n0—mﬁ®.
WwZIZ, FRORAD S )
U@y@)::1(3r$ne-—r3mn39)
CZETTHREL L THEDLRVD, 2,y TRLTBI S, i BEEHEML LT,
r¥sin 30 = Im (z + iy)® = Im [(2® — 32y?) +i(32%y — v*)] = 32y — o
VNS

1 1
u,y) = 7 [By— B2y —¢’)] = 7By —32%y +4°).m

8 5. (AL/7IRMEBUCI T % Laplace /72N D Dirichlet &) 37 /7ATEBUC BT % Laplace
JiEX D Dirichlet &

(3.7.1) Au(x,y) =0 ((z,y,2) € (0,1) x (0,1) x (0,1))
(3.7:2) u(z,y,0) = fz,y)  ((z,y) €[0,1] x[0,1])
(3.7.3) u(z,y,2) =0 (z=1lorz=0,lory=0,1)

% Fourier D FiE% W TR,
A 3 GERIROBERSEM (3.7.2) WEWVTBWT) u(n,y,2) = X(2)Y(y)Z(z) DK
BT (3.7.1), (3.7.3) Blil-TdDERD B,

(3.7.4) X"YZ+XY"Z +XYZ" =0,
X(0)=X(1)=0, Y(0)=Y(1)=0, Z(1)=0

(3.7.4) % XY Z TH|- T,

BIEL T

X Y Z°
CORDMBEIERTHL2Z DN 5DT, Tk \ 2B

X/l Y// Z//

—1i60

SOEMRMIICIZ 3 fEA DA sin30 = 3sinf — 4sin 0 B HRDZOMHEHETH 2, HBHWIE sinf = ewgf yip
c3, (ef—e=i0\ _ 1 s o o0ie g 0 —2i0 30\ _ L eIl — 730 . e —emN\
l’o\smﬁ—( By >_8i3(€ 32010 4 3et0¢ e 3?) = 1 5 3 5 =
3 sinf — 1 sin 30. Fourier fREVEF S 2 (= Fourier fREZ KD 3) o2, MO ZtE LRV THHERLHADLD
ABZLIEELES, HRABRTIX, HEOFHZEPETHITE-0H1I2. Z5WVWHEEZHT 212w, H
RTB2E2BLTH B0,
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Ino
Y_” =—| A+ Z_”
Y o zZ )
CORDEHEMTHZI TN 5DT, nBL L,
X"=\X, Y'=pY, Z'=—-(\+u)Z
FT X, Y ROVWTEZXZT. meN,neN kLT
A= —(mn)?, p=—(nn)? X(x)=sinmrz, Y(y)=sinnry.
RIRIC Z THBH, S
7" =(m*+n*Z, Z(1)=0.
FIWD TR —RRZ, DD k=nrvm?+n? 2BWT
7Z(2) = Ae® + Be™ (A, B XEEER).

Z(1) =055
Ae* + Be™F = 0.

WZIZ B=—Ae* 72205,

Z(z) = Aek* 4+ (= Ae*F)e ™ = A(eh* — 272,

[eS)
S2 112 2 an2 (92— . .
U(ZE,y, Z) = § 147%77,(67r meyniE _ e’ m2tn?(2 Z))Slnm’ﬂ'l' smnmy

m,n=1

EBWVT, (3.7.2) DD D K HITT 21T,

flx,y) = Z Apn (1 — 2™ m2+"2) sin mmx sin nmy.

m,n=1

Lo d
f 1 p1
Apn = PR = fmn = 4/0/0 f(z,y) sin mrax sin ny dxdy.
HBEZVE (ZOHFDPEBORD AT MR D).
7" =k2Z, Z(1)=0

DL LT
Z(z) =sinh k(1 — 2)
ZMBH LB TED, ZOHREE,
u(z,y,z) = Z By sinh(mvm? + n?(1 — z)) sin mrzx sin nry

m,n=1
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ERT LI D,

o0

f(z,y) = Z By, sinh(mvm? 4+ n?) sin mrx sin nmy
m,n=1
N5
B —_ fmn
" sinh(mvm2 + n?)’
Wz 12

. 2) — sinh(mvm? +n?(1 — z))
(Br2) = D = )

m,n=1

(Z ORIEFILSTIRD 1 DO TR IEFTIRREME, D D 5 DOMHCTRIRESFR G 2R L
7=, ALEZSE, FRICLT 6 DOHETIEFEIIRARSAM 2 L 72— D Dirichlet [H#E%
R e TEB, )

sinmmzsinnry.
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1 8]RA EENRICRY

Al BRICOVLWTOHEE

von Neumann 2EDHRADFHX “The Mathematician” N5 (IRFETHERZMHEN L
D BIINE, FEFEORETI ZTIREXE5IHT %)

— that mathematical ideas originate in empirics, although the genealogy is sometimes long
and obscure. But, once they are so conceived, the subject begins to live a peculiar life of its own
and is better compared to a creative one, governed by almost entirely aesthetical motivations,
than to anything else arid, in particular, to an empirical science. There is, however, a further
point which, T believe, needs stressing. As a mathematical discipline travels far from its
empirical source, or still more, if it is a second and third generation only indirectly inspired
by ideas coming from “reality,” it is beset with very grave dangers. It becomes more and
more purely aestheticizing, more and more purely l'art pour I'art. This need not be bad, if
the field is surrounded by correlated subjects, which still have closer empirical connections,
or if the discipline is under the influence of men with an exceptionally well-developed taste.
But there is a grave danger that the subject will develop along the line of least resistance,
that the stream, so far from its source, will separate into a multitude of insignificant branches,
and that the discipline will become a disorganized mass of details and complexities. In other
words, at a great distance from its empirical source, or after much. “abstract” inbreeding, a
mathematical subject is in danger of degeneration.

John Louis von Neumann (1903-1957) D¥fE: BT NEDOMANER DT, &¥IDa >~
Y2 —%&— ENIAC, Y127 aNER 2 > ¥ a—%— EDSAC OBFE. BEREHFTOR. 77—
L OMERDRAIRE. FIRDERNEL > XDFEH--

A2 WRARABEEZES

BEADRERIZOWTOHmAYEE D b N B2 DL o N4 [70] R - REFHRE
1100 NoEHE ) [52] BFIH - THARTWATH A 5 (ZOMITTANF THEEE) &
WD DHBH, MAHERICOVTEDEDELNTVARY), 77—V ZDEFITOWTII,
MeEoTH, FF— [TV ke) 27 BBEDTHS (L THHEHEHW), Hiath
RS N7z e w 7R [30] & EMOAER ZE0EOBELICEFELVWEER BN TDH 5,
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A.2.1 P ARERDIEILED — Newton

Newton (Isaac Newton, 1642-1727) (30D DORMRE. FEDEUGE (B 2 \WIFF Y
B ORIGE)  LTERED, N EOME R 720122 O TR 2 RN T\ 5 (RAE
B NAROME, BERD, ERTTVUFET - vb~T7 470 (HREEOBEWRE, 1687
FEHIR) O THETIDERIZRET % & REDEEFNIZE T 2 Kepler DIERP2E N2 Z
EERAALS, TV X T IEME 2 EO R OERFRFEZ S TEIA TV S, AEK
WIREE SRR (20T 2 BEOEMAOTTERTH ) 2R 2 iT X o TR L,

Za— DTV IFET vk T 4 T IEH L LTIE FEOHIZIEX o 72AKD
i s, Gamov [21], % ¥ K F&H—L [45], Arnold [2] 2B TH L, [21] 3Bk %
HOYIHEDZET, =a— PV RIHAEGINOFEZHR L, Kepler OERIZRE] L
TR ENTH 2, 5] X TV VFETRHESEHPOHMET D VWIARTH S, [2] 3EL
BHNFROMAETHEE L DBEEHAVTD %,

e Newton 5 54 /\JL Leibniz ADFHK B
PUREEL [51] 12#i»> TW 35k, Newton (& 1676 4 10 HIZKD & 5 REFESC (#7720
DTIES 7R N LD RT R L) % Leibniz (Gottfried Wilhelm Leibniz, 1646-1716)
K- ZHTH 5,

VVVVVVVVVVVV X
ZHRMARFZIC K- T

Data &eqvatione qvotcvnqgve flventes gvantitates involvente flvxiones invenire,

et vice versa.
YWD T T UVEEDONIZH D FOEKIZ

TN ODDOTRBEZI LK OHERDBEGEZ 6N TVWE X, iiRehLHB I L,
FMICRENLSHREZDEDDZ I L

£74%, BILFEADHERICE 2 L TREPSTHRZ D DZDIMITTH D, HTHERDL
LIBEZD DD LI TR I RDTH S, 2% D Newton 13 HDDH
IR R (A7) L2 74 0 LIRIBEA TR, B HEA L WS ALz

k%bf%z5kbk\Zmi:t&@?b;5(ﬁ#&#ﬁﬂ¥mem% )

728, REDFERZZOFOYHITS WD T, ZEHEELMNLTHE L, @R [41] &, KFEVER OV
WKHbLN L EWD TR 2EACHRICHHAL TH D 2HBREOBFEROYEIC AR T VW EbNI 2,

ZYohannes Kepler (1571-1630) &AL KCBIMEK TH % Ticho Brahe (1546-1601) DIFTH - 7225,
Brahe OFERICILDBIHER 2 HHIH 9 5 2 & THHR Kepler DIEAIZFER L7z, H—. B KRN 1609
Iz, BN 1619 FiHER SN (B =FERIOFFICIE, Napier IZX 2 MBOFEA (FEHEWIRE? H
RS N7z DIF 1614 F) HARBERNARZITL 2725 L),

SEAC K- T, TV UF TR, 272—2D 2k (Kepler OIERN) ZEFHT 272D IcE»NEWTHD.
ZNEEL DI EDY. NEEITBITEZREDR D -7-. ODF D Kepler DIERIZFEH T 2 7= D 127 E
REETEDPESONT, £RDBTHA S,
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(Newton DNICBET 2 HHDEEKIT & LTI, A7 Galileo Galilei * (15641642, 4 &
V7D Pisa ICEFN., 4 XV 7D Arcetri IZTET 3) Wb, HEH DEICK->TEL D
THARNTID TbN B L D270 72dd, MR DIRNKINTH 2006, REZEH 2 LT
%o AHRERDIEANZOWTIEZ, AV LA - AV LA F, SR, FHEIGR, Fillrotss
(R, BPCE 33-906-4, GiEE (1948) THrZ &I TE S, )

A.2.2 RETAHERN
o HHZRMD HERD—D2TH 2 1 ZotikE HER
Ut = Ugy

IZOWT, §TIXT A 7 — (Brook Taylor, 1685-1731, 9%[F @ Edmonton 12 ¥4, Somerset
House 12T 3 %) & z € [0,1] OHFHTE 2 2581 EHE

u(z,t) = sinwtsin e

®FH LTV (1715) d'Alembert (Jean Le Rond d’Alembert, 17171783, Paris 124 £ 4.
Paris 12T T %) &, BRIZEDAHTZHE XN T d’Alembert & FHINZ Z 21T o7

u(z,t) = fxr—t)+glx+1t) (f, g FMEEDREE)

ERFE U7 (1747, FRIZ 1750), BRIZA 4 7 — (Leonhard Euler, 17071783, Basel 1242 %
1. St Petersburg {2 T¥3 %) 2WIHEREDORD K %E 5 2 720 HWNT 1753 FITX =T )L -
)L X — A (Daniel Bernoulli, 1700-1782, % 7 X @ Groningen IZEFH, A A XD Basel
TS %) DEFRDERKT D % REL#

cpsinmtsinwx + ¢ sin 2wt sin 2wx + ¢z sin 3wt sin 3wx + - - -

%%Ebf:o

A.2.3 BUREAHER

Fourier (Jean Baptiste Joseph Fourier, 1768-1830, 7 Z >~ A ® Auxerre {24 £ 41, Paris IZ
TS 2) FBMEEFEXERA L 720 TR L. Fourier DFEZRHWTHELS Z&IZIIL
72o TEADMRNTIEERD (1807, 1811, 1822) IXF SN T WS (FRER [65] 3B 3).

PUREDOBFLRA XY 7 NE, BTRSLITXIEN 2 BELD - 7=,

188



e Fourier OZIEH )

Fourier 1&. BRICHES NI v 7@ (BAZTTROEH572bD B — vV v ({L¥T
BHRIRTI D) — THI2LLTERD) KEODWTEMEREEZEREITH b, £V
5 DI T, Fourier II[HE > ZZHERICESWTHEmZ LI b F X5, Lo L,

—RICIZAEDPREFESNE DI TEEZL, TXINF-—DPRIFEINDEEZDZNETDH
B0, ALFRIGREBR L ¥ 2 B RBICAN D RED TN K 5 IRRE S N IRBE TR,
MELICARIBRESNLDT, HEBTTRTHE0D X I B FNHAHEETH %

DT, FDEHEIX Fourier DiFEamlIZIELWHITTH 5, TRAOBHTHIHEG OHFO—HIZIZRD X
ICEILNTVBE WS,

ADHWEIZONWTIE, RHEPRH LB L TR TERVD, ZOEHED H
END XD BRBAFERORZ 2 Z eld, TXRTORGL S L TWS, FRHE—
OBG» SHBEIC R XN, 2 U TIEMRFERIC X - THELD 5 2 BEANEHED
FEFEVREE T 2HEE LTW3, Lo TETRINC, BIEO—RIERZH
ML, fTEIRNERICEMRERE G5 X T, fEORB I NEFREEITEH T
PHFETH %, (FRITEEN F RO R2OBEE ) BEIHTE (1995) 22 55|H L72)

N J
~~ Fourier DFHE ~
(Fourier 2% Fourier ff#ZFH « AL 72 5 DUIRITE. ZARICHEMTIIRZWS LWVLWEWS

Zt)

FAOHETIX, ZOREMEZ —ROBBICHEHATZ S LS DT, Mo cHETAER
¢(x) =sinz / ¢(x) sin zdx + sin 2x / ¢(x)sin 2xdx + - - -

WELF L722 SHEBLENTET0 2 DROTY, ZOMTORDRIRIA 2 FF77ICE 4 (M. Biot)
EAR7Y > (M. Poisson) 123X D £ L7z, AR, 5 MR /5120 ) 2 = A B HE B @
WELTRILT 2 I71EE > TWDIZ, ZRZHEM LI 272D T, X7 2 X—)b (d’Alermbert)
A A 7 — (Euler) 13ff% =AM TERMT 270D X5 BB EZHOTWEZDTY, Z0O%H
HIZOWTHIZEL DA T Lze D2 WVIETERICENTWLZDOLDHNEEA, F 3 DEMHDIE
BRICHRER L Tz e =g,

¢(x) = ag+ aycosx + azcos 2z + - - -

DN cosz dr ZENFIT 026 7 FTHEDTZ2WI HIEEZFMBALEZDTY, BRI I DHIE
PN LT BB RS H T ARERDTTD, HISRVDIIKEITT, X7 R=I1LF A F7—D
Z2cB L Tld. 72 2 OB ZDREBERH > T\ 2ATRERZHENT LA L TWRND
TIhH, MABZEIETEERA, HHE (EED-- B Z OFDER TR 213313k 0we
BLTVWE LT, ADEAOHGZ MR BICER L7258 1 ORED X 512, ERE a4 > O=MA/M
TREHT 22 Vo722 B2 LRV REWESIZEDONEZDTT, T2 ZOREMNPER®KZ R
DEIRMEZ RO EZBBETL x5, k2, HER

1
gzsinx—isin2m+§sin3x—|—---

BB a b 2n IR EDIPHILLAEVI E BIERININEZLTY, L2LAEYNSL, A
Iz ZTHICRLTEBY, 7272, 20/ 2/2 £ Righ, ]
K}:@ﬁ%#»%~ﬂﬂ“%%@—%ﬁ)#6ﬁﬁbko)

J
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A.2.4 Laplace AET

ﬁz:g}z;ﬂgle (Joseph Louis Lagrange, 1736-1813) DA SIF DX (1760) DHFTE KR L7=D
DEAZEEONATVS (ENRT VI ¥ L TROVDIEFENRECNT 3), LHIOILE K-

7 7 7 A . ~ = N

7z Laplace (1749-1827) H B IIMEIFZR R X117z Laplace 2% 1782 FEDFM T, BERE
IEFRE N7z Laplace 2% 1787 FEDFRLTHRER L TS (Kellog [85] D p. 123 & H X)),

Laplace /TR OB FERE DD FEZ R T 720D Dirichlet FHIZ, Gauss (Carl Friedrich
Gauss, 1777-1855), Lord Kelvin (William Thomson, 1824-1907), Dirichlet (Peter Gustav Leje-
une Dirichlet, 1805-1865) 2 &k - T MHIH T\ zy 23, HHIZZ - 72 Did Riemann (Georg
Friedrich Bernhard Riemann, 1826-1866) 233 (1851) O THBGEF DA H W=
Zrizks,

A.2.5 Poisson HIET

r7 YV

Poisson (Simeon-Denis Poisson, 1781-1840) @ 1813 DR IZH b7z (Kellog [85] D
p. 156 = H X),

A.3 &R

o (HMW I FEXDIFEIE Sir Isaac Newton (1642-1727, HE D Woolsthorpe (A FH, 1
YRTET D) WXk S, FF TERTFZORANER (V) X 7)1 (1687 4F))

o 1750 fEtH 1 XITIKEN R vy = gy

— Taylor (1685-1731) 1T X 2 EH M u(x,t) = sinwtsinmae DFEH (1715),

— X7 ¥~NX—)l (Jean Le Rond d’Alembert, 1717-1783, Paris {4 £41, Paris IZ7%
T2) DEDRR u(x,t) = f(x —ct) + g(z +ct) (1747, 1750)

— A4 Z— (Leonhard Euler, 1707-1783, Basel IZ4 £41, St Petersburg I27% 35 %)
2 X 2 WIEMEREOED N (17507)

— X=x)L+ X)L X—A (Daniel Bernoulli, 1700-1782, Groningen 24 F4, XA A
D Basel 1233 %) O =FARE# (1753)

= WINHIE LW oiwdrgh7E

o IBTHALHRITEDO L HLHDITEF DB HNZ LS5 oTEL, AHR La
grange @ d’Alembert \DOFHK (1781).

e 1800 fEtH 7 — 1 = (Jean Baptiste Joseph Fourier, 1768-1830, Auxerre (ZE 41, Paris
WTET 5) I X 2R GEXDENT, Fourier %%, Fourier 242, Fourier DT B
%, £F TROMTHIMR  (1822).
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— Fourier DGR O Z 8 < D EITAICR & L2
FEIT DEFE (Riemann®, Lebesgue), B (Dirichlet)
— BRSOt 4 i ERICERH SR S,
— RO TOMOFHEIAHE L LTI/ r—X7 v 7ENTK %,
e 18514, VU —< ¥ (Georg Friedrich Bernhard Riemann, 1826-1866) 1&%#{i## T (Rie-
mann @) FEAREHDEER (Laplace TR OEFUERE DM Z HW\ %) 1Z Dirichlet @

R 2 W2,
— 7 A T)V> a2 b F R (Karl Theodor Wilhelm Weierstrass, 1815-1897) OtH|

o (1886 4, X7/ (Giuseppe Peano, 1858-1932) 12 & % 3#ft7s f 12§ 2 H M HRER
DOYIFMERIE ' = f(z,v), y(xo) = yo DFRDTELERERA.)

e 1900 £EtH, Laplace HERDHEFUERE DD FEMEL D < o THRE

— C. /A4 =¥ (Carl Gottfried Neumann, 1832-1925) & Laplace /7 *£3X D5 FHEN &
ZRED RIS S8 TR

— 7V KV A (Erik Ivar Fredholm, 1866-1927, A = —7 >~ ® Stockholm {24 %
. Stockholm I2THF ) 12 & 5B R (G422 EEIE 1003 4)

— kAL b (David Hilbert, 1862-1943)
* Fredholm DFERORE L (BIBEN DJFREIZ1E2)
+ Dirichlet P X 2 FIEAERH D IE 41t (1900 4F)

e 1924 % Courant-Hilbert 12 &k % TEFHEYIF2ED 71E]
(1926 4F Schrodinger DIRBNIFIC L 572 D)

o 1930 X, F9MADOMER, KTV KL 7 (Sergei Lvovich Sobolev, 1908-1989, Russia 124
FA. Russia 28T %) 1T & 2 —fRALERIE & Sobolev Z2H DE A

o BB DOBES

— Y27 7Y (Laurent Schwartz, 1915-2002, Paris 1242 F41) @ distribution (F#X
FFRIX 1948 4F)

— AEREERR (1928-) @ hyperfunction (1958)

(TODO: U FDZ & ZMEFTNE, Lebesgue 77, von Nemann 12 & 2 iR 7: Hilbert
ZEEDBEA L ZE AW & T I ORI, Banach D3R, )

S MEERB O =AKENC X 32 REOFTREMEICOWTY  “Ueber dir Darstellbarkeit einer Function durch eine
trigonometrische Reihe” (1854).
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A4 BFIT: BRZOERBORESE

o LTIUCHE K, 18 HHCIIMIS DIRTEHE L 72 BERCL Euler (1707-1783) B3R 5
AWV N

e 1800 FATATEIX, MED OEMED RIE LR E - 72K, Cauchy 1 X 2#FR (s0 1 &
5 MR DEFE. Cauchy )

Abel 12X 3 (Z ana:"> = Z na,x™ "+ DFFH
n=0 n=1

e 1837 4F Dirichlet 1T X 2D ER FRROHFETE 21X, TR IIBHTH S )

o Weierstrass %, FHC—RRIGROMES, (GESBIE D —RICRIIRIES:, FERFL,
AWM, M-F R 1)

BoltRE N7 E 53] BBEIDTH %,
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T £&xB MRF—®ET

INE TR ZOMEERIFT. 2LDIEBHEATELZDIIED, ZOEETIIZNS
ZHEIERUCEME T 2 2 212k b, 2z (e S EfR2D7EA5 ) LRDLT 5D, E
EARIREIT, BEINE, BDERD 7200, ZO5DEEwmNEISH, BrNTX7DTH
% ( TRAEIIFEHDRE ).

CITHERDBDEZEBEILWLTL BEIT2HE60EENET S (KK Btz %
DEWZIECTEE T 203 EDBEETH A5 FNY, HEQIIDENPZI LRI LL RS
DTRIIL &L D),

B.1 &%
(THF — PROAFEEEPBRVEIDEFELRDT)
N :=1 M EOBHME2ARDES = {1,2,3,---}, Z:=BEBE2KOES ={0,+1,+2,---},
R = FHEROES, C .= EEHEKROES.
IR X7 PLOERBIZ T 2EVWTIHEBEEZERD T,
Ou  u E%i)jﬂ

d_):: — - ...
grad i := Vu (8951’(9:62’ "0z,

rotf:curlf::fo
72720 x & 3 RITRZ MLDORY MEEEKT 5, D% D

Q
S
S
S
o

-7 - az 52 - ap by | ap by |
axb=det| ay by €y | = €, — ey + €3
- as bs as b3 az by
az bs €3
T asbs — boas
as by as bg ar b
= ) ) a3b1 - b3a'1
as bs ap b as by
ayby — biay

MO E: UFTEMOIEHIZER L., ZNHIZOWTIESEEITERE 2 28I L, 13 A K [36],
[37) THEATWS, Fourier & & HEM I TR ITONWTIEZ DR D TlE7RW0WA, Fourier fBUZDOWTEAK T
Mrlltamy DAL ODIEFTRATH 5 (HEIAAEDARIZIE Fourier ZHUIFE L Lo FDDH 5 D7EH, Fourier HELD
FIERITTNS ), EZAT, WINOARTHEMAHERIEH SN TV, ZORIIERRTH S (FA3fE
D% DREOIFERIIMD AERICH 2 EZTNEDT),
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Au:=V-Vu=dv(gradu) =

B.2 [EEEHESE

B.2.1 &BEHOMDE
ROEHIIZEB DM AT FEZ D TRXRTORIZHEH > TWBIXTTH 5,

-
FIE B.2.1 ([HE7ZOTREIZE)

(go f)(a)=g'(b)f(a), b= [f(a)

»HBHWVX
0z; L 0z Oy

Or; 4= Oyy, Ox;

\_ J
COEMIIREZHEZ ZDEMEEEN, ERICEHEL THEWIRITOIIIEZENLD DY R

WETH L (HETEROEDFEEZES DIXRWHEICR 2 DT, ZOEEIHEKE-> T2

W),

Bl (CFHAMEERRIC X % Laplacian &/R) R? IZBWT,
Nu= @ + 1@ + l@
or?  ror r?00?
THbHIZ Lzt

B.2.2 OYNNU MESDES
COEBRTEZDLBICRLIDIIEE B4 THSH, ZDdbe 3 _ODFEM (ZZ
TRAEY LTHEL) dEhTRRSRW,

AEBHLEBI ZAIAZTH [36) D §1.7 Ta v 7 VES) 2R X (EH B.2.4 OFEIRZ T 72 513K
DWATERHF DT XFAMTH5),

-
8 B.2.2 (R® ®OAV/NT MBDESR) R* DIPHES AIOWT, ARar 7 b T

\26 57D DRETIFRMEI. ADVERAKLETHLILTH 5, )

a N
i B.2.3 (N7 hES LORBIEEGRERIIRAE - &/IMEZFFD) @B &
a7 VEEDBRIZ AV VEETH 5, FICETRVWa Y 7 VEE EOERIH

\@ﬁ%ﬁﬁbiﬂ%ﬁfﬁ L RMEZER O,

/

e R
I B.24 K Z R" OZETRWERARE. [ K > R ZEKEKke T %2 I3 K
K@Lﬁﬁﬁﬁkﬁ¢ﬁ%méo )
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B.2.3 2 EERAKCEERRE
ROEHDZ L ODMDIHERFDTF A MIH %, BIZIIHKH [36] EHE 8.4 72 ¥,

4 N
EIE B.2.5 (2 BEEHICKL S BEDHIE) R" OBES Q TERINZ C? foFEHE
BEf: QR D, acQT

f'(a) =0, Hesse {75 ( 8:?3% (a)) I IEEE

Zii7z 97013, [l a THREROMUVMEZINS, DD /NS RIER 6 ZHLD &

g fla) < f(z) (0<|x—al <d,ze). J

B.2.4 REREE FTOMD. Mo cEDDIEFRHE

Fil
4 e [ %o

DD LD %, RS FNOWMDBHK 2 ) Lo 0 e D DR A TE L) 7Y
EE D, A bD (MR OMRY) ZHEIRRT 2D T, HEICHHT S I L1k 5,
PUNIC—BHEMAIGE 2 L THE LA, 2

1. WR=JHESOIHER (HFIFEDEH) 0% LTHELNS5E
2. [RFHET C— IR OER TR o N 535563
D5 (WTNHHE B 1ICH DB BRBIZH [36] IV.14 BBEITR S, )

-
EIE B.2.6 (RAES TOWSD. MO RO DIERERME) A 2 R® 0a 7 MRS,
*ROXBELT, K=AxI BE, 1 K> Cl3EfEr 2L %, 4(@(),()#
[DAIRYASN

(1) F(t) := / flz,t)de (t € 1) 13 ] TEFRSI N8B L 725,
A

()%ﬂme@%mgm Fud 1 b T, P = [, %t ) de.
g y,

(B Z W XH27H [36) EHE 141 2R X, )

22D ARRIEOMIC R 5 7= D F 5,

32 UIREINAAR = OPHEI O THEHIFAN TH 5,

CERBHENS: ZO#HKETIE, BREHTOMO HERIXIFE AT o TR, Fourier UV
M3 523, Fourier Z2#UIH F b b, ZOHEIIEREROMEICHER T 7= 71T —EBEEICRD
(B Z X Z DTS FOWIT bFEDEAL T > %7 P TRVWEH LR 2D THS). FRICARMDDLDZ L
EZI2T2HTH 3,
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B.2.5 —FRUNER
RNTBEIMR D B &5 THITR=DS BB 2 OBRNE, Bl 2 221 [36] 2819 3,
—BER DR Y LTid. ROEHEDSE L EbN 2,

~
TEIE B.2.7 (Weierstrass @ M test, BINREE) 22 TRVWES A ZEREE T5E3R
BAEDBIEIN { fr}nen ISR L T,

[fu(@)| < My (2 € A, neN),

[e.@]
ZM” < 00
n=1

BT TR {M,}nen DHFET 570 513, BIBUARE Y £, 13 A T—RRISHOMIUR
n=1

35,
J
(B2 X, AZ7R [36] DERE 13.5)

N

-
EIE B.2.8 (—HRUXRE SISEFTEDFIEE) HIEAROHIES A BERS Ak
75 B © 72 % BRI { fo}nen B3 A E—HRINGRY %72 513,

hm/Afn(x)da;:/A lim f,(x)dz.

n—oo n—00
J

N
(Bl Z X, AZ7R [36] DERE 13.6)

-
EIE B.2.9 (RRMICERIMS L IcBEBHID —RINR T 2 4 5IST'RMEl6E) R O fF
SEAXRE I = [a,b) BERS N O SDBIED 72 2 BB { f,}nen 3. S&1F

(i) FED z e T ITXLT Tim fu(z) = f(z) DFIET %,

(i) B & 75 3 BRG] () 1 T F—Hc b 2B g 1R T 2.

i3, fIX I TCHRT f=y. )

(B Z X, A278 [36) DERE 13.7)
o & - TN RFTINREERZ 2 6, EHE B.2.9 OIRE (ii) BT 3 T—RRICKE ) &

NRF—RRIDCR ) ICEZRZATH L,
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B.2.6 3 XTI NILEEH S

a _ N
EIE B.2.10 (Gauss OFEMEE) C! oL 00 2H:> R" oFFREE Q &, Q LoD
CL e~z P £ Q — R ISR LT,
/divf(x)dxz f-fido.
Q

o

7272 L. dold 00 OEBEEZ., 713 00 FORIIBIF3 Q O A EEAERRZ vk
ki%rb@“o

J
(BIZAEAZTR [37) OFEE 53 2R X (n=3 ELTHHALTHE2, [RTTHHELTHS),
FOl iR z2Ho) 2 THES LTO C MBI OFEROFHIZ, Z ZTIEEKT %,

)

K ~ O RS Y \
EIE B.2.11 (BELAT MLBIZRT O vIILZRED) O &2 R A HEHEE,

QR 2 CLORZ PABE T2 2. RO (i), (i) FEWCFEETH 2,

(i) fIREFY v %o, Thbb [ =grad ¢ 27T C2 MO o BEET 2,

(i) fIZBELTH 2, T QWNDESZ L AT rot f =0 MK DO, )

(B 2\ 2A23/ [37) DEH 6.4 R X, )

R B.2.1 (NI MLEEFOMER) EEBHH I, ROEBRSFEOTRCHENA 3 Koo
MU E LTS (BERE 17 74 v~ VW) 57 7Zo72). BFoH T %E
WAk LTHESY RPPET IR o7z, ZEFMTHL L5720, EEobh—F
FITHEEELD LT I2DIEEHNDH 2 B 50, wbl, MHZEEL TORWEFEROZA
DPEZDDOHZDIFEER > TS (BELRLS THL LIRS TLE>TWVWE DI
FIZFED AV F 2 T AF self-contained TERD o728 WD T D), BRKRFEDOHHZ T
DBAEPEZ -0 7221381 B,

B.2.7 Fourier %K

JERA 2 DBAEL f: R — C IR LT,
an:%/Tr f(z)cosnz dx, bn:l/7r f(z)sinnx dx

™

TERINSD {an}n>0, {butn>1 Z f D Fourier fRE

% + ;(an cosnx + by, sin nx)

SFFENT & AT AR AL,

SFZIH [36], [37] T, 3 KICAZ MUENT e LCHBALTH D, 22 RA LB ZRRTH 2, HRXH
724, FADRE D T T2 W EBEHIC LA IMEDEC LR o2AR) ] LR 5 NhZh o7z
2, STIERIEHEICERTH %,

TROENR, B L RXZ MOV, EIGEEE BARBCEAD AT, AR EE (1995) VA EUES - EAERLTE, 2
ZHL DGR AT, B REHIRE (2002) 72 25
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% f @D Fourier HAL & FEA,
Z { DEAEIT, Fourier (REUZS & DR EZHAT 2 (—ENIIRET %) DI H0RIER%E

Fof, DUNICHN T 2 fH 255 121&, Fourier DB H OB TG L, X f(z) 2D
HDITFHE LW,

[
EIE B.2.12 (EHEXDWIC O REHD Fourier FEDUNR) f: R — C ZFEAM 27
JAMABERC T, DX N C e F 5745613,

(B.2.1) f(z) = % + Z(an cosnz + b, sinnz)  (FHiAE R _E—kRERIIR).
n=1

7272 U {antnso, {bntnst EXRCTERSNZEIITH 5

1 [ 1 [7
Ay = —/ f(z)cosnxdx, by := —/ f(z)sinnz dx.
T ) . T )

v

ZOEMOGEIZ, mA [42] TRty | BEE [61], H 2 WIEKIKD Fourier D 7 ¥
A PRHEH TV, Zhzidiud. UTORIMEHZFETEELTE 2,

-

-
% B.2.13 ({BE9%. ZRAD Fourier {FER) LOEM B.2.12 OREIICHZ T,

(1) (Fourier sR5XRER) f 2MERET D 235813,

F) =%+ ancosnr (HIE R _E—HHERHITR), 0, = > / " f(x) cosna de.
n=1 0

™

(2) (Fourier IEAXER) f DA BT H 55513,

f(z) = Z bysinnz  (FGlE R _E—HRHOHIGR), b, = %/W f(z)sinnx dx.
n=1 0

J

EE O EHBEBUIE B R 2 BEE TR 2r OREHIBEBUCER LN 5 DT, EEDEHEEE
3 cos, sin TREINSG Z 21Tk 5, BIZIX f2E T OB TH 2551

G 2 2
flx) = % + Z (an cos njzrx + by, sin T:B) ,

n=1

N

2 [T/ 2nmw 2 [T/ 2nmw
ap = — (x) cos dr, b, := = f(z)sin
YT o T T J 1

dx

7%
BERPAERKETER SN TWSEE, EHZTETRBERE LT R 2KICHRTE S

DT, D cos, sin TRETES, 20 MEoAHERX2) TEROETHHT S ZehnBWn,
D IHVERBPDBHNLR VO TH LHRET 5, BHEOEKTIISCEL 2L TH, HOWD 7% (4

Ak 235 2), MitHEZEZ % (1213 Hilbert Z2f L2 o, @EKOEANES) 2 & TILOBBICPER X &
LD ZENEW, THEDEKTIE Fourier fFRENITTOBEBICEFE L o TH., ITOBEBOBERIZD Nk L

RELTWVWS, EEX5THS I,
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R B.2.14 f:[0,1] = C 23 C* T f(0) = f(1) = 0 /=3 SHIF,

o0 1
- Z bpsinnrz  (—FRRAIGR), b, =2 / f(z)sinnmrz dz.
n=1 0

(FEFHD® & £3 2 € [~1,0) LT f(z) = —f(—z) £BL LT, [-1,1] T THBEHK
¥ UTCTHRR T %, 20uh 5 EH 2 oS E LT R 2R3 %, )

% B.2.15 f:[0,1] — C & O #6513,

s 1
flx) = % + Z apcosnmr  (—RRHIOR),  a, = 2/ f(z) cosnma dx.
n=1 0

GEHDOH &M £F 2 € [~1,0) IS LT f(a) = f(—2) BT [-1,1] TCEBELKY
LTCHERS %, 200 5JEH 2 AR E LT R 2KIZHRT %, )

B sin IZKBEHTIE (cos 12X B EBTIIRBED R S £(0) = f(1) =0 2REITR S
M Z 3 X,
EF B.2.12 OFEHT, XROEEMMELNZ 223D 2 (ZhEFORVIEHD H 50, #

IR ITDIHMBRAY % — % ::f@mﬁfl%f<?5;9h4£%% THRTVEIIT? )
PR LRI THNT

-
EIE B.2.16 (Bessel DARFEN) X ZAMH () ZFRONEZER. {p.} ZEDIEHER
ReT2E EED fe X ITHLT

S L)< (5
N i Y,
GEHO B 5/ v € X WWHLT |z == {z,2) €T30 pi= S (figa)pa EBL L
P> = S0l EBIWT (f—p) Lp THYH, FE 0, p, f 2D 3 METHEMET S
SMIEHERZACR DT, BRI ZOEHEMS |pl2 + ||f — pl? = ||f]? 258
Ipl? < IIfI? 360 2% )

B.2.8 #FEEFIEN
HRRIBBIZOWTIE. ROEHEBEARNTH 5,

[ i B.2.17 HAIBBROKIIFREIZERTDH 5, ]

IHELHBI DRV HWVEND--
X, Y 2R K FEORIZER, . X Y Z2FAEHRYY 32, fOKER

ker f = [71(0) = {& € X; f(z) = 0}
YRR TH B0, NEDLADARERIIIIIHNEL ¥R I T ZADEHTHRTE 3,
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TERIND X OFDES ker f DI ThHolzo LOFEMOIEMELRERIE, ker f 257 X O
PRAEER D ZEENC R 28 VWS 28 TH 5,

B ER B.2.17 ZiFHYE X,

& ZATHTFETIE, MMAEBERIEIHFEERAZRL LTERRT 2005 ETH S, LIFZS5 LT
HBEI, xe X ITHLT f(r) & Ax £EHEL ZEIZT 5,
T 5L ker fiZ, HERX

(B.2.2) Ar =0

DFEZER] N(A) = {z € X; Ax = 0} 1fids & 720,
ZDEDIHFEERRDE = 0 t DI 2 FEAZHRERXRAER & /5,
FOEMIZ, 2, 20, -+, 2, DY (B.2.2) DfRIZ SR, TS DA S

r=cCr + ry+ ey (c1, c, 00, € K)

b (B.22) DFTHBZeZ2FRLTWSE, T zEREGED[RIE (principle of superpo-
sition) & ML,
D DEM B2.17T ZEWHEZ S &,

REFXAREATIIERSEDFRENEDIID

LI %
—7. Az =0 TR T, AAZ KNI L7
(B.2.3) Ar =b

DD 2 #REFERRARER & FER,
MAIEEXRTIE (B.2.3) DR —DTH Hohtud. (B.2.3) 2 Zeid. XHEd 5 ##
BREXGEN (B.2.3) 2 e WmEEIN S, Thbb, ROEBHBD D,

I B.2.18 X, Y IIFMZER, A: X — Y ZRAEWERAR, 10 € X & Avg = b 22T
EITHEE,

{reX;Azr =0} ={axg+2,2€ N(A)}, N(A) :={z€ X;Az=0}.

FEEANICEL By

EIEER AR DM = REIFRRARENOIFE + RERRAREN O

M EH B.2.17 ZAFAY Xk (CHOBBICIZ—E BN TS 2 Z 2 M ETH 3),

PLRISSRERET AT Z e TH B FIC Z e BRSO E Z b TH TR %
HRST200EETH 5, HIZIE. BWAAESGREFAIL . 25, P AERIIRICEE L L
TH L AR, THMO n BEEREMD HER ™ +ta,_1y™ Y4 - Fagy” +ary'+agy = 0
DFRZERIDRTCIE n TH S| REDEHEHEITWEEA950? WM HRERNITBWTY,
ARSI BNTEETH 5, 2L, FAXAEROMERNIIBRIITICIEZ SR VWE Z
ADRIEEEHEL < T 5,
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I8 B.2.1 (fRAME. ERRMEOXR]) LT v 0 FRERICOWT, #EMH. #IEERXME
ZHAE &Ko

d*u du
1
D Zz g

(2) ug = ADu+e™

+qu =0 (p, ¢ 1TEE).

(3) u(0,t) = A, u(1,t) = B (A, B I3EH).

(4) u(0,t) = u(1,t), ug(0,t) = ux(1,1).

BE (1) sERXOTER (2) IR (3) BUBIERXOTERX. (4) MERIX TN =

B.2.9 TEHRLEREBEMSDHENX

ZONFIONEE, BB HERERS TFAPDIFL A ITRTRZEH>TWB, IR,
FEH [61], REF [71], 55 [12] & &, 1THIOFEBEIBICOWTIE, i - BE [39] B 2E I
725
4 N
FIE B.2.19 (n BEROEHFREREEHMSHEN) HERAHZIHK }:%

Q%#O)@ﬁﬁﬁé@%Ab~gM“%h%@@@ﬁ%rh~wnnZ?%Z%
W iR

d
(dt) =0 2FY a2 + a2+ 4 a2 + a2’ + agr =0

D —ffRIE

m Tj

= Z Z apt"teNt (aj IMMEEER)

=1 k=1

K“C\‘A*D %, FHIMZEMZ GEE OB O, X4 5 —FICBL T) n KoTDMRRZERI2 5,

COEMDIRI NT, BBk
thledt (1<j<m, 1<k<ry)

% (2R ORIRICZR 2 & WS FIRT) BOEKRR LR, p(r) BEBBZHEATH 255
2. FERERED & 72 2D EARRHHN S Z & ZIRFET 2 RO EFIZEETDH %,
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—
FI2 B.2.20 p(r) & IURE n KEHRT. RS BHE AL Aoy ) Ay Aty ety -+

Atz Amiz, =5 Aoy Ag, 7272 L NeER(G=12--- m), ;R (j=m+1,m+2,--- ¢
ZE%\ )‘j @E@F{% Tj, )‘j :Mj+’iVj (uj, vj GR) S Z%\

p(x) = a(z — M) (2 = A)™ -+ (& = Ap)™
[(@ = 1) + Vo)™ [(@ = pmr2) + Vo)
(a & p(x) DEERDFRE)

Tm+2

= e ]

L2205, HMo TR

d
D (—) =0 2FY a2 + 12"V + o 4 a2 + a2’ + apr =0

dt
D — R fEX
m Tj / Tj
x(t) = Z at" et + Z Z th=tetit (a y, cos vt + by, sinv;t)
J=1 k=1 j=m+1 k=1
(ajk, bjx \FEREER)
TH b,
\_ J

BlEE ROMICEZ X, 72720 y & o OBEET o = dy/dx, v = d*y/da® & F 5,

(1) " — 2y — 3y =0 O—f&fEZzRD X, WIS y(0) =1, ¥(0) = 1 2/ T2 KD K,
(2) v =2y +y =0 O—fEzRD X, WIS y(0) =1, v(0) = 3 2/ T E KD X,
(3) ¥ +y +y=0 O—fBfEERD X,

(4) " =3y +2y =1+ O—EZ KD X,

iz

(1) —MfRX y(z) = Ae®® + Be™ (A, B \MEEER). vIIHEREDORIX y(z) = %(e3m+e_x).

(2) —M&AE y(x) = Ae® + Bre® (A, B IMEREER). FIFEREDOMIL y(x) = e* + 2ze”.
(3) y(z) = e /2 (A cos @ + Bsin %) (A, B 3MEEER).

4) y=arx+b 233k
Y =3y +2y=0-3(a)+ 2(ax + b) = 2ax + 2b — 3a
THEPH, ThDR 1+1 EFLLAREDICE a=1/2,b=5/4 ©IIIKEE LT
y==L+2286N5, —F. v -3y +2y =0 DRI y = Ae” + Be* (A, B 31T
HER) THH6. KRB — R
5

y = Ae® + Be¥ + g 7 (A B BEREH) -
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4 N
EE B.2.21 (1 BEOBIERFREREEMDAIEN) n JERLEHTH A &, 20 € C"
DG ZoNT & Wi RO ERE

i Az, z(0) = xg
DX
z(t) = ey,
7272 L
o0 tn .
etA = g EA
N J
B.2.10 FERH

HDHABZT 2D TEHE LTHEITS 2 i3 TH D,

f<g (ALFrArEZLZ?) — /Aﬂx)du(:c) S/Ag(w)dﬂ(x)

f )du(x /U’\@

T 5, R DL — 77@%Aiww« TR TR, ARG EICHE D LD,
BRI R 5 2 B0CRR 2 . R — OB e ZEZ o2 2 e ICEEL XS, #HlziE

Schwarz D AFI
o) = ([ 1r@Pduta ) ([ 19t Panta )
- 12/ o 1/2
RN

IO WTEIERT 2 ¢

[e.o]

Z anbn,

n=1

b,
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T 8xC —HINR. [LE—HKINR

—HBRUNER (uniform convergence) DRI, BLiCH B ZHTHTRAIZTIED, BIZDOWT
WEWARZWESIZBDN DT, EICEE L TEL, AR EFLVWI LE

FLHYER, BT AR T, AECRFHIRE (1980) @ §13
BE, WD OBEREE RS L RV,

C.1 FBRIRTIEAR+57

R™ OIS Q ETERS N, R OEZHS S {f.} TR LT, 2 € Q ZHAUI E
B {fo(x)} BEOEND, ZDBH|DMFR lim fo(z) = f(z) BFTRTD x € QIR L THE
THeE BES{f.} EQ TERNRT L0,

ffl C.1.1 (EFEHROZ APGRBRITTESICARDEDS) FneNIZXLT, f,: R" —» R"
%

1 (z>1/n)
o) =4 nz (-1/n<z<1/n)
-1 (x < —1/n)

TERTDEE, [, JEBTHD,

n—oo

1 (x>0)
lim fo(z) = f(z), flz):=4q 0 (z=0)
<

ERBH, fIIANEGTH D, »
Bl C.1.2 (BRUNRTZ T TIFEBITRSD HRERLY)

fn(x) = !

1+ (x—n)?
E55e, Ve e RITHL
lim f,(x)=0.
TdH DM,
/fn(a:) dr = = (n € N).
R 2
W 21T

. ™ .
Jggo/an(a:) dr = B #0= /R’rzlggo fo(z) dzm
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Bl BELOET L BIHIN 5B

n’x (0<z<1/n)
fo(z) =3 —n*(x—2/n) (1/n<x<2/n)
0 (x <0 F£7E x> 2/n)

n—0o0

IZDOWT, lim/fn(x) dac,/ lim f,(z) de 23R X,

C.2 —HRINEDERE. compact £ LDEHEBDREAE/
L L
R™ OHIEE Q FERSNRBUEREE { fu}en P [: Q = R ISR T 2 &1,

(Ve>0) (AN eN) (\neN: n>N) (Vz € Q)

[f(z) = fulz)] <&,

SWZ 5 e,
lim sup [f(z) — fu(z)| =0

n—oo a=te)
MDD TH 3B,
FED aec QT LT, %R

£(0) = fula)| < sup|(a) = (o)

S S, BEE {f.) B fI—RRICR T 22 0, B {f.(a)} 1& f(a) ITIRT 5,
0 FEETH o6, BEG] {fulen & f ICEAINET 2, DFD

—FRINR — B RUIR.

FRC Q23a> 7 VES K Th-o> T, K LoEGEBOA%2E X 255813, K _EOHE
BEEROES X = C(K) KRAE/ L L

171} := max|f(z)]
ZEAT DL, {futnen D fIT—HRICET 5 &I,
T [lf = ful =0
DDA DZ L LFAETH 2, THDDH
{fu} 28 f IS BRICR <= X OFFBET lim f, = f
DI D LD,

AR C.2.1 (sup /)LL) HEHTRVEBIIHLTHMHZ S E512, RAE/ Vazdb 5L
—fRAL L7z L 2 VMO S Z 20, m
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C.3 Weierstrass ® M H|EE
BEEEN AL

Zgn(x)

D—RRICR T 270D+ 05252 %, RD Weierstrass D M HTEE (M test) 1FfENS
ERAN

s N
fied C.3.1 (Weierstrass @ M H|FEE) Q LERS BRI {9, nen, I {M, }nen
WXFLT

gn(@)| <M, (x€QneN), Y M,<ox
n=1

DI D ALDIR BIR,

D9
n=1

13 QT (H2BEIC) BT 3,
N Y,

Bl C.3.2 (MIRBIIINRADAEB TLE—HRINRT B) M

oo
g 2"

n=0

DYz =20 TPORT B B3R, 7= |z &BL & &, MHREUZ {2;|2] < r} TIEEHRIEKT 2,
AEAR IR 2D —MIEIZ 0 IR T 5. ThbbH lim |a,z5] =0 TH B 5,

M >0 st. |a.zf| <M (neN).

lob it
la,| < Mr™™ (n € N).
ST, 0<p<r?pZERBIC—DOBEETLLE, 2| <p REIEED 2 1TXLT

|anz"| < lan|p™ < Mr™"p" = M (£> :
.

ZLT

ZM(é)n: 1—Mp/r =

n=0
THEDE, Y a,2" & {2]2] < p} TRUSUCRT B (M, = M(p/r)" £ LT M HEKE

n=0

HW3), =
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C.4 EHRMDOERL. LEHRINROESE
HEEE L — BRI OBIRIC DU T,

R C.4.1 (EGRERY)O—RINRBRILEST) R O oHEES Q ok
{futnen 23, BAEL £ 12 Q T—RRICK S 272561, f 13 Q THEHTD %,

EWVSEHEZARANDBZNTDHA S, AtIHIFIET 205, F—I
[f(@) = fla)| < |f(@) = ful@)| + [fn(2) = fn(a)] + | fn(a) = fla)l

EVWSARERTH S (G 1, 3 HIE. —HRICROBED,N S, N ZRELFTHUINELARD,
G5 2 HIZ fy OEFED S, 2 25 a IGEFIUINE R DE), ZOFRE LT, ROEER
FERDEPN S (Banach 25 X W BEEL ELFEATOVRWE SR, BHLTHEDZRVL),

% C.4.2 (AVNY +FEELOEHEEFFEARDOZEMIE Banach ) R™ O a > 87
MR E K EOFEREEGREBOREOES C(K) 1Z. &AM/ L LDED 2 HHEfIc
DVWTTHHTH %, 8RS &, CO(K) & Banach 2T 5,

& ZAT, EMIIRANREETH 206, BlEEE R T 2072 51, — BRI EF
BRBERTHZLZ Db, 2FD, IFD X512, —RRICRIEEZ D L5 L7z TIRFE—RRIX
W) eI AN 6. MROERMEIE»rN S,

R™ OFHEE QO LTEREINIBEEI {f.leny D3 Q REBFNEZEREDO I T MES
E—RNERT 2 x, {f,} X Q TLBEB—RINERT 2205,

W C.4.3 Q % R™ OB ES. TRIIHMIEEG L T2 &, Q LodEiERERs
{futnen 23 BAEL f1T Q CTIRR—RRICRT UL, [ 13 Q THEKTD %,

C.5 —HRINRCIBRED

—RRIPDCR & F6 77 & DEEFR T,

4 N
el C.5.1 (—KRINER I 24 5ILIERRAAIEE) R™ 0 a v 7 MES K Lo iBIE
A A futnen D3 K ETEAEL fIT—RRINRT 272 51

lgll/fn(x) d:r::/f(:v) dx.
N ’ : J
EWVWIHEBHE, 20%R
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4 N
% C.5.2 (—HRINERA S IXERIFEDEIEE) R™ 0 a7 VES K EOEHEIE {9, bnen
DIE 21 N

Z gn(T)
n=1

N K _ET—HIGRT %72 513,

/ Zgn(x) dx = Z/ gn(z) dz
Kn:l n=1 K
\ )
WEETH B, ZOIFHHIXEH T,
/ |fn - |d:E

/f,,, dx—/f ) da
< ma [, (x \/daz

< max |fo(z) — f(2)| p(K) = 0
(u(K )&iK@(BJJB"T)

TOK TH2 (RIZOWVTIE fule th L& ZAUTRW),

BB, IKEBETOBE ’J‘L¥EL<7Z€% J&H _E1E. Lebesgue F7EwICHIT 5 [Lebesgue
DI EH 7;8%@973%})?3%& LD, ﬁ TOURZ R TICE, AR —RIOR T
TR TR EICERLTUI LW GERE. WMol setEE R MEE . BlEE 5T
ZZQRN IS

C.6 |LZE—HRINR IR

— IR & 50 ¥ DRI DO W TR,

Kﬁ%(MMJR@B%Ii@Cﬂm®¥ﬁ@%ﬁW{hhmlsjEL»RKﬂLT\
(1) {f} nen 7 (B BBB0C) T TIRF—RRUICK

(2) {falnen 2% 1T 1 T (F51) K

WS TEMDTIHE I NS R BIE. f1d T T C AT,

F(x) = limfi ().
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4 N
% C.6.2 (BB LISRBD LE—HRPER T USTERIM D IF5F S nd) R oKX Ik
D C' ARBIRL {gn I nen DIEBHREL

Z In(T)
n=1

D3I FERICR U, 2 2IERFI T LT HISK 2 #kk
> gilx)
n=1

M I ETIRZ—RRICE T 212 51F

(ZﬁA@)z}j%@)
N " " Y,
WHEARWTH %,

(Z OmEDREIE, HBIM D LguconC, HIESEHEH WS 2 Thahd, *
DFE, o OHEFIX I £ TERL, TICEEN2H2a0 37 VRXBTHE, 2D,
HER D L7 BB DWW T DOIRBR BRI R RET 2 2 2 ick %, )

AR C.6.3 X, i C.6.1 DM (2) DRI,

(2) BB ac I IZDWT, B {f.(a)}nen 1FPERT 2
EIRES S L.

Vo € T1ZDWT, B {f.(2) bnen FIRT 2

DBEPNLDT, ZOMEZ f(z) ZBL L, (2) BEDHIZIDZ LIZiRD, i@ C.6.1 DA
DRENb, m

-
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7 28D Fourier {2 D1EH

D.1 Fourier ##. Fourier REDEE

R BEFRSINAEW 2 OFIWIBEE £ 25, —EWIXE (B2 -7, 7)) IZBWTHED T
HdEE,

1 ™
:_/ f(z)cosnx dx (n=0,1,2,--)
T™J_n

= l/7r f(z)sinnx de (n=1,2,3,--+)
Ko TEREINZEI {a,}2,, {b.}°2, % f D Fourier fRE & ML,

s¢(z) = % + Z(an cos nx + by, sinnx)
n=1
% f @ Fourier f&& & M,
Fourier 1%, fEEDOBE f &0 LT, f @ Fourier # f IZF LW, D% D

f(x) =ss(z) (GLOBBHWER L EDTEL W)

DD LD (IEREICE 5 & T OEREE © TiZ) 2 WO ET) v FiRLE, ZOEER
FEEEICIIE L K BRWdi, 2L DEEICHLT %,

ROFERIIEHLTH 2 (DFFHEEHBEROTERINSE Z 232V, $hzflbiT
BHELZLHRETHB),

o f K TH > TH, Fourier FHENIIRT 2 L IER S 720,

o felP(l<p<oo) ZHIX. f @ Fourier fREBUIIFEAEEZ L ZAIKRLT fi12—
BT 5%

BRERME Or LAORMDEE) f: R — R 2FEH 20 0BT, EEDELS»X (FlZ1X
C- ) ZH->TWwWd 33, F(X)=f(LX/7) (X €R) £BL &, F »EAM 2r OBEEUC
2B ERHALT, ROADKD LD Z L ERYE,

nmwT
scon ™22 4 by gin P22
—l—Z(a coS + b,, sin i

L
:l/ f(x)cos@dx, by, /f sm—dml

L% % Z % Fourier DRHRICIZ, BRI 2 0t OBER. FE7 DIESR. B@%ﬁ(W@Wﬁ@ﬂﬂ/\?X EDBRMFAT
%D %%ﬂfﬁﬁkﬁ’\é ZT%%&LZPO?LO
2Lr fP NZEAEEZ L Z2] DEFEIX Lebesgue 7 THEIN,

7272 L
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D.2 Fourier R¥O—=1%
ROMEIE, FEAFEE 280, FIEENTRWERLH 70T 250, HETH S,

-
i@ D.2.1 (Fourier fRED—EM) R FERINEH 2r DBEEL f BB {A,}22,,
{Bp}2, IC&»oT

flz) = 5 + Z(A” cosnx + B, sinnz) (x € R)
n=1

v BRI % T & > TRENB 1 512,
AHI%/ f(z)cosnz dx (n=0,1,2,---),

1 ™
Bn:—/ f(z)sinnz dx (n=1,2,3,---).
™ -7

SERAIE ) 2 B HEE [63] 1B 5. RO EREEDHEIC S (B x LEERIZH 5,

D.3 BRI CDIER. —H
BUF, BAMT, LIE LA S A2 ROAEET, FEVIEH I [61] H X,

e N
fEE D.3.1 HHRE f @ Fourier #ED—HRIKR T 272 513, f ® Fourier #EIE f 1
K—ﬁl‘ﬁ’éo y

4 M
FE D.3.2 f 2 R EERINZFEAY 2r OEFEREKT, KO0 O i 3252513,
L [ @ Fourier fEUF—HRICE L. f 12— T 5,

J

e N
T D.3.3 (v Y IHhHBHBED Fourier MBMODUNEK) f » R LERI N 2n
DT, XoHNT C #Zz 61, f D Fourier X s;(z) 13FE 2 & TAIRL T,

f(z) (z 1% f OEfER)
5

iz 5, 72721

flz+0):= lgiﬂ)lf(x+€)’ flx—=0):= lirglf(x—e)

el

TH5,
- J

FE D.3.4 f PRGN CTkElE, —m=a0p <3y <3are <---<Jxp 1 <zp =75t f
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& (¢),2;1) T O T, [ BET f 0. KEOSACET 2. K5 ORRE

f(z; +0) =lim f(z), f(zj41—0)= lm f(z),

zlx; T 41
f(z;+0) = ilgl (@), fl(zjm—0)= x%;ﬂ}rl f'(x)

(j=0,1,--- ., n—1)DEETEZL] THDLT5, m

D.4 1E%ER. REER

[ R EEFRSI N 2r OB WO RDDIZ, [—7, 7] FEFRE N, f(—7) = f(7)
iz TR W TH (1ZIE) AL I Th D,
[ DMEREE L 513,

an = 1/ f(z)cosnxdr = g/ f(x)cosnxdx, b, = l/ f(z)sinnxdr =0

TJ) s T Jo T ) x
75, FHZ f O Fourier fEBUIREBEBIZ I 672 %!
sf(z) = % + Zan COS NT.
n=1
—J7. f DEBEEL 5

1 [7 1 (7 ) 2 [T )

ap = —/ f(z)cosnxdr =0, b, = —/ f(z)sinnz dr = —/ f(z)sinnx dx
T ) x TJ)_x T Jo

. FHT f O Fourier fABUIIETEBEIETZ 0 672 5
s¢(z) = Z b, sinnzx.
n=1

ZDZens, FroXBTIE, REEBEBEIXEZLBE#EO—T7725 TRHETE 5,

[ N
% D.4.1 (Fourier RXEM) [0,7] LEFk =B f 2SEHCR N O #7z 513,
ap = g/ﬂf(x)cosmc dr (n=0,1,2,---)
™ Jo

Ik oT {an)2, BEDS L X,

f(x) = % + Z anpcosnr (FHDHENE z € [0, 7] 12D ZF—FRIUR).
n=1
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= ry L f(l’) (ZL‘G[O,?T]) N rl ~—7T _ ~7T R U AN
ST f() = { ) e iomy EBCE Fi fom) = fm) & ies

[ O DB B DT, fIZOoVWTEZNTL L, =

- ™
% D.4.2 (Fourier IR [0,7] FiEH SN 7=BI £ ASEGETKAINC O\ #1T. 40

Tl 7z 37 B, _
bn:_/ flx)sinnx dz (n=1,2,3,---)
0

T

THEA {b, )2, ZED D & X,

f(x) = Z bysinnr (X z € [0, 7] 1IZD0F—kRINR).
n=1
N J

= ry L f(x) (iIZ‘G[O,ﬂ']) > r Iy 7 R - Y AN
R () ._{ T e im eBke, [ flom = fin) & a7y

[ C! MOFBEICHRZ DT, fIZoVTEZIUZE L, =

D.5 L* OEMRTORR. —

DUMIRT & 512, L*(—m,m) £\ Hilbert 22 ZEA LT, % Z T Fourier fE%Z%E Z
5. FEHICENVRHERDID LD, bbb, FED fIINLT f=s;. EL. #E
DI % Fourier 237tK#E 2 7 SAINCRDEIR T3 < T, "FEICROERICH S QX7 5
AQAN

L3958, NROBEKRZZZSZL1E T20WHEEB) DX ITEL LN
D, —f&D Fourier M, EIHBIRERORER e L TRRINICHINY 2 Z & 2fiatud, Z
DOEBELME TEEREBCROERMN) Z2RHS 200NN HENND / VATIHREE 2
5DIE, WMHOTHARZILETHS I,
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[
T D.5.1 fe L*(—7,7). 37205 f B Lebesgue AT

1l 22(=mm) < 00
7513,
B ] = g llixcnm = 0

7272 U sy, R TER S NS Fourier FE DN n HETOHITHITD 5:

Sn(x) = % + Z(ak cos kx + by sin kx).
k=1

72 lr2en ) BRRTERSND L (—7,m) DI/ IVLTDHS:

T 1/2
P ( / Ig(a:)lzdx) |

\_ J
(Parseval DTFI. Bessel DARAFER. FEEEIEL e 2 H W BEIC DWW T O Z S 1REN
T2 FE, )

D.6 f5EDF5|EF

RET BXFE D Fourier B DFEIE, B ZIXHEH [61] 2R 2 & v (1 KoesEXofmic
B ERCBR 2 e A2 N [44] DMERITH 20, MR TH 2)e TDLRNVER AR — L1214
. DY [29] D X D B EEOMRHED H L8, HEOFAEIIE. L ABEBET O T F
R MZitAEA T, Hilbert Z2RliaEFE R 2#D W0, H 5 WITEBEEGHEN 72 Fourier fi#
FOEDFWEERDD RV (HHWVWL, BRAKIID), BB, 7F— [27] I Fourier f#HT
DILERIGHICHNTH D, E THHHWATHZDT, AL 7Eo6R=I%2DHL >THABZ
L EED B,

D.7 N—TIHEEICF¥rL>>

D.7.1 N—tIEBECIF?
The Basel (Basler) Problem & (&

(e 9]

> =)

n=1

SZORIIDED D - TinOHaE (BHEHIET) EFICROVARL L E S 2, Wb 2 OHIRIC X - T,
HE E Fourier ORI —FEDERLTESL T, WMZ AERICHL TS5 2 W0HFKAD KL S #2118
PORZY. PRDBEEEEOARIIRS>TLESTWVS, EFEIIZDOI L 2HoTWVEH, KIAHATIZHIR
HBBECAREH L2570, FEZIEYD) SEHLFEZIH LA T0 280 TIE? EHIES, K
ZIZBELWATDH 5,

- LHEWE KL 27201213, 202D DBITHALELD LAy, —ERTHEAIN D252 Th,
FOICHMATHL > TAB I LRED 5,
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2
@@%ﬁ@i\2m5%®TLIMHﬁHB5¢K%DtO%M%<

D.7.2 MELEFE

T,
_<>o1 _oo 1 _oo 1 _OO(_l)n—l
S_EQE? 5;_§:@mr SB_E:Qk—UT 55_2; n?
n= k=1 k=1 n=1
el BHIZ
1 1 3 3 1 1
Se=55=75 So=8-5.=735 Si=8—S=8-.5=:5

THDZEBTREDT, S, Se, So, Sy DENI—DOPRFIUX, MIEXARDH2E I L ITHR
L5, Bl S =72/6 Hohiud,

2

T 1 2 3 2 1 2
S=% %=1 =197 %R=35=3
ME, FHFDOGEEITOWTHM L=, METHRERCTH S, HIZIX 4 OGS
B [e'e} 1 B e’} 1 B 0 1 B [e'e} (_1)71—1
S‘Eﬁ’ S = (2k)%’ S0 = (2k — 1)* Sa_z nt
n—= k=1 k=1 n=1
rulr., , . :
SQ:ES, SO:S—SQ:ES, sa:so—se:§s

4
thﬁ%%ﬁﬁﬁ%@f\5236#6@®T&f@@ﬁﬁi%o

D.7.3 Fourier f&#DFHET S, 2K 3

FI3EED» S,

f:R—RIIEH 2r &3 5,
anZ%/ f(z)cosnxdx (n=0,1,2,--),
an%/ f(z)sinnzdr (n=1,2,--)

¥ B< &, Fourier &
f(z) ~ % + i(an cosnx + by, sinnx),
n=1
¥ 7= Parseval ORI
. E ool + 3 (ol + W)] - [P ar
— —
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sign = DERAD D
flz)=signz (-7 <z <) ZARHKTHZDTaq,=0,ZLT

{ 0 (n 3 MB%)
by = 4 o

e BHDT

) 4 (sinx sin3z sindx
sigh & = — + + +ee ).
T 1 3 5

Parseval DFH X D

> GECTE 2/<:-1 ?

k=1
lz| DERRADS
f(@) =lz| (-7 <z <) XMEETHZD T, =0, ZLT ay=0,
0 (n =2k, k € N)
S (n=2k—1,kcN)
(2k — 1)27 "= ’
£i2%DT
H_z_é cosx+cos3x+cos5x+
ATy TR TR 52 '
z=0%ZMRALT,

Parseval DFR L D

z* DERADS
fle) =2 (—m <z <7 &35k, [fIIMEEKTHZDT b, =0, £/ a = §7T2

4(-1)"
an, = <2) (n>1) THBHDT,
n
,  m g (CosT cos2w  cos3r  cosdw
vex TN\ T T T )
r=0%MRALT,
1 1+1 1+ 71'2
12 22 32 42 12
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Flhoro=7m AT B L

Db 5, — 1 Parseval DFERX XD

=1 _7r2
n:1n2_ 6
St 90
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F &#E Fourier 22D

INFTHRALRXENIBT 27 HER%Z Fourier fREXTHNT Z7225, R = (—o0,00) IZ
B 20 HER TS DIT Fourier Z2#03HHT= 3,

E.1 Fourier EDEE (—FFE? )
BI%K f: RY — RY o IS RIIAUT ), 2O Fourier Z#a L g0 3 Ff = f: RY - RY
)

~ 1

(E.1.1) fly) = aove |

f@)e ™ ¥dz  (y € RY)

TERIND, 7 Li=yv-1T, z-yldz ¥ yDNHE
-y _ijij €r = 1'1,1’2, 7IN)7 y:t(ylay%'“ 7yN)

ERDT,

AR E.1.1 (Fourier Z# Ff I35 VWSEAMICR L TERTESD) (E.1.1) BE@EDHEDT
Y LTEREROIE fe LYRYN) TH 2 Z e BRBENTH 50, Fourier ZHUIEE LD
T, RILHFAOBEBUIIH L TERIN TV, fliHICEEDHTEL,

(1) f € L)RYN) oFE. (E.1.1) & f ® Fourier ZDERL T3, 2O X Ff I3HRHE
lim Ff(y) =

ly|—o0

Z 5723 (Riemann-Lebesgue O EH),

(2) fe L*RN) oFE. fe LMRYN) BIFBLRWH, Wb FEOHERICL->T f D
Fourier 2% E&$ 5%, 2% D

fn € CRY) (neN), Jim [ fo = fll2@yy =0
723 {futnen ZH(- T,
Ff = @goffn (L*RN) 1281 2 MkR)

35 (FEIRE S %), ZORR Ff e LARN) &b, F: L2(RY) — L*RN) I Hilbert
22 DRI EARIT72 5,

Lf @ Fourier 22 RTHLBFL LT, Ff TR, FfDEIBXLFRMES TRZNE 505D T 5
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(3) f € SRYN) DIFH?, (E.1.1) T f @ Fourier BN ERTE S, 2O X Ff e S(RY)
T, F: S(RY) = S(RV) & Frechét ZEMDFAIBBRICH 5,

(4) fe SRN) DFBES, FHEEHWT Ff e SRY) 2EHKET %, ThbH
(Fl.o)=([,.Fp) (pe€SRNY)).
ZOrEF:SRY) - SRY) BNHEBEZERE L CORMEERICES, »

FRRIC g: RY — RY I LT, 2D Fourier £ MIN 3 Frg=g: RN — RN

i) = s [ 9y (@ € R

TEZEINS,

ERAMD Fourier £

g (L)) -wrrn #((2)0) - Corra

(2R BT FO,, = (iy;)F, F*0,, = (—ix;)F* £&EIT %, )
BEAZE% HMFTH'S Fourier it

(E.1.3) F(z®f) = (z’(%)a]-"f, F (y“g) = (—z’(%)a}"*g.

(2 RT M Frjr = (@'Gyj)]-", Fry;- = (—iaxj)}"* EET 5, )
Fourier Z#:OEF RN
(E.1.4) (}-80;]'—1/1)L2(RN) = (907?/1)L2(RN) (p, e L2<RN>)

Kz

IF fllezmyy = 1|l 2@ny-
BHAAAE Fourier Zi

(E.1.5) Flox) = 2m)N2FpFip.

E.2 oA EXADIGH
fl B.2.1 (3O A RRXOBERE™E) 52607 feSR) ISHLT

(E.2.1) —u"+Kku=f (inR)
(E.2.2) u(z) =0 (Jz] = o0)

2S(RY) 13 RY LoARNERO 2K, S (RY) v #EINB Z L BE N2
3S/(RN) 1 RY L ofmEeaso 25,
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iz u=u(z) ZRDE, WVWOHMEEZEZ 5,
WMo HAER (B.2.1) OMid% Fourier 223 %, £ 3HEMED S

~F (") + k*Fu = FF.

&ZAT

RSP _ Tk
yz_’_kg_g(y)J g<x>_\/;ke
TH2 (ZORIBEBHITTRED, 290V g IR THDIZNEE I —ET BTy
X 1/(1 +y?) O Fourier BEHATH %, )o DRI
u(y) = 9(y) f ().

1

tkﬁ@l@#%ﬁﬂm¢%

gx f DT =V IZEWTHENH

1
Fu=F | — .
v (mg*f)
WD Fourier 2% L5 &

ERAY X5 . X
ue) = o= [ gl = sy =5 [ K r)ay.

Bl E.2.2 (BAAREXOVEERE) 52607 fe S(R) IR LT,

(E.2.3) u(z,t) = uge(x,t) (x € R, t>0),
(E.2.4) w(z,t) =0 (Jx] = oo, t > 0),
(E.2.5) uw(z,0) = f(x) (x€R)

7z 3 u=u(z,t) ZRKD X,
u=u(zt) Dt ZNRNTRAXA=R=LABIZL, 2 IZDWVWT Fourier ¥ L7=d D% 1 = u(-1t)

EERDIT, OFD
e ) = \/% / w(, e wEdz.
T™JR

BHER (E.2.3) OWid% 2 1IZDWT Fourier #2153 &

(3)--((2)7)
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FHORVEBZHFIILTWS 2D, x 1T % Fourier £ F & 0/0t \ZR[#TH 3 Z
. FREe RN (E12) 25

0 e

au(f,t) = (i§)"u(&,t).
ERAS9X5)

d
(E.2.6) & 1) = —€ul&,1).
—7. WIS (E.2.5) % Fourier Z#1L T

(E.2.7) u(&,0) = f(§)
THZ0 5, (B.2.6), (E2.7) W3 HMHHER OIS MERESE SN, RIZES
WK% %!
u(e,t) = exp (—1€%) f(€).
KRR F(f*g) =VerFfFg ZHWT

-~ ~

L exp (—t€2) F(&) = VIRA(€.0)J(€) = F[H(- 1) * 1 (©).

(B.2.8)  A(&,t) = V2r -

Var
7272l
T L e\ 1 OOeXP(—tSQ) iwé
(E.2.9) H(z,t):=F (mexp( t& )) i B e~ dE.

H(z,t) DEMARBIZRTHET S LT, (E2.8) 2256

u(€,t) = FH(t) = ] (£)

TH A5, W% Fourier 211 T,
w(ar,t) = H(.t)  f(z) = / H(zx -y, 0)f(y) dy.

(E.2.9) ZFEFREIHE LT, H 0EKEZRD LS,

— 1 =1 42y | jixé _i OO 42 :
H(z,t) = 2#/_00\/%@{1)( t&%) - e dé_Qw/_meXp( 178 —l—zxf)dé‘.
t2'—t2m—t ix2t—x2_t ir\® a2
—f—l-ll’f——(f—?f)——(f—%)‘i"4—t2——(5—§> I
THHEH05,
9 SN2
exp(—t52+z’x§):exp (—%) exp [—t (5—%)]

2 o] . 2
H(z,t) = %exp <_Z_t) /_ exp [—t (5 — %) ] dg.
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et WS BkE. AR ORI (HE, %E??ﬁ@h’é -X, X, X — 2_t _X_Q_t Z I8

RET2RGEZ, EDREIC—AT 2R T2) Ko THITLIILEEXD L,

00 . 2 00
1 ::/ exp [—t ({ — %) ] d& :/_ exp (—t§2) d&

PREND, s:=+t& B L, dézﬁf‘@%#%\

Vit
_ 1 = 2 _i _ T
]—\/E/Ooexp( )ds-\/g VT = p
Wz 12
1 x? 7T 1 x?
(E.2.10) H@aw._ﬁgexp(_zz). T z@ﬁeXp<_ZZ)'

ZOBE H(x,t) 2. BVFEXDOEREE (the fundamental solution to the heat equation) & %
WIEER (heat kernel) & RS,

—y)?

E211)  ulat) /H )dy—\/H exp{ - ]f(y)dy.l

D EORRIEFERANER L WS 3D T, (B.2.11) @ u MBAYICESTREI OO ERE o f#
THch, AEHBPBETH 5 (HEfFH).

(E.2.10) DR/

JRFRE D DM L BT DIERF SR E N D b DBRBEITR 203, £ ZWCHE Db, (BF
B EGR 2 (03 &l & A TH 2,

—_ar? —i
e azr e zx{dx

9(§) ::\/_27/_00
Bk,
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(BHDERIFEST DIESLIFEEL < 2w, )
E=0 DY ZIMEXFHEITKE 5,

g(0) 1/_me““2dxzi'§zi.

T or
W 2T, g 37T DA E R E

dy _é _ 1
d_f - 2ay’ y(O) \/%

DIETH 2, TNEBNTRKDZ &

(1) = e
S o — S dy _ [ € I S I g
(BDTzD: y = 5y J:D/y = /2ad§c1:'910gy— 4@?%5%2 foy—me a.)

HARTLLCARBEDIC. BLABDHDEDFEUDIT
WHDZATT T DT —) TEIREID T T U TH D, EBEL >0 1L T,

(E.2.12) F [e—tﬂ (€) = % F [e—t52] (z) = %
%mt:%tﬁéz\
(E.2.13) F [e‘x2/2] (&) = 6_52/2, F* [6_52/2] (x) = e T2,

Thbb, e /2 %, Fourier ZHDEEE 1 BT AEERYZ b THB, 2% R T
DIEZD 1 THD XD IZEHLL

Ve
F. BEHEERIDA N(0;1) OEREREBIBUCMZR 5720,
(E.2.13) &
1 § « 1 .,/
Fital© =5 171(E) . 7ol = 7l (%)

YT m, B o? DIEFII N(m; o?) OREREEBIBIZ

1 (z - m)?
V2mo? P 202
f% D 7:0
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W2&o T, (E2.12) PEETE S, HIZIX

e oo ()] - (3 -]

Ins

 [ee)] Lo (-2)
d [ var ) W= i P '
ZHUE. T 0, K 2t DIEBIEOHEREEME H(x,t) © 7 — ) TAHH exp\ﬁz_t@) v
T
WH ZEZERLTWS,
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& F BWOHREIRND Green A

F.1 185t Poisson H &L

Poisson AFER D Dirichlet FEFERMED 1 XIThlZ. XD X 5 72 FE W7 RO 5 FERM
HThb:
) = F(0), 2(0) = 2(1) = 0.
COMEDRIZ (FRZRITEL L)

! s(1
x(t) :/ G(t,s)f(s)ds, G(t,s) ::{
0 t(1
COHEFEDAMZLUANIEZ %,
F.1.1 =MD L TELS
WM itEX e 1 EES T 5
t
Z'(t) — 2'(0) = —/ f(s)ds.
0
BIITHS 1EED T2

:B(L‘)—:B(O)—:U’(O)t:—/ot (/Orf(s)ds> dr:—/ot (/:f(s)dr> ds

—— [(¢=9re)as

W2 (2(0) =0 ZHWNWT)

z(t) = z(0) + 2'(0)t — /0 (t —s)f(s)ds =2'(0)t — /0 (t —s)f(s)ds.

2(0) BMELEV, 208D t =1 2RAT 5,

THDE0 56,



x(t):t/o (1—s)f(s)ds—/0(t—s)f(s)ds
= [ Ba=9 -9l [ 1=
:/Ots(l—t)f(s)ds+/tlt(1—s)f(s)ds.

F.1.2 TEHZLETHELS

2"(t) = 0 O— BRI x(t) = C) + Cot (C, Cy IMEEER) TH 5, £ TEBELIEIHE
W oa(t) = Ci(t) + Co(t)t EBL,

2'(t) = C1(t) + Co(t)t + Co(t).
(F.1.1) Ci(t)+ Cy(t)t =0
PAIRET DL, 2/(t) = Cot). WRIZ 2"(t) = Ch(t) THEHH
Cy(t) = —f(1).

(F.1.1) 25
Cl(t) = —Ch(t)t = L1(1).
W Z 1T
a@=@@+A&WM&
—/0 £(s) ds
N gl obY 5

z(t) = C1(0) + /Ot sf(s)ds + Cy(0)t — t/otf(s) ds
BREM 2(0) =0 XD C1(0)=0TH %, 2(1)=0 &b

0=s)= [ srtas— [ spioyis

@m):Zfﬂ@d&iézﬂﬁdwzlzl—ﬁﬂ@d&

sf ds—i—/ t(1—s)f ds—t/f

s+t1—s —t) f )ds+/t t(1—s)f(s)ds

c\ko\é

sl—t ds—l—/lt(l—s)f(s)ds.
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F.2 —fi&0D2BEETEEMAIERNDIEFRIERED Green FAEX

CZWREBEVTHIEEEAHMONTVE I TRED 2D, (WEEIET OB —EHTHA
S06) ZEER DT, BIZ R 61, ZhdotEH 17 2w/ —23d %, [17] T
FVWkxedrsHLTEL,

2 BEREEMA ARAOEFEREOE LD ~N

o IHEMEDIE (p(t) > 30 > 0) Zii7=3 2 B EM D TR OFEFYEREIZ O W
T, U TR « —& « —=2rg) 272D 7o,

o FXEFREMNDEE, —EAIED D L7 513, BEFYERE DML Green BIEL
ZHOWTEDbE N2,

o R H O LIGE I, —Erf@E B c BN YHESRELRD 5, $1-%
DA, Green BIEUINFIMEZFFD,

o IEXWHCHKRTRWEED, T/ v (HEMEDORZRER) N ITHL T, Ly =

S Lo + M T3S % BESHERE O — BRI D 170, )

FHRARFRCER S EAEMIT D THEMA AR 1 (by FAE) THi#FEEINL, UTO
F O, ZOWBBONBLZFELHDTDH 2,
EEZDORBDIERVWD, WIHAMERED Green BAEUZOWTIX, #H [16] 2 /R X,

A€ M(n;C), be C" T LT,
(F.2.1) Az =b
EWVSHIETEREEZ LS (RAKOME = R0, 0@z 1 XGEN),
AV PEE = (A2=0 = 2=0)

WKHEELELS, 2O & FED b IIHLT, (F.2.1) OIZ—EMIHEEL, T o= A"
ThHhzbN5,
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I =la,b], p,q,r € C(I;C),
3B5>0 Viel plt)>6
L9 L E,
Lolu] :=pu" + qu' +ru  (u € C*(1;C))

EBL (DFD Lo[u)(t) = p(t)u"(t) + q(t)u'(t) + r(t)u(t), t € I)o [FIXX Dirichlet HE5HHE
fia] e
Lolu](t) =0 (a<t<b), wula)=ub) =0

DIRA u=0 DATHIUS, Vf € C(I;C) ITH LT,
(F.2.2) Lo[ul(t) = f(t) (a<t<b), ula)=u(b)=0

DIRIF—RINFEL. XA THEZ 6N %:

b
u(t) :/ G(t,s)f(s)ds (tel).

7272l ()
® S
Gy ] WO (1EIEEED
’ w@W@)( <t <)
W(sp(s) ~ = = =7
@ \& Lo[p] =0, p(a) =0, ¢'(a) = 1 DFE,
P& Lo[y] =0, ¢(b) =0, ¢'(b) = 1 D,
o e det [ PO V)Y L e (s) — ) (s
W(s) dt<¢,<s) W(s)) @(s)Y'(s) — (s)¢'(s)
NG J

4 N
EE F.2.1 (AXRAERAOED—RE — FRXAREADOEDO—BFE (RAEE), Greer

1 BEEN)

G ZHSHERME (F.2.2) O Green 8% (Green function) &’

Bl F.2.2 () = f(t), u(0) = u(l) =0 &5 HEDGE.

VRS
p(s)=s, P(s)=s5-1
ERE 2DT,
W(S)Zdet<§((z) w,((?)):det(i S_1>:5.1_(5_1).1:17



e p(s) =126 t
u(t) = /O G(t, 5)f(s) ds.

) t(s—1) (0<t<s<1)
G@”%_{s@—m (0<s<t<1)

NESLNS, F.1 HIOMEORIZ., 2 -1 20T DTH5, =
2B, BEM [61] EEE? T,

—u'(a) + oyu(a) = u'(b) + oou(b) =0

EWVWH RGBTV S,
EED f I LU THENFESTSZ e, —EMERH 07
p,q,r € C([a,b];C) 272 ? p(t) > 6> 01X T DIEAS?

GEER o, v ZED 2 EMO RO VIHMEREIZ, LI —ERETH 5,
O,V IF TN TH B, EBE. clot+a=0&35dL,

v(t) = crp(t) = —eapp(t)

eBL L.
Lolv] =0, wv(a) =cp(a) =0, v(b) =—cotp(b) =0

Tho2ro, ~REDEDN L v=0 »ED>rA,
a1 =c(a)=v"(a) =0, c3=ct'(b) =—0'(b) =0.

W 212 Wronskian (& 0 1272 678\ W(s) #0 (s € ).

BDI=DIT, o) #0,9(a) #0 ZRT. LD o) =0 EIRET S &, ¢ & Lolp] =0,
o(a) = p(b) = 0 27z DT, RE (RXESFHEMEDORED—EM) 2256, » =0 23Ehh,
Pa)=1FET %, FARICLT ¢¥(a) #0 BESN S,

EREETHRERD X 5,
u(t) = c1(t)p(t) + ca(t)2o(t)

eBLlk.

u'(t) = (i + cy) + (c1@’ + cat)).
ZZT
(F.2.3) A)p(t) +H)Y(t) =0 (tel)
PIRET DL,

u'(t) = 19’ + e

W Z 12

u//(t) :C;_@/+Cl2wl+61g0”+62w”.
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INoho,
Lo[u] = c1Lo[p] + caLo[th] + p(chg’ + chi).
u B Lolu) = [ DIETH 5712

(F.2.4) i+ =

SSHI RN

THBIePRETDITH S, (F.23), (F24) ZF& DT

(2 0))-2)
()= (%) (f> : (% )

pW
D5 (a & bDESLELNLEDTT 2hE, Tﬁ%’fﬁ@b?’:lﬂi)

s L)
(F25) —Cl / W Cg(t) = 2( )—i—/a W(s)p(s) ds.
Wz I
P(s " p(s)f(s)
( / ) O+ (CQ“’) + [ ) o

0= U(a) = co(a)y(a), 0=mu(b)=ci(b)p(b).
b(a) #0, ()7&0“6%675)6 (b)ZCQ():() 212

/ vls d + ot /W /abG(t,s)f(s)ds.l

p,q, v DEBUET, ¢g=19p “qué%’.)i e Lo Giﬂ/ﬂE'JEE',# TTHHrWVWH, T
(Lolu],v) = (u, Lo[v])

£l eiThiat, FEER
Lo[u] = pu” + qu' + ru = pu” + p'u’ + ru = (pu')’ + ru
ICHEET 5 L,

b b b b
(Lo[u],v) = / (pu') v dt +/ ruv dt = [p(t)u’ (t)v(t)]] —/ (pu")v' dt +/ ruv dt
= —/ o' (pv')dt +/ ruv dt = — [u(t)p(t)v' ()]} +/ u(pv')'dt +/ ruv dt
= / u[(pv") + o] dt = (u, Lo[v]).

b THEHRK tid. Hilbert ZEADIIEHNRICOVTOEETH 2,
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ZDatAZ AT m» 5 Koz, TEAWBECHEK) o & 23, HREHFDADTEZ S
RNREHDTH S (£ VI EKRTIE, HEHREHFICE R LEW TL 3EANACHE) tWwoF
WHIZIERED D 5 ),

a N
EIE F.2.3 (EHIEORH < 0 THHAEANB SHRIRFAEREDO—EM) I = [q,b],
p,r € C(I;R),

30>0 Viel p(t) >4,
Viel r(t)<0
LIDLE,
Lo[u] :== (pu') +ru  (u € C*(I;C))
LB e, GEFYERE
Lolu](t) =0 (a<t<b), wula)=ud) =0
DIFFu=0DATH 5,
\_ /

EIEEE Uy, U 753;:&&:%2?—50 U= U — Uy Zi)’(o

D LD, Lolu) (& u B2 TEHDED TS &
b b b b
0:(L0[u],u):/ (pu’)'udt—i—/ ru® dt = [pu’u]l;—/ pu’u’dt+/ ru® dt

b b b
:—/ p(u’)th—l—/ rutdt < —6 | (u')*dt
b
/ (u)*dt < 0.

IS o = 0. u W FEBED. ula) =ud) =0 BDTEFu=0 WIIT u =uy. W

BIEL T TEHl-T

TIE F.2.4 EEUEDRED <0 ThH 5 &5 2B E I IHRIEHZOHEFMERMZE I L
T. Green BEDFIET 5,

SRR PO OO EHDODRTHS, =
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7 8 G misc

A TR WEHE DGR, 2 2 ¥ a2 — X — 2l o 7GR OV T DB S B 2 F,

G.1 HHEEOFEDLS P K. S KOAREANZELS

1.1 O DRE R RS,

ST
62
(G.1.1) pa—;; = pAu+ (A + p) grad (divau) .
p:=divu, s:=rotu B <, (G.1.1) DERAIIZ div ZIFE T L,
.07 o
(G12) le@ = ﬁle,
(G.1.3) divA = Adiv,
(G.1.4) divgrad = A
ZHWS L.
2
pﬁdivu:uﬁdivu—l— A+ p) Adivu
=(A+2u) Adivu
lopdie
TP _ (34 2u)
(G.1.1) OWHAIZ rot ZI1FE T L.
2 2
(G.1.5) rot% = %ro‘c,
(G.1.6) rot A = Arot,
(G.1.7) rot grad = 0
ZHWs E
2
p@rotu:uArotu—i-O = puArotu.
Lo die
?s
pw =uls.



DD rot A = Arot ZEFFALTEBZ 5,

B o 0 0
— - Al a—fs— 5T
A fi 852 £l 3(9963 etk 852 ’ 8363 ’
rotAf=rot | ANfo|=|—~L0fi—-—Af|=|L0|—fi—=—1/3 = Arot f.
Oxs Oxy O3 0z,
A fs ) Ay 0 N, ) 0
0z ? x5 ' o 0xq fo = 0T hi

G.2 Kirchhoff OFEDIFBADEIAEK
ORI RDBCPHT, reR3 T2, ¢:[0,00) >R %

1

5(7“) = { 472 A/_ﬂ’r d(y) doy (r >0)
gf)(l’) (T — 0)

THEDZ L E, ¢ 130 THMOFEET ¢/(0) =0 Zilizz 3.,
A ¥ AM e R, Vy € B(a; 1) LT, R(y) = d(y) — d(z) — ¢'(z)(y —z) £BL &,
|R(y)| < MR? DD LD Z ITHEET 5,

h>01RLT

3 (00 =30) =5 [ o) o) o,

B 1
 4qh3

- (00 [ s [ B in,)
B 47r1h3 (WI) 0 /y:Jth Rw) dgy) - # /|yx=h i) do

| @@=+ R

h| <1 THUP
1/~ ~ 1 1
— _ < < 2
'h <¢(h) cb(O))‘ < /|y 7x‘:h|R(y)|day < /y e Mh? do,
M M
:m ‘ |hd0y—m'4’ﬂ'h2—Mh—>0 (h—>0)
y—x|=

W2 $(0)=0. m N
ZDFRERD S ¢(r) :=ro(r) £BL L E, ¢(0) = ¢"(0) =0 25 54, Kirchhoff DA DEE
NG STASN
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K& 2r QX TRIALL TS 23R U 7= FIHAfE S SHE R E

(G.3.1) u(z,t) = uge(x,t)  ((z,t) € (—m,m) % (0,00)),
(G.3.2) u(=m,t) = u(m t), ux(—mt)=u.(mt) (t€0,00)),
(G.3.3) u(z,0) = f(z) (z€[-mmn])

DR

oo
u(z,t) = % + Z e~ (ay cos nx + by, sinn)

n=1
1 [ 1 [7 .
:—/ f(x) cosnz dr, bn:_/ f(z)sinnx dx
T ) . )

1
G(z,y,t) = 2—+

Th s,

oo
E e """ (cos nx cos ny + sin nx sin ny)

n=1

=

el e, ﬂ
wawzjﬁew%wﬂwdy
¥ 72 % DX Dirichlet HASHEDGELFRETH 5,

X T,
ein(@—y) | o—in(z—y)
cosnx cosny + sinnz sinny = cosn(x — y) = 5
iy
G(z,y,t) = L + ! ie_”2t (cos nx cos ny + sin nx sin ny)
7y7 - 27T T ra y y
_ i 14+ f:e—n t (em(z—y) + e—m(z y))
2 —
_ 1 —n?t_in(z—y)
=5 > ete
neZz
— i —n2t+in(z—y)
2w
neZz

Z53 5t GLEDHEHXIKT® 5h3)
1 —n2t+inz
G(x,t) == %Ze H
neZ
B, G,y t)=Gx—y,t) £7%5DT
ulwt) = [ Gla=y.f) dy
—7 (PR EHTH 2D T) R v id (R TO) #IAERE

(G.3.4) u(z,t) = uge(x,t)  ((z,t) € R x (0,00)),
(G.3.5) u(z,0) = f(z) (ze€R)
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DETHHEEZRD DKL, TiL,

Ulz t) — 1 x?
(x,t) = T exp (_E>
EWV BT IERDOEARMR (B 2T

(2n+1)m

M%ﬂz/mU@—%ﬂﬂw@=:2:K‘ Ule — y,8)f ()dy.

n——oo ¥ @n=1)7

y—2nm=§ EEBEW T, v —y=x—&—2nm, f(y) = f(§), dy =dE TRDT

o0

u(z,t) Z/ Ulx — & —2nm) f(£)dE.

n=—oo

x — 2nm)’
V(z,t) \/_Zexp ( T)

nez

eBLle. W
UW¢%=[_V@—€N@%%

FIID—HT 5 Z e REATE 20T (HEfEH), G=V. kbbb

o0

G(I) _ % Z e—n2t+inx o \/H Z (z—2nm) /4t.

n=—oo n=—oo

G.4 EEEHBEREDH
&b B EGEBEREOBEAG ZHET L THE L,

(G.4.1) ur(,t) = Uge(x,t) + F(x,t)  ((z,t) € (0,1) x (0,00)),
(G.4.2) u(0,t) =u(l,t) =0 (t € (0,00)),
(G.4.3) uw(z,0) = f(z) (z)€[0,1]).
fift i
(G.4.4) u(z,t) = Z foe ™ sin nrr + Z F,(t) sinnrz,
7z7zL
(G.4.5) n = 2/1f (x) sinnmz,
(G.4.6) —2/ / —nim (- ) F(x,t)sinnra drds.
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F(z,t) =0 O%E, Fourier DJTIET, BEAHBIECR {0n(2)en (0n(2) := sinnmz) 2155
N5, ZHUENFEAEREDMREL LIX LR SHE

4 N
Vo IR LT,
S A
" (s on)
eELlL, .
= chS‘Jn(x)
N "~ Y
i3
1
F.(t) = 2/ F(z,t)sinnrr dx  (t € (0,00))
0
LB,
(b) }:zw sinnrr  ((x,t) € [0,1] x (0, 00))
DI D LD,

u IRHBERLT H 573, )
un(t) == 2/ u(z,t)sinnrx dx
0

rBLlk
(#) u(z,t) = Zun(t) sin nmrx

DL D LD, R t
un(0) = fr,  fo:= 2/ f(x)sinnrx dz.
0
(1), (o) ZHERRAT S L,

[eS)
E U,In smmrx— E Un 717T smmr:v—i—g F SHl?’L’iT,CL’.
n=1

n=1

IS (sinnmr ZH ) THETS %I L T)
ul (t) = —n’7?u, (t) + F,(t) (t € (0,00); n € N).
—fic

dx

yr =ar+ F(t), z(0)=x

DI t
z(t) = e +/ e F(s) ds
0
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THE05,

G.5 gnuplot TER
Bl G.5.1 (1 XuKEANOVIEAERRE) 1 otk Eh )7 X o P ER E
1
C_Zutt = Ugy, U(ZE, O) = ¢($), Ut(CC, 0) = 1/1(5(7)
WZBWT,

) @=a)t (2] <1 _
ET B XDV OHD t DEIN LU THIT., EWVWIFEINT 2 —D20D%, v =0T
HBEDNS,

u(z,t) = = (¢(x — ct) + p(x + ct)) .

N | —

ZZT(c=1¢ELT)

max (x,y)=(x>y)?x:y

phi(x)=max (1-x**2,0) *x4
u(x,t)=(phi(x-t)+phi (x+t))/2
plot [-3:3] u(x,0),u(x,1),u(x,2)
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0.8 - “/“‘ \ b

0.7 | \

05 | e~ | | o .

o

02 ; L / \ / k .

X G.1: t=0,1,2 DJEICHR, Fk &
Bl G.5.2 (BAABRROERBO T =X —>3Y) BUTRENADHEARMR

1 z?
U(I’,t) = EGXP _4_t

FRA ¢ = 0 TRIERR EOJRRUCHM AR Z BV T, ZALRERMREIC X - TEAMRNT
To756 0, KL t, 5 ¢ BT 2mEZ2R T,
anim.gp

s=sprintf ("Heat kernel: t=Y5.2f", t)
plot [-10:10] [0:1] u(x,t) title s
t=t+dt

if (t<Tmax) reread

DK T7 74V “anim.gp” ZHELTHBWVT, gnuplot T

gnuplot> u(x,t)=exp(-x*x/(4*t))/sqrt (4*pi*t) h
gnuplot> t=0.1

gnuplot> Tmax=5

gnuplot> dt=0.01

gnuplot> load "anim.gp" y

E55L t=01256 001 AT t=5FT. ul-,t) DI I INEG 7 =X = a »THiT
%, Z ZTIEE L TIE,
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03 T T T

uix,1) ——
u(x,2)
/—\ u(x,3) -
| \ u(x,4)
0.25 + / \ .
/ \
/ \
/ \
/ \
0.2 // \\ -
' / \
/ \
J/ \
| \
| \
// LT \
0.15 + /ﬁ/ -
01} 4] i
7
/
0.05 + .
0 1
-10 0 5 10
X G2:t=1,2,3,4 TD u(-,t) DI 7
RDEIICFT DL 7= A= a ¥ GIF M5,
4 _ N
G(x,t)=exp(-x*x/(4*t)) /sqrt (4*pixt)
t=0.1
Tmax=5
dt=0.01

set term gif animate delay 10
set output "heatkernel.gif"
load "anim.gp"

quit
- J

http://nalab.mind.meiji.ac.jp/~mk/fourier/heatkernel.gif m

5l G.5.3 (Poisson #%) Poisson #%

1 1—172
P.(0) .= —
(9) 2w 1 — 2rcos@ + r?

DT7 72N THAS,

gnuplot> p(r,t)=(1-r*r)/(2%pi* (1-2*%r*cos(t)+r*r))

gnuplot> set term x11
gnuplot> plot [-pi:pi] p(0.1,x),p(0.2,x),p(0.3,x),p(0.4,x),p(0.5,x),p(0.6,x),p(0.7,x)
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http://nalab.mind.meiji.ac.jp/~mk/fourier/heatkernel.gif

XX p. 153 1ICH 5, m

G.6 Mathematica TiE.3

Glx_, t_] := Exp[-x"2/(4 t)1/(2%Sqrt [Pi*t])
g=Plot[Table[G[X, t], {t, 0.1, 1.0, 0.1}], {x, -5, 57}, PlotRange -> Al11]
Manipulate[Plot [G[x, t], {x, -5, 5}, PlotRange -> {0, 3}], {t, 0.01, 2}]

G.7 R¥F (1+E)BASIC TEER

G.7.1 {R#¥ (+#)BASIC DN

FRFR) T BASIC) 3B 3o e EoRARITH 20, fEEOHAMEKRIZE S . £
HHECTOMMEZHKE LT, JIS Full BASIC % Windows BREECTHEE T2 Z & & HIEI/E
LNTDDIEZESTH 5,

BHERIZ Y - ThE U WIRERRRE (1000 HTTEEE— N, FHEGEE T — X, BREGHEE—
F) DD, THDTV =V T PV DEARYRIR BRI eZeBS5, A A b= TJE
WICHHHE R ddHoT, WESLHEMTHIEFICHEMMZ 2 (BEIHES ! ),

AFX

F({AR) 3t BASIC DR —21R—I ]
http://hp.vector.co. jp/authors/VA008683/

YWIOIR=IMBHRS, BB, RELLF 22—+ 7 F({RFR) +3 BASIC 1< & % JIS Full
BASIC Ay gL Tw5,

ZOVI7 EHHLTWA ANEDXHEAWY YV a7 I 65% %y b ETREALTWS Z
L B0,

BB OFEIIIHFFERDBEITIR D NP2 VD, Z W0 FEITRD THIL KRBV 7
FNTH B,

G.7.2 1B AERNOVEMEREFERE% % <
FHEIEOFNCOWTIE,

78 F 5k D BB T
http://nalab.mind.meiji.ac.jp/%h7Emk/labo/text/heat-fdm-0.pdf

PRTH558 LT, I TR —BEHRLGHED T 07 5% AL TEL,
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http://hp.vector.co.jp/authors/VA008683/
http://nalab.mind.meiji.ac.jp/%7Emk/labo/text/heat-fdm-0.pdf

REM heatld-e.bas

REM [GfRiEIC & 2 1 ReBGE (FIXT 4 V 7 VRSP
REM u_t(x,t)=u_{xx}(x,t) in (0,1) X (0, o)

REM u(0,t)=u(1,t)=0, t € (0, )

REM u(x,0)=f(x), x € [0,1]

REM === e e e e e e
DECLARE EXTERNAL FUNCTION f

REM 7—&X AN

INPUT PROMPT "Z&E|: ": N

INPUT PROMPT "A: ": lambda

INPUT PROMPT "Hei&MRfZl: ": Tmax

DIM u(0 TO N),newu(0 TO N)
SET WINDOW -0.2,1.2,-0.2,1.2
PLOT TEXT ,AT 0.4,0.8: "BU5fEx"
PLOT TEXT ,AT 0.4,0.7, USING "N=###, A=##.####" N, lambda
LET h=1/N
LET tau=lambda*h*h
LET kmax=Tmax/tau
FOR i=0 TO N
LET u(i)=f(ix*h)
PRINT u(i)
NEXT i
FOR i=0 TO N
PLOT LINES: i*h,u(i);
NEXT i
FOR k=1 TO kmax
FOR i=1 TO N-1
LET newu(i)=(1-2*lambda)*u(i)+lambda*(u(i+1)+u(i-1))
NEXT i
FOR i=1 TO N-1
LET u(i)=newu(i)
NEXT i
LET u(0)=0.0
LET u(N)=0.0
FOR i=0 TO N
PLOT LINES: ix*h,u(i);
NEXT i
NEXT k
END
REM - -
REM #JHA7— %
EXTERNAL FUNCTION f(x)
IF (x < 0.5) THEN
LET f=x
ELSE
LET f=1-x
END IF
END FUNCTION

N J

G.7.3 1 RTKEHIENDOIHMERFERE = # <

LUNIZHE1F % waveld.BAS DIHL D waveln.BAS %, http://nalab.mind.meiji.ac.jp/~mk/
lecture/pde/ 25 7 7 A WD AFHIRK S,
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REM
REM
REM
REM
REM
REM
REM
FUN

END
REM
FUN

END
REM
FUN

END
FUN

END
REM
REM
FUN

END
REM
FUN

waveld.bas --—- 1 XJeiEEIFEROWHESEFERIE, Dirichlet Hi5t

(1/c”2u_t(x,t)=u_xx(x,t)
u(0,t)=u(1,t)=0
u(x,0)=¢ x)
u_tx,00=y )

----------------- {0 P

Wwopizl (0 WILE, e, B8 1)
CTION f(x)
IF ABS(x)<= 1 THEN
LET f=(x*x-1)"4
ELSE
LET £=0
END IF
FUNCTION
f(x) DERH
CTION df (x)
IF ABS(x)<=1 THEN
LET df=8#x*(x*x-1)"3
ELSE
LET df=0
END IF
FUNCTION
allhrEE 1, H r ol
CTION p(x,a,r)
LET p=f((x-a)/r)
FUNCTION
CTION dp(x,a,r)
LET dp=df ((x-a)/r)/r
FUNCTION

WIHAE ¢ (x)=u(x,0)
CTION phi(x,n)
SELECT CASE n
CASE 0

LET phi=SIN(PI%x)
CASE 1

LET phi=SIN(3*PI*x)
CASE 2

LET phi=p(x, 0.5, 0.2)
CASE 3

LET phi=p(x, 0.5, 0.2)
CASE 4

LET phi=0.8%p(x, 0.25, 0.15)+0.4*p(x, 0.7, 0.1)

CASE 5

LET phi=0
END SELECT
FUNCTION
WIHAME P (x)=u_t(x,0)
CTION psi(x,n)
SELECT CASE n
CASE 0

LET psi=0
CASE 1

LET psi=0
CASE 2

LET psi=0
CASE 3
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LET psi=-c*dp(x,0.5,0.2)
CASE 4
LET psi=c*(-0.8%dp(x, 0.25, 0.15)+0.4*dp(x, 0.7, 0.1))
CASE 5
IF x>0.4 AND x<0.6 THEN
LET psi=1
ELSE
LET psi=0
END if
END SELECT
END FUNCTION
REM -—————————————— CIMOMAA Y e
DECLARE EXTERNAL SUB DRAW
LET C=1
INPUT PROMPT "N(O A TFIZHBEEE—F): ": N
IF n<=0 THEN
LET n=1000
LET lambda=1
LET tmax=10
LET dt=0.01
ELSE
INPUT PROMPT "A:": lambda
INPUT PROMPT "Tmax:": Tmax
INPUT PROMPT "A t:": dt
END IF
DIM u(0 TO n),upi(0 TO n),up2(0 TO n)
LET h=1/N
LET tau=lambda*h/c
LET lambda2=1lambda*lambda
LET Nmax=Tmax/tau
LET SKIP=dt/tau
PRINT h,tau,lambda2,Nmax
REM
INPUT PROMPT "0: sin(Tt x), 1: sin(3 1), 2: #EN31l, 3: HITET, 4: X200 3": nfunc
FOR i=0 TO n
LET u(i)=phi(i*h,nfunc)
NEXT i
SET WINDOW -0.2,1.2,-1.2,1.2
PLOT TEXT ,AT 0.3,0.8: "J@HFER"
CALL DRAW(n,u)
FOR i=1 TO n-1
LET upl(i)=(1-lambda2)*u(i)+0.5*%lambda2+* (u(i-1)+u(i+1))+tau*psi(i*h,nfunc)
NEXT i
LET up1(0)=0
LET up1(n)=0
CALL DRAW(n,upl)
FOR k=2 TO Nmax
FOR i=1 TO n-1
LET up2(i)=2*(1-lambda2)*upl(i)+lambda2+ (upl(i-1)+upl(i+1))-u(i)
NEXT i
LET up2(0)=0
LET up2(n)=0
IF MOD(k,SKIP)=0 THEN
CALL DRAW(n,up2)
END IF
FOR i=0 TO n
LET u(i)=upl(i)
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LET upl(i)=up2(i)

next i
NEXT k
END
REM  skskksk sk k sk sk k sk sk k 5k
EXTERNAL SUB DRAW(n,u())
REM WAIT delay 0.01
SET DRAW mode hidden
clear
LET h=1/N
FOR i=0 TO n

PLOT LINES: ixh,u(i);
NEXT i
PLOT LINES
SET DRAW mode explicit
END SUB
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asymptotic behavior, 99
boundary condition, 37, 62

Carathéodory, 176
Cauchy problem, 21, 113
Cauchy-Riemann equations, 139

Dirichlet boundary condition, 37, 62
Dirichlet’s priciple, 172

domain of dependence, 23

domain of influence, 23

double layer potential, 177
Duhamel’s principle, 25

finite difference method, 103
Fourier’s law of heat conduction, 57
Fredholm alternative, the, 178
frequency, 38

fundamental lemma of calculus of variations,

173
fundamental solution, 113
fundamental solution (— A @), 162

generalized solution, 63
Green’s first identity, 157
Green’s identities, 157
Green’s second identity, 157
Green’s third identity, 159

harmonic function, 137
heat equation, 9, 57
heat kernel, 113

homogeneous Dirichlet boundary condition, 62

Huygens’ principle, 36

initial boundary value problem, 37, 62

initial condition, 22, 62

initial value problem (heat equation), 113

initial value problem (wave equation), 21

initial values, 22, 62
Kirchhoff’s formula, 31

Laplace equation, 137
Laplace operator, 9
Laplace-Beltrami operator, 32
Laplacian, 9

M test, 206
Maxwell’s equations, 18
mixed problem, 37, 62

Neumann boundary condition, 37
normal family, 176

parabolic boundary, 64

parabolic equation, 64

partial differential equation, 9
Perron’s method, 176

plane wave, 46

Poisson equation, 9, 137

Poisson integral, 151

Poisson kernel, 151

potential flow, 142

principle of superposition, 25, 95, 200

spherical wave, 49

steady solution, 101
stream function, 142
stream line, 142
superposition principle, 25

uniform convergence, 204
vorticity, 141

wave equation, 9, 17
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weak solution, 63
well-posedness, 62

Abel 1, 149

HAFREIN, 23
—HRINR, 204, 205
—fgefR (1 XoTiE AR, 21

T, 141
L, 141

OEEI, 23

fROEEARR, 201

H I A, 62

HRUCR, 204
HALAAEDFE 25 95, 200
Galerkin 7%, 97
BAELAAT, 10

B, 38

FARfR (Laplacian @), 158, 162
AR (BUTERD), 113
Wi, 62

BREFAAIREEL, 151

BRI, 49

B SM:, 37, 62

R AMEH I, 68

Kirchhoff D/, 31

Green BHEL, 81
Green OFET NI, 157

JLFf#, 63

BRAE, 168

Cauchy @, 21, 113
Cauchy-Riemann 73X, 139
[i] € i S5, 39

A difE (Poisson AR D), 137

diLfE (BT O OISR SYERE), 37
difE (BT RROATHES FYERE), 63

[ BEK, 89
[ B B, 97
&6 B R e E, 91

EHHRE), 71
RERE, 37, 62

KEFEE (BU51E), 65
BOMEREER (FAMBEE D), 143
20K, 103

RITkE Nk, 34
FERBE R AYE, 100
59f#, 63

H Hm 5T, 39
JEIRES, 38
WIHAZRME, 22, 62
W, 22, 62

FIHMESE SYERTE (o), 37

wIFAfE S FYERE (BUTER), 62
PIFAMERTRE (BB D), 21
WIHAERTE (B D), 113
P T — & 62

IREEL, 38

Stokes DN, 22

BRI, 176

7R Dirichlet 525154, 62
BERT v, 141
FE %, 86

WL ZEE, 99

AR RG2S, 200

AL 9
HWEERET > v, 142

B — R SR, 62
BRI SR, 98
HHAL 9
BAAA, 151, 168
d’Alembert Dfi#, 21
d’Alembert DIFENAR, 22
TR, 19

WrEAGE SRS, 98

R 114
e BERGE, 167
FAFIBERL, 137
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EZE (BTED), 172

EFR, 96, 101

TE AN DICRFEEE, 101

TE R, 140

EREAIE, 97

Dirichlet 55 ERE (Poisson R D), 137
Dinrichlet 5255t (B2, 62
Dirichlet BE5t5&f (IKEIATER), 37
Dirichlet D JH I 172

B, 62

Duhamel O JFEE, 25, 97
Duhamel D (BAG#R), 97
TV X%, 114, 167

7, 141

IR, 18

LREHE, 24

[E2KR Dirichlet 555, 62
[F]2X Neumann 3EFSEAE, 98

TRABERL, 142
—HERT v, 177

B, 113

BRE DR, 57
Mg, 9
BER, 9, 57
BERTEHI, 58

Neumann 5525, 37, 98
Neumann 5 5HERIE, 98

=5, 38
NETZ AR 62
WEIER, 9, 17

FEEAEDR, 142
FE[FR Neumann 5 5&4, 98

Fourier D757%, 70

Fourier f##fr, 10

Fourier DBRE DR, 57
Foueri 248, 218
BRAERT > v, 143

Fredholm D UEH, 178

P, 46

Perron D757k, 176
2R, T1
ZROTHEE (Fourier @), 70
ZIEAR, 109
w7, 9
Z517%, 10
ZTEDEAME, 173

Poisson 4%, 151

Poisson 877, 151

Poisson DA, 31

Poisson 77#25K, 9, 137
Poincaré-Perron D J51%, 176

R A AN R

HuygensD i 35, 36
A, 9
ALK, 64
ISR, 64

RT V¥ %L, 142

Maxwell D HFER, 18
PERRAIBIAL, 144

Laplace &+, 9

Laplace fEFHZ, 9
Laplace-Beltrami {EF &, 32
Laplace 723X, 137

Riemann DGR EM, 172
iR, 142

AR— 575, 10
LAAFIREE, 144

Weierstrass @ M HIETE, 206
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