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�H 1 	· �Õ�«�Ä�ç�r
s | �‡�c�x�Õ�«�Ä�ç	Ô

1.1 � �ï�Ä�é

1.1.1 �Õ�«�Ä�ç�r
s�q�x

�\�w��	{ (���!
:�w
•
ü
u
ü�¶ 2 �w�™
R) �w�Â�”�Ú�x�Õ�«�Ä�ç�r
s�p�K�”�{�Õ�«�Ä�ç�r
s�q�x�?�i�–�O

�T�•�\�w�ð�M�T�Z�t�0�`�o�x	í�‘�s�t�U�K�”�{	s�Š�o�¶�•�ˆ�Š�p�x�g�r�`�n�’�M�i�–�O�U (�°�è�“	4�˜�l

�h�ˆ�Š�p�‹�O�°�S�\�\�t�í�l�o�V�o�¡�ˆ�Ú�`�o�‹�’�M�h�M )�z�M�X�m�T	º�p�`�o�ˆ�‘�O�{

1. �®�Õ�«�Ä�ç	Ô �w
•
u
ü�¯

�\�•�U�°
j�†�Ú�s�t�i�U�z�\�•�i�Z�i�q�¤
��U�_�Q�s�M�{

2. �®�Â�U�l�o�M�”�‹�w (�Â
¢�•�Â�Ø ) �w	Í�p�w
•
u
ü�¯

(a) �Â
¢	Í�w
u
ü�p�K�” 
¢
u
ü
Z

C
f � dr

(b) �Â�Ø	Í�w
u
ü�p�K�” �Ø
u
ü
Z

S
f � n d�

�t���˜�”
•
u
ü�p�K�”�{

3. 
•
u
ü�w�,�Š���g
d

dx

Z x

a
f (t) dt = f (x);

Z b

a
F 0(x) dx = F (b) � F (a)

�w�ô�Í�i�=�p�K�” Z



div f dx =

Z

@

f � n d� (Gauss �w
C�„���g )

�• Z

S
rot f � n d� =

Z

@S
f � dr (Stokes �w
u
ü���g )

�w�Æ���b�”
H�„�p�K�”�{

�º�™�$�t�x�z�Õ�«�Ä�ç�r
s�x�z�?�Ó�>�¶ 1�•�v�.�—�¶�t�q�•�”�q	Å�›
†�Ì�b�”�h�Š�t
\�‡�•�h
:�¶�p�K

�” (�q�O�p�‹�z�\�•�’�w
ú�g�¶�›�¶�•�\�q�x�Õ�«�Ä�ç�r
s�w�¶	6�t�G�M�t�þ�q�m�q�¥�˜�•�”�{�‡�h� 
•
ü

�M���Ü�w�Ö�ó�è�[�p�x�z
ú�g�¶�t���R�b�”�ð�J�U	O�A�s�«�q�`�o�J	Ô�b�”�w�p�z
ž
µ�$�t�Õ�«�Ä�ç�r
s�U

�Æ���b�”�{ )�{ 20 
H�D�t�Ö�l�o�ô�Í�i�=�^�• 2�z�2�?�¶�t�S�Z�”�,
Å�$�s�“�é�q�s�l�o�G
C�2�`�h�{

1.1.2 �G�ø�t���b�”�«�™

ˆ �Õ�«�Ä�ç�›
¯�b�w�t ~a �w�‘�O�t�ü�¹�›�m�Z�h�“�z a �w�‘�O�t� �È�t�b�”	6�ó�U�K�”�{�\�w�®���!
:

�w
•
ü
u
ü�¶ 2�¯�w
²
R�p�x�f�•�›�>�;�`�s�T�l�h�U�z�Õ�«�Ä�ç�r
s�w
†�Ì�p�x�z�s�”�‚�X�Õ�«�Ä

�ç�›� �È�p	{�X�\�q�t�b�”�{

1 �Ñ�•�å�Ã�” (Michael Faraday, 1791{1867, �ó�� ) �U�‰�S� �̀h
ü�ú�›�Ú�«�µ�¢�£�ç (James Clerk Maxwell, 1831{1879, �µ� �̄¿
�Ä�å�ï�Å�w Edinburgh �t
\�‡�•�z�ó���w Cambridge �t�…�b�” ) �U
:�¶�$�t�‡�q�Š�z�Ô�Ï�±� �Å (Oliver Heaviside, 1850{1925,
�ó�� ) �U�Õ�«�Ä�ç�r
s�›�æ�–�b�”�s�r�`�o
T�g�`�h�{ | Maxwell �q Heaviside �w�¶�^�x���o�t (�«�Q�y�ž�Ú�º�ï�p ) �Ö	��p�V
�”�w�p�z
¦�	�x�°�_�t�`�T�c�z�q�t�M�h�M�q�\�–�i�U�z�G
æ�p�K�l�o�¡�r�b�”�w�x�f�O���o�p�x�s�M�{

2 
•
ü���Ü�w�g�æ�q�M�O�z�j�•�l�q�Ÿ�s�”�_�T�Z�t�s�l�h�{
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ˆ �\�w��	{�p�x�È�^�t T (transpose�w�„���È ) �›	{�X�\�q�p�æ�»�•�Õ�«�Ä�ç�w�8�”�›
¯�b�{
:�Õ�«�Ä�ç

�x�,�Š�$�t	N�Õ�«�Ä�ç�q�b�”�U�z�´
ï�›
…�ÿ�b�”�h�Š�t�z�#�Õ�«�Ä�ç�w�8�”�z�«�Q�y a = ( a1; a2; a3)T

�w�‘�O�t�`�o
¯�b�\�q�U���M�{

ˆ �í���w�:�›
¯�b�!
:�q�`�o x �q�M�O���È�U�–�˜�•�”�\�q�U���M�U�z�;�w�$�s�Õ�«�Ä�ç�r
s�w�­�J	{

�p�x r �q�M�O���È�U�‘�X�–�˜�•�o�M�”�{�\�\�p�‹�f�•�›�>�;�b�”�\�q�t�b�”�{�s�S r �w
R
ü�x
Ó

�è�w	6�ó�è�“ x, y, z (�K�”�M�x x1, x2, x3) �p
¯�b�{

1.1.3 �Õ�«�Ä�ç	Ô | �f�w�°�m�w
ž
µ
Q

1 �!
:�î
:�‹��
: f : I ! R (I �x R �w�à�� ) �w�°
`�=�q�`�o�x�z n �!
: m �Í�i�Õ�«�Ä�ç�‹��
:

f : 
 ! R m (
 �x R n �w�‰	B�ù) �q�M�O�w�U�K�“�O�”�U�z�Ž�<�t
†�Ì�b�”�‘�O�t m = n �w	Ô�ù�x�›�t	O

�A�p�K�”�h�Š�z n �Í�i�Õ�«�Ä�ç	Ô (vector �eld ) �q�Ê�n�Z�’�•�o�M�”�{
É�•�s�2�?�¶�$�s� �Ý�”�´�q�`

�o�x�z�®�í���º�w�K�”
c�“ 
 �º�w�b�‚�o�w�: r �t�S�M�o�ü�¹ (�Õ�«�Ä�ç f (r )) �U�K�”�¯�q�V�z 
 	Í�w�Õ

�«�Ä�ç	Ô f �U�)�Q�’�•�o�M�”�z�q�M�O�\�q�t�s�”�{


$ 1.1: �����–�¬�º�w�K�”�Õ�«�Ä�ç	Ô

�Õ�«�Ä�ç	Ô�U�]�X�×
µ�t�q�•�”�‹�w�p�K�”�\�q�›�°�m�w�«�p
†�Ì�`�‘�O�{ F �›
Ó�è�w�î 1 �!
:�w�î
:

�‹��
:

F : I �! R (I �x R �w�à�� )

�q�b�”�q�V�z�‹��
:

F 0: I �! R

�‹�‡�h�î 1 �!
:�w�î
:�‹��
:�p�K�”�U�z n �!
:�î
:�‹��
:

F : 
 �! R (
 �x R n �w�‰	B�ù)

�t�m�M�o�x�z n � 2 �w	Ô�ù�x f �w�‹��
:�t
ì�p�b�”�‹�w�x�z n �!
: n �Í�i�Õ�«�Ä�ç�‹ ��
: (n �Í�i�Õ�«

�Ä�ç	Ô )
r F : 
 �! R n

�p�K�” (n �!
:�î
:�‹��
: �p�x�s�M )�{
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���!
:�p�x�z�‹��
:�x�i�w��
:�q�§�l�h�»� �Ó ( �‹�w�í���w�Í�i�U�Ÿ�s�” ) �t�s�”

�î
:�‹��
:�w
•
ü�x�Õ�«�Ä�ç	Ô�p�K�”

�s�S�z 
 �›���[�¬�q�b�”�î
:�‹��
:

F : 
 �! R

�w�\�q�› 
 	Í�w �µ�§�å�”	Ô (scalar �eld ) �q�z�•�\�q�‹�K�”�{

1.2 	j
‹ : R 3 �w�Õ�«�Ä�ç
u

R 3 �w�Ë�m�w�Õ�«�Ä�ç

a =

0

B
@

a1

a2

a3

1

C
A ; b =

0

B
@

b1

b2

b3

1

C
A

�t�0�`�o�z a �q b �w�Õ�«�Ä�ç
u 3�q�x�z�Í�Ü�p���[�^�•�” R 3 �w�Õ�«�Ä�ç�w�\�q�›�M�O�{

a � b :=

 �
�
�
�
�

a2 b2

a3 b3

�
�
�
�
�
;

�
�
�
�
�

a3 b3

a1 b1

�
�
�
�
�
;

�
�
�
�
�

a1 b1

a2 b2

�
�
�
�
�

! T

=

0

B
@

a2b3 � b2a3

a3b1 � b3a1

a1b2 � b1a2

1

C
A :

�\�•�x	—�`�®�Q�t�X�M�U�z�æ�»�Ü�t�ó�•�o�M�•�y�Í�w�‘�O�t�`�o�®�Q�”�\�q�U�p�V�”�{

a � b = det

0

B
@

a1 b1 e1

a2 b2 e2

a3 b3 e3

1

C
A ;

�h�i�`

e1 =

0

B
@

1
0
0

1

C
A ; e2 =

0

B
@

0
1
0

1

C
A ; e3 =

0

B
@

0
0
1

1

C
A :

�î�M�z�æ�»�Ü�›�H 3 �»�p�2�‰�b�”�q

�
�
�
�
�

a2 b2

a3 b3

�
�
�
�
�
e1 �

�
�
�
�
�

a1 b1

a3 b3

�
�
�
�
�
e2 +

�
�
�
�
�

a1 b1

a2 b2

�
�
�
�
�
e3 =

0

B
@

a2b3 � b2a3

� (a1b3 � b1a3)
a1b2 � b1a2

1

C
A =

0

B
@

a2b3 � b2a3

a3b1 � b3a1

a1b2 � b1a2

1

C
A :

�s�S�z�H i 
R
ü�t�x ai , bi �U�q�•�s�M�\�q�z�4�È�U 1 ! 2 ! 3 ! 1 ! � � � �q	e���b�”�\�q�›�®�Q�o�S

�X�q�½�£�¿�«�b�”�w�t�(�b�p�K�”�{

�`�y�`�y�Í�w�‘�O�s�-�‰	�	q�‹	º�p�^�•�o�M�”�{

a1 a2 a3 a1


3 
1 
2
b1 b2 b3 b1

�q�M�O
¯�›�^�l�o�z��
Ç�V�w
j�ø�w�q�\�–�›�¤	ú�t 2 �Í�w�æ�»�Ü�›�^�l�o�z

a � b =

 �
�
�
�
�

a2 a3

b2 b3

�
�
�
�
�
;

�
�
�
�
�

a3 a1

b3 b1

�
�
�
�
�
;

�
�
�
�
�

a1 a2

b1 b2

�
�
�
�
�

! T

=

0

B
@

a2b3 � a3b2

a3b1 � a1b3

a1b2 � a2b1

1

C
A :

�« 1.2.1 ( �Õ�«�Ä�ç
u�w�-�‰ ) a = (1 ; 2; 3)T , b = (4 ; 5; 6)T �q�b�”�q�V�z a � b �›�-�‰�`�o�ˆ�‘�O�{�r�j

�’�T�×
ü�t�q�l�o
ü�T�“�•�b�M�M�›�®�Q�”�q�‘�M�{
3 �`�y�`�y �Ž
u (outer product ) �q�‹�z�y�•�”�{ Grassmann algebra �w�™�¯�p�w�Ž
u�•�z
•
ü���Ü�w�Ž
u (exterior product)

�q�Å�o�M�”�w�p�«�™�U
ž�A�p�K�”�{
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(1) (�®���Ü�$�¬�Ü�¯�w�b�; | �æ�»�Ü�w�2�‰�t�ó�•�o�M�”	Ô�ù�S�ç�Š )

a � b =

�
�
�
�
�
�
�

1 4 e1

2 5 e2

3 6 e3

�
�
�
�
�
�
�

=

�
�
�
�
�

2 5
3 6

�
�
�
�
�
e1 �

�
�
�
�
�

1 4
3 6

�
�
�
�
�
e2 +

�
�
�
�
�

1 4
2 5

�
�
�
�
�
e3 =

0

B
@

� 3
6

� 3

1

C
A :

(2) �È�w
¯�T�’
1 2 3 1


3 
1 
2
4 5 6 4

a � b =

 �
�
�
�
�

2 3
5 6

�
�
�
�
�
;

�
�
�
�
�

3 1
6 4

�
�
�
�
�
;

�
�
�
�
�

1 2
4 5

�
�
�
�
�

! T

=

0

B
@

� 3
6

� 3

1

C
A :

�ð e1 � e2, e2 � e3, e3 � e1 �›�{�Š�‘ (�\�w�A�L�q�Í�t	º�p�b�”
¢��
Q�T�’�‹�z a � b �w
R
ü
¯�Ô�U�˜�’

�•�” )�{

�ð (a � b) � c = a � (b � c) �›�¬�h�^�s�M a, b, c �w�«�›�K�[�‘�{

�ð �Í�w�s�Ü�›	Â�Ì�d�‘�{

(a � b) � c + ( b � c) � a + ( c � a) � b = 0 (Jacobi �w�s�Ü ):

(
R�D�õ�o�q Jacobi �w�s�Ü�›�¬�h�b�E
:�%�› Lie �E
:�q�z�•�z�f�O�p�K�”�{ )

�ð �Í�w�s�Ü�›	Â�Ì�d�‘�{

(a � b; c � d) = ( a; c)(b; d) � (a; d)(b; c):
� �

�Ë�J 1.2.2 ( �Õ�«�Ä�ç
u�w
Q�í ) �Ž�< a, b, a1, a2 �x R 3 �w�A
É�z � 2 R �q�b�”�{

(1) a � b = � (b � a). �›�t a � a = 0.

(2) (a1 + a2) � b = ( a1 � b) + ( a2 � b), ( � a) � b = � (a � b).

(3) �Ú�™�w x 2 R 3 �t�0�`�o�z

det (a b x ) = ( a � b; x ):

(4) a �q b �U 1 �Í� �q () a � b 6= 0.

(5) a, b �p	Z�R�”���æ�›�%�� f ta + sb; t 2 [0; 1]; s 2 [0; 1]g �w�Ø
u�› S �q�b�”�q�V�z

(a � b) ? a; (a � b) ? b; det(a b a � b) � 0; ka � bk = S:
� �

	Â�Ì (1), (2) �x���[�Ü�q�æ�»�Ü�w
Q�í�T�’�Ì�’�T�p�K�”�{ (3) �x x = ( x1; x2; x3)T �q�b�•�y�z

(a � b; x ) =

�
�
�
�
�

a2 b2

a3 b3

�
�
�
�
�
x1 �

�
�
�
�
�

a1 b1

a3 b3

�
�
�
�
�
x2 +

�
�
�
�
�

a1 b1

a2 b2

�
�
�
�
�
x3 =

�
�
�
�
�
�
�

a1 b1 x1

a2 b2 x2

a3 b3 x3

�
�
�
�
�
�
�

= det( a b x ):

(a � b �w���Ü�$���[�w e1, e2, e3 �w�q�\�–�t�f�•�g�• x1, x2, x3 �›�E�Ö�b�”�q a � b �q x �w�º
u�t�s

�”�{ )
(4) �t�m�M�o�x�z (3) �›�;�M�o

a �q b �U 1 �Í� �q , 9 x s.t. a, b, x �U 1 �Í� �q

, 9 x s.t. det(a b x ) 6= 0

, 9 x s.t. (a � b; x ) 6= 0

, a � b 6= 0:
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a

b

a× b

S

S


$ 1.2: a � b �x a �q b �w
Ò�M�t
(�Ú�p�z�Õ�^�x���æ�›�%���w�Ø
u

a, b, a � b �x�®
Y�w�²�V�¯

(5) �w�7	s�w�~�m�x (3) �›�–�l�o�z

(a � b; a) = det( a b a) = 0 ;

(a � b; b) = det( a b b) = 0 ;

det(a b a � b) = ( a � b; a � b) = ka � bk2 � 0:

S = ka � bk �w	Â�Ì�x�z a, b �U 1 �Í	H���s	Ô�ù�x�z�†�%�q�‹ 0 �p�K�”�T�’�Ì�’�T�p�K�”�{�Ž�<�z a, b
�U 1 �Í� �q�s	Ô�ù�›�ß�Q�”�{ 3 �m�w�Õ�«�Ä�ç a, b, a � b �p�^�’�•�” 3 �Í�i���æ�. (���æ�á�Ø�. ) �w�.
u

�› V �q�`�‘�O�{ a � b �U���w�Ë�m�w�Õ�«�Ä�ç�t�Ú�¦�`�o�M�”�q�\�–�T�’�z

V = Ska � bk:

�°�M�z���æ�.�w�.
u�w�°
`�æ�T�’

V = det( a b a � b):

�•�Q�t

Ska � bk = det( a b a � b) = ka � bk2

�q�s�”�w�p�†�%�› ka � bk (> 0) �p�Â�”�\�q�t�‘�“�z

S = ka � bk:

(5) �w�-�‰�t�‘�”	Â�Ì a �q b �w�s�b�¯�› � �q�b�”�q�z cos� =
(a; b)

kakkbk
�p�K�”�T�’�z

S = kakkbk sin � = kakkbk
p

1 � cos2 � =
p

kak2kbk2 � (a; b)2

=
q

(a2
1 + a2

2 + a2
3)(b2

1 + b2
2 + b2

3) � (a1b1 + a2b2 + a3b3)2

=
p

(a2b3 � a3b2)2 + ( a3b1 � a1b3)2 + ( a1b2 � a2b1)2

= ka � bk :

3 �Í�i�í���º�w���’�s
$�� S �t�0�`�o�z S �t
(�Ú�p�z�Õ�^�U S �w�Ø
u (�`�y�`�y�‰�a S �q�M�O���È�p


¯�b ) �t�s�`�M�Õ�«�Ä�ç�›�z S �w�Ø
u�Õ�«�Ä�ç �q�z�•�{	Í�w�Ë�J�x�z a � b �U a �q b �U�^�”���æ�›�%��

�w�Ø
u�Õ�«�Ä�ç�p�K�”�\�q�›�Ô�`�o�M�”�{
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�ð 3 �Í�i�í���º�w���: a, b, c �t�0�`�o�z
1
2

(a � b + b � c + c � a) �x�z�~�¯�� abc �w�Ø
u�Õ�«�Ä�ç�p

�K�”�\�q�›�Ô�d�{

�€�ß 1.2.1 (R n �w�Õ�«�Ä�ç�w�Ž
u ) �K�‡�“�–�˜�•�s�M�U�z R n (n � 4) �w�Õ�«�Ä�ç�w�Õ�«�Ä�ç
u�›	º�p�`

�‘�O�{ R n �w n � 1 �x�w�Õ�«�Ä�ç a1, a2, � � � , an� 1 �U�K�l�h�q�V

R n 3 x 7�! det(a1; a2; � � � ; an� 1; x ) 2 R

�x
¢�����Ü�p�K�”�T�’�z

9c 2 R n s.t. 8x 2 R n det(a1; a2; � � � ; an� 1; x ) = ( c; x ):

�\�w c �› a1, a2, � � � , an� 1 �w�Õ�«�Ä�ç
u�q�z�|�z a1 � a2 � � � � � an� 1 �q	{�X�{

n �Í�i�í���p�x n � 1 �x�w�Õ�«�Ä�ç�t�0�`�o�f�w�Õ�«�Ä�ç
u�U���[�^�•�”�{

2 �m�w�Õ�«�Ä�ç�w�Õ�«�Ä�ç
u�U���[�p�V�”�w�x 3 �Í�i�í���i�Z�‚

�‹�` a1 � a2 � � � � � an� 1 �w
R
ü�U�Œ�“�h�M	Ô�ù�x�z x = ei �›�E�Ö�b�•�y�‘�M :

a1 � a2 � � � � � an� 1 �w�H i 
R
ü = det( a1; a2; � � � ; an� 1; ei ):

(�\�•�x�‹�j�–�œ 3 �Í�i�w	Ô�ù�w�°
`�=�t�s�l�o�M�”�{ )

�€�ß 1.2.2 ( �í���º�w�~�¯���w�Ø
u�z���Ø�w�M���Ü�•�w� �; ) �í���w 3 �: A(1; 2; 3), B(2; 1; 0), C(0; 2; � 1)
�›�Ö�:�q�b�”�~�¯�� ABC �w�Ø
u�q�z�f�•�›���‰���Ø�w�M���Ü�›�{�Š�‘�{

�!
AB =

0

B
@

2
1
0

1

C
A �

0

B
@

1
2
3

1

C
A =

0

B
@

1
� 1
� 3

1

C
A ;

�!
AC =

0

B
@

0
2

� 1

1

C
A �

0

B
@

1
2
3

1

C
A =

0

B
@

� 1
0

� 4

1

C
A

�p�K�”�T�’

�!
AB �

�!
AC =

 �
�
�
�
�

� 1 � 3
0 � 4

�
�
�
�
�
;

�
�
�
�
�

� 3 1
� 4 � 1

�
�
�
�
�
;

�
�
�
�
�

1 � 1
� 1 0

�
�
�
�
�

! T

=

0

B
@

4
7

� 1

1

C
A :

�•�Q�t (�~�¯���x���æ�›�%���w
R
ü�i�T�’ )

4 ABC =
1
2







�!
AB �

�!
AC






 =

1
2

p
42 + 7 2 + ( � 1)2 =

p
66
2

:

�ß�Q�o�M�”���Ø�x�z A(1; 2; 3) �›�è�“�z (4; 7; � 1)T �t
(�Ú�p�K�”�T�’�z�f�•�›���[�b�”�M���Ü�q�`�o

4(x � 1) + 7( y � 2) + ( � 1)(z � 3) = 0

�U	��•�”�{
T�g�`�o 4x + 7y � z = 15.

�€�ß 1.2.3 ( �—�¶�•�w� �;�«�®�¤	ú�—	Ô�p�w�á�ˆ�¯ ) 1 �!
:�Õ�«�Ä�ç�‹��
: f (t), g(t) �U�K�”�q�V�z

(f (t) � g(t))0 = f 0(t) � g(t) + f (t) � g0(t)

�U
R�“�q�m (�¤�×�¬�T�Š�‘ )�{
�í�:�w�í�”�z�Ì�� t �p�w�•�”�z�‡�X�—�›�f�•�g�• m, r (t), f �q�b�”�q�V�z

mr 00(t) = f

�U
R�“�q�m (Newton �—�¶�w�H�Ë�O�� )�{ f �U

f = f (r )r
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�w���›�`�o�M�”�q�V�z f �x �¤	ú�—	Ô (central force) �p�K�”�q�M�O�{�\�w�q�V�z�Ú�™�w 3 �Í�i�Õ�«�Ä�ç a
�t�0�`�o a � a = 0 �p�K�”�\�q�t�«�™�b�”�q

d
dt

�
1
2

r (t) � r 0(t)
�

=
1
2

�
r 0(t) � r 0(t) + r (t) � r 00(t)

�
=

1
2

r (t) �
f
m

=
1
2

r (t) �
f
m

r (t) = 0

�U
ü�T�”�T�’
1
2

r (t) � r 0(t) � ��
:�Õ�«�Ä�ç :

�\�w�(�%�x �Ø
u���S �q�z�y�•�”�‹�w�t�s�l�o�M�”�w�p 4�z

�¤	ú�—	Ô�p�x�Ø
u���S�x�°���p�K�”

�q�M�O�\�q�›�Ô�`�o�M�” (�ª���¾�—�w	Ô�ù�x Kepler �w�H�Ë�O�� )�{

1.3 �Õ�«�Ä�ç	Ô�w
•
ü���‰� 

�Õ�«�Ä�ç	Ô�w
•
ü���‰� �›�_�l�q	º�p�b�”�{ grad, rot, div �x�z�2�?�¶�p�¶�•�Ž
•
ü���Ü�w�g�æ�p�x�z

�®�Ž
•
ü �¯�q�M�O�°�m�w���‰�t (�K�_�•�T�t ) �‡�q�Š�’�•�o�M�”�U�z�®
ú�g�$�s�¯�™�¯�‹	O�A�p�K�“�z�\�\

�p
†�Ì�b�”�G�O�‹	6�˜�b�‚�V�p�K�”�{

grad �w�™�¯�x�7�Œ�w�x�c�p�K�” (�®���!
:�w
•
ü
u
ü�¶ 1� �̄p	6�l�h )�{ div, rot �t�m�M�o�x�z�™	\�b�”


u
ü���g�p�Ì�’�T�t�s�”�{

1.3.1 �Æ�Ò�å r

R n �w
æ
ü	B�ù (�G�
�x�‰	B�ù ) �p���[�^�•�h��
:�›�ß�Q�o�M�”�q�V�z

r :=

0

B
B
B
B
B
B
@

@
@x1

@
@x2

...
@

@xn

1

C
C
C
C
C
C
A

�q�M�O
•
ü���‰�›
¯�b���Ü�$�Õ�«�Ä�ç�›�‹�Ö�b�”�{ r �x �Æ�Ò�å (nabla ) �q�z�y�•�” 5�{�s�S Hamilton
�w
•
ü���‰�  �q�z�•�\�q�‹�K�”�{

1.3.2 �¯
� (gradient)

R n �w�‰	B�ù 
 �p���[�^�•�h C1 �ƒ�w��
: F : 
 ! R �t�0�`�o�z

r F =

0

B
B
B
B
B
B
@

@
@x1

@
@x2

...
@

@xn

1

C
C
C
C
C
C
A

F :=

0

B
B
B
B
B
B
@

@F
@x1

@F
@x2

...
@F
@xn

1

C
C
C
C
C
C
A

�q���[�b�”�{ r F : 
 ! R n �p�K�”�T�’�z r F �x 
 	Í�w n �Í�i�Õ�«�Ä�ç	Ô�p�K�”�{ r F �› f �w
�\�O�y�M

�¯
� (gradient
| 
C�;�x gr�eidi@nt) �Õ�«�Ä�ç	Ô�q�z�•�{ r F �x�`�y�`�y gradF �q�‹	{�T�•�”�{

4 �\�w��
:
��p�K�” r (t) � (mr 0(t)) �› 0 �w�‡�˜�“�w �¯�á�ˆ�” �q�z�•�{�\�\�w�^�æ�x�¯�á�ˆ�”�U�-���^�•�”�z�q�M�O�\�q�t�‹
�s�”�{

5 �?�p�‹�Ô�Ò�å� �  (�q�t�l�o�‹
 	��×
��Ð�ï�q�R�s�M�U ) �w�f�Ï (Nebel) �U� �o�p�K�”�q�M�O (�{�ú [21]) �{
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•
ü�O�w
î	6 : r F �w�2�?�¶�$�™�¯

a 2 
 �q�b�”�q�V�z r F (a) �x F �w�è�Õ�ç�·�¿�Ä (�s�ô
¢�K�”�M�x�s�‹�Ø )

f x 2 
; F (x ) = hg; h := F (a)

�w	Í�t�K�”�: a �t�S�Z�”�O
¢�Õ�«�Ä�ç�p�K�“�z F �w�‹�U�7�‹���X
ÿ�C�b�”�M�²�›
¯�`�o�M�” 6�{

�«�Q�y 3 �Í�i�í���º�w�È�’�T�s�Â�Ø F (x; y; z) = 0 	Í�w�: (a; b; c) �t�S�Z�”
€���Ø�w�M���Ü�x

Fx (a; b; c)(x � a) + Fy(a; b; c)(y � b) + Fz(a; b; c)(z � c) = 0 :

1.3.3 
C�„ (divergence)

R n �w�‰	B�ù 
 	Í�w C1 �ƒ�w�Õ�«�Ä�ç	Ô f : 
 ! R n �t�0�`�o�z

r � f =

0

B
B
B
B
B
B
@

@
@x1

@
@x2

...
@

@xn

1

C
C
C
C
C
C
A

�

0

B
B
B
B
@

f 1

f 2
...

f n

1

C
C
C
C
A

:=
@f1
@x1

+
@f2
@x2

+ � � � +
@fn
@xn

�q���[�b�”�{ r � f : 
 ! R �p�K�”�T�’�z r � f �x 
 	Í�w�î
:�‹��
: (�µ�§�å�”	Ô ) �p�K�”�{ r � f �› f
�w
C�„ (divergence ) �‡�h�x ���V	Z�` �q�z�•�{ r � f �x�`�y�`�y div f �q�‹	{�T�•�”�{

�Ã�s�$�t div f = 0 �›�¬�h�b�Õ�«�Ä�ç	Ô�› ���V	Z�`�s�` �‡�h�x ��	Ý (solenoidal ) �q�M�O�{

div f �w
Y�¬�s�™�¯�x�™	\�w Gauss �w
C�„���g�p�Ì�’�T�t�s�”�{

�« 1.3.1 
™�M
’�w
+�w�v�•�w���S f �x 2 �Í�i�w�Õ�«�Ä�ç	Ô�q�ˆ�s�b�\�q�U�p�V�” (�\�w�‘�O�t�v�.�w��

�S�w�^�”�Õ�«�Ä�ç	Ô�› ���S	Ô �q�z�• )�{�‹�`�‹�Í�U�ñ�l�h�“�z
’���t�@�U�í�M�o�M�h�“�`�o
+�U
›�ˆ���œ

�p�M�l�h�“�z�o�t
’���T�’
+�U���V	Z�`�o�R�h�“�`�s�Z�•�y div f = 0 �U
R�“�q�m�{
+�U
›�ˆ���œ�p	«�Q

�”�‘�O�s�q�\�–�p�x div f < 0, 
+�U���V	Z�`�o�R�”�‘�O�s�q�\�–�p�x div f > 0 �U
R�“�q�m�{

1.3.4 �s�8 (rotation)

�\�\�p�x n = 3 �q�b�”�{ R 3 �w�Õ�«�Ä�ç a, b �t�m�M�o�x�z
²
…�p�_�h�‘�O�t�Õ�«�Ä�ç
u a � b �U���[

�p�V�”�\�q�t�«�™�b�”�{

R 3 �w�‰	B�ù 
 	Í�w C1 �ƒ�w�Õ�«�Ä�ç	Ô f : 
 ! R 3 �t�0�`�o�z

r � f :=

 �
�
�
�
�

@
@x2

f 2
@

@x3
f 3

�
�
�
�
�
;

�
�
�
�
�

@
@x3

f 3
@

@x1
f 1

�
�
�
�
�
;

�
�
�
�
�

@
@x1

f 1
@

@x2
f 2

�
�
�
�
�

! T

=

0

B
B
@

@f3
@x2

� @f2
@x3

@f1
@x3

� @f3
@x1

@f2
@x1

� @f1
@x2

1

C
C
A

�q���[�b�”�{ r � f : 
 ! R 3 �p�K�”�T�’�z r � f �x 
 	Í�w 3 �Í�i�Õ�«�Ä�ç	Ô�p�K�”�{ r � f �› f �w�s

�8 (rotation ) �Õ�«�Ä�ç	Ô�q�z�•�{ r � f �x�`�y�`�y rot f �K�”�M�x curl f �q�‹	{�T�•�”�{�7�t	º�p�`�h

�Õ�«�Ä�ç
u�w�æ�»�Ü�›�;�M�h�®�Q�M�›�;�M�”�q

r � f = det

0

B
@

@
@x1

f 1 e1
@

@x2
f 2 e2

@
@x3

f 3 e3

1

C
A

�q	{�X�\�q�‹�p�V�”�{

�›�t f �›���S	Ô�q�ß�Q�”�q�V�x rot f �› �Ô�S (vorticity ) �q�z�|�z�Ã�s�$�t rot f = 0 �›�¬�h�b�Õ�«

�Ä�ç	Ô�› �Ô�Á�` �‡�h�x 
‡�s�8 (irrotational) �z 
Ú	Ý (lamellar) �q�M�O�{

rot f �w
Y�¬�s�™�¯�x�z�™	\�w Stokes �w���g�p�Ì�’�T�t�s�”�{
6Schwarz �w
Æ�s�Ü jr F � h j � kr F k khk �w�s�ø
R�q	Ú�E�® h �q r F �U 1 �Í	H���p�K�”�\�q�¯�›�¥�M	Z�f�O�{
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�€�ß 1.3.1 ( �-�‰�t�K�h�l�o�w�Î�ï�Ä ) rot f �w�H 1 
R
ü�x
�
�
�
�
�

@
@x2

f 2
@

@x3
f 3

�
�
�
�
�

=
@f3
@x2

�
@f2
@x3

�p�K�”�U�z�\�•�U
ü�T�•�y�™�x 1 ! 2, 2 ! 3, 3 ! 1 �q
j�ø�›�s�`�o

@f1
@x3

�
@f3
@x1

;
@f2
@x1

�
@f1
@x2

�U�˜�’�•�”�{�-�‰�w�½�£�¿�«�t�b�;�b�”�q�‘�M�{

�(�Š 1.3.1 (2 �Í�i�Õ�«�Ä�ç	Ô�w�s�8 ) 2 �Í�i�Õ�«�Ä�ç	Ô f = ( f 1; f 2)T �t�m�M�o

r � f = rot f :=
@f2
@x1

�
@f1
@x2

�q���[�b�”�\�q�‹�K�”�{�\�•�x 3 �Í�i�Õ�«�Ä�ç	Ô ef �U

ef (r ) = ( f 1(x1; x2); f 2(x1; x2); 0)T

�w�‘�O�t�Š�í�$�t 2 �Í�i�p�K�”	Ô�ù�t

r � ef = det

0

B
@

@
@x1

f 1 e1
@

@x2
f 2 e2

@
@x3

0 e3

1

C
A = det

 
@

@x1
f 1

@
@x2

f 2

!

e3 =
�

0; 0;
@f2
@x1

�
@f1
@x2

� T

�q�s�”�\�q�T�’�R�o�M�”�‹�w�p�K�–�O�{

�s�S�z�µ�§�å�”	Ô  �t�0�`�o

rot  :=
�

@ 
@x2

; �
@ 
@x1

� T

�q���Š�”�\�q�‹�K�” (�\�w�q�V  �›�Õ�«�Ä�ç	Ô rot  �w�v�•��
: (stream function ) �p�K�”�q�M�O )�{
�A�Á�z 3 �Í�i�Ž�Ž�p rot �U	Z�o�R�h�’�z�f�w�é�›�`�o�M�”
��U�r�O�M�O�™�¯�p�;�M�o�M�”�T�z�‘�X�‘�X

�«�™�b�‚�V�p�K�”�{

�€�ß 1.3.2 2 �Í�i�–�¬�º�w�v�.�w�¤�t�®�Ë���w
Ç�M�h	��¯ (
+	�	–�0�w
+	��w�‘�O�s�‹�w�›�¥�M
Ô�T�‚

�”�q�‘�M ) �›�Ü�Š�h�q�V (�h�i�`�s�8�à�x�–�¬�›���‰���Ø�t
(�Ú�t	��” )�z�s�8�w�®�®�L�¯�x (���S	Ô�›

f = ( f 1; f 2)T �q�`�h�q�V )
@f2
@x1

�
@f1
@x2

�t
z�«�b�”�\�q�›�®	ô�a���‡�d�¯�‘�O�q�b�”�^�æ�›�Ì�‘�_�T�Z�” (3 �Í�i���S	Ô�w	Ô�ù�x�z�s�8�à�› x1,
x2, x3 �q	q�t�ß�Q�” )�{�V�j�œ�q�^�æ�`�‘�O�q�b�”�q�A�Ï�É�`�M�w�p�z�\�\�p�x	��“	Í�[�s�M�U�z�K�õ�`

�t�ß�Q�o�ˆ�”�q�Ø
(�M�T�‹�Œ�•�s�M�{

1.3.5 �å�Ó�å�³�ž�ï (Laplacian)

R n �w�‰	B�ù 
 	Í���[�^�•�h C2 �ƒ�w��
: F : 
 ! R �t�0�`�o

4 F :=
nX

i =1

@2F
@x2i

�q���[�`�z 4 F �› F �w�å�Ó�å�³�ž�ï (Laplacian ) �q�z�•�{

4 =
P n

j =1
@2

@x2j
�› �å�Ó�å�µ�^�;
É (�å�Ó�å�µ���‰�  , Laplace operator ) �q�z�•�{

4 F � 0 �›�ˆ�h�b F �› �Ð�è��
: (harmonic function) �q�‘�•�{
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R n �w�‰	B�ù 
 �p���[�^�•�h C2 �ƒ�w�Õ�«�Ä�ç	Ô f : 
 ! R n �t�0�`�o

4 f := ( 4 f 1; � � � ; 4 f n )T

�q�S�V�z f �w�å�Ó�å�³�ž�ï�q�z�•�{

�å�Ó�å�³�ž�ï�p�G	\�^�•�”	O�A�s� 
•
ü�M���Ü�U
‡	×�t���M (�«�Q�y�z�™�w�þ�ˆ�M���Ü�z�ä�M���Ü�w�«

�›�_�‘ )�{

�(�Š 1.3.2 ( �G�ø�w�é ) �b�Y�™�p�Ô�b�‘�O�t�z 4 F = div(grad F ) = r � (r F ) �p�K�”�T�’�z 4 �› r 2 �p


¯�b�\�q�U�K�” (�›�t�»�¶�%�w�Š�p�x�f�O�`�o�K�”�\�q�U���M )�{

1.3.6 
•
ü���‰� �w�¬�Ü


•
ü���‰� �›�Ë�m���Z�”�q�?�U�S�\�”�T�•�Í�w�Ë�J�x�z
Ã
_�t� �;�^�•�”�{
� �

�Ë�J 1.3.2 ( �Õ�«�Ä�ç	Ô�w
•
ü���‰�  ) f �x R 3 	Í�w C2 �ƒ�w�Õ�«�Ä�ç	Ô�z F �x R 3 	Í�w C2 �ƒ�w�µ

�§�å�”	Ô�q�b�”�q�V�z�Í�w (1)-(4) �U
R�“�q�m�{

(1) div(grad F ) = 4 F . �M�M�T�Q�”�q r � (r F ) = 4 F .

(2) rot(grad F ) = 0. �M�M�T�Q�”�q r � (r F ) = 0.

(3) div(rot f ) = 0. �M�M�T�Q�”�q r � (r � f ) = 0.

(4) rot(rot f ) = grad(div f ) � 4 f . �M�M�T�Q�”�q r � (r � f ) = r (r � f ) � 4 f .

�s�S�z (1) �x�°
`�w�Í�i�p
R�q�b�”�{
� �

	Â�Ì (1) div f �w���[�Ü

div f =
nX

j =1

@fj
@xj

�t

f = grad F =
�

@F
@x1

; : : : ;
@F
@xn

� T

�›�E�Ö�b�”�q�z

div (grad F ) =
nX

j =1

@
@xj

f j =
nX

j =1

@
@xj

@F
@xj

=
nX

j =1

@2F
@x2j

= 4 F:

(2) rot f �w���[�Ü

rot f =
�

@f3
@x2

�
@f2
@x3

;
@f1
@x3

�
@f3
@x1

;
@f2
@x1

�
@f1
@x2

� T

�t

f = grad F =
�

@F
@x1

;
@F
@x2

;
@F
@x3

� T

�›�E�Ö�b�”�q�z

rot (grad F ) =

0

B
B
B
B
B
B
@

@
@x2

@F
@x3

�
@

@x3

@F
@x2

@
@x3

@F
@x1

�
@

@x1

@F
@x3

@
@x1

@F
@x2

�
@

@x2

@F
@x1

1

C
C
C
C
C
C
A

:
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F �U C2 �ƒ�p�K�”�T�’�z F �w 2 �Š�‹��
:�x� 
•
ü�w	q	‚�t�x�‘�’�s�M�{�•�Q�t

rot (grad F ) =

0

B
@

0
0
0

1

C
A = 0:

(3), (4) �w	Â�Ì�x�¤�×�w��	6�q�b�” (�e�{�q�‹�×
ü�w	��p�-�‰�`�o�¬�T�Š�o�ˆ�”�\�q )�{
(4) �w� �;�q�`�o�x�z�Ž�<�t	\�‚�”�« 1.3.3 �U���Ê�p�K�”�{

�ð 	Í�w�Ë�J 1.3.2 �›	Â�Ì�d�‘�{

�ð 1 �Š�w
•
ü�^�;
É grad, div, rot �› 2 �s���Z�”
â�^�x�z	Í�w�Ë�J�p	��“	Í�[�h�¬�Ü�p
��^�•�”�\�q�›

�¬�T�Š�‘�{

�ð �Ú�™�w C1 �ƒ�Õ�«�Ä�ç	Ô u, v �t�0�`�o

div ( u � v) = (rot u ; v) � (rot v; u )

�U
R�“�q�m�\�q�›�Ô�d�{

�ð F (x; y; z) =
1

p
x2 + y2 + z2

�w�q�V�z gradF , 4 F �›�{�Š�‘ (�î�x�q�o�‹���Ê�T�m	O�A�s�« )�{

�ð �Ú�™�w3 �Í�i�w�¤	ú�—	Ô f �x rot f = 0 �›�¬�h�b�\�q�›�Ô�d (f �U�¤	ú�—	Ô�q�x�z�K�” 1 �!
:�î
:

�‹��
: F �›�;�M�o�z f (r ) = F (r )r , �b�s�˜�j f (x; y; z) = F
� p

x2 + y2 + z2
�

0

B
@

x
y
z

1

C
A �q	{�Z�”�z�q�M�O

�\�q�p�K�” )�{

1.3.7 �€�ß : 
ú�g�T�’�w�«


:�¶�›
��X�g�r�b�”�h�Š�t�x�z�f�w�‘�M� �;�«�›�¶�•�\�q�U
‡	×�t�þ�t�q�m�{�f�w�™�¯�p (���s�“�w�‘

�O�t�¥�Q�”�T�‹�Œ�•�s�M�U ) �?�Ó�>�¶�•�v�.�—�¶�t�S�Z�”�«�›
ú�g�¶�w�Â�©�µ�Ä�p�¶�•�\�q�›�§�X	‘�Š�h

�M7�{

�Ž�<�M�X�m�T	��y�t	º�p�b�”�{

�« 1.3.3 (Maxwell �w�M���Ü (1873), �?�Ó�þ�w�'�t ) 
��í�¤�p�x�z�?	Ô E , �Ó���µ�S B , �?�Y�µ�S � ,
�?�v�µ�S j �x �Ú�«�µ�¢�£�ç�w�M���Ü

(1.1) r � E =
�
"0

; r � E = �
@B
@t

; r � B = 0 ; c2r � B =
j
"0

+
@E
@t

�›�¬�h�b 8 (c �x�«�� , "0 �x
��í�w� �?�p 9�p�K�” )�{
�›�t�?�Y�z�?�v�µ�S�U���O�`�s�M (� � 0, j � 0) �q�V�z

r � E = 0 ; r � E = �
@B
@t

; r � B = 0 ; c2r � B =
@E
@t

7 �q	Ô�w�§�M�x�K�•�z�í���“�æ�›�¥�V�g�Š�o�ß�Q�o�M�”�:�p�x�z�q�E�p�‹
:�¶�q
ú�g�¶�x�Ù�M�����›�Ë�l�o�M�”�x�c�p�K�”�{
8Maxwell �w�¶�^�›�_�o�‹�z�\�w
•
ü�M���Ü�x�_�p�h�’�s�M�{�x�a�Š�o�\�w
•
ü�M���Ü�w���t	{�V�<�`�h�w�x Heaviside �p

�K�”�{

9 �j�s�ˆ�t�z MKS �o�•�%�p�x�z c = 299792458 m=s (�Ý�”�Ä�ç�w���[�t�‘�” ), " 0 =
107

4�c 2
; 8:854� 10� 12 F=m.
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�p�K�”�T�’�z�Ë�J 1.3.2 �w (4) �›�–�l�o�z

1
c2

@2E
@t2

=
@
@t

(r � B ) = r �
@B
@t

= r � (�r � E )

= 4 E � r (r � E ) = 4 E � 0

= 4 E ;

1
c2

@2B
@t2

=
1
c2

@
@t

(�r � E ) = �
1
c2 r �

@E
@t

= �
1
c2 r �

�
c2r � B

�
= �r � (r � B )

= 4 B � r (r � B ) = 4 B � 0

= 4 B :

�b�s�˜�j E , B �q�‹�t���^ c �w�þ�ˆ�M���Ü (wave equation ) �›�¬�h�b�{ Maxwell (1831{1879) �x�\�w�Ä

�î�›�Œ�l�o�z
��í�¤�›�;�û�b�”�?�Ó�þ�w���O�›�'�t�`�h (1864�å )�{�f�•�t	H�M 1887 �å�z Hertz (Heinrich
Rudolph Hertz, 1857{1894) �U�î�g�p
C
\�q�U�Œ�t
R�­�`�h�{�f�w�;�û���S�U�«���S�q�‘�X�°�•�b�”�\�q

�T�’�z�«�‹�°	��w�?�Ó�þ�q�'
Ý�^�•�h (�«�w�?�Ó�þ
† )�{�‹�j�–�œ�q�O�p�x�z�«�•�?�þ�U�?�Ó�þ�p�K�”�\�q

�x	×�Ý�p�K�”�{

�ð u = u(x; y; z; t ) �U�s�M�„
Q�.�w �„
Q�þ �w�M���Ü

�
@2u
@t2

= � 4 u + ( � + � ) grad (div u )

�›�¬�h�b�q�V (�\�\�p � , � , � �x
Y��
: )�z p := div u , s := rot u �x�f�•�g�•

�
@2p
@t2

= ( � + 2 � ) 4 p (P �þ�w�M���Ü );

�
@2s
@t2

= � 4 s (S �þ�w�M���Ü )

�›�¬�h�b�\�q�›�Ô�d�{ | P �þ (primary wave) �x S �þ (secondary wave)�‘�“���M�{

(�r�t�x p.89)
�™	\�b�” Gauss �w
C�„���g�w
ú�g�•�w� �;�U
‡	×�t���M�{�f�w�«�›
Ç�å C.4 �t	)�å�`�o�S�X�{
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�H 2 	· 
¢
u
ü

2.1 
î	6 : �Â
¢�w�M�–�x

�Â
¢�t�m�M�o�z�Ž�<�w
¢
u
ü�w�^�æ�t
ž�A�t�s�”�Ä�ò�›
†�Ì�b�”�{

�Â
¢�w���[�q�`�o�z�M�˜�•�”�Í�å�Ý�”�»�”�Â
¢�›�>�;�b�” 1�{


 �› R n �w
æ
ü	B�ù�q�b�”�q�V�z R �w���„���à���›���[�¬�q�b�”�z 
 �•�w�È���ø
þ�› 
 �º�w �Â
¢ (curve)
�q�z�• (�b�s�˜�j ' : [�; � ] ! 
 �w�‘�O�s�È���ø
þ )�{
È�X�t�O�q�®�Â
¢�q�x 1 �!
:�w�È���s�Õ�«�Ä�ç�‹��


:�¯�p�K�”�{

�Â
¢�t�x�z C �• 
 , � �s�r�w���È�p�Ê
²�›�m�Z�”�\�q�U���M�{�Ž�<�z ' �w���Š�”�Â
¢�› C �q�z�•�\�q

�t�b�”�{


$���p�x�s�X�z�ø
þ�q�`�o�Â
¢�›���[�`�o�M�”�\�q�t�«�™�`�‘�O�{ ' �w
þ ' ([�; � ]) �w�\�q�›�z�Â
¢ C

�w
þ (image) �‡�h�x
�d�V


{ (spur) �q�z�•�{

' (� ) �›�Â
¢ C �w�•�: �z ' (� ) �›�Â
¢ C �w	4�: �z�†�M�K�˜�d�o�Â
¢ C �w�z�: �q�‘�•�{�•�:�q	4�:�U�°

�• (' (� ) = ' (� )) �b�”�q�V�z�Â
¢ C �x ���Â
¢ (closed curve ) �p�K�”�q�M�O�{

�Â
¢�U�×
ü�×
��q�¦�˜�’�s�M�q�V (�h�i�`�•�:�q	4�:�U�°�•�b�”�w�x�¦�˜�”�q�ß�Q�s�M )�z�f�w�Â
¢�x

Jordan �Â
¢ (Jordan curve) �‡�h�x �o	m�Â
¢ �p�K�”�q�M�O�}

�ø
þ ' =

0

B
@

' 1
...

' n

1

C
A �U Cm �ƒ�p�K�”�q�x�z�¤ ' j �U Cm �ƒ�p�K�”�\�q�›�M�O (m 2 N [ f 0; 1g )�{�\�w

�q�V�Â
¢ C �x Cm �ƒ�p�K�”�q�M�O�{

' 0(t) =

0

B
@

' 0
1(t)
...

' 0
n (t)

1

C
A ; ' 00(t) =

0

B
@

' 00
1(t)
...

' 00
n (t)

1

C
A ;

' (j ) (t) =

0

B
B
@

' (j )
1 (t)

...

' (j )
n (t)

1

C
C
A (j = 0 ; 1; : : : ; m)

�w�‘�O�t ' �w
•
ü��
:�z�‹��
:�›
¯�b�{

' 0(t) 6= 0 �p�K�”�q�V�z ' 0(t) �x ' (t) �t�S�Z�”�Â
¢�w
€
¢�w�M�²�›
¯�b�Õ�«�Ä�ç�p�K�”�{�x�”�q�\�–

' 0(t) 6= 0 �p�K�”�q�V�z�Â
¢�x 
Y�� �p�K�”�q�M�O�{
Y���s C1 �ƒ�Â
¢�w
þ�x�È�’�T�p�K�” (
€
¢�w�M�²�U�È

���$�t�!�=�b�”�w�p )�{

�« 2.1.1 
Y��
: a, b �t�0�`�o�| ' (t) = ( a cost; bsin t)T (t 2 [0; 2� ]) �x C1 �ƒ�w
Y���s�´�ã�ç�¼�ï���Â


¢�p�K�“�|�\�w
þ�x�M���Ü
x2

a2 +
y2

b2 = 1

1 �Í�å�Ý�”�»�”�n�Z (�b�s�˜�j�ø
þ ) �f�w�‹�w�›�Â
¢�w���[�q�b�”�w�x�z	—�`�Á�,�U�K�”�{�f�•�x�™�p	Z�o�R�”�®
¢
u
ü�w�‹
�x�Â
¢�w (�²�V�›�!�Q�s�M ) �Í�å�Ý�”�»�”�n�Z�t�‘�’�s�M� �̄q�M�O���g�T�’�‹�Ì�’�T�p�K�”�{�°�M�p	m
.�t
$�� (�:	B�ù ) �q�`�o
�w�Â
¢�p�x�z
¢
u
ü�›�ß�Q�”�w�t
Æ	G
ü�p�K�”�{�«�Q�y�® (1; 0)T �›�•�: �q�`�o�z�j�:�›�¤	ú�q�b�”�o�•��	Í�›�z
S�Ì�-�s�“ �t
1 	* �b�”�Â
¢�› C �q�b�”�¯�q�M�O�t�Ì�w�¤�t�x�z�o�t�j�:�›�¤	ú�q�b�”�o�•���q�M�O�i�Z�p�x�A�‡�s�M	Ø�C�U���‡�•�o�M�”�{
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�p���Š�’�•�”�*���p�K�”�{�: (a cost; bsin t) �t�S�Z�”
€
¢�w�M�²�x�z�Õ�«�Ä�ç

' 0(t) =

 
� a sin t
bcost

!

�p�{�‡�”�{ cos, sin�x�z�‰�Ì�t 0 �t�s�’�s�M�w�p�z ' 0 6= 0. �•�Q�t
Y���p�K�”�{

�Â
¢�› Cm �ƒ (m � 1) �w�‹�w�t�v�”�q�•�•
Æ�(�p�K�”�{ �à
ü�$�t Cm �ƒ �q�M�O�“�æ�›�‹�Ö�`�‘�O�{�Â


¢ C �U�à
ü�$�t Cm �ƒ�p�K�”�q�x�z

� = t0 < t 1 < � � � < t ` = �

�›�¬�h�b f t j g`
j =0 �U���O�`�o�z�¤	–�à�� [t j � 1; t j ] �t ' �›
M�v�`�h�ø
þ ' j[t j � 1 ;t j ] �U Cm �ƒ�t�s�”�\�q�›

�t�O�{�A�b�”�t�z�¤ t j �p�x�z�"��
•
ü��
: ' (k) (t j � 0), ' (k) (t j + 0) �U���O�b�”�\�q�w�ˆ�›�A
e�`�o�M

�o�z ' (k) (t j ) �U���O�`�s�X�o�‹�Ï�˜�s�M�{�\�w�Â
¢�U
Y���p�K�”�q�x�z�¤�à�� [t j � 1; t j ] �t
M�v�`�h�Â
¢�U


Y���p�K�”�\�q�›�M�O�{

�°
`�t
Y���s C1 �ƒ�Â
¢�w
þ�x�®�s�Š�’�T� �̄p�K�” (
€
¢�w�M�²�U�È���$�t�!�=�b�” )�{
Y���p�s�T�l�h

�“�z
Y���p�K�l�o�‹�à
ü�$�t C1 �ƒ�p�`�T�s�T�l�h	Ô�ù�x�z�Â
¢�w
þ�U�®�q�U�”�¯�\�q�‹�K�” (�o�t�M�O

�q���¯���w	*�w�‘�O�s�q�U�l�h
$���›�Â
¢�q�b�”�t�x�z
Y��
Q�›�x�c�b�T�z�®�à
ü�$�t�¯�q�M�O�v���›�Ö

�•�”�T�b�”
ž�A�U�K�” )�{

�« 2.1.2 R 2 �p 4 �: (0; 0), (1; 0), (1; 1), (0; 1) �›�Ö�:�q�b�”
Y�M���w	*�x�z�à
ü�$�t C1 �ƒ�w
Y���s�´�ã

�ç�¼�ï���Â
¢

' (t) :=

8
>>><

>>>:

(t; 0)T (t 2 [0; 1])
(1; t � 1)T (t 2 [1; 2])
(3 � t; 1)T (t 2 [2; 3])
(0; 4 � t)T (t 2 [3; 4])

�w
þ�p�K�”�{�\�•�x
Y�M���›
S�Ì�-�s�“�t�°	*�b�”�{

O 1 x

y

(1, 1)


$ 2.1: 
Y�M���w	*�›
S�Ì�-�s�“�t�°	*�b�”

C1

C2


$ 2.2: C1 �w	4�: = C2 �w�•�:�s�’�y C1 + C2 �U�^�•�”
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[� �; � � ] 3 t 7�! ' (� t) �‹ R n �º�w�Â
¢�p�K�”�U�z�\�•�› C �› �o�²�V�t�`�h�Â
¢ �q�‘�|�z � C �p
¯�b�{

�Â
¢ C1: r = ' 1(t) ( t 2 [� 1; � 1]) �w	4�:�q�Â
¢ C2: r = ' 2(t) ( t 2 [� 2; � 2]) �w�•�:�U�°�•�b�”�q�V�z

' (t) :=

(
' 1(t) (t 2 [� 1; � 1])
' 2(� 2 + ( t � � 1)) ( t 2 [� 1; � 1 + � 2 � � 2])

�p R n �º�w�Â
¢�U�˜�’�•�”�{�\�•�› C1 �t C2 �› �m�s�M�i�Â
¢ �q�‘�|�z C1 + C2 �p
¯�b�{

C1 �w	4�:�q C2 �w�•�:�U�°�•�`�o�M�s�M	Ô�ù�t�‹���Ü�$�s�è C1 + C2 �›�ß�Q�”�\�q�U�K�”�{

2.2 �Â
¢�w�€�Õ�q
¢�A
É

�7	s�t�\�w
…�w�A�: (
¢�A
É�t���b�”
¢
u
ü�q�Â
¢�w�Õ�^�w���[ ) �›	\�‚�”�{�f�•�^�Q�g�r�`�o�S�Z�y�z

�Í�w
…�t
��œ�p�Ï�˜�s�M�{
� �

���[ 2.2.1 ( 
¢�A
É�t���b�”
¢
u
ü�z�Â
¢�w�Õ�^ ) C: r = ' (t) ( t 2 [�; � ]) �› R n �º�w�à
ü�$�t C1

�ƒ�w�Â
¢�z f �› C �w
þ�w	Í�p���[�^�•�h�È����
:�q�b�”�q�V�z

(2.1)
Z

C
f ds :=

Z �

�
f (' (t))




 ' 0(t)




 dt

�› f �w�Â
¢ C 	Í�w�z 
¢�A
É �t���b�” 
¢
u
ü (line integral , path integral) �q�z�• a�{

�›�t f � 1 �w	Ô�ù�w

(2.2)
Z

C
ds =

Z �

�




 ' 0(t)




 dt

�›�Â
¢ C �w�Õ�^ (�€�Õ ) �q�z�•�{

�‡�h

ds :=



 ' 0(t)




 dt

�q�S�V�z�\�•�›�Â
¢ C �w
¢�A
É (�€�Õ�A
É , line element) �q�z�•�{

aC �U���Â
¢�p�K�”	Ô�ù�z contour integral �q�‹�z�|�z
I

�q�M�O�G�ø�p	{�T�•�”�\�q�‹�K�”�{

� �
� �

�«�™ 2.2.2 ( �à
ü�$ C1 �ƒ�w	��“�{�M ) �Â
¢ C �U�à
ü�$�t C1 �ƒ�w�q�V�z�f�w���[�t�q�•�”
ü�: t j

(1 � j � ` � 1) �t�S�M�o�z ' �x
•
ü�D�ó�p�s�M�\�q�U�K�”�{�•�Q�t (2.1) �t�q�•�”
u
ü�x�z�M�˜�•�”

�¿�[
u
ü�p�K�”�{�K�”�M�x

Z �

�
f (' (t))




 ' 0(t)




 dt =

X̀

j =1

Z t j

t j � 1

f (' (t))



 ' 0(t)




 dt

�q	{�V�Ú�b�q�z�x�‘�w��
u
ü�›
Ó�è�w
u
ü�q�r	
�b�”�\�q�‹�p�V�” (�¿�[
u
ü�q�`�o�r	
�`�h	Ô�ù�q

�‹�x�°�•�b�” )�{
� �


ú�g�$�r	


ˆ
Z

C
f ds �x�z�?�T�K�”�‹�w�U�Â
¢ C 	Í�t 
¢�µ�S f �p
ü
Í�`�o�M�”�q�V�w�z�Â
¢ C 
¶�.�p�w
ï�”�›


¯�`�o�M�” (
¢�µ�S�q�x�z�o�•�Õ�^�K�h�“�w�”�w�\�q�p�K�” )�{

ˆ ' (t) �›�í�:�w�Ì�� t �p�w�•�”�›
¯�b�‹�w�q�r	
�b�•�y�z ' 0(t) �x�í�:�w���S�z k' 0(t)k �x�í�:�w���^

�›
¯�b�\�q�t�s�“�z (2.2) �x�®���^�›�Ì���p
u
ü�b�”�q
�ˆ�j�w�“

�“���t�s�”�¯�q�¡�‰�\�q�U�p�V�”�{
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�Â
¢�w�€�Õ�U (2.2) �p�)�Q�’�•�”�\�q�x�z���Ø�Â
¢�w	Ô�ù�t�x�ô�Í
:�¶�p�‹�¶�œ�p�M�”�{

�ô�Í�w
:�¶�w�­�J	{�t�L�l�o�M�”�®�¬�Ü�¯� �

(1) x = f (t), y = g(t) ( � � t � � ) �q�M�O
��p�!
:
¯�Ô�p�)�Q�’�•�”�Â
¢�w�Õ�^�x

Z �

�

s �
dx
dt

� 2

+
�

dy
dt

� 2

dt =
Z �

�

p
f 0(t)2 + g0(t)2 dt:

(2) ��
: y = f (x) (a � x � b) �w�¬�å�Ñ�p�K�”�Â
¢�w�Õ�^�x

Z b

a

s

1 +
�

dy
dx

� 2

dx =
Z b

a

p
1 + f 0(x)2 dx:

� �

(2) �x (1) �w�›���s	Ô�ù�p�K�“�z�\�•�›�Ú�™�Í�i�t�°
`�=�`�h�‹�w�U	Í�w���[�t�s�l�o�M�”�\�q�U
ü

�T�”�{

�f�‹�f�‹�z�s�e�\�w�‘�O�s�Ü (2.2) �p���[�b�”�T�t�m�M�o�x�z�Í�w�®�°
`�$�s�€�Õ�w���[� �̄U�€�ß�t�s

�”�p�K�–�O�{

�Â
¢�w�Õ�^�w�°
`�$�s���[� �

���[�¬�p�K�”�à�� [�; � ] �w�Ú�™�w
ü�Â � = f t j gN
j =0 �t�0�`�o�z

L � :=
NX

j =1

k' (t j ) � ' (t j � 1)k ;

�^�’�t

L := supf L � ; � �x [�; � ] �w
ü�Â g

�q�S�X�{ L < 1 �w�q�V�t�Â
¢ C �x �Õ�^�›�Ë�m (recti�able) �q�M�M�z L �› C �w�Õ�^ �q�M�O�{ ' �U�à


ü�$�t C1 �ƒ�w	Ô�ù�x (2.2) �U
R�q�b�”�{�\�•�x

' (t j ) � ' (t j � 1) = ' 0(t j � 1)( t j � t j � 1) + o(jt j � t j � 1j);

k' (t j ) � ' (t j � 1)k =



 ' 0(t j � 1)




 (t j � t j � 1) + o(jt j � t j � 1j)

�t�>�U
Ç�Z�y���o�t	Â�Ì�p�V�”�{
� �


$ 2.3: 
‚�•
¢�w�Õ�^ L � �w	Í�v�U�Â
¢�w�Õ�^
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�\�w�®���!
:�w
•
ü
u
ü�¶ 2�¯�p�x�z (2.2) �U�î�;	Í	G
ü�°
`�$�q�ß�Q�’�•�”�w�p�z�\�•�›�Â
¢�w�Õ�^

�w���[�t�>�;�b�”�{

�« 2.2.3 ( �±� �«�é� �Å (cycloid) �w�€�Õ ) a �›
Y��
:�q�b�”�q�V�z�Â
¢ ' (t) = ( a(t � sin t); a(1� cost))T

(t 2 [0; 2� ]) �w�Õ�^�›�{�Š�‘�{

(�r ) ' 0(t) = ( a(1 � cost); a sin t) �p�K�”�T�’�z




 ' 0(t)




 =

q
a2(1 � cost)2 + a2 sin2 t = a

p
2(1 � cost) = 2 a

r

sin2 t
2

= 2a sin
t
2

:

�•�Q�t�€�Õ�x Z 2�

0




 ' 0(t)




 dt =

Z 2�

0
2a sin

t
2

dt = 8a:

O x

y

(a(θ − sin θ), a(1 − cos θ))

(aθ, a)


$ 2.4: �±� �«�é� �Å (x; y) = ( a(� � sin � ); a(1 � cos� )) ( � 2 [0; 2� ])

0
0.2
0.4
0.6
0.8

1
1.2
1.4
1.6
1.8

2

-8 -6 -4 -2 0 2 4 6 8

t-sin(t), 1-cos(t)


$ 2.5: �±� �«�é� �Å (x; y) = ( t � sin t; 1 � cost) (gnuplot �t�‘�” )

set parametric;set size ratio -1;plot [-8:8] t-sin(t),1-cos(t)

�« 2.2.4 ( �Ã���Ü�p
¯�^�•�”�Â
¢�w�€�Õ ) �Ã�2
ª�t�‘�l�o r = f (� ) ( � 2 [a; b]) �q
¯�^�•�o�M�”�Â
¢�x�z
 

x
y

!

=

 
r cos�
r sin �

!

=

 
f (� ) cos�
f (� ) sin �

!

�q�M�O�Í�å�Ý�”�»�”
¯�Ô�›�Ë�m�w�p�z�f�w�€�Õ�x

Z b

a

s �
dx
d�

� 2

+
�

dy
d�

� 2

d� =
Z b

a

p
f 0(� )2 + f (� )2 d�:

�«�Q�y r = a(1 + cos � ) ( � 2 [0; 2� ]) �w�q�V�x�z

Z 2�

0

q
(� a sin � )2 + ( a(1 + cos � ))2d� = ::: = 2

Z �

0
2a cos

�
2

d� = 8a:
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�(�Š 2.2.1 �Â
¢�w�Õ�^�w���[�Ü�t�q�•�”
u
ü�x�z p �U�K�”�h�Š�z�-�‰�U�É�`�M�\�q�U���M�{�«�Q�y�7

�‹�o	m�q�¥�˜�•�”�L
ú
¢�w�Õ�^�w�-�‰�‹�z�™�Ž�q�É�`�M (�ô�Í
:�¶�p�r�Z�s�M�\�q�‹�s�M�U�z�K�‡�“�_�T

�Z�s�M�ð�J�p�K�” )�{�î�x	s�s��
:�p
¯�q�b�”�\�q�U
Æ�D�ó�s	Ô�ù�‹���M�{���Ê�s�w�x�*���w�€�Õ�w�-�‰

�p�z p �w�¤�U 3 �Í�‡�h�x 4 �Í�w���ò�Ü�p�K�”�z�M�˜�•�” �*��
u
ü (elliptic integral ) �U	Z�q�b�”�{�*

��
u
ü�w�o��
:�p�K�” �*����
: (elliptic function ) �›�Z�€�b�” �*����
:�æ�x 19 
H�D�t�V�‰�M�h
:�¶�g

�æ�p�K�”�{�(�Š�w�(�Š�t�s�”�U�z�€�Õ�w�-�‰�q�M�O�q�z�±� �«�é� �Å�U��
j�s�w�x�z�¶	6	��t�Ã
›�ˆ�U
,

�M�Â
¢�p�x�K�”�‹�w�w�z�-�‰�U�q�o�‹���o�i�z�q�M�O�g���U�G�V�M�w�p�x�s�M�T�z�q�ß�Q�o�M�”�{

�ð �L
ú
¢ y = x2 (x 2 [0; 1]) �w�Õ�^�›�{�Š�‘ 2�{

(�A�L�x
�
2
p

5 + sinh � 1 2
�

=4 =
�
2
p

5 + log
�
2 +

p
5
��

=4 = 1:47894285754� � � )

�ð a, b �›
Y��
:�q�b�”�q�V�z�*��
x2

a2 +
y2

b2 = 1 �w�Õ�^�›
u
ü�p
¯�d�{

�s�S�z
¢�A
É�t���b�”
¢
u
ü�x�Í�å�Ý�”�»�”�n�Z�t�‘�’�s�M�\�q�U	Â�Ì�p�V�” (�™�p�Õ�«�Ä�ç	Ô�w
€
¢


¢
u
ü�w�q�\�–�p�Å�h�\�q�›	Â�Ì�b�”�w�p�z�f�•�›�€�ß�t�b�”�q�‘�M )�{

�(�Š 2.2.2 ( �€�Õ�Í�å�Ý�”�»�”�q
Z

f ds �q�M�O�G�ø�›�–�O�>�Ë�j ) ���o�w�h�Š�z�Â
¢ C: r = ' (t) ( t 2

[�; � ]) �x C1 �ƒ�p�K�”�q�b�” (�à
ü�$ C1 �ƒ�w	Ô�ù�t�‹�„�…�‰�7�w�^�æ�U�p�V�”�U�z�^�æ�U�•�•�Ø�W�t

�s�” )�{
�Ú�™�w t 2 [�; � ] �t�0�`�o�z�Â
¢ C �w � �T�’ t �‡�p�w
æ
ü�w�Õ�^�x

� (t) :=
Z t

�




 ' 0(� )




 d�:

�\�•�›���È s �›�;�M�o
¯�b (���§�M ) 	6�ó�U�K�” :

s = � (t) =
Z t

�




 ' 0(� )




 d�:

�\�•�T�’�Ú�™�w t 2 [�; � ] �t�S�M�o
ds
dt

= � 0(t) =



 ' 0(t)




 :

�\�•�T�’ � : [�; � ] ! R �x�z C1 �ƒ�w��
:�p�K�”�\�q�U
ü�T�”�{

�Â
¢ C �x
Y���z�b�s�˜�j�Ú�™�w t 2 [�; � ] �t�0�`�o ' 0(t) 6= 0 �q�>���`�‘�O�{�b�”�q

� 0(t) > 0 (t 2 [�; � ]):

�•�Q�t � : [�; � ] ! [0; L ] �x�±�[�o�Ð
ÿ�C�p�z�o��
: t = � � 1(s) �U���O�`�z�f�•�‹ C1 �ƒ�q�s�”�{  :=
' � � � 1, �m�‡�“  (s) := ' (� � 1(s)) ( s 2 [0; L ]) �q�S�X�q�z�\�•�‹ C1 �ƒ�w
Y���Â
¢�›�)�Q�”�{�f�•�› eC
�q	{�\�O�{ eC �w
þ�x C �w
þ�t�s�`�X�z (�™�p
†�Ì�b�” ) �²�V�‹ C �w�f�•�t�s�`�M (	H�l�o
¢
u
ü�›�ß�Q�”

	Ô�ù�t�z C �q eC �t�x�)�U�s�M )�{ r =  (s) (s 2 [0; L ]) �›�Â
¢ C �w�€�Õ�Í�å�Ý�”�»�” s �t�‘�”�Í�å�Ý�”

�»�”�n�Z�q�z�•�{

�\�w  �p�x�z

(2.3)



  0(s)




 = 1 ( s 2 [0; L ])

�U
R�“�q�m�\�q�t�«�™�`�‘�O�{�í�:�w�á�ˆ�p�r	
�b�”�q�z�m�v�t���^ 1 �p�á�ˆ�b�”�q�M�O�\�q�p�K�”�{�`

�h�U�l�o \ �Ì�� = �“�� " �U
R�“�q�m�{�‡�h (2.3) �T�’�z
Z

eC
f ds =

Z L

0
f ( (s)) ds

�U�˜�’�•�” (�(�%�w ds �q�È�%�w ds �x��
ú�p�K�” )�{�r�O�`�o�(�%�w�‘�O�s�G�ø�›�–�O�T�w�®�>�Ë�j�¯�U

�‘�X�q�•�o�M�”�Ü�q�s�l�o�M�”�{
2
p

2 �Í�Ü �w
u
ü�x�G�¶ 1 �å�Í�t�7	6�A�ˆ�p�K�”�{
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2.3 ( 
€
¢ ) 
¢
u
ü�w���[�q�,�Š�$�s
Q�í

�;�w�$�s�Õ�«�Ä�ç�r
s�p�‹�l�q�‹�Æ���b�”
¢
u
ü�x�z�Õ�«�Ä�ç	Ô f �w�Â
¢ C 	Í�w 
€
¢
¢
u
ü
Z

C
f � dr

�p�K�”�{�\�w�è�[�p�x�o�t
¢
u
ü�q�t�l�h�’�z�\�w
¢
u
ü�w�\�q�›�¦�b�{

�\�•�x�q�E�w�2�?�¶�t�S�M�o�x�z 1 �Í
•
ü���Ü

! = f 1 dx1 + f 2 dx2 + � � � + f n dxn

�w�Â
¢ C 	Í�p�w
¢
u
ü Z

C
! =

Z

C
f 1 dx1 + f 2 dx2 + � � � + f n dxn

�q�`�o
¯�q�^�•�”�\�q�U���M�{���Ü�$�t�s�l�o�`�‡�O�U�z�‰�G	[�q�`�o�x

dr = ( dx1; � � � ; dxn )T

�q�ˆ�s�b�w�U�‘�M�{�b�”�q

Z

C
f � dr =

Z

C

0

B
@

f 1
...

f n

1

C
A �

0

B
@

dx1
...

dxn

1

C
A =

Z

C
f 1 dx1 + � � � + f n dxn

�q�s�l�o�m�a�m�‡�U�K�O (?)�{

2.3.1 �«

(	—�‘�Z�k�T�‹�`�•�s�M�U���[�w
²�t�«�›	º�p�b�”�{ )


ú�g�T�’�w�« ( �—�w	Ô�U�b�”�“�Ä )

�M�²�q�G�V�^�U�°���w�— (�G�V�^�› f �q�b�” ) �p�z�f�w�—�w�M�²�t
ú�.�›�‘�m r �i�Z� �ˆ�^�d�”�q�V�z

�f�w�—�U�`�h�“�Ä W �x

W = fr

�q�s�”�w�p�K�l�h�{

�°���w�— f �›�^�;�^�d�o�z
ú�.�›�‡�l�b�Y r �i�Z� �ˆ�^�d�h�q�V�z�f�w�—�w�`�h�“�Ä�x

W = f � r :

�—�w	Ô f �U�)�Q�’�•�o�M�”�q�V�z�Â
¢ C �t�
�l�o
ú�.�›�ˆ�T�`�h	Ô�ù�z�f�w�—�U�`�h�“�Ä W �x�Ù�Å

�$�t

W ;
NX

j =1

f (r j � 1) � � r j ; � r j := r j � r j � 1:

�h�i�` r j �x�z [�; � ] �w	G
ü�I�T�M
ü�Â � = f t j gN
j =0 �t�0�`�o r j = ' (t j ) ( j = 0 ; 1; : : : ; N ) �p���[�^�•�”�{

�f�\�p

W =
Z

C
f � dr := lim

j � j! 0

NX

i =1

f (r i ) � � r i

�q�ˆ�s�b�\�q�U�p�V�”�{�Â
¢ C �U�à
ü�$�t C1 �ƒ�p�K�”	Ô�ù�t�x�z�0�›�t
Z �

�
f (' (t)) � ' 0(t) dt

�t�s�`�M�\�q�U�Ô�d�”�{
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f

r


$ 2.6: W = fr

f

r
θ


$ 2.7: W = kf k cos� � k r k = f � r

r0

r1

rj−1

rj

rN

f(rj−1)

∆rj


$ 2.8: �“�Ä�x�z�±�M
c�“�p�x f � � r �p�Ù�Å�p�V�”


ó
É��
:�æ�T�’�w�«


 �›
ó
É���Ø C �w�‰	B�ù�p�z C �› 
 �º�w�Õ�^�›�Ë�m�Â
¢�q�b�”�q�V�z�È����
: f : 
 ! C �w�Â
¢ C
	Í�w
¢
u
ü (
ó
É
¢
u
ü ) �›

Z

C
f (z) dz = lim

j � j! 0

NX

i =1

f (zi )(zi � zi � 1)

(�h�i�` [�; � ] �w
ü�Â � = f t j gN
j =1 �t�0�`�o�z zj = ' (t j ) �q�S�M�h�{ )

�w�‘�O�t���[�b�”�w�p�K�l�h�{

u(x; y) := Re f (z); v(x; y) := Im f (z) (x = Re z, y = Im z)

�q�î
æ�•
æ�t
ü�r�b�”�q
Z

C
f (z) dz =

Z

C
(u + iv )(dx + i dy) =

Z

C
u dx � v dy + i

Z

C
v dx + u dy

�q�s�l�o�z�\�w
¢
u
ü�U�z�\�\�p�{�l�o�M�”�Õ�«�Ä�ç	Ô�w
€
¢
¢
u
ü�w�›���s	Ô�ù�p�K�”�\�q�U�˜�T�”�{
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2.3.2 ���[
� �

���[ 2.3.1 ( �Õ�«�Ä�ç	Ô�w
€
¢
¢
u
ü ) R n �º�w�à
ü�$ C1 �ƒ�Â
¢ C: r = ' (t) ( t 2 [�; � ]) �q�z C �w


þ C � �w	Í�p���[�^�•�o�M�”�È���Õ�«�Ä�ç	Ô f : C � ! R n �t�0�`�o�z

Z

C
f � dr :=

Z �

�
f (' (t)) � ' 0(t) dt

�q�S�V�z�\�•�›�Õ�«�Ä�ç	Ô f �w�Â
¢ C 	Í�w (
€
¢ ) 
¢
u
ü �q�z�•�{

f = ( f 1; : : : ; f n )T �w�q�V�z�\�•�›
Z

C
f 1 dx1 + f 2 dx2 + � � � + f n dxn

�q�‹
¯�b�{
� �

�« 2.3.2 f (x; y; z) =

0

B
@

y + z
z + x
x + y

1

C
A , C: r =

0

B
@

t
t2

t3

1

C
A (t 2 [0; 1]) �q�b�”�q�V�z

Z

C
f � dr �›�{�Š�‘�{

(�r ) ' (t) := ( t; t 2; t3)T �q�S�X�{

f (' (t)) = f (t; t 2; t3) = ( t2 + t3; t3 + t; t + t2)T ;

' 0(t) = (1 ; 2t; 3t2)T

�p�K�”�T�’�z

f (' (t)) � ' 0(t) = ( t2 + t3) � 1 + ( t3 + t) � 2t + ( t + t2) � 3t2

= t2 + t3 + 2 t4 + 2 t2 + 3 t3 + 3 t4 = 3 t2 + 4 t3 + 5 t4:

�•�Q�t

Z

C
f � dr =

Z 1

0
(3t2 + 4 t3 + 5 t4) dt = 3 �

1
3

+ 4 �
1
4

+ 5 �
1
5

= 3 :

�« 2.3.3 P(x; y) =
� y

x2 + y2 , Q(x; y) =
x

x2 + y2 , C: r = ' (t) =

 
cost
sin t

!

(t 2 [0; � ]) �q�b�”�q�V�z
Z

C
P dx + Q dy �›�{�Š�‘�{

(�r )

P(' (t)) = P(cost; sin t) =
� sin t

cos2 t + sin 2 t
= � sin t;

Q(' (t)) = Q(cost; sin t) =
cost

cos2 t + sin 2 t
= cos t;

dx
dt

= � sin t;
dy
dt

= cos t

�p�K�”�T�’�z

P
dx
dt

+ Q
dy
dt

= � sin t � (� sin t) + cos t � cost = 1 :

�•�Q�t Z

C
P dx + Q dy =

Z �

0
1 dt = �:
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�€�ß 2.3.1 ( �G�ø�w	í�‘�s�v�Q | ���w�Š�›�¡�‰�q�V�w�h�Š�t ) �Ž
•
ü���Ü�›�;�M�h
¯�q�q�x�0	°�$�t�z

�Õ�«�Ä�ç�r
s�w�Õ�«�Ä�ç	Ô�›�;�M�h�G�O�t�x�z
:���X�w�v�Q�U�K�” 3�{�\�\�p�x
¢
u
ü�›
¯�b�G�ø�›�M�X

�m�T	º�p�b�”�{

dr �w�E�˜�“�t ds �K�”�M�x dx �›�;�M�o
Z

C
f � ds;

Z

C
f � dx

�q	{�M�h�“�z �o�•
€�Õ�«�Ä�ç t :=
1

k' 0(t)k
' 0(t) �›�‹�Ö�`�o
¢�A
É ds �t���b�”
¢
u
ü

Z

C
f � t ds

�p
¯�`�h�“ 4�z�º
u�w�G�ø�›�!�Q�o
Z

C
(f ; dr );

Z

C
(f jdr );

Z

C
hf jdr i

�w�‘�O�t	{�M�h�“�z�q�t�T�X (�K�V�•�”�X�’�M ) 	í�‘�s�G�O�U�K�”�{

�«�™ 2.3.4 ( �®�Q�”�w�x�G�!�• ) 
¢
u
ü�U 3 �m	Z�R�o�V�h�U�z�-�‰�O�t�m�M�o�x

Z

C
f ds =

Z �

�
f (' (t))

ds
dt

dt;
ds
dt

=



 ' 0(t)




 ;

Z

C
f � dr =

Z �

�
f (' (t)) �

dr
dt

dt;
dr
dt

= ' 0(t);

Z

C
P dx + Q dy =

Z �

�

�
P(x(t); y(t))

dx
dt

+ Q(x(t); y(t))
dy
dt

�
dt (n = 2 �w	Ô�ù )

�p�K�“�z�M�c�•�‹
Z

C
�›

Z �

�
�t�”�V�õ�Q�z

d 
 �›
d

dt

dt

�t�b�”�i�Z�p�K�”�T�’�z�®�Q�”�w�t���É�x�s�M�p�K�–�O�{ 1 
j�è�q���w 2 �m�x��
ú�p�K�”�U 5�z 2 
j�è�q 3

j�è�x�_�»�Z�U�Ÿ�s�”�i�Z�p�z�Š�í�$�t�x�‰�a�‹�w�p�K�”�{

2.3.3 
¢
u
ü�w
Q�í

�Í�w�Ë�J�x�Š�í�$�t
ó
É��
:�æ�w
¢
u
ü�p�¶�œ�i�x�c�p�K�” (	Â�Ì�‹�‰�a�p�K�” )�{

3 
 	��×
��x�z	—�s�X�q�‹
¢
u
ü�t���`�o�x�z
•
ü���Ü�›�;�M�h�G�O�w�M�U���Z�U�s�X�o�Ì�’�T�t���•�o�M�”�q�¥�O (	��¯�w
�ð�J�T�‹�`�•�s�M�U )�{

4
Z

C
f � t ds =

Z �

�
f (' (t )) �

' 0(t)
k' 0(t)k




 ' 0(t)




 dt =

Z �

�
f (' (t )) � ' 0(t) dt =

Z

C
f � dr . �\�w�G�O�x�z�Ø
u
ü�w

Z

S
f � n d� �q

���‚�”�q�2�“�U�‘�M�ò�a�U�`�o�±�—�$�p�K�”�{
5 	—�`	Í�t	\�‚�h�‘�O�t�z�o�•
€
¢�Õ�«�Ä�ç t �›�‹�Ö�b�”�q�z
€
¢
¢
u
ü�x�€�Õ�A
É�t���b�”
¢
u
ü�p
¯�q�p�V�”�w�p�z 1 
j

�è�q���w 2 �m�U
¶�X�����s�M�q�x�t�M
~�•�s�M�{�`�T�`�z�à���`�o�ß�Q�h�M�U
ü�T�“�•�b�M�q�¥�˜�•�”�w�p�z�\�\�p�x�®��
ú�¯
�q�t�M
~�l�o�`�‡�O�\�q�t�`�h�{
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� �

�Ë�J 2.3.5 ( �Õ�«�Ä�ç	Ô�w
€
¢
¢
u
ü�w
Q�í ) (�Z�k�i�U�>���x	²�t�b�”�{�Â
¢�x�à
ü�$�t C1 �ƒ , �Õ

�«�Ä�ç	Ô�x�È���X�’�M�{ )

(1)
Z

C
(f + g) � dr =

Z

C
f � dr +

Z

C
g � dr .

(2)
Z

C
(� f ) � dr = �

Z

C
f � dr .

(3)
Z

C1+ C2

f � dr =
Z

C1

f � dr +
Z

C2

f � dr .

(4)
Z

� C
f � dr = �

Z

C
f � dr .

(5)

�
�
�
�

Z

C
f � dr

�
�
�
� �

Z

C
kf k ds.

� �

	Â�Ì �M�c�•�‹���[�t�í�l�o�ß�Q�•�y���o�p�K�”�{ (1), (2) �t�m�M�o�x�è	×�w
u
ü�w
¢��
Q�T�’�Ì�’�T�p

�K�”�{

(3) �x�z Z c

a
=

Z b

a
+

Z c

b

�T�’�˜�’�•�”�{

(4) �t�m�M�o�x�z�Â
¢ C �U r = ' (t) ( t 2 [�; � ]) �p�K�”�q�`�o�z � C �x r = ' (� t) ( t 2 [� �; � � ]) �p

�)�Q�’�•�”�w�p�z
Z

� C
f � dr =

Z � �

� �
f (' (� t)) �

d
dt

(' (� t)) dt = �
Z � �

� �
f (' (� t)) � ' 0(� t) dt:

t = � u (u 2 [�; � ]) �q�S�X�q�z dt = � du, t = � � �w�q�V u = � , t = � � �w�q�V u = � �p�K�”�T�’�z
Z

� C
f � dr = �

Z �

�
f (' (u) � ' 0(u) ( � 1)du =

Z �

�
f (' (u) � ' 0(u) du

= �
Z �

�
f (' (u) � ' 0(u) du = �

Z

C
f � dr :

(5) �t�m�M�o�x�z Schwarz �w
Æ�s�Ü�‘�“�z

�
� f (' (t)) � ' 0(t)

�
� � k f (' (t))k




 ' 0(t)






�U�˜�’�•�”�\�q�T�’�Ì�’�T�p�K�”�{

�«�™ 2.3.6 �€�Õ�A
É�t���b�”
¢
u
ü
Z

C
f ds �t�m�M�o�‹�z�„�…�‰�7�w�\�q�U
R�“�q�m�U�z (5) �i�Z�x

Z

� C
f ds =

Z

C
f ds

�q�s�”�{�m�‡�“�€�Õ�A
É�t���b�”
¢
u
ü�x�²�V�t�‘�’�s�M�{�\�w�Ä�î�w�r	
�›�Ë�m�Ô�f�O�{

(a) (
ú�g�$�s�r	
 ) �€�Õ�A
É�t���b�”
¢
u
ü
Z

C
f ds �x�z�«�Q�y
¢�µ�S f �›�Œ�l�o�Â
¢
¶�.�p�w
ï�í�”

�›�{�Š�”�-�‰�q�r	
�p�V�”�{�\�w	Ô�ù�z�r�j�’�w�z�T�’���“�•�Š�o�‹�í�”�x�p
µ�‰�a�p�K�”�{�°�M�z

�Õ�«�Ä�ç	Ô�w
€
¢
¢
u
ü
Z

C
f � dr �x�z�«�Q�y�—�w	Ô f �w�b�”�“�Ä�q�r	
�p�V�”�{�\�w	Ô�ù�z�æ�V�q

�<�“ (�«�Q�y�J�“�q�<�“ ) �p�“�Ä�w
Ö�ø�U�o (� 1 
� ) �t�s�”�w�x�Ì�’�T�p�K�–�O�{
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(b) 	—�`	Í�p	\�‚�h�‘�O�t�z�Â
¢�w�o�•
€
¢�Õ�«�Ä�ç

t :=
1

k' 0(t)k
' 0(t)

�›�‹�Ö�b�”�q�z Z

C
f � dr =

Z

C
f � t ds

�q�z�µ�§�å�”��
: f � t �w�€�Õ�A
É�t���b�”
¢
u
ü�q�`�o
¯�b�\�q�U�p�V�”�{ C �›�o�²�V�w�Â
¢ � C
�p	��“�8�Q�”�q�z t �U � t �t�”�V�õ�˜�”�\�q�x�Ì�’�T�p�K�”�T�’�z
¢
u
ü�w�‹�‹ � 1 
��^�•�”�\�q�U


ü�T�”�{

�®�Õ�«�Ä�ç	Ô�w
€
¢
¢
u
ü�w�‹�x�Â
¢�w�²�V�›�-�m�Í�å�Ý�”�»�”�n�Z�t�‘�’�s�M� �̄q�t�˜�•�”�Ä�î�U�K

�”�{�‡�c�x���o�s�«�p
†�Ì�`�‘�O�{

�« 2.3.7 f (x; y) =

 
y
x2

!

, C1: r = ' (t) =

 
t

t3=2

!

(t 2 [0; 1]), C2: r =  (u) =

 
u2

u3

!

(u 2 [0; 1])

�q�b�”�q�V�z
Z

C1

f � dr ,
Z

C2

f � dr �›�{�Š�‘�{

(�r ) f (' (t)) = f (t; t 3=2) =

 
t3=2

t2

!

, ' 0(t) =

0

@
1

3
2

t1=2

1

A �p�K�”�T�’�z

f (' (t)) � ' 0(t) = t3=2 � 1 + t2 �
3
2

t1=2 = t3=2 +
3
2

t5=2:

�•�Q�t

Z

C1

f � dr =
Z 1

0

�
t3=2 +

3
2

t5=2
�

dt =
�

2
5

t5=2 +
2
7

�
3
2

t7=2
� 1

0
=

2
5

+
3
7

=
2 � 7 + 3 � 5

35
=

29
35

:

�°�M�z f ( (u)) = f (u2; u3) =

 
u3

(u2)2

!

=

 
u3

u4

!

,  0(u) =

 
2u
3u2

!

�p�K�”�T�’�z

f ( (u)) �  0(u) = u3 � 2u + u4 � 3u2 = 2u4 + 3u6:

�•�Q�t

Z

C2

f � dr =
Z 1

0

�
2u4 + 3u6�

du =
�

2
5

u5 +
3
7

u7
� 1

0
=

2
5

+
3
7

=
2 � 7 + 3 � 5

35
=

29
35

: (�r�t	4�“ )

�« 2.3.8 �Í�w 5 �m�w���Ø�Â
¢�›�ß�Q�‘�O�{

C1: r =

 
cost
sin t

!

(t 2 [0; � ])

C2: r =

 
cos(�t )
sin(�t )

!

(t 2 [0; 1])

C3: r =

 
cos(�t 2)
sin(�t 2)

!

(t 2 [0; 1])

C4: r =

 
� tp
1 � t2

!

(t 2 [� 1; 1])

C5: r =

 
tp

1 � t2

!

(t 2 [� 1; 1])
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$ 2.9: C5 = � C4 (�o�²�V�w�Â
¢ )

�M�c�•�w�Â
¢�‹
þ�x�‰�a�p�z�o�•�� x2 + y2 = 1 �w	Í
R
ü (y � 0 �w
æ
ü) �w���€�p�K�”�{ C1, C2, C3, C4

�x�M�c�•�‹�z���€�w	Í�›
S�Ì�-�s�“�t (1; 0) �T�’ (� 1; 0) �‡�p�®� �ˆ�b�”�¯�Â
¢�p�K�”�{�°�M C5 �i�Z�x

���€�w	Í�›�Ì�-�s�“�t (� 1; 0) �T�’ (1; 0) �‡�p� �ˆ�b�”�Â
¢�p�K�”�{�î�M C5 = � C4 �p�K�“�z C5 �x C4

�w�o�²�V�w�Â
¢�p�K�”�{�\�w���€�w	Í�p�È���s�Õ�«�Ä�ç�‹��
: f = ( f 1; f 2)T �t�0�`�o�z
Z

Cj

f � dr =
Z

C1

f � dr (j = 1 ; 2; 3; 4)

�U
R�“�q�m (	Í�w�«�q�‰�7�t�”�õ
u
ü�›�;�M�o	Â�Ì�p�V�” )�{�°�M�p C5 = � C4 �p�K�”�T�’�z
Z

C5

f � dr = �
Z

C4

f � dr = �
Z

C1

f � dr :

� �

���g 2.3.9 ( 
¢
u
ü�x ( �²�V�›�!�Q�s�M ) �Â
¢�w�Í�å�Ý�”�»�”�n�Z�t�‘�’�s�M ) f �x R n �w�‰	B�ù 

	Í�w�Õ�«�Ä�ç	Ô�p�z C: r = ' (t) ( t 2 [�; � ]) �x 
 �º�w�à
ü�$ C1 �ƒ�Â
¢�q�b�”�{ � : [a; b] ! [�; � ] �›

C1 �ƒ�w�o�Ð
ÿ�C��
:�q�b�”�q�V�z

 (� ) := ' (� (� )) ( � 2 [a; b])

�p���‡�”�Â
¢�› eC �q�b�”�q�z Z

C
f � dr =

Z

eC
f � dr :

� �

	Â�Ì �ù
R��
:�w
•
ü�O�‘�“  0(� ) = ' 0(� (� )) � 0(� ) �q�s�”�\�q�T�’ 6

Z

eC
f � dr =

Z b

a
f ( (� )) �  0(� ) d�

=
Z b

a
f (' (� (� ))) � ' 0(� (� )) � 0(� ) d�:

6 �‰�`�–
dr
d�

=
dt
d�

dr
dt

�w�‘�O�t	{�M�h�M�U
ü�T�“�•�b�M�T�‹�`�•�s�M�{
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�\�\�p t = � (� ) �q�!
:�!�õ�b�”�q (� = � (a), � = � (b) �t�«�™�`�o )

Z

eC
f � dr =

Z �

�
f (' (t)) � ' 0(t) dt =

Z

C
f � dr :

(�Â
¢�› C1 �ƒ
Y�� Jordan �Â
¢�t�v�•�y�z  �q ' �w
þ�U�°�•�b�”�\�q�T�’�z  = ' � � �›�¬�h�b C1

�ƒ�w�o�Ð��
: � �w���O�U�Ô�d�”�{ )
�\�\�t�x�l�o�z
¢
u
ü�›�ß�Q�”	Ô�ù�w�Â
¢�›�¦���b�”�h�Š�t�x�z�é�.�$�s�Í�å�Ý�”�»�”�n�Z (�ø
þ ) �x


ž�c�`�‹�A�’�s�M�\�q�U
ü�T�”�{�«�Q�y	Í�w�«�p�x�®�o�•�� x2 + y2 = 1 �w	Í
R
ü (y � 0) �w���€�›�z
S

�Ì�-�s�“�t� �ˆ�b�”�Â
¢�¯�q�t�Q�y�‘�M�{�Í�w�«�w�Â
¢�‹�z�\�w�Ä�î�›�–�l�o�¦���`�o�K�”�{

�« 2.3.10 f (x; y; z) =

0

B
@

y + z
z + x
x + y

1

C
A , C: (0; 0; 0), (1; 0; 0), (1; 1; 0), (1; 1; 1) �›	q�t�A�œ�p�p�V�”
‚�•
¢�q

�b�”�q�V�z
Z

C
f � dr �›�{�Š�‘�{

(�r ) (0; 0; 0) �T�’ (1; 0; 0) �t�M�h�”
¢
ü�› 
 1, (1; 0; 0) �T�’ (1; 1; 0) �t�M�h�”
¢
ü�› 
 2, (1; 1; 0) �T�’

(1; 1; 1) �t�M�h�”
¢
ü�› 
 3 �q�S�X�q�z C = 
 1 + 
 2 + 
 3 �q�s�”�{�•�Q�t
Z

C
f � dr =

Z


 1

f � dr +
Z


 2

f � dr +
Z


 3

f � dr :


 1 �x ' (t) = ( t; 0; 0)T (t 2 [0; 1]) �q�Í�å�Ý�”�»�”�n�Z�p�V�”�{ f (' (t)) = (0 ; t; t )T , ' 0(t) = (1 ; 0; 0)T ,

f (' (t)) � ' 0(t) = 0 �p�K�”�T�’�z
Z


 1

f � dr = 0.


 2 �x ' (t) = (1 ; t; 0)T (t 2 [0; 1]) �q�Í�å�Ý�”�»�”�n�Z�p�V�”�{ f (' (t)) = ( t; 1; 1+ t)T , ' 0(t) = (0 ; 1; 0)T ,

f (' (t)) � ' 0(t) = 1 �p�K�”�T�’�z
Z


 2

f � dr = 1.


 3 �x ' (t) = (1 ; 1; t)T (t 2 [0; 1]) �q�Í�å�Ý�”�»�”�n�Z�p�V�”�{ f (' (t)) = (1 + t; t + 1 ; 2)T , ' 0(t) =

(0; 0; 1)T , f (' (t)) � ' 0(t) = 2 �p�K�”�T�’�z
Z


 3

f � dr = 2.

�•�Q�t
Z

C
f � dr = 0 + 1 + 2 = 3.

2.4 
¢
u
ü�q�Ù�Â�ï�³�ß�ç

�ô�Í
:�¶�p	6�l�h
u
ü (1 �Í�i�w
H�„ R �p�w
u
ü ) �p�x�j�•��
:�U�G�Æ���`�h�{�Õ�«�Ä�ç	Ô�w
€
¢
¢


u
ü�p�f�•�t
ì�p�b�”�‹�w�x�Ù�Â�ï�³�ß�ç 7�q�z�y�•�”�{�Ù�Â�ï�³�ß�ç�x�M�m�‹���O�b�”�q�x�v�’�s�M�U�z

���O�b�”�q�V�x�j�•��
:�q�‰�7�w�\�q�U
R�“�q�m�{

�Ù�Â�ï�³�ß�ç�U�M�m���O�b�”�T�z���O�b�”�q�V�x�r�O�•�l�o�{�Š�’�•�”�T�U�•	Ô�p�K�”�{

2.4.1 �Ù�Â�ï�³�ß�ç�w���[


 �› R n �w�‰	B�ù�z F : 
 ! R �› C1 �ƒ�w��
:�q�b�”�q�V�z F �w�®�‹��
:�¯�x (�î
:�‹��
:�p�x�s�X )
F �w�¯
��Õ�«�Ä�ç	Ô r F : 
 ! R n �p�K�”�{�\�•�x�î
:�‹��
:�p�x�s�M�w�p

���!
:�w	Ô�ù�z�î
:�‹��
:�w�j�•��
:�x�ß�Q�’�•�s�M�‚

�q�M�O�\�q�t�s�”�{���!
:�w	Ô�ù�t 1 �!
:��
:�w�j�•��
:�t
ì�p�b�”�w�x�z�Í�t���[�b�”�Õ�«�Ä�ç	Ô�w

�Ù�Â�ï�³�ß�ç�q�M�O�\�q�t�s�” (�\�•�x�S�M�S�M�ò�˜�p�V�”�p�K�–�O )�{

7 �\�•�x
ú�g�¶�;� �w�Ù�Â�ï�³�ß�ç�~�¤�É�ç�ª�”�t���R�b�”�{�\�w�“�æ�›	s�Š�o�‹�Ö�`�h�w�x Lagrange (1773) �p�K�”�U�z�\
�w�t�?�›	s�Š�o�–�l�h�w�x Green (1828) �p�K�”�q�M�O�{
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� �

���[ 2.4.1 R n �w�‰	B�ù 
 	Í�p���[�^�•�h�È���s�Õ�«�Ä�ç	Ô f : 
 ! R n �t�0�`�o�z

r F (x ) = f (x ) (x 2 
)

�›�ˆ�h�b C1 �ƒ�w��
: F �U���O�b�”�q�V�z F �›�Õ�«�Ä�ç	Ô f �w�Ù�Â�ï�³�ß�ç (potential ) �q�z�•�{
� �

�(�Š 2.4.1 ( �Ž
•
ü���Ü�w�t�?�p�x ) 1 �Í�Ž
•
ü���Ü ! = f 1dx1 + � � � + f ndxn �t�0�`�o�z ! = dF :=
@F
@x1

dx1 + � � � +
@F
@xn

dxn �q�s�”��
: F �› ! �w�Ù�Â�ï�³�ß�ç�q�‘�•�{�Ù�Â�ï�³�ß�ç�w���O�b�” ! �› �ì
¶

(exact ) �p�K�”�q�M�O

�« 2.4.2 ( �°�7�s	O�—	Ô�w�Ù�Â�ï�³�ß�ç )

f (x1; x2; x3) :=

0

B
@

0
0

� g

1

C
A (g �x��
: )

�q�b�”�q�V

F (x1; x2; x3) := � gx3

�x r F = f �›�¬�h�b�{�m�‡�“ F �x f �w�Ù�Â�ï�³�ß�ç�p�K�”�{

�« 2.4.3 ( �°�m�w�Ã
U�w�^�”	O�—	Ô�w�Ù�Â�ï�³�ß�ç )

f (r ) := �
GM
kr k3 r (M , G �x��
: , r 2 R 3 n f 0g)

�q�b�”�q�V

F (r ) :=
GM
kr k

�x f �w�Ù�Â�ï�³�ß�ç�p�K�”�{

�ð �« 2.4.3 �›�¬�T�Š�‘�{

�€�ß 2.4.1 ( �Ù�Â�ï�³�ß�ç | 
ú�g�¶�w�;� �O ) 
ú�g�¶�p�x�z�—�w	Ô f �t�0�`�o

�r V = f

�q�s�”�‘�O�s��
: V �U���O�b�”�q�V�z f �x �-���— (conservative force) �p�K�”�q�M�M�z V �› f �w�Ù�Â�ï

�³�ß�ç�~�¤�É�ç�ª�” �q�z�•�{�\�•�x	Í�p���[�`�h�Ù�Â�ï�³�ß�ç�q
Ö�ø�w�ˆ�Ÿ�s�l�o�M�”�˜�Z�p�K�”�{	Í�w

�Ë�m�w�«�x
ú�g�¶�p�‘�X�Œ�’�•�h�«�p�K�”�{

1 �m�w�í�:�U�K�“�z�f�w�í�”�› m, �Ì�� t �p�w�•�”�› x (t) �q�b�”�{�Õ�«�Ä�ç	Ô f = f (x ) �U���O�`�o�z

�í�:�U x �t�K�”�q�V�t	!�Z�”�—�U f (x ) �q�s�l�o�M�”�q�V�z f �›�—�w	Ô�q�‘�•�{ Newton �w�á�ˆ�w�H 2 �O

���‘�“�z�Ú�™�w�Ì�� t �t�S�M�o

(2.4) mx 00(t) = f (x (t))

�U
R�“�q�m�{

�€�ß 2.4.2 ( �—�¶�$�¤�É�ç�ª�”�w�-�� ) (	—�‘	O
ó�U�K�”�U�z�-���—�t�§
��^�•�”�í�:�w�—�¶�$�¤�É�ç�ª�”

�U�-���^�•�”�\�q�›	º�p�`�‘�O�{ )
�Õ�«�Ä�ç	Ô f �w�Ù�Â�ï�³�ß�ç�U���O�b�”�q�V�z f �x�-���—�p�K�”�q�M�O�{ � U(x ) �U f �w�Ù�Â�ï�³�ß

�ç�p�K�”�q�b�” :

(2.5) f (x ) = � gradU(x ):
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U = U(x ) �x�\�w�í�:�w�Ë�m�Ù�Â�ï�³�ß�ç�~�¤�É�ç�ª�”�q�z�y�•�”�{ (���’�˜�`�M�w�p���“�&�b�q�z � U(x )
�x (
:�¶�p�–�˜�•�”�;� �p ) f �w�Ù�Â�ï�³�ß�ç�p�K�“�z U(x ) �x (
ú�g�¶�p�–�˜�•�”�;� �p ) �Ù�Â�ï�³�ß�ç�~

�¤�É�ç�ª�”�p�K�”�{ ) �\�w�q�V

E(t) :=
1
2

m



 x 0(t)




 2 + U(x (t)) =

1
2

m
�
x 0(t); x 0(t)

�
+ U(x (t))

�x (�Ì�� t �t�‘�’�s�M ) ��
:��
:�p�K�”�{�î�M

E 0(t) =
1
2

m
��

x 00(t); x 0(t))
�

+
�
x 0(t); x 00(t))

��
+ U0(x )x 0(t)

= m
�
x 00(t); x 0(t))

�
+

�
gradU(x (t)) ; x 0(t)

�

= m
�
x 00(t); x 0(t)

�
�

�
f (x (t)) ; x 0(t)

�

=
�
mx 00(t) � f (x (t)) ; x 0(t)

�
=

�
0; x 0(t)

�
= 0 :

1
2m kx 0(t)k2, E (t) �›�f�•�g�•�z�í�:�w (�Ë�m) �á�ˆ�¤�É�ç�ª�”�z�—�¶�$�¤�É�ç�ª�”�q�z�•�{�°
`�t�z�¤�É

�ç�ª�”�U��
:��
:�p�K�”�\�q�›�¤�É�ç�ª�”�U�-���^�•�”�q�M�O�{

�®�í�:�w	!�Z�”�—�U�-���—�p�K�•�y�z�í�:�w�—�¶�$�¤�É�ç�ª�”�x�-���^�•�”�¯�\�q�U
ü�T�l�h�{

(�7	s�t�'���`�h�‘�O�t ) �î�x

�Ù�Â�ï�³�ß�ç�q�x�z���!
:
[�j�•��
:�p�K�”�{

�\�w�\�q�›
†�Ì�b�”�h�Š�t�z�j�•��
:�t�m�M�o
î	6�`�‘�O�{

1 �!
:��
:�w�j�•��
:� �

R �w�à�� I �p���[�^�•�h�î
:�‹�È����
: f : I ! R �t�0�`�o�z F 0 = f �›�¬�h�b��
: (
ž
µ�$�t

C1 �ƒ�q�s�” ) F �›�z f �w�j�•��
:�q�z�•�w�p�K�l�h�{

F �U f �w�j�•��
:�p�K�”�q�V�z�Ú�™�w��
: C �t�0�`�o�z eF (x) := F (x) + C �p eF �›���Š�”�q�V�z
eF �‹ f �w�j�•��
:�q�s�”�{

f : I ! R �U�)�Q�’�•�o�M�”�q�V�z�Í�w (1), (2) �U
R�“�q�m (
•
ü
u
ü�¶�w�,�Š���g )�{

(1) F �U f �w�j�•��
:�p�K�•�y�z�Ú�™�w a; b2 I �t�0�`�o

Z b

a
f (x) dx = [ F (x)]b

a = F (b) � F (a):

(2) �Ú�™�w a 2 I �›�{���`�o�z

F (x) :=
Z x

a
f (t) dt (x 2 I )

�p F �›���Š�”�q�V�z F �x f �w�j�•��
:�t�s�”�{ (�\�•�T�’�Ú�™�w�È����
:�x�j�•��
:�›�Ë�m�\�q

�U
ü�T�”�{ 1 �!
:��
:�w	Ô�ù�t�x�p�h�“
²�s�w�p�z�§�Ð�^�•�”�\�q�U�s�T�l�h�q�¥�O�U�z���!
:

�w	Ô�ù�t�x�Ž�<�t�_�”�‘�O�t�G�V�s�ð�J�q�`�o
Ô	Í�b�”�{ )
� �

F �U f �w�Ù�Â�ï�³�ß�ç�p�K�”�q�V�z�Ú�™�w��
: C �t�0�`�o�z

eF (x ) := F (x ) + C (x 2 
)

�p���Š�h��
: eF �x�z�•�x�“ f �w�Ù�Â�ï�³�ß�ç�q�s�”�{

2.4.2 �Ù�Â�ï�³�ß�ç�q
¢
u
ü�w���� (1)


²�ò�p
†�Ì�`�h�j�•��
:�w
Q�í (1), (2) �U�z�Ù�Â�ï�³�ß�ç�p�x�r�O�s�”�T�å�{�b�”�{

�‡�c (1) �x (�Ù�Â�ï�³�ß�ç�w���O�›�>���b�•�y ) �G	Î
É�p�K�”�{
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� �

�Ë�J 2.4.4 ( �Ù�Â�ï�³�ß�ç�U���O�b�•�y�z
¢
u
ü�x�Ù�Â�ï�³�ß�ç�p	{�Z�” ) 
 �x R n �w �‰	B �ù �z

f : 
 ! R n �U�È���s�Õ�«�Ä�ç	Ô�z F �x f �w�Ù�Â�ï�³�ß�ç�p�K�”�q�b�”�q�V�z 
 �º�w�Ú�™�w�à
ü

�$ C1 �ƒ�Â
¢ C �t�0�`�o�z
Z

C
f � dr = F (b) � F (a) (a, b �x�f�•�g�• C �w�•�:�z	4�: )

� �

	Â�Ì (�‡�c�Â
¢�U C1 �ƒ�w	Ô�ù�w	Â�Ì ) �Â
¢ C �w�Í�å�Ý�”�»�”�n�Z�› r = ' (t) ( t 2 [�; � ]) �q�b�”�q�z

Z

C
f � dr =

Z �

�

nX

i =1

f i (' (t)) ' 0
i (t) dt =

Z �

�

nX

i =1

@F
@xi

(' (t)) ' 0
i (t) dt

=
Z �

�

d
dt

F (' (t)) dt = [ F (' (t))] t= �
t= � = F (' (� )) � F (' (� ))

= F (b) � F (a):

(�Â
¢�U�à
ü�$ C1 �ƒ�w	Ô�ù�w	Â�Ì ) �K�” f t j g`
j =0 �U���O�`�o�z�Ú�™�w j �t�0�`�o�z ' �› [t j � 1; t j ] �t
M�v

�`�h�‹�w�x C1 �ƒ�p�K�”�{�•�Q�t

Z

C
f � dr =

X̀

j =1

Z t j

t j � 1

nX

i =1

f i (' (t)) ' 0
i (t) dt =

X̀

j =1

Z t j

t j � 1

d
dt

F (' (t)) dt

=
X̀

j =1

(F (' (t j )) � F (' (t j � 1))) = F (' (t ` )) � F (' (t0))

= F (' (� )) � F (' (� )) = F (b) � F (a):

�q�\�–�U�z�j�•��
:�q�x�Ÿ�s�“�z�Ù�Â�ï�³�ß�ç�x�m�v�t���O�b�”�q�x�v�’�s�M�{�f�•�›�_�”�h�Š�t�Í�w

�Ë�J�›	º�p�`�‘�O�{
� �

�Ë�J 2.4.5 ( �Ù�Â�ï�³�ß�ç���O�w�h�Š�w
ž�A	Ú�E ) 
 �x R n �w�‰	B�ù�z f : 
 ! R n �U C1 �ƒ�w�Õ�«

�Ä�ç	Ô�p�z�Ù�Â�ï�³�ß�ç�›�Ë�m�s�’�y�z

(2.6)
@fi
@xj

=
@fj
@xi

(i; j = 1 ; 2; � � � ; n)

�U
R�“�q�m�{

�\�w	Ú�E�x n = 3 �w	Ô�ù�x�z rot f = 0 �q�‰�‹�p�K�”�{�‡�h n = 2 �w	Ô�ù�x�z rot f =
@f2
@x1

�
@f1
@x2

= 0

�q�‰�‹�p�K�”�{
� �

	Â�Ì f �w�Ù�Â�ï�³�ß�ç F �U���O�`�h�q�b�”�{���[�T�’

f i =
@F
@xi

(i = 1 ; 2; � � � ; n)

�p�K�”�{ f �U C1 �ƒ�q�M�O�>���T�’�z F �x C2 �ƒ�p�K�”�{

C2 �ƒ�w��
:�w 2 �Š�‹��
:�t�m�M�o�x�z� 
•
ü�w	q	‚�¦�õ�U�p�V�”�w�p�z

@fi
@xj

=
@

@xj

@F
@xi

=
@

@xi

@F
@xj

=
@fj
@xi

(i; j = 1 ; 2; � � � ; n):

n = 3 �w	Ô�ù�x�z�Ú�™�w C2 �ƒ��
: F �t�0�`�o rot (grad F ) = 0 �U
R�“�q�m�\�q�›�Ë�J 1.3.2 �p	Â�Ì

�A�ˆ�p�K�”�T�’�z�f�•�T�’�‹
ü�T�” (���X�w�Š�t�x�\�w�\�q�U	{�M�o�K�” )�{
� �

�% 2.4.6 n � 2 �w	Ô�ù�z�Ù�Â�ï�³�ß�ç�x�M�m�‹���O�b�”�q�x�v�’�s�M�{
� �
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	Â�Ì (2.6) �U
R�“�q�h�s�M�Õ�«�Ä�ç	Ô�›�_�m�Z�•�y�‘�M�{

f (x1; x2) :=

 
� x2

x1

!

�q�S�X�q�z
@f1
@x2

= � 1;
@f2
@x1

= 1

�q�s�“�z (2.6) �U
R�“�q�h�s�M�{

2.4.3 �Ù�Â�ï�³�ß�ç�q
¢
u
ü�w���� (2) �Ù�Â�ï�³�ß�ç�w���O	Ú�E

�j�•��
:�w
Q�í (2) �t
ì�p�b�”�‹�w�q�`�o�z�Í�w
‡	×�t�¹	Å�$�s���g�U�˜�’�•�”�{
� �

���g 2.4.7 R n �w�–�¬ (�È�A�‰	B�ù ) 
 �q 
 	Í�w�È���s�Õ�«�Ä�ç	Ô f : 
 ! R n �t�0�`�o�z f �w�Ù

�Â�ï�³�ß�ç�U���O�b�”�h�Š�t�x�z 
 �º�w�Ú�™�w�à
ü�$ C1 �ƒ���Â
¢ C �t�0�`�o�z
Z

C
f � dr = 0

�U
R�“�q�m�\�q�U
ž�A	G
ü�p�K�”�{�\�w�q�V�Ú�™�t
¬�œ�i a 2 
 �t�0�`�o�z

F (x ) :=
Z

Cx
f � dr (x 2 
) ;

(Cx �x 
 �º�w�à
ü�$ C1 �ƒ�Â
¢�p�z�•�:�U a, 	4�:�U x �p�K�”�‹�w )

�q�S�X�q�z F �x f �w�Ù�Â�ï�³�ß�ç�q�s�”�{
� �

	Â�Ì (
ž�A
Q ) f �w�Ù�Â�ï�³�ß�ç F �U���O�b�”�q�>���b�”�{���Â
¢ C �w�Í�å�Ý�”�»�”
Ç�Z�› r = ' (t)
(t 2 [�; � ]) �q�b�”�q�V�z ' (� ) = ' (� ) �t�«�™�b�”�q�z

Z

C
f � dr = F (' (� )) � F (' (� )) = 0 :

(	G
ü
Q ) 
 �º�w�Ú�™�w�à
ü�$ C1 �ƒ���Â
¢ C �t�0�`�o
Z

C
f � dr = 0 �U
R�“�q�m�q�>���b�”�{ 
 �º�w�Ú

�™�w�: a �›	��l�o�{���`�z 
 �º�w�¤�: x �t�0�`�o�z a, x �›�f�•�g�•�•�:�z	4�:�q�b�”�z 
 �º�w�à
ü�$�t

C1 �ƒ�w�Â
¢ Cx �›	��“ 8�z

F (x ) :=
Z

Cx
f � dr

�q�S�X�{

�>���T�’ F (x ) �x Cx �w	��“�M�t�‘�’�c�t���‡�” (�M�˜�•�” well-de�ned) �{�î�M Cx �q eCx �›�q�‹�t

a �›�•�:�z x �›	4�:�q�b�” 
 �º�w�à
ü�$ C1 �ƒ�Â
¢�q�b�”�q�V�z Cx + ( � eCx ) �x 
 �º�w���Â
¢�t�s�”�w

�p�z�>���T�’
Z

Cx +( � eCx )
f � dr = 0. �\�•�T�’

Z

Cx
f � dr =

Z

eCx
f � dr �U�˜�’�•�”�{

�Ú�™�w i 2 f 1; 2; � � � ; ng �t�0�`�o�z
@F
@xi

(x ) = f i (x ) �q�s�”�\�q�›�Ô�b 9�{�Â
¢ 
 h �› ' (t) := x + thei

(0 � t � 1) �p���Š�”�q�z�\�•�x x �›�•�:�z x + hei �›	4�:�q�b�”
¢
ü�p�K�”�{ Cx + hei �q�`�o�z Cx + 
 h

8 �Ë�J A.2.1(p.72) �›�_�‘�{
9 	$�À�s�r�p�x n = 2 �w	Ô�ù�t�z
u
ü�Ï�›
$�Ô�`�o�z

@F
@x

(p; q) = f 1(p; q) �›�Ô�b�q�‘�M�{ 9" > 0 s.t. B ((p; q); " ) � 
.

x 2 (p � "; p + " ) �s�”�Ú�™�w x = ( x; q) �t�0�`�o�z Cx �q�`�o�z�‡�c a �T�’ (p; q) �‡�p�x�“�z�f�•�T�’ x �à�t���æ�s���²
¢
ü

�p (x; q) �t�x�”�Â
¢�›�>�;�b�”�q�z F (x; q) = F (p; q) +
Z x

p
f 1(t; q) dt �q�s�”�{�\�\�‡�p�o�M�v�M�t
†�Ì�`�o�ò�˜�`�o�‹�’�Q�•

�y�z
@F
@x

(x; q) = f 1(x; q) �x�Ì�’�T�p�K�” (�A�Á 1 �!
:��
:�w�j�•��
:�w
Q�í (2) �t�<�£�`�o�M�”�˜�Z�p�K�” )�{
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�U	��•�”�{ ' 0(t) = hei , f � ei = f i �p�K�”�T�’�z

F (x + hei ) � F (x ) =
Z

Cx + 
 h

f � dr �
Z

Cx
f � dr =

Z


 h

f � dr

=
Z 1

0
f (x1; � � � ; x i � 1; x i + th; x i +1 ; � � � ; xn ) � hei dt

= h
Z 1

0
f i (x1; � � � ; x i � 1; x i + th; x i +1 ; � � � ; xn ) dt

�p�K�”�T�’�z

F (x + hei ) � F (x )
h

=
Z 1

0
f i (x1; � � � ; x i � 1; x i + th; x i +1 ; � � � ; xn ) dt

!
Z 1

0
f i (x ) dt = f i (x ) (h ! 0):

�\�•�x
@F
@xi

(x ) = f i (x ) �›�Ô�`�o�M�”�{�•�Q�t r F = f �p�z F �x f �w�Ù�Â�ï�³�ß�ç�p�K�”�{

�\�w���g�x�Ô�&�t
Ë�ˆ�z�Ø
(�M�U�z�)�Q�’�•�h�Õ�«�Ä�ç	Ô f �U�Ù�Â�ï�³�ß�ç�›�Ë�m�\�q�›�Ô�b�t�x�–

�M�n�’�M 10�{


²
…�p R n �w�–�¬�t�S�Z�”�Õ�«�Ä�ç	Ô f �U�Ù�Â�ï�³�ß�ç�›�Ë�m�t�x

@fi
@xj

=
@fj
@xi

(i; j = 1 ; 2; : : : ; n)

�U
ž�A�p�K�”�\�q�›�Ô�`�h�U�z�î�x���[�¬�w�–�¬�t�®�@� �̄U�s�Z�•�y�\�•�x	G
ü	Ú�E�p�K�”�{�î�M�z�Í�w

���g�U
R�“�q�m�{
� �

���g 2.4.8 ( �o�È�A�–�¬�p�x�Ô�Á�`�Õ�«�Ä�ç	Ô�x�Ù�Â�ï�³�ß�ç�›�Ë�m ) 
 �U R n �w�o �È�A�– �¬ �z

f : 
 ! R n �U C1 �ƒ�w�Õ�«�Ä�ç	Ô�p�z

(2.7)
@fi
@xj

=
@fj
@xi

(i; j = 1 ; 2; : : : ; n)

�›�ˆ�h�b�q�V�z f �w�Ù�Â�ï�³�ß�ç�U���O�b�”�{�›�t n = 3 �w	Ô�ù�z (2.7) �x rot f = 0 �q�‰�‹�p�K�”�{

�‡�h n = 2 �w	Ô�ù�‹ (�K�‡�“�°
`�$�s�G�ø�p�x�s�M�U ) rot f =
@f2
@x1

�
@f1
@x2

= 0 �q�‰�‹�p�K�”�{

� �

�\�w���g�w	Â�Ì�x�z
Ç�å B �p�)�Q�”�\�q�t�b�”�U�z�°�m�w	Â�Ì�w�K�’�b�a�›�)�Q�o�S�X�{

	Â�Ì�w�K�’�b�a 
 
¶�.�p @fi =@xj = @fj =@xi �U
R�“�q�m�q�>���b�”�q�z�Ú�™�w�Â
¢ C �›�È���$�t�!��

�^�d�h�q�V�z f �w C �t�f�l�o�w
¢
u
ü�w�‹�x�!�’�s�M�\�q�U�Ô�d�”�{�o�È�A
Q�w�>���T�’�z�Ú�™�w���Â


¢�x��
:�Â
¢ (
þ�U 1 �: ) �t�È���$�t�!���p�V�”�w�p�z���Â
¢	Í�w
¢
u
ü�w�‹�x 0 �p�K�”�{�•�Q�t f �w

�Ù�Â�ï�³�ß�ç�U���O�b�”�{

	q	‚�U�o�t�s�l�h�U�z�o�È�A
Q�w���[�x�Í�w�‘�O�s�‹�w�p�K�”�{
� �

���[ 2.4.9 ( �o�È�A ( �w���[�‹�r�V )) 
 �› R n �w�–�¬ (�È�A�‰	B�ù ) �q�b�”�{ 
 �U�o�È�A (simply
connected ) �p�K�”�q�x�z 
 �º�w�Ú�™�w���Â
¢�U��
:���Â
¢�t 
 �º�p�È���D�!�p�K�”�\�q�›�t�O�{

� �

(�Š�p�x�®�È���D�!�¯�w���[�›	\�‚�o�M�s�M�w�p�z�\�w�‡�‡�p�x���[�q�x�t�M�T�v�”�{	Ä�`�X�x
Ç�å�w��

�[ A.3.1 (p.73) �›�_�‘�{ )

10 �Ù�Â�ï�³�ß�ç�U���O�`�s�M�\�q�›�Ô�b�t�x�z
Z

C
f � dr 6= 0 �›�ˆ�h�b���Â
¢ C �›�°�m�p�‹�_�m�Z�•�y�‘�M�w�p�z�‡�K�‡�K�î

�M�$�p�K�” (�™�w�« 2.4.13 �›�€	°�d�‘ )�{�°�M�z�Ù�Â�ï�³�ß�ç�U���O�b�”�T�r�O�T�Ð�‚�”�h�Š�t�z�q�t�T�X F (x ) �› (
¢
u
ü�p )
�-�‰�`�o�z r F = f �U
R�“�q�m�\�q�›�½�£�¿�«�b�”�q�M�O	��‹�s�X�x�s�M (�`�T�`�Õ�M�-�‰�w�O�j�p�°�m�w�Û�µ�‹�•�^�•�s�M�w
�p�z�K�‡�“�ç�Š�’�”�M�O�p�x�s�M )�{
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�« 2.4.10 ( �o�È�A�s�–�¬�z�o�È�A�p�s�M�–�¬ ) �o�È�A�s�–�¬�w�«�q�`�o�z
¶�í�� R n , �‰�• B (a; R), �¤�–

�¬ 11�z
U���–�¬ 12�z3 �Í�i�í���p�w 1 �:�w�4	B�ù R 3nf ag, ���Ø�T�’
R�Ú
¢�›	†�M�h�–�¬�«�Q�y R 2nf (x; 0); x �
0g �s�r�U�K�”�{�‡�h R 2 �º�w�Ú�™�w Jordan ���Â
¢�w�“�‰�–�¬ (�M�˜�•�” Jordan �–�¬ ) �x�z�o�È�A�–�¬

�p�K�”�{

�o�È�A�p�s�M�–�¬�w�«�q�`�o�x�z 2 �Í�i�í���p�w 1 �:�w�4	B�ù R 2 n f ag, R 3 n ` (` �x�†�M�²�t�Á�v�t�w

�|�h�Ú
¢ )�z� ���Ø�w�º
æ (�Å�”�Æ�À���w�–�¬ ) �s�r�U�K�”�{

�Ú�
�$�t�x�z 
 �U�o�È�A�q�x�z 
 �w�¤�t���Â
¢�U�Ž�d�s�X�s�”�‘�O�s	Ë�•
ú�U���O�`�s�M�q�M�O�\�q

�p�K�”�{


$ 2.10: 
U���–�¬ : �K�” 1 �:�T�’�b�‚�o�w�:�U�_�Q�”

�(�Š 2.4.2 (Poincar�e �w���g�q�r�l�j�U�§�M ) (�2�?�¶�p
•
ü���Ü�›�¶�œ�p�T�’
î	6�b�”
��t ) ���g�w	Ú

�E (2.7) �x�z 1 �Í
•
ü���Ü

! := f 1 dx1 + � � � + f n dxn

�U�����Ü (closed form,d! = 0 �›�¬�h�b�\�q ) �p�K�”�\�q�›�™�¯�`�o�M�”�w�p�z���g�x�®�o�È�A�–�¬�p�x�z

�Ú�™�w 1 �Í��
•
ü���Ü�x�ì
¶�p�K�”�¯�q	{�V�õ�Q�’�•�”�{ Poincar�e �w���g�®
U���–�¬ 13�p�x�z�Ú�™�w�Í


:�w��
•
ü���Ü�x�ì
¶�p�K�”� �̄x���Ê�p�K�”�U 14�z
U���s�’�y�o�È�A�p�K�“�o�x
��p�s�M�T�’�z�Õ�«�Ä�ç

	Ô�w�Ù�Â�ï�³�ß�ç�w���O�t�m�M�o�x (1 �Í
•
ü���Ü�t�m�M�o�x ) 	Í�w���g�w�M�U (�>���w	Ú�E�U	��M�i�Z )
�§�M�˜�Z�p�K�” 15�{ Poincar�e �w���g�w
��“�x�z�Ú�™�Í
: �w
•
ü���Ü�t�m�M�o�®�� =) �ì
¶� �̄U�t�Q�”�q�\

�–�p�K�–�O�{

�« 2.4.11 ( �Ù�Â�ï�³�ß�ç�w�-�‰ ) R 3 	Í�w�Õ�«�Ä�ç	Ô f (r ) = ( y + z; z + x; x + y)T �x�Ù�Â�ï�³�ß�ç�›�Ë

�m�\�q�›�Ô�`�z�î�M�t�Ù�Â�ï�³�ß�ç�›�{�Š�‘�{

11 
 �U�¤�q�x�z 
 �º�w�Ú�™�w 2 �:�›�z�:�q�b�”
¢
ü�U 
 �t���‡�•�”�\�q (8a 2 
, 8b 2 
, 8t 2 [0; 1] (1 � t)a + tb 2 
) �›
�M�O�{

12 
 �U
U�� (star-like, star-shaped) �q�x�z 9p 2 
, 8x 2 
, 8t 2 [0; 1] (1 � t)p + tx 2 
 �U
R�“�q�m�\�q�›�M�O�{
13 Poincar�e �w���g�p�x�z	Ú�E�›�‹�O	—�`�°
`�=�`�o�z �D	V�s�–�¬�q�`�o�K�”�\�q�‹���M�{�D	V�s�–�¬�x�o�È�A�–�¬�p�K�“�z�o

�x
��p�s�M�w�p�z�•�x�“	Í�w���g�w�M�U�§�M�{
14 Jules Henri Poincar�e (1854{1912, �Ñ�å�ï�µ�w Nancy �t
\�‡�•�z Paris �t�o�…�b�” ) �x 19 
H�D�T�’ 20 
H�D�t�T�Z�o�Æ��

�`�h (D. Hilbert �q
Ò�3�›�s�b ) �G
:�¶	��p�K�”�{
15 �q�V�r�V���g 2.4.8 �t�t�t�d�c�z Poincar�e �w���g�`�T	{�M�o�M�s�M
:�¶	{�U�K�”�{
 	��x�¶
\�Ì�E�z�\�w�(�Š�t	{�M�h�\�q

�›�›�”�‡�p�z�c�M�•�œ�q�X�j�£�T�s�M�>
ü�t�^�d�’�•�h�®�Q�U�K�”�{
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�Õ�«�Ä�ç	Ô f �w���[�¬ R 3 �x�o�È�A�–�¬�p�z

r � f = det

0

B
@

@
@x f 1 e1
@

@y f 2 e2
@
@z f 3 e3

1

C
A =

�
@f3
@y

�
@f2
@z

;
@f1
@z

�
@f3
@x

;
@f2
@x

�
@f1
@y

� T

=

0

B
B
B
B
B
B
B
@

@
@y

(x + y) �
@
@z

(z + x)

@
@z

(y + z) �
@

@x
(x + y)

@
@x

(z + x) �
@
@y

(y + z)

1

C
C
C
C
C
C
C
A

=

0

B
@

1 � 1
1 � 1
1 � 1

1

C
A = 0

�U
R�“�q�m�w�p�z f �x�Ù�Â�ï�³�ß�ç�›�Ë�m�{�j�:�T�’ x = ( x; y; z)T �t�²�T�O
¢
ü Cx �x

' (t) = ( tx; ty; tz )T (t 2 [0; 1])

�q�Í�å�Ý�”�»�”�n�Z�U�p�V�”�{�\�w�q�V

f (' ( t ) ) = f (tx; ty; tz ) =

0

B
@

t(y + z)
t(z + x)
t(x + y)

1

C
A ; ' 0(t) =

0

B
@

x
y
z

1

C
A

�p�K�”�T�’�z�Ù�Â�ï�³�ß�ç�q�`�o

F (x ) :=
Z

Cx
f � dr =

Z 1

0
f (' (t)) � ' 0(t) dt =

Z 1

0

0

B
@

ty + tz
tz + tx
tx + ty

1

C
A �

0

B
@

x
y
z

1

C
A dt

=
Z 1

0
t [x(y + z) + y(z + x) + z(x + y)] dt

= xy + yz + zx

�U�˜�’�•�”�{ r F = f �›�¬�h�b�\�q�›�¬�T�Š�”�w�x�•�^�`�M (�p�‹�±�Ø�’�c�t�•�”�\�q )�{

�€�ß 2.4.3 ( 
i�?	Ô�x�Ù�Â�ï�³�ß�ç�›�Ë�m ) �?	Ô E �q�Ó���µ�S B �x�z Maxwell �w�M���Ü (1.1) �›�¬�h�b

�U�z�Ì���!�=�w�s�M	Ô�ù�z�Ì��
•
ü�w�ò�U	«�Q�o�z

(2.8) div E =
�
"0

; rot E = 0; div B = 0 ; c2 rot B =
j
"0

�q�s�”�{�i�‘�x E �q B �w�È�q�M���Ü�p�K�l�h�‹�w�U�z
ü�m�`�o�M�”�\�q�t�«�™�`�‘�O�{ rot E = 0 �p�K

�”�T�’�z E �x�Ù�Â�ï�³�ß�ç�›�Ë�m�\�q�U
ü�T�”�{�f�w 1 �m�› � � �q�S�X�q�z

E = grad ( � � ) :

�\�•�› Maxwell �w�M���Ü (2.8) �w�H 1 �Ü�t�E�Ö�`�o

div (grad( � � )) =
�
"0

;

�b�s�˜�j

(2.9) � 4 � =
�
"0

:

� �w�\�q�› 
i�?�Ù�Â�ï�³�ß�ç �‡�h�x 
i�?�• �q�z�|�z (2.9) �› Poisson �M���Ü (Poisson equation ) �q�z

�•�{�b�s�˜�j�z
i�?�Ù�Â�ï�³�ß�ç�x Poisson�M���Ü�w�r�p�K�”�{ | �Ž	Í�w
†�Ì�x�z�‘�X�_�T�Z�”�‹�w�p

�K�”�U�z	—�`�v�s�q�\�–�U�K�”�{	Z�o�R�”��
:�w���[�¬�•�È�’�T�^�t�V�j�œ�q�t�t�`�o�M�s�M�{�:�?�Y�s

�r�›�{�O�h�Š�t�x�z�^�æ�›�Ò��
:�w
c�“�p
Y�p�=�b�”
ž�A�U�K�”�i�–�O (�’�æ�s�U�’
 	��x
Æ�)�§�p�è�t

�`�h�\�q�U�s�M )�{
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�« 2.4.12 ( ���Ê�s�Ù�Â�ï�³�ß�ç�›
¢
u
ü�p�$�Á�l�o�-�‰ ) R 3 �T�’�j�:�›	†�M�h	B�ù 
 	Í�w�Õ�«�Ä�ç	Ô

f

f (x; y; z) =

 
x

(x2 + y2 + z2)3=2
;

y

(x2 + y2 + z2)3=2
;

z

(x2 + y2 + z2)3=2

! T

�t�m�M�o�ß�Q�”�{���o�s�-�‰�p rot f = 0 �p�K�”�\�q�U
ü�T�”�{ 
 �x�o�È�A�–�¬�p�K�”�T�’ f �x�Ù�Â�ï

�³�ß�ç�›�Ë�m�{�\�w�Õ�«�Ä�ç	Ô�x
ú�g�¶�p�x�‘�X�q�•�”�‹�w�p 16�z F (x; y; z) := � 1=
p

x2 + y2 + z2 �U�Ù

�Â�ï�³�ß�ç�p�K�”�\�q�‹	×�Ý�q�t�l�o�‘�M�{�q�\�–�p�\�•�›
¢
u
ü�p�{�Š�”�t�x 17�z	—�‘�»
É�U
ž�A�p�K

�”�{�Ž�<�t�f�w�»
É�w�°�m�›�Ô�b�{

�‡�c p = ( p;0; 0)T �›�•�:�z q = ( q;0; 0)T �›	4�:�q�b�”���²
¢
ü�› C �q�b�”�q�V (�h�i�` pq > 0 | �\

�•�x C �U�j�:�›���‡�s�M�q�M�O�\�q )�z
Z

C
f � dr =

1
p

�
1
q

�q�s�”�\�q�x���o�s�-�‰�p�˜�T�” (
Z q

p

x
x3 dx �›�-�‰�b�” )�{

�Í�t�j�:�›�¤	ú�q�b�”�Ú�™�w�•�Ø	Í�w�Ú�™�w C1 �ƒ�Â
¢ 
 �t�0�`�o�z
Z



f � dr = 0

�p�K�”�\�q�‹
ü�T�”�{�î�M�z 
 �w�Í�å�Ý�”�»�”�n�Z�› ' (t) ( t 2 I ) �q�b�”�q�z k' (t)k2 = r 2 (r �x�•�Ø�w


R�� ) �p�K�”�T�’�z
•
ü�`�o ' (t) � ' 0(t) = 0 �U�˜�’�•�”�{�\�•�T�’ f (' (t)) � ' 0(t) = 0 ( t 2 I ) �U�˜�’�•

�”�w�p�z
Z



f � dr =

Z

I
f (' (t)) � ' 0(t) dt = 0.

���: e := (1 ; 0; 0)T �q�Ú�™�w�: x = ( x; y; z)T 2 R 3 �›�A�•�Â
¢ Cx �q�`�o�z e �›�•�:�z (q;0; 0)T (�h�i

�` q :=
p

x2 + y2 + z2) �›	4�:�q�b�”���²
¢
ü � q �q�z (q;0; 0) �q x �›�A�•�j�:�›�¤	ú�q�b�”
R�� q �w�•

�Ø	Í�w�Â
¢ 
 q;x �›�m�s�M�i � q + 
 q;x �›	��”�{

Z

Cx
f � dr =

Z

� q

f � dr +
Z


 q;x
f � dr =

�
1
1

�
1
q

�
+ 0 = 1 �

1
q

= 1 �
1

p
x2 + y2 + z2

:

�•�Q�t f �w�Ù�Â�ï�³�ß�ç�q�`�o F (x; y; z) := 1 �
1

p
x2 + y2 + z2

�U�˜�’�•�h (1 �x	†�M�o�‹�‘�M )�{

�ð �Ú�™�w�¤	ú�—	Ô�x�Ù�Â�ï�³�ß�ç�›�Ë�m�\�q�›�Ô�`�z�f�•�›�{�Š�‘�{ (�Î�ï�Ä �‡�c�Ú�™�w�¤	ú�—	Ô f �t

�0�`�o�z
@fi
@xj

=
@fj
@xi

�U
R�“�q�m�\�q�t�«�™�b�”�{ n � 3 �w�q�V�z R n n f 0g �x�o�È�A�p�K�”�T�’�z	Í�w�«

�q�„�…�‰�7�t�^�æ�p�V�”�{ n = 2 �w	Ô�ù�x�z R n n f 0g �x�o�È�A�p�x�s�M�U�z�j�:�w�‡�˜�“�›��	*�t�
�l

�o�°	*�b�”�Â
¢	Í�w
¢
u
ü�U (�«�q�‰�7�t ) 0 �q�s�”�\�q�›�;�M�” (�k�µ�t�^�æ�b�”�w�x�•�•�É�`�M )�{ )

�« 2.4.13 ( �o�È�A�p�s�M�–�¬�p�x�z�Ù�Â�ï�³�ß�ç�›�Ë�h�s�M�Ô�Á�`�Õ�«�Ä�ç	Ô�U�K�” ) 
 = R 2 n f 0g �p

���[�^�•�h�Õ�«�Ä�ç	Ô

f (x; y) =
�

� y
x2 + y2 ;

x
x2 + y2

� T

�x r � f = 0 �›�¬�h�b�U�z�Ù�Â�ï�³�ß�ç�›�Ë�h�s�M�{�î�M�z�o�•��	*	Í�›
Y�w�²�V (
��æ�M�²�w�(	��t

���w�º
æ�›�_�”�²�V ) �t�°	*�b�”���Â
¢�› C �q�b�”�q�V�z
Z

C
f � dr = 2 � 6= 0

16 �í�:�w�^�”�ª���¾�—�w	Ô�w�Ù�Â�ï�³�ß�ç�z�:�?�Y�w�^�”�?	Ô�w�Ù�Â�ï�³�ß�ç�s�{
17 r F = f �›�-�‰�p�¬�T�Š�”�w�x�0�›�i�T�’�z
¢
u
ü�›�`�s�M�q�M�Z�s�M�g���x�s�M�{�`�T�`�z�\�\�p�x�Ù�Â�ï�³�ß�ç�x
¢
u


ü�p�{�Š�”�\�q�U	Z�R�”�q
†�Ì�`�o�M�”�w�p�z�ö�Q�o�f�•�›�î�æ�`�o�ˆ�‘�O�z�q�M�O�\�q�p�K�”�{
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�p�K�”�\�q�U�Ô�d�”�T�’ (�Å	6�i�q�¥�l�o�e�{�q�‹�¬�Ý�b�”�\�q )�z�‹�`�Ù�Â�ï�³�ß�ç�U���O�b�”�s�’�y�z

���g 2.4.7 �t�Ã	l�b�”�{

�\�w�«�x���X�w�Â�©�µ�Ä�p	º�p�^�•�o�M�”�‹�w�i�U�z�î�x
ó
É��
:�æ�p���Ê�s�s�Ü
Z

C

dz
z

= 2 �i (i �x�•
:�o�• )

�w�†�%�w�•
æ�›	��l�h�‹�w�t���s�’�s�M�{�\�j�’�w�t�?�p�M�O�q�z��
: z 7! 1=z �w�j�•��
:�U���O�`�s

�M�q�M�O�\�q�t�s�”�{�s�S�z�‘�X�Œ�’�•�o�M�”�‘�O�t�«�Q�y C n f x; x � 0g �q�M�O�o�È�A�–�¬�p�x�j�•

��
:�U���O�b�” (log z �w�Ú�™�w
ü�¬�U�j�•��
:�t�s�” )�{�f�•�t�0� �`�o�z R 2 n f (x; 0); x � 0g �p�x f �‹

�Ù�Â�ï�³�ß�ç�›�Ë�m�{

�ð R 2 n f (x; 0); x � 0g �t�S�Z�” f �w�Ù�Â�ï�³�ß�ç�›�{�Š�‘�{ (�t : tan� 1 y
x

)

�(�Š 2.4.3 	!�g�€�ß	{
é�t�®�r�O�w	��¾�V�¯�›�^�”�q�z�Ž�<�w�‘�O�t�s�”�i�–�O�T�{

�®C1 �ƒ�w n �Í�i�Õ�«�Ä�ç	Ô f �U�Ù�Â�ï�³�ß�ç�›�Ë�m�T�r�O�T�½�£�¿�«�`�z�Ë�m	Ô�ù�x�f�•�›�{�Š�‘�¯

�q�M�O�ð�J�t�x�z�«�Q�y�Í�w	�	q�p�ß�Q�”�q�‘�M�{

(1) 	Ú�E

(�Ñ)
@fi
@xj

=
@fj
@xi

(i; j = 1 ; 2; : : : ; n)

�U
R�“�q�m�T�Ð�‚�” (	Ú�E (�Ñ) �x n = 3 �w	Ô�ù�z rot f = 0 �q�‰�‹�p�K�”�{�‡�h n = 2 �w	Ô�ù�‹

rot f =
@f2
@x1

�
@f1
@x2

= 0 �q�‰�‹�p�K�” )�{�\�•�U
R�“�q�h�s�Z�•�y�Ù�Â�ï�³�ß�ç�x���O�`�s�M�{�\�w

	Ú�E (�Ñ) �U
R�“�q�m�s�’�y�z�Í�w (2) �t
��‰�{

(2) f �w���[�¬ 
 �U�o�È�A�T�r�O�T�Ð�‚�” 18�{�o�È�A�p�s�Z�•�y�Í�w (3) �t
��‰�{�o�È�A�p�K�•�y�z

(~ ) F (x ) :=
Z

Cx
f � dr (x 2 
)

�U�Ù�Â�ï�³�ß�ç�q�s�”�{�\�\�p Cx �x�z 
 �T�’�Ú�™�t
¬�œ�i���: a �›�•�:�q�`�z x �›	4�:�q�b�” 

�º�w�à
ü�$ C1 �ƒ�Â
¢�p�K�” 19�{�o�M�v�M�t�\�w
¢
u
ü�›�-�‰�`�z�æ�w�h�Š r F = f �U
R�“�q�m�T

�r�O�T�U�‰�b�”�{

(3) (( �Ñ) �U
R�“�q�m�U�z 
 �x�o�È�A�p�s�M	Ô�ù ) �Ù�Â�ï�³�ß�ç�›�Ë�h�s�M�D�ó
Q�‹�K�”�{�f�•�›�¬�T�Š

�”�t�x�z Z

C
f � dr 6= 0

�›�¬�h�b 
 �º�w���Â
¢ C �›�_�m�Z�•�y�‘�M�{�È	��s�ð�J�w	Ô�ù�z�f�O�M�O���Â
¢�U
ƒ�ð�¤�t�K�l�h

�“�b�”�{�×
ü�p�s�b	Ô�ù�x�z 
 �t�í�M�h�®�@�¯�›�“�‰ (�{�l�T�T�” ) ���Â
¢�p�z
¢
u
ü�›�-�‰�`�•�b

�M�‹�w�›�¼�`�o�ˆ�”�q�‘�M�{�b�‚�o�w�®�@�¯�t�\�w�½�£�¿�«�›�T�Z�o�Í�µ�b�” (
¢
u
ü�U 0 �q�s�” )
	Ô�ù�z�O�‡�X�b�”�q�Ù�Â�ï�³�ß�ç�U���O�b�”�\�q�w	Â�Ì�U	Z�R�”�T�‹�`�•�s�M�{�`�T�`�k�µ�t�•�“�q

�[�”�w�x�Ø�W�T�‹�{

�ð 
 := R 2 n f 0g �p���[�^�•�o�M�”�Õ�«�Ä�ç	Ô f : 
 ! R 2 �p�z R 2 
¶�.�•�w�È���s�¦�Á�›�Ë�h�s�M�U�z

�Ù�Â�ï�³�ß�ç�›�Ë�m�‘�O�s�‹�w�›�°�m�{�Š�‘�{ (�« : �Ì�‘�!�s�æ�§�M�›�b�”
��U�M�”�w�p�z�f�w���O�›�ž

�Ð�”�ç�b�”�™�¯�p�{���o�t�^�”�\�q�U	Z�R�”�w�p�z�t�x	²�t�b�”�{ )

18 �î�M�t��	6�ð�J�p	Z�X�˜�b�o�È�A�–�¬�x�z�G�
�w	Ô�ù�z���o�s�‹�w�t�v�’�•�”�{	$�À�p	º�p�b�”�«�›�‘�X�_�o�S�X�q�‘�M�{
�«�Q�y�z�í���w�Í�i�U�?�p�K�l�o�‹�z
¶�í�� R n �x�o�È�A�p�K�” (	Ë�•
ú�U�?�‹�s�M�w�p�z���Â
¢�x�{�l�T�T�“�‘�O�U�s�M )�{ 2
�Í�i�w	Ô�ù�x�z 
 = R 2 n f ag �w�‘�O�t�@�U�K�M�o�M�”�‹�w�x�o�È�A�p�x�s�M�{

19 �\�•�x�×
ü�t�N�ù�w�‘�M�‘�O�t
¬�‚�”�{ 
 = R n �w	Ô�ù�x�z a = �j�: , a �q x �›�A�•�Â
¢�q�`�o�z���²
¢
ü ' (t ) = tx
(t 2 [0; 1]) �w�‘�O�t	��”�w�U���o�•
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�ð f �w���[�¬�U R 3 
¶�.�p�K�”�‘�O�s	Ô�ù�z rot f = 0 �w�½�£�¿�«�›�^�…�l�o�z�7	s�T�’
¢
u
ü (~ ) �p

F (x ) �›�-�‰�`�z r F = f �U
R�“�q�m�T�r�O�T�½�£�¿�«�b�”�z�q�M�O�•�“�M�‹�K�“�O�”�{�s�e�f�•�p�‘�M

�w�T�g���›
†�Ì�d�‘�{ (�`�T�`�z�\�•�x�Õ�M�-�‰�w�O�j 1 �U	t�p�‹���§�Q�”�q�z�b�‚�o�U�S�a�Œ�œ�t�s�”

�w�p�z
����²�V�p�x�s�M�q�¥�˜�•�”�{�¯�ï�Ð�á�”�»�”�t�•�’�d�”�w�s�’�y�Š�Ž�‘�M�T�‹�`�•�s�M�{ )

2.5 Green �w���g


•
u
ü�w�,�Š���g�w 1 �m�w�¦�Á�p�K�”�q�M�Q�”�z Green �w���g�›	º�p�b�”�{�G�_�l�z�t�t�O�q

| ���Ø�º�w�–�¬�w�®�~�j�¯�w	Í�p�w
€
¢
¢
u
ü�x�z�f�w�–�¬	Í�w	O
u
ü�t�Ú�d�” |

�q�M�O�\�q�s�w�i�U�z�\�w���g�U
R�q�b�”�–�¬�›�V�j�œ�q���Ü�=�b�”�w�x�Š�Ž�É�`�M�{���X�w�Š�p�x�Í�w

�‘�O�t	\�‚�’�•�o�M�”�{


$ 2.11: �´�ã�ç�¼�ï���Â
¢ C �p�“�‡�•�”�–�¬ D

C �w
��æ�M�²�w�(	��t D �›�_�”

� �

���g 2.5.1 (Green �w���g�K�”�M�x Cauchy-Green �w���g ) R 2 �º�w�à
ü�$ C1 �ƒ Jordan ���Â
¢

C �w�“�‰�–�¬�› D �q�b�”�{ C �w�²�V�x�z C 	Í�w�¤�:�p
��æ�M�²�w�(	��t D �›�_�”�‘�O�t�s�l�o�M

�”�q�b�”�{�\�w�q�V D �w���A�›���‰�‰	B�ù 
 	Í�p���[�^�•�h C1 �ƒ�w�Õ�«�Ä�ç	Ô f = ( P; Q)T �t

�0�`�o�Í�Ü�U�s�“�h�m�{

(2.10)
Z

C
f � dr =

ZZ

D
rot f dx dy; rot f := det ( r f ) = det

 
@

@x P
@

@y Q

!

=
@Q
@x

�
@P
@y

:

�‰�a�\�q�›
•
ü���Ü�p
¯�q�b�”�q�Í�w�‘�O�t�s�”�{

(2.11)
Z

C
P dx + Q dy =

ZZ

D

�
@Q
@x

�
@P
@y

�
dx dy:

(�\�w�‘�O�t�z�–�¬�w�¥�„�p�K�”�Â
¢�›�h�r�”�q�V�z
��æ�M�²�w�(	��t�–�¬�w�º
æ�›�_�”�‘�O�t
��‰

�²�V�›�z 
Y�w�²�V �q�M�O�{ )
� �

�q�\�–�U�\�w���g 2.5.1 �x�z
 	��t�q�l�o�x�Ž�<�w�:�T�’	—�‘�®�>�Ë�U�q�M��̄{

1. �®�“�‰�¯�w�™�¯�U���”�p�K�”�{ Jordan �w�Â
¢���g (A.4 
…�€	° ) �›�>���b�•�y�‘�M�U�z�f�w�‘�O�s

(	$�À�p�x�x��	Â�Ì�U
Æ�D�ó�s ) �G���g�›�Ë�j	Z�b�w�x	ú�ä�`�M�{�Í�w�‘�O�t	{�V�Ú�b�‚�V�T�‹�`�•

�s�M�{
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� �

D �x R 2 �w���„�s�–�¬�p�z�f�w�¥�„ @D���v�x�w�à
ü�$ C1 �ƒ Jordan ���Â
¢�T�’�s�“�z�f�w

�²�V�x�z @D�w�¤�:�p
��æ�M�²�w�(	��t D �›�_�”�‘�O�t�s�l�o�M�”�q�b�”�{
� �

2. �®�(� �̄q�M�O�w�‹�¡�r 20�›
\�a�T�v�s�M
¯�q�p�K�” (�S�f�’�X	$�À�p	Í�w���g�i�Z�_�d�h	Ô�ù�z�‡�c

99% �w�¶
\�x�¡�r�b�”�w�p�x�s�M�i�–�O�T )�{

�\�\�p�x�Í�w���w���g�›	Â�Ì�b�”�\�q�p�¬�
 (�f�«�• ) �b�”�\�q�t�b�”�{
� �

���g 2.5.2 ( x �à y �à�†�M�²�t	N
¢	B�ù�p�K�”�–�¬�p�w Green �w���g ) R 2 �w�–�¬ D �U

D = f (x; y); x 2 (a; b); ' 1(x) < y < ' 2(x)g = f (x; y); y 2 (c; d);  1(y) < x <  2(y)g

�q
¯�^�•�”�q�b�”�{�\�\�p ' j �x [a; b] 	Í���[�^�•�h�à
ü�$�t C1 �ƒ�w��
:�z  j �x [c; d] 	Í���[�^�•

�h�à
ü�$�t C1 �ƒ�w��
:�p�z

8x 2 (a; b) ' 1(x) < ' 2(x); 8y 2 (c; d)  1(y) <  2(y)

�›�¬�h�b�q�b�”�{�\�w�q�V�z D �w���A�p���[�^�•�h C1 �ƒ�w�î
:�‹��
: P, Q �t�0�`�o
Z

C
P(x; y)dx + Q(x; y)dy =

ZZ

D

�
@Q
@x

�
@P
@y

�
dx dy

�U
R�“�q�m�{�h�i�` C �x�Í�p���[�^�•�” C1, C2, C3, C4 �›�A�œ�p	Z�R�”���Â
¢�q�b�”�{

C1 : r = ( t; ' 1(t))T (t 2 [a; b]); C2 : r = ( b; t)T (t 2 [' 1(b); ' 2(b)]) ;

� C3 : r = ( t; ' 2(t))T (t 2 [a; b]); � C4 : r = ( a; t)T (t 2 [' 1(a); ' 2(a)]) :
� �

O x

y

a b

C1

C2

C3

C4

y = ϕ1(x)

y = ϕ2(x)

D


$ 2.12: C1 + C2 + C3 + C4 �U�“�‰�–�¬ D

20 �È�q�(�w
:�¶�$�s���[�›�¡�œ�i�“�	�M�h�“�`�h�\�q�U�K�”�i�–�O�T�{
ú�g�O���x�(�È
‡�0	¶�s�w�p (�à�ï�q�æ�”�w
C�_�`�h
�®�Í�æ�Â�Ÿ�0	¶
Q�w
��•�¯ )�z
ú�g�¶�q�`�o�x�È�q�(�x���[�D�ó�p�K�”�‘�O�i�U�z
:�¶�p�x�®
Ó�è�w�¯�™�¯�q�°�•�b�”�‘�O�t�È�q
�(�›���[�b�”�\�q�x�p�V�s�M�{
:�¶	{�t�®�È�¯�q�®�(�¯�U	Z�o�R�”�\�q�x�K�”�U�z�Š�p�x x �à�q y �à�w�®�•�”�����¯�q�®�‰�a�¯
�q�M�O�i�Z�w�\�q�p�K�–�O�{
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	Â�Ì D �U y �à�w�M�²�t	N
¢	B�ù�p�K�”�\�q�T�’�z

ZZ

D

�
�

@P
@y

�
dx dy =

Z b

a

 Z ' 2 (x)

' 1 (x)
�

@P
@y

dy

!

dx

=
Z b

a
P(x; ' 1(x))dx �

Z b

a
P(x; ' 2(x))dx

=
Z

C1

P(x; y) dx �
Z

� C3

P(x; y) dx

=
Z

C1+ C2+ C3+ C4

P(x; y) dx =
Z

C
P(x; y) dx:

�h�i�` C2, C4 �p�x dx=dt = 0 �p�K�”�\�q�T�’�z
Z

C2

P dx =
Z

C4

P dx = 0 �q�s�”�\�q�›�;�M�h�{

�‰�7�t�`�o D �U x �à�w�M�²�t	N
¢	B�ù�p�K�”�\�q�T�’�z
ZZ

D

@Q
@x

dx dy =
Z

C
Q(x; y) dy

�U�˜�’�•�”�{�Ž	Í�˜�’�•�h�Ë�m�w�s�Ü�›�C�Q�•�y�‘�M�{

�°�»
É�b�”�q�z�°�M�²�i�Z�t	N
¢	B�ù�p�K�”�‘�O�s�–�¬�t�0�`�o�‹
R�“�q�m�\�q�U�Ô�d�” (
Ç�å�w���g

C.1.1(p.81)) �{

�^�’�t�Í�w
$ 2.13 �w�‘�O�t�z�“�M�t�¦�˜�’�s�M���v�x�w���Â
¢�p�“�‡�•�”�–�¬�t�0�`�o�‹�¦�Á�p�V�”�{

�\�\�p�‹
��æ�M�²�w�(	��t�–�¬�º
æ�›�_�”�‘�O�t�Â
¢�t�²�V�›�m�Z�” (�•�x�“�®
Y�w�²�V�¯�q�M�O )�{

C1

C2

C3

D


$ 2.13:
3X

j =1

Z

Cj

f � dr =
ZZ

D
rot f dx dy

�M�c�•�t�d�‘�z�\�w���g 2.5.2 �x�>���U�§�b�W�”�w�p�®�°
`
Q�U�ÿ�M� �̄q�t�˜�•�o�‹�“�M�U�s�M�U�z�Ž

�<�t�r
†�b�”
u
ü
c�“�w
ü�Â�w�Â�«�Ç�¿�« (��
ü
ó
É��
:�æ�p�S�s�a�ˆ ) �›���;�b�•�y�z�î�M�t�)�Q�’�•

�h�–�¬�p�w
u
ü�t�&�;�b�”�w�t�®�T�s�“�¯�–�Q�”�{

�« 2.5.3 ( 
u
ü
c�“�›
ü�Â�`�o���g�U�–�Q�”	Ô�ù�t�<�£�b�”�« ) D �›�����–�¬ f (x; y); 1 < x 2 + y2 < 2g
�q�b�”�q�z�r�j�’�w���g�w�>���‹�¬�h�^�s�M�U�z

D1 := f (x; y) 2 D ; x > 0; y > 0g; D2 := f (x; y) 2 D ; x < 0; y > 0g;

D3 := f (x; y) 2 D ; x < 0; y < 0g; D4 := f (x; y) 2 D ; x > 0; y > 0g;

C1 := x2 + y2 = 2 �›
S�Ì�-�s�“�t�°	*�b�”�Â
¢ ; C2 := x2 + y2 = 1 �›�Ì�-�s�“�t�°	*�b�”�Â
¢
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$ 2.14:
Z

C1

+
Z

C2

=
Z

@D1

+
Z

@D2

+
Z

@D3

+
Z

@D4

�q�S�X�q�z D j (j = 1 ; 2; 3; 4) �x���g 2.5.2 �w�>���›�¬�h�b 21�{

D = D1 [ D2 [ D3 [ D4 [ �µ	B�ù :

�‡�h�o�²�V�w�Â
¢�w�0�› (
¢
u
ü�t�è�¹�s�`�q�`�o ) 	†�X�\�q�t�b�•�y

C1 + C2 = @D1 + @D2 + @D3 + @D4;

@Dj �x D j �w	*�›
��æ�M�²�w�(	��t D j �w�º
æ�›�_�”�²�V�t�°	*�b�”���Â
¢

�p�K�”�T�’�z

ZZ

D

�
@Q
@x

�
@P
@y

�
dx dy =

4X

j =1

ZZ

D j

�
@Q
@x

�
@P
@y

�
dx dy =

4X

j =1

Z

@Dj

P dx + Q dy

=
Z

C1+ C2

P dx + Q dy:

�×
ü�p�·�V�s�‘�O�t
¬�œ�i�à
ü�$ C1 �ƒ Jordan ���Â
¢�U�“�‰�–�¬ D �›�z x �à y �à�†�M�²�t	N
¢	B�ù

�p�K�”�‘�O�s�–�¬�t
ü�r�p�V�”�T�z�`�y�’�X�´�q�Ö�ï�›�Ë�l�o�ß�Q�o�ˆ�”�\�q�›	‘�Š�”�{��
ü�®�î�;	Í	G


ü�¯�q�M�O�ò	î�U�Ë�o�”�q�¥�O�{

�ð �K�”�Š�p�z�„�…���g 2.5.2 �t
ì�p�b�”�Ë�J (�†�M�²�t	N
¢	B�ù�p�K�”�‘�O�s�–�¬�t�m�M�o�œ ) �i�Z�›

	Â�Ì�`�o�z�™�x�–�¬�›
ü�r�b�”�\�q�p�M�m�‹�O�‡�X�æ�X�z�q
†�Ì�`�o�M�h�U�z�f�\�‡�p�t�l�o�`�‡�O�q�Õ

�t�s�”�{
S�«�›�Ô�d�{

�(�Š 2.5.1 �œ�`�T�`
:�¶	��w
Ó�è�w�ò�®�T�’�b�”�q�z�®	N
¢	B�ù�p�K�”�–�¬�w���v�è�t
ü�r�p�V�”�‘�O�s

�–�¬� �̄q�M�O�w�x�z�M�X�’�–�Q�”�‹�w�p�x�K�l�o�‹�®
’�`�X�s�M� �̄w�p�z�«�Q�y�« 2.5.3 �t�‹�Ú
€�&�;�p�V

�”�‘�O�s���g�›	\�‚�‘�O�q�R�—�`�o�`�‡�O�‘�O�p�K�” (�K�”	��w	ì�À
´�T�‹�`�•�s�M )�{�œ�`�T�`
 	��U

21 �Š�p�x�Ë�m�t
ü�r�b�”�i�Z�p���g C.1.1 �U�&�;�p�V�”�{
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�¡�œ�i�Â�©�µ�Ä�p�z���g�›�k�µ�t	\�‚�o	Â�Ì�b�”�\�q�t
R�­�`�o�M�”�‹�w�x	—�s�M�‘�O�p�K�”�{�A�Ï�®�c

�”� �̄›�`�o�M�”�Š�U���M (�f�O�b�”�X�’�M�s�’�y�z�!�t�°
`�=�`�s�Z�•�y�‘�M�q�¥�O�w�i�U�œ )�{
c�î�t�q

�j�²�T�l�o�M�”�q�ò�a�’�•�h�Š�q�`�o�z
?�Ü [13] �›�K�[�o�S�X (�®�‡�h
?�Ü
Œ
\�w�Š�T� �̄q�M�O�ò�a�U�b

�”�U )�{�\�w�Š�p�x Green �w���g�› 3 �Ì�”�´�ã�ï���Ô�`�o�M�”�{�7	s�w�Ë�m�U�\�w��	{�w���g 2.5.2, ��

�g C.1.1 �p�K�”�{�µ�¯�U	Z�o�R�h
��x�7�™�w�°�m�›�¡�œ�p�ˆ�”�q�‘�M�{

�« 2.5.4 ( 
¢
u
ü�p�–�¬�w�Ø
u�›�-�‰�b�” ) �à
ü�$ C1 �ƒ�w���Â
¢ C �p�“�‡�•�”���„�–�¬�› D �q�b�”�q�z
Z

C
x dy = �

Z

C
y dx =

1
2

Z

C
x dy � y dx = � 2(D )

�p�K�” (� 2(D ) �x D �w�Ø
u�›
¯�b�G�ø�p�K�l�h ) �{�î�M�t

P(x; y) = 0, Q(x; y) = x �t�0�`�o
@Q
@x

�
@P
@y

= 1,

P(x; y) = � y, Q(x; y) = 0 �t�0�`�o
@Q
@x

�
@P
@y

= 1,

P(x; y) = �
1
2

y, Q(x; y) =
1
2

x �t�0�`�o
@Q
@x

�
@P
@y

= 1

�p�K�”�T�’�z Green �w���g�t�‘�•�y
Z

C
x dy, �

Z

C
y dx,

1
2

Z

C
x dy � y dx �w�M�c�•�‹

ZZ

D
1 dx dy = � 2(D )

�t�s�`�M�{

�ð �±� �«�é� �Å � : r = ( a(t � sin t); a(1 � cost))T (t 2 [0; 2� ]) �q y �à�p�“�‡�•�”
c�“�w�Ø
u�›�{�Š

�‘ 22�{ (�r�t :
Z

�
y dx = 3 �a 2)

�« 2.5.5 ( ���¯���w�Ø
u�›�2
ª�p
¯�b ) ���Ø	Í�t n �¯�� 
 �U�K�“�z�Ö�: Pj (x j ; yj ) ( j = 1 ; : : : ; n) �U
Y�w

�²�V�t���œ�p�M�”�q�b�”�{�\�w�q�V�z 
 �w�Ø
u � 2(
) �x

(2.12) � 2(
) =
1
2

nX

j =1

(x j yj +1 � x j +1 yj ) =
nX

j =1

(x j +1 � x j � 1) yj :

�h�i�` Pn+1 = P1, P0 = Pn �q�b�”�{

(	Â�Ì ) Green �w���g�t�‘�l�o�z

� 2(
) =
Z

@

x dy =

nX

j =1

Z

�����!
Pj Pj +1

x dy:

�h�i�`�z
����!
Pj Pj +1 �p�z Pj �T�’ Pj +1 �t�²�T�O
¢
ü (�Â
¢ ) �›
¯�`�h�{�f�w�Â
¢�x�z ' (t) := (1 � t)Pj + tP j +1

(t 2 [0; 1]) �q�Í�å�Ý�”�»�”
Ç�Z�p�V�”�{

' 0(t) = � Pj + Pj +1 =
����!
Pj Pj +1 ; x = (1 � t)x j + tx j +1 ;

dy
dt

= yj +1 � yj :

�p�K�”�T�’
Z

�����!
Pj Pj +1

x dy =
Z 1

0
((1 � t)x j + tx j +1 ) � (yj +1 � yj ) dt =

1
2

(x j + x j +1 ) (yj +1 � yj ) :

22 �¨�æ�è�¦�x�±� �«�é� �Å�t�µ�¯�›�Ë�l�o�z�\�w�Ø
u�‹�{�Š�‘�O�q�R�—�` (�´�›
~�l�o	O�^�›���”�q�T�œ )�z 3�a 2 �t�Ù�M�U�z
�k�µ�t�s�`�X�x�s�M�z�q	{�M�o�M�”�f�O�p�b (���• [25] �t�‹�O	—�`	Ä�`�X	{�M�o�K�“�‡�b )�{
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�•�Q�t

� 2(
) =
1
2

nX

j =1

(x j + x j +1 ) (yj +1 � yj )

=
1
2

0

@
nX

j =1

x j yj +1 �
nX

j =1

x j yj +
nX

j =1

x j +1 yj +1 �
nX

j =1

x j +1 yj

1

A :

xn+1 yn+1 = x1y1 �p�K�”�T�’�z�§�¿�¯�º�w�H 2 �ò�z�H 3 �ò�x�'�j	«�`�ù�l�o

� 2(
) =
1
2

nX

j =1

(x j yj +1 � x j +1 yj ) :

�Í�w�‘�O�t�!���p�V�” (xnyn+1 = x0y1 �t�«�™ )�{

� 2(
) =
1
2

0

@
nX

j =1

x j yj +1 �
nX

j =1

x j +1 yj

1

A =
1
2

0

@
nX

j =1

x j � 1yj �
nX

j =1

x j +1 yj

1

A =
1
2

nX

j =1

(x j � 1 � x j +1 ) yj :

(�«�™: �¬�Ü (2.12) �x�z Green �w���g�t�‘�’�c�t�<�ò�O�p	s�s�$�t	Â�Ì�b�”�\�q�‹	Z�R�”�{ n �¯���w�Ø
u

�› Sn �q
¯�b�q�V�z

S3 =
1
2

det

 
x2 � x1 x3 � x1

y2 � y1 y3 � y1

!

=
1
2

[(x2y3 � x3y2) + ( x3y1 � x1y3) + ( x1y2 � x2y1)] :

�\�•�x (2.12) �U n = 3 �w�q�V�t
R�“�q�m�\�q�›�Ô�`�o�M�”�{ (2.12) �U n �‡�p
R�“�q�m�q�b�”�q

Sn + 4 P1PnPn+1

=
1
2

8
<

:

2

4
n� 1X

j =1

(x j yj +1 � x j +1 yj ) + ( xny1 � x1yn )

3

5 + ( xnyn+1 � xn+1 yn ) + ( xn+1 y1 � x1yn+1 ) + ( x1yn � xny1)

9
=

;

=
1
2

0

@
nX

j =1

(x j yj +1 � x j +1 yj ) + ( xn+1 y1 � x1yn+1 )

1

A :

�\�•�x�z (2.12) �U n + 1 �w�q�V�‹
R�“�q�m�\�q�›�Ô�`�o�M�”�{

�« 2.5.6 (Cauchy �w
u
ü���g ) 
ó
É���Ø	Í�w�à
ü�$ C1 �ƒ�w Jordan ���Â
¢ C �w�“�‰�–�¬�› D �q�`�z

D �w�‰�Ù�c�p���[�^�•�h C1 �ƒ�w
ó
É
:�‹��
: f �U�K�”�q�V�z f (z) = u(x; y) + iv (x; y), z = x + iy
(x; y 2 R , u(x; y) 2 R , v(x; y) 2 R ) �q�b�”�q�z

Z

C
f (z) dz =

Z

C
(u(x; y) + iv (x; y))( dx + i dy)

=
Z

C
u(x; y)dx � v(x; y)dy + i

Z

C
v(x; y)dx + u(x; y)dy

=
ZZ

D

�
�

@v
@x

�
@u
@y

�
dx dy + i

ZZ

D

�
@u
@x

+
@v
@y

�
dx dy:

�‹�`�‹ f �U
Y����
:�p�K�•�y�z Cauchy-Riemann �w�M���Ü

@u
@x

=
@v
@y

;
@u
@u

= �
@v
@x

�U
R�“�q�m�w�p�z Z

C
f (z) dz =

ZZ

D
0 dx dy + i

ZZ

D
0 dx dy = 0 :
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�« 2.5.7 (2 �Í�i�o�È�A�–�¬�p�Ô�Á�`�Õ�«�Ä�ç	Ô�x�Ù�Â�ï�³�ß�ç�›�Ë�m ) 2 �Í�i�o�È�A�–�¬ 
 �t�S�Z�”�Õ

�«�Ä�ç	Ô f �U

rot f =
@f2
@x

�
@f1
@y

= 0

�›�¬�h�b	Ô�ù�z�–�¬ 
 �t�@�U�s�M�w�p�z 
 �º�w�Ú�™�w���Â
¢ C �w�“�‰�–�¬ D �t�m�M�o D � 
 �q�s�”

�h�Š�z Green �w���g�U�–�Q�o
Z

C
f � dr =

ZZ

D

�
@f2
@x

�
@f1
@y

�
dx dy =

ZZ

D
0 dx dy = 0

�U
R�“�q�m�{���g 2.4.7 �‘�“�z f �x�Ù�Â�ï�³�ß�ç�›�Ë�m�{�b�s�˜�j�z���g 2.4.8 �w 2 �Í�i
[�U
R�“�q�m�\

�q�U
ü�T�” (�k�µ�s	Â�Ì�q�x�M�M�n�’�M | �s�e�i�T
ü�T�“�‡�b�T�• 23)�{

�(�Š 2.5.2 ( ���g�w�Ê	¶ ) Green �w���g�x Gauss-Green �w���g �q�z�y�•�h�“�z Green-Stokes �w���g �q

�z�y�•�h�“�b�”�{�f�w�%�w�Ä	Ø�›
†�Ì�`�‘�O�{

(�™�p	º�p�b�” ) Gauss �w
C�„���g�w 2 �Í�i
[
Z

C
f � n ds =

ZZ

D
div f dx dy

�p f = ( Q; � P)T �q�S�M�o�z n ds = ( dy; � dx)T �t�«�™�b�”�q�z (2.11) �U�˜�’�•�” 24�{

�°�M�z (2.10) �x�™�p	º�p�b�” Stokes �w���g�w 2 �Í�i
[�q�ß�Q�”�\�q�‹�p�V�”�{

�m�‡�“ 2 �Í�i�í���p�x�z Gauss�w���g�‹ Stokes�w���g�‹�z Green �w���g�q�M�O�°�m�w�¬�Ü�t�m�•�•�o

�`�‡�O�z�q�M�O�\�q�p�K�”�{�K�”�M�x Green �w���g�q�M�O�z
z�±�$	Â�Ì�w���o�s�,�Š�$���g�U�z�ô�Í�i

�í���p�x���w���w�¦�Á (Gauss �w���g , Stokes �w���g ) �›�•�b�z�q�M�O�_�M�‹�p�V�”�{

23 C �x Jordan �Â
¢�q�x�v�’�s�M�w�p�z C �U�“�‰�–�¬�q�M�O�‹�w�U�x�l�V�“�`�s�M�{�«�Q�y 8 �w�È���w���Â
¢�U�“�‰�–�¬�x
�?�T
ü�T�“�‡�b�T�•

24 n �x�z
€
¢�Õ�«�Ä�ç ' 0(t) �›�z � �= 2 �s�8�`�h

�
cos(� �= 2) � sin(� �= 2)
sin(� �= 2) cos(� �= 2)

� �
' 0

1(t)
' 0

2(t)

�
=

�
0 1

� 1 0

� �
' 0

1(t)
' 0

2(t)

�
=

�
' 0

2(t)
� ' 0

1(t)

�

�›
Y�F�=�`�h�‹�w�p�z n =
1

p
(' 0

1(t)) 2 + ( ' 0
2(t)) 2

�
' 0

2(t)
� ' 0

1(t)

�
. ds =

p
(' 0

1(t)) 2 + ( ' 0
2(t)) 2 dt �p�K�”�T�’�z n ds =

�
' 0

2(t)
� ' 0

1(t)

�
dt.

�•�Q�t f � n ds = Q dy � (� P )dx = P dx + Q dy.
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�H 3 	· �Â�Ø�q�Ø
u
ü

(�\�w	·�w�º�0�‹�z�f�–�f�–�'�l�o�V�h�q�¥�O�U�z�‡�q�Š�M�t�m�M�o�x�‡�i�‡�i�i�q�¥�O�{ )
�Â�Ø	Í�w
u
ü�p�K�”�Ø
u
ü�U�\�w	·�w�Â�”�Ú�p�K�”�{���o�w�h�Š�t 3 �Í�i�í���º�w�Â�Ø�t�é�›�v���b�”�{

�›�t�Ž�<�w�~�:�U	O�A�p�K�”�{

1. �Ø
u�A
É�q�Â�Ø
u�w���[

2. �Õ�«�Ä�ç	Ô�w�O
¢�Ø
u
ü�w���[

3. 
•
u
ü�w�,�Š���g�w�ô�Í�i�=�t
ì�p�b�”�z Gauss �w���g (�–�¬�w�¥�„	Í�w�O
¢�Ø
u
ü�x�z�–�¬�º�w

�.
u
u
ü�t�Ú�d�” ) �q Stokes �w���g (�Â�Ø�w���w	Í�w
¢
u
ü�x�z�Â�Ø�w�Ø
u
ü�t�Ú�d�” )

3.1 �Â�Ø�w���[

�‡�c�x�Â�Ø�w���[�T�’�_�Ú�f�O�{

�(�Š 3.1.1 ( �¸�0�j ) �™�Ž�t�¥�˜�•�”�T�‹�Œ�•�s�M�U�z�Â�Ø�›���[�b�”�w�x�É�`�M (�Â
¢�q
z�‚�”�q�É�›�S�U�T�s
�“�ô�M )�{�q�E�w
:�¶�q�`�o�x�z�®�Â�Ø�q�x 2 �Í�i�w���7�.�p�K�”�¯�q�M�O�w�U�°
j
Y�w�$�s�r�t�p�K�”�U�z���7�.
�› 2 �å
\�w
•
u
ü�w�è�[�p
†�Ì�b�”�w�x���É�p�K�” (���7�.�t�m�M�o�°�è�“�,
Å�$�s�Ä�ò�w
†�Ì�›�b�”�t�x�z�°�m�w
�è�[�J�è�U
ž�A�p�K�”�œ�Ô�Š�w�G�¶�w
:�¶�J�p�x�z�è	×�x 3 �å�Í�w�2�?�¶�p�f�•�U�æ�˜�•�” )�{�\�\�p�x���7�.�w
�“�æ�t�æ�V�£�X
²�w
É�•�s�è�Õ�ç�w�“�æ�t�q�r�Š�”�\�q�t�b�”�{�¤�M
R�z�s�A�L�`�T�˜�”�\�q�U	Z�R�s�M�U�z�\�\
�p�¶�•�\�q�x�>�`�o�Á�,�p�x�s�X�z���7�.�›�¶�•�M�t�þ�q�m�x�c�p�K�” (�f�w�\�q�›�æ�„�t�z
É�•�p�x�K�”�U�z
�
�Ø�è�t
†�Ì�`�o�K�”�m�‹�“�p�K�” )�{

3.1.1 3 �m�w
É�•�s�M�O

�Â�Ø�›���[�b�”�h�Š�w�M�O�q�`�o�z�Ž�<�w 3 �m�U�,�Š�$�p�K�”�{

�Â�Ø�w�«�q�`�o�x�z�j�:�›�¤	ú�q�b�”
R�� R (> 0) �w�•�Ø (�w�°
æ ) �›	��“	Í�[�”�{

(a) 2 �!
:��
:�w�¬�å�Ñ�q�`�o�w�Â�Ø

z = f (x; y) ( �‡�h�x x = g(y; z) �K�”�M�x y = h(z; x)) :

�«�Q�y

z =
p

R2 � x2 � y2 ((x; y) 2 
 := f (x; y); x2 + y2 < R 2g)

�p�z�j�:�›�¤	ú�q�b�”
R�� R �w�•�Ø�w�®	Í
R
ü�¯�›
¯�b�{

(b) 3 �!
:��
:�w�è�Õ�ç�~�·�¿�Ä ( �s�‹�Ø ) �q�`�o�w�Â�Ø

F (x; y; z) = h:

�\�\�p h �x��
:�p�K�”�{

�«�Q�y

x2 + y2 + z2 = R2

�p�j�:�›�¤	ú�q�b�”
R�� R �w�•�Ø (
¶�. ) �›
¯�b�{
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(c) �Í�å�Ý�”�»�”�Â�Ø ' = ( ' 1; ' 2; ' 3)T : D ! R 3 �q�b�”�q�V�z
8
><

>:

x = ' 1(u; v);
y = ' 2(u; v);
z = ' 3(u; v)

i.e. r = ' (u; v)

�p 1 �m�w�Â�Ø�U���[�p�V�”�{

�«�Q�y

(3.1)

8
><

>:

x = R sin � cos�
y = R sin � sin �
z = R cos�

(( �; � ) 2 [0; � ] � [0; 2� ])

�p�j�:�›�¤	ú�q�b�”
R�� R �w�•�Ø�›
¯�d�”�{

�Ž	Í�w 3 �m�w���[�O�x�z�Ž�<�t�_�”�‘�O�t�z �é�”�§�ç�t�x�„�q�œ�r�‰�s �p�K�”�{

3 �m�w���[�O
ì�“�w����

ˆ (a) �x (b) �w�°	��p�K�”�{�î�M

F (x; y; z) := f (x; y) � z; h := 0

�q�S�X�q�z z = f (x; y) �x F (x; y; z) = h �q�‰�‹�t�s�”�{

ˆ (a) �x (c) �w�°	��p�K�”�{�î�M

' 1(u; v) := u; ' 2(u; v) := v; ' 3(u; v) := f (u; v)

�q�S�X�q�z z = f (x; y) �x 8
><

>:

x = ' 1(u; v);
y = ' 2(u; v);
z = ' 3(u; v)

�q�‰�‹�t�s�”�{

ˆ (b) �x F (a) = h, r F (a) 6= 0 �q�s�” a �w	G
ü�Ù�X�p (a) �p�K�”�{�î�M

Fx (a) 6= 0 �‡�h�x Fy(a) 6= 0 �‡�h�x Fz(a) 6= 0

�q�s�l�o�M�”�w�p�z�«�Q�y�7	s�w	Ô�ù�p�x�z�Ä��
:���g�›�;�M�o�z F (x; y; z) = h �›

x = ' (y; z)

�q x �t�m�M�o�r�X�\�q�U�p�V�”�{

ˆ (c) �x
@'
@u

(u0; v0) �
@'
@v

(u0; v0) 6= 0

�›�¬�h�b�: (u0; v0) �w	G
ü�Ù�X�p (a) �p�K�”�{�î�M
�
�
�
�
�

yu yv

zu zv

�
�
�
�
�

6= 0 �‡�h�x

�
�
�
�
�

zu zv

xu xv

�
�
�
�
�

6= 0 �‡�h�x

�
�
�
�
�

xu xv

yu yv

�
�
�
�
�

6= 0

�p�K�”�T�’�z�«�Q�y�7	s�w	Ô�ù�x�o��
:���g�›�;�M�o
 

u
v

!

= � (y; z)

�q u, v �t�m�M�o�r�X�\�q�U	Z�R�”�{�\�w�q�V

x = ' 1(u; v) = ' 1(� (y; z))

�q�s�”�{
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	Í�w
†�Ì�w�M�¤�p�K�[�h	Ú�E

ˆ �M�O (b) ��
: F �w�è�Õ�ç�~�·�¿�Ä�w	Ô�ù�t�x r F 6= 0

ˆ �M�O (c) �Í�å�Ý�”�»�”�Â�Ø r = ' (u; v) 	Ô�ù�t�x
@'
@u

�
@'
@v

6= 0

�x	O�A�s�w�p�z�Ž�<�p�x	×�t�>���b�”�\�q�t�s�”�q�¥�l�o�S�M�o�I�`�M�{�î�x�M�c�•�‹�Â�Ø�w
€���Ø�w 0
�p�s�M�O
¢�Õ�«�Ä�ç�w���O�›�-	Â�b�”	Ú�E�p�K�”�q�ß�Q�’�•�”�{

�« 3.1.1 ( �¯
� r F �x�è�Õ�ç�·�¿�Ä F = h �w�O
¢�Õ�«�Ä�ç�›�)�Q�” ) �®���!
:�w
•
ü
u
ü�¶ 1��̄p�z F (x; y; z) =
c �p�)�Q�’�•�”�Â�Ø	Í�w�: (x0; y0; z0) �t�0�`�o�z r F (x0; y0; z0) �x�f�w�:�t�S�Z�”
€���Ø�w�O
¢�Õ�«�Ä�ç

�›�)�Q�”�\�q�›�¶�œ�i�x�c�p�K�”�{�«�Q�y�í���º�w���Ø

F (x; y; z) := ax + by+ cz = d (a, b, c, d �x (a; b; c) 6= (0 ; 0; 0) �›�ˆ�h�b�î��
: )

�t�S�M�o�x�z���Ø	Í�w�r�w�:�t�S�M�o�‹ r F = ( a; b; c)T �U�O
¢�Õ�«�Ä�ç�›�)�Q�”�{

�‡�h�z�í���º�w (a; b; c)T �›�¤	ú�q�b�”
R�� R �w�•�Ø

F (x; y; z) := ( x � a)2 + ( y � b)2 + ( z � c)2 = R2

	Í�t�K�”�: (x0; y0; z0)T �t�S�Z�”
€���Ø�w�O
¢�Õ�«�Ä�ç�q�`�o r F (x0; y0; z0) = 2( x0 � a; y0 � b; z0 � c)T

�U	��•�” 1�{�•�Q�t
€���Ø�w�M���Ü�q�`�o

(x0 � a)(x � a) + ( y0 � b)(y � b) + ( z0 � c)(z � c) = 0

�U�˜�’�•�”�{

�ð C1 �ƒ�w��
: f �w�¬�å�Ñ z = f (x; y) 	Í�w�: (x0; y0; z0) (z0 = f (x0; y0)) �t�S�Z�”
€���Ø�w�M���Ü�›

�{�Š�‘�{ (�¬�å�Ñ�w	Ô�ù�x�›���s	Ú�E�s�`�t
€���Ø�U�˜�’�•�”�{ )
�Í�å�Ý�”�»�”�Â�Ø�w�O
¢�Õ�«�Ä�ç�t�m�M�o�x�z�Í�ò�p�ß�o�b�”�\�q�t�b�”�{

3.1.2 
Y���Í�å�Ý�”�»�”�Â�Ø

�f�‘�x�Â�Ø	Í�p�w
u
ü (�Ø
u
ü ) �›���[�b�”�t�K�h�“�z
²�ò�w (c), �b�s�˜�j�Â�Ø�w�Í�å�Ý�”�»�”
¯�Ô�›

�>�;�`�z�›�t�Ž�<�t	º�p�b�”�®
Y���Í�å�Ý�”�»�”�Â�Ø� �̄›�®�‡�q�‹�s�Â�Ø� �̄w�/���q�`�o�{�O�\�q�t�b�”�{

1 �\�•�U�O
¢�Õ�«�Ä�ç�›�)�Q�”�\�q�x	s�s�2�?�¶�$�t�ß�Q�o�‹�Ì�’�T�p�K�”�{
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� �

���[ 3.1.2 ( �Í�å�Ý�”�»�”�Â�Ø�z
Y���Í�å�Ý�”�»�”�Â�Ø ) D �x R 2 �w���„�–�¬�‡�h�x���„���–�¬�z 1 �
r � 1 , ' : D ! R 3 �x Cr �ƒ�w�ø
þ�q�b�”�q�V�z ' �› Cr �ƒ�w �Í�å�Ý�”�»�”�Â�Ø �q�M�O�{

�\�w�‘�O�s�Í�å�Ý�”�»�”�Â�Ø�t S �s�r�w���È�p�Ê
²�›�m�Z�z

S : r = ' (u; v) (( u; v) 2 D)

�w�‘�O�t
¯�b�{

�ø
þ ' �w
þ (�‹�¬ )
' (D ) = f ' (u; v); (u; v) 2 Dg

�› S �w
þ �q�z�•�{�\�w��	{�p�x�z�Í�å�Ý�”�»�”�Â�Ø S �w
þ�x S� �p
¯�b : S� := ' (D ).
�Í�å�Ý�”�»�”�Â�Ø S �U
Y�� �p�K�”�q�x�z�Í�w (i), (ii) �›�¬�h�b�\�q�›�t�O�{

(i) ' �U�o�ù�p�K�”�{�b�s�˜�j

p; q 2 D; p 6= q =) ' (p) 6= ' (q):

(ii) �Ú�™�w p 2 D �p

(3.2)
@'
@u

(p) �
@'
@v

(p) 6= 0:

� �

�;� �w
î	6�z�ÿ�� R n �w�–�¬�q�x�z R n �w�È�A�s�‰
æ
ü	B�ù�w�\�q�›�M�O�{ D �U R n �w���–�¬�q�x�z R n

�w�K�”�–�¬ U �w���A�t�s�l�o�M�”�\�q (U = D) �›�M�O�{�›�t�…�“�U�s�M�v�“�z���–�¬�x U �w�‘�O�t
¯

�b�\�q�U���M (�m�‡�“ U �U�–�¬�q�M�O�\�q�p�K�” )�{
���–�¬�x�‰	B�ù�p�s�M�w�p�z�f�w	Í�p���[�^�•�h��
:�w
•
ü�U�ð�J�q�s�”�{�\�w��	{�p�x�z R n �w
æ
ü

	B�ù 
 �U�‰	B�ù�p�s�M�q�V�z 
 �p���[�^�•�h�ø
þ f : 
 ! R m �U Ck �ƒ�p�K�”�q�x�z 
 �w���A�›���‰�‰

	B�ù U �q�z U �p���[�^�•�h Ck �ƒ�w�ø
þ ef : U ! R m �p�z ef �w 
 �w
M�v�U f �t�°�•�b�” ( ef j 
 = f ) �‹

�w�U���O�b�”�\�q�q�ÿ���b�”�{

�(�Š 3.1.2 ( �m�‹�U�Ý�Š�”���[�x�s�M ) �î�x�z�Í�å�Ý�”�»�”�Â�Ø�z
Y���Í�å�Ý�”�»�”�Â�Ø�w���[�t�x�z�I


æ�U�Ÿ�s�”�v�Q�U�M�X�m�T�K�”�{�\�\�p�x�™�w�è�$ (�Ø
u
ü�›���[�`�z�f�w�,�Š�$�s
Q�í�›	\�‚�o	Â�Ì�b

�” ) �t�(�b�q�s�”�‘�O�s�‹�w�›�>�;�`�h�m�‹�“�p�K�”�U�z�>��
[�q�x�t�Q�s�M (�f�O�M�O�‹�w�U�K�•�y�z

�f�•�U
Ó�t�`�o�M�”�p�K�–�O )�{
�«�Q�y�z
Y���Í�å�Ý�”�»�”�Â�Ø�t�m�M�o�z (i) �o�ù
Q�q (ii) ' u � ' v 6= 0 �›�]�b�\�q�x�r�w�v�Q�t�‹�ž�è

�`�o�M�”�U�z ' �w���[�¬�t���b�”	Ú�E�•�z	Ú�E (i), (ii) �U
R�“�q�m
c�“�t�m�M�o�x���‡�l�h�•�“�M�U�s�M�{

�s�S�z�ø
þ ' �p�s�X�z ' �w
þ�f�w�‹�w�›�Â�Ø�q�‘�•�v�Q�‹�K�” (�‰�`�–�f�w�M�U
Ó�è�p�K�”�T�‹�Œ�•

�s�M )�{

u �Â
¢�z v �Â
¢�z�O
¢�Õ�«�Ä�ç S: r = ' (u; v) (( u; v) 2 D) �› C1 �ƒ�Í�å�Ý�”�»�”�Â�Ø�q�b�”�{

(u0; v0) 2 D �q�b�”�q�V�z

u 7�! ' (u; v0) ( ���[�¬�x f u; (u; v0) 2 Dg �w u0 �›���‰�È�A
R
ü )

�› ' (u0; v0) �›�è�” u �Â
¢ �z

v 7�! ' (u0; v) ( ���[�¬�x f v; (u0; v) 2 Dg �w v0 �›���‰�È�A
R
ü )

�› ' (u0; v0) �›�è�” v �Â
¢ �q�z�•�{
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�ð �•�Ø�w�Í�å�Ý�”�»�”
¯�Ô ' (�; � ) = ( R sin � cos�; R sin � sin �; R cos� )T (( �; � ) 2 [0; � ] � [0; 2� ]) �t

�S�M�o�z � �Â
¢�z � �Â
¢�x�s�t�T�•

' (u0; v0) �t�S�M�o�z u �Â
¢�w
€�Õ�«�Ä�ç�z v �Â
¢�w
€�Õ�«�Ä�ç�x�f�•�g�•

@'
@u

(u0; v0) = ' u(u0; v0) =

0

B
B
B
B
B
B
@

@'1
@u

(u0; v0)

@'2
@u

(u0; v0)

@'3
@u

(u0; v0)

1

C
C
C
C
C
C
A

;
@'
@v

(u0; v0) = ' v(u0; v0) =

0

B
B
B
B
B
B
@

@'1
@v

(u0; v0)

@'2
@v

(u0; v0)

@'3
@v

(u0; v0)

1

C
C
C
C
C
C
A

�p�K�”�{�\�•�’ 2 �m�w�Õ�«�Ä�ç�w
Ò�M�t
(�Ú�s�Õ�«�Ä�ç�q�`�o

' u(u0; v0) � ' v(u0; v0) =

0

B
B
B
B
B
@

@'2
@u

(u0; v0)
@'3
@v

(u0; v0) �
@'3
@u

(u0; v0)
@'2
@v

(u0; v0)

@'3
@u

(u0; v0)
@'1
@v

(u0; v0) �
@'1
@u

(u0; v0)
@'3
@v

(u0; v0)

@'1
@u

(u0; v0)
@'2
@v

(u0; v0) �
@'2
@u

(u0; v0)
@'1
@v

(u0; v0)

1

C
C
C
C
C
A

=

0

B
B
B
B
B
B
@

@(' 2; ' 3)
@(u; v)

@(' 3; ' 1)
@(u; v)

@(' 1; ' 2)
@(u; v)

1

C
C
C
C
C
C
A

�U�˜�’�•�” (�h�i�` (u0; v0) �›�t�`�h )�{�Í�å�Ý�”�»�”�Â�Ø S �U
Y���s�’�y�z�\�w�Õ�«�Ä�ç�x 0 �t�s�’

�s�M�{

u

v

x

y

z

S∗
D

(u, v)

(u + ∆u, v + ∆v)

ϕ(u, v)

ϕ(u + ∆u, v + ∆v)

ϕ
u

ϕ
v


$ 3.1: ' u � ' v �x�Â�Ø S �w
€���Ø�w�O
¢�Õ�«�Ä�ç�t�s�”

�\�•�x�Í�å�Ý�”�»�”�Â�Ø S �w�: ' (u0; v0) �t�S�Z�”
€���Ø�w �O
¢�Õ�«�Ä�ç �p�K�” (�è�Õ�ç�·�¿�Ä F = h
�w�O
¢�Õ�«�Ä�ç�U r F �p�K�”�\�q�›�Ý�Š�•�y�z	Â�Ì�p�V�” )�{

�\�O�`�o�Í�w�\�q�U
ü�T�l�h�{


Y���Í�å�Ý�”�»�”�Â�Ø S: r = ' (u; v) ( (u; v) 2 D) �t�S�M�o�x�z

�¤�:�p 0 �p�s�M�O
¢�Õ�«�Ä�ç ' u � ' v �U���‡�”

�€�ß 3.1.1 ( ���w�Š�›�¡�‰�q�V�w�h�Š�t | 	Ú�E (3.2) �w�t�M�õ�Q ) 	Ú�E (3.2) �›�Í�w���p	{�M�o�K�”�Š

�‹���M�{

(3.3) rank ' 0(p) = 2 :

�\�\�p ' 0(p) �x ' �w�à�¯�Ï�æ�»�p�K�”�{�f�•�›
R
ü�p	{�X�q

' 0(p) =

0

B
B
B
B
B
B
@

@'1
@u

(p)
@'1
@v

(p)

@'2
@u

(p)
@'2
@v

(p)

@'3
@u

(p)
@'3
@v

(p)

1

C
C
C
C
C
C
A

49



�q�s�”�U�z�\�w�æ�»�w�å�ï�«�U 2 �p�K�”�q�x�z 2 �m�w�»�Õ�«�Ä�ç�U 1 �Í� �q�p�K�”�\�q�z�t�M�õ�Q�”�q�z

2 �Í	–�æ�»�Ü�w�¤�t	—�s�X�q�‹�°�m 0 �p�s�M�‹�w�U�K�”�\�q�q�‰�‹�p�K�”�{�f�•�x

(3.4)
X

1� i<j � 3

�
@(' i ; ' j )
@(u; v)

� 2

> 0

�q	{�X�\�q�‹�p�V�” (�\�w�Ü�p���[�`�o�K�”�Š�‹���M )�{�î�x

(3.5)










@'
@u

�
@'
@v










2

=
X

1� i<j � 3

�
@(' i ; ' j )
@(u; v)

� 2

�p�K�”�T�’�z	Ú�E (3.4) �U (3.2) �q�‰�‹�p�K�”�\�q�x�Ì�’�T�p�K�–�O�{�\�O�`�o�z 3 	Ú�E (3.2), (3.3), (3.4)
�x�“�M�t�‰�‹�p�K�”�\�q�U
ü�T�”�{

�« 3.1.3 (2 �!
:��
:�w�¬�å�Ñ�x
Y���Í�å�Ý�”�»�”�Â�Ø�w
þ�p�K�” ) D �x R 2 �w���„ (�� ) �–�¬�z f : D !
R �› Cr �ƒ�w��
:�q�b�” (1 � r � 1 )�{�\�w�q�V�z f �w�¬�å�Ñ

gradf = f (x; y; f (x; y)); ( x; y) 2 Dg

�x Cr �ƒ�w
Y���Í�å�Ý�”�»�”�Â�Ø�w
þ�p�K�”�{�î�M�z ' (x; y) :=

0

B
@

x
y

f (x; y)

1

C
A �q�S�X�q�z�\�•�x�Ì�’�T�t

�o�ù�p 2�z

@'
@x

=

0

B
@

1
0
f x

1

C
A ;

@'
@y

=

0

B
@

0
1
f y

1

C
A

�p�K�”�T�’�z

@'
@x

�
@'
@y

=

0

B
@

1
0
f x

1

C
A �

0

B
@

0
1
f y

1

C
A =

0

B
B
@

� f x

� f y

1

1

C
C
A 6= 0

�U
R�“�q�m�{ ' �x Cr �ƒ
Y���Í�å�Ý�”�»�”�Â�Ø�p�z graphf �x�f�w
þ�p�K�”�{

�« 3.1.4 ( �•�Ø�w�Í�å�Ý�”�»�”�n�Z ) 
R�� R (> 0) �w�•�Ø SR := f (x; y; z); x2 + y2 + z2 = R2g �›�ß�Q

�‘�O�{

�î�M�z D := [0 ; � ] � [0; 2� ], ' : D 3 (�; � ) 7�!

0

B
@

R sin � cos�
R sin � sin �

R cos�

1

C
A 2 R 3 �q�b�”�q�z ' �x C1 �ƒ�Í�å�Ý�”

�»�”�Â�Ø�p�z SR �x�f�w
þ�q�s�l�o�M�”�{

�`�T�` ' �x
Y���p�x�s�M�{�î�M�z ' jD �x�o�ù (1 �0 1) �p�K�”�U�z ' �f�w�‹�w�x�o�ù�p�x�s�M (� �U�?

�p�K�l�o�‹ ' (0; � ) = (0 ; 0; R), ' (�; � ) = (0 ; 0; � R). �‡�h � �U�?�p�K�l�o�‹ ' (�; 0) = ' (�; 2� )) �{

�°�M

' � =

0

B
@

R cos� cos�
R cos� sin �

� R sin �

1

C
A ; ' � =

0

B
@

� R sin � sin �
R sin � cos�

0

1

C
A

�p�K�”�T�’

(3.6) ' � � ' � = R2

0

B
@

sin2 � cos�
sin2 � sin �
sin � cos�

1

C
A = R2 sin �

0

B
@

sin � cos�
sin � sin �

cos�

1

C
A :

2(x1 ; y1) 6= ( x2 ; y2) �s�’�y�z (x1 ; y1 ; f (x1 ; y1)) 6= ( x2 ; y2 ; f (x2 ; y2)).
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�•�Q�t (0 � � � � �t�«�™�b�”�q )

(3.7)



 ' � � ' �




 = R2 sin �:

�\�•�T�’ 0 < � < � �p�K�•�y ' � � ' � 6= 0 �p�K�”�U�z � = 0 ; � �w�q�V ' � � ' � = 0.
�•�Ø�w�‘�O�t	O�A�s�Â�Ø�U
Y���Í�å�Ý�”�»�”�Â�Ø�t�s�’�s�M�\�q�x	—�‘���l�h�\�q�p�K�”�U�z	Ú�E�›�¬

�h�^�s�M�:�x
¶�.�w�„�œ�w�°
æ�p�K�”�h�Š (�™�p�•�Ø
¶�.�p���S�›���[�b�•�y�z���S�U 0 �w	B�ù�q�s�”�\

�q�U
ü�T�”�w�p�z�è�¹�x�Á�¹�p�V�” )�z�•�Ø	Í�p�w�Ø
u
ü�x�z�\�w�\�q�›�Á�¹�`�o�z�\�w�Ã�2
ª�›�;�M�h

�Í�å�Ý�”�»�”�Â�Ø�p�-�‰�`�o�`�‡�l�o�Ï�˜�s�M�w�p�K�”�{

�«�™ 3.1.5 (( 3.6) �U�×
µ�p�K�”�\�q )

n :=

0

B
@

sin � cos�
sin � sin �

cos�

1

C
A

�q�S�X�q�z�î�x

n =
' (�; � )

k' (�; � )k
=

' (�; � )
R

:


$���$�ß�o�T�’�z n �x�•�Ø	Í�w�: ' (�;  ) �t�S�Z�”�Ž�²�V�o�•�O
¢�Õ�«�Ä�ç�p�K�”�{

�°�M (3.7) �‹�Í�w�‘�O�t�`�o�ò�˜�p�V�”�{ D �º�w�Õ�M�� � = [ � 0; � 0 +� � ] � [� 0; � 0 +� � ] �w ' �t�‘�”
þ

' (�) �x�„�…�Õ�M���p�z���% = R sin � 0� � , �ô�^ = R� � �p�K�” 3�{�•�Q�t�Ø
u�x�Ù�Å�$�t R2 sin � 0� � � �
�p�K�“�z�Ø
u�w�¦�G�p�U R2 sin � 0 �p�K�”�\�q�U
ü�T�” 4�{

�\�O�`�o�z

' � � ' � = ( �Ã�2
ª�!�õ�w�à�¯�Ï�ž�ï ) � (�Ž�²�V�o�•�O
¢�Õ�«�Ä�ç )

�q�M�O���p�®�Q�”�\�q�U�p�V�”�{�O
¢�Õ�«�Ä�ç�p�K�”�\�q�x�°
`�$�t
R�“�q�m�w�p�K�”�T�’�z�®�Õ�^�U�Ã

�2
ª�!�õ�w�à�¯�Ï�ž�ï�t�s�`�X�z�²�V�U�Ž�²�V�¯�q�`�o�‹�‘�M�{

3.2 
Y���Í�å�Ý�”�»�”�Â�Ø�w�Â�Ø
u�q�Ø
u�A
É�t���b�”�Ø
u
ü

3.2.1 ���[

S: r = ' (u; v) (( u; v) 2 D) �› R 3 �º�w
Y�� Cr �ƒ�Í�å�Ý�”�»�”�Â�Ø�p�K�”�q�b�”�{ ' �w
•
ü�D�ó
Q

�‘�“

' (u + h; v + k) = ' (u; v) + h' u(u; v) + k' v(u; v) + o
� p

h2 + k2
�

((h; k) ! (0; 0))

�p�K�”�T�’�z D �º�w�Õ�M�� (	N � u, �# � v)

A = [ u; u + � u] � [v; v + � v]

�U	G
ü	–�^�M�q�V�z�f�w
þ

' (A) = f ' (u + h; v + k); (h; k) 2 [0; � u] � [0; � v]g

�x���æ�›�%��

f r = ' (u; v) + h' u(u; v) + k' v(u; v); (h; k) 2 [0; � u] � [0; � v]g

3 �•�•	Í�p�z� �•
¢�t�
�l�o�¢�S 1 �S�w�‰�V�t�K�” 2 �:���w�‘�m�x�r�\�p�‹�‰�a�i�U�z�¢
¢�t�f�l�o�&�S 1 �S�w�‰�V�t�K�”
2 �:���w�‘�m�x�¢�S�t�‘�“�Ÿ�s�”�{�z�Ã�T�’���l�h�¯�S�U � 0 �p�K�”�¢
¢�x�z
R�� R sin � 0 �w���p�K�”�\�q�›�g�r�`�‘�O�{

4 �î�x�z 3 �Í�i�Ã�2
ª�!�õ 0

@
r
�
�

1

A 7�!

0

@
r sin � cos�
r sin � sin �

r cos�

1

A

�w�à�¯�Ï�ž�ï�U r 2 sin � �p�K�”�\�q�‹�‰�7�w�ß�o�p�g�r�p�V�”�{
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�p�‘�X�Ù�Å�^�•�”�{�\�w���æ�›�%���w�Ø
u�x

k' u(u; v) � ' v(u; v)k � u � v

�p�K�”�T�’�z�Ú�
�$�t�x

' (A) �w�Ø
u ; k' u(u; v) � ' v(u; v)k � u � v:

�t�M�õ�Q�”�q�z

�Ø
u�w�¦�G�p�x k' u(u; v) � ' v(u; v)k.

�f�\�p
Y���Í�å�Ý�”�»�Â�Ø	Í�w�Ø
u
ü�z�Â�Ø
u�›�Í�w�‘�O�t���[�b�”�{
� �

���[ 3.2.1 ( 
Y���Í�å�Ý�”�»�”�Â�Ø	Í�w�Ø
É�t���b�”�Ø
u
ü , �Â�Ø
u ) D �x R 2 �w Jordan �D���s��

�„���–�¬�z S: r = ' (u; v) (( u; v) 2 D) �x C1 �ƒ
Y���Í�å�Ý�”�»�”�Â�Ø�z f �› S� 	Í���[�^�•�h�È��

��
: f : S� ! R �q�b�”�q�V�z f �w S 	Í�w (�Ø (
u ) �A
É�t���b�” ) �Ø
u
ü (surface integral ) �›
Z

S
f d� :=

ZZ

D
f (' (u; v)) k' u(u; v) � ' v(u; v)k du dv

�p���[�b�”�{�›�t f � 1 �w	Ô�ù�w
Z

S
d� =

ZZ

D
k' u(u; v) � ' v(u; v)k du dv

�› S �w�Â�Ø
u (surface area ) �q�z�|�z � c(S) �p
¯�b (
ª	j�$�s�G�ø�p�x�s�M )�{
�‡�h

d� := k' u(u; v) � ' v(u; v)k du dv

�q�S�V�z�\�•�› S �w�Ø ( 
u ) �A
É (surface element ) �q�z�•�{
� �

�«�™ 3.2.2 ( �Ø
u�A
É�w
¯�`�M�w�v�Q ) d� �w�T�˜�“�t dS �• d� , d
 , dA �s�r�w�G�ø�›�–�O�\�q�‹�K�”

(�î�x 2005 �å�S�‡�p�w�è�[�p�x dS �q�M�O�G�ø�›�–�l�o�M�h )�{�h�‡�h�‡�²�U	t���`�o�M�”	{
v	G
:�m�›

�Ð�‚�h�q�\�–�z d� �U�°
j���T�l�h�w�p�z�\�w��	{�p�‹�f�•�›�>�;�b�”�\�q�t�`�h�U�z�\�•�U�Š�p�t
H�w�¤

�p�°
j�h�X�^�œ�–�;�^�•�o�M�”�G�ø�T�r�O�T�x
ü�T�’�s�M�{�Ø
u�A
É�›�–�O	Ô�ù�x�z�r�w�G�ø�›�–�O�T�z

�°�t�…�l�o�S�X�w�U�¤�½�­�¿�Ä�p�K�–�O�{

�«�™ 3.2.3 ( �Â�Ø�U���’�s�q�V�x�z�Â�Ø
u�x
Ó�è�w�Ø
u�t�°�•�b�” ) ' �w
þ�U xy ���Ø�t���‡�•�o�M�”�q

�V�z�Â�Ø
u�x 2 �Í�i Jordan ���S (�Ø
u ) �t�s�`�M�{

	Â�Ì �>���‘�“ ' 3 = 0, �b�s�˜�j ' = ( ' 1; ' 2; 0)T �q�s�l�o�M�”�w�p�z

@'
@u

�
@'
@v

=

0

B
B
@

0
0

@'1
@u

@'2
@v

�
@'1
@v

@'2
@u

1

C
C
A

�q�s�”�{�•�Q�t R 3 �º�w�Â�Ø�q�`�o S �w�Â�Ø
u�x

� c(S) =
ZZ

D

�
�
�
�
@'1
@u

@'2
@v

�
@'1
@v

@'2
@u

�
�
�
� du dv:

�°�M�z R 2 �º�w
$���q�`�o�w S �w�Ø
u � (S) �x�z

 
x
y

!

= �( u; v) :=

 
' 1(u; v)
' 2(u; v)

!

�q�M�O�!
:�!�õ�t

�‘�l�o�z

� (S) =
ZZ

S
dx dy =

ZZ

D
j det � 0(u; v)jdu dv =

ZZ

D

�
�
�
�
@'1
@u

@'2
@v

�
@'1
@v

@'2
@u

�
�
�
� du dv:

�•�Q�t�z�†	��x�°�•�b�”�\�q�U
ü�T�”�{
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�« 3.2.4 ( �•�Ø�w�Â�Ø
u ) �7�t	\�‚�h�‘�O�t�z�•�Ø x2 + y2 + z2 = R2 �x�k�µ�t�x
Y���Í�å�Ý�”�»�”�Â�Ø

�p�x�s�M�U�z�I�T�M�\�q�t�x�è�›�m�‰�l�o�;�•�$�t�Â�Ø
u�›�-�‰�`�o�_�‘�O�{
²
…�w�« 3.1.4 �w�-�‰�T�’

d� = R2 sin � d� d�

�p�K�”�\�q�U
ü�T�”�T�’�z

� c(S) =
ZZ

� 2 [0 ;� ]
� 2 [0 ;2� ]

R2 sin � d� d� = R2
Z �

0
sin � d�

Z 2�

0
d� = 4 �R 2:

�« 3.2.5 ( 2 �!
:��
:�w�¬�å�Ñ�w�Â�Ø
u ) �b�p�t�_�h�‘�O�t�z R 2 �w Jordan �D���s���„���–�¬ D 	Í�p��

�[�^�•�h C1 �ƒ�w��
: f : D ! R �t�0�`�o�z

' (x; y) :=

0

B
@

x
y

f (x; y)

1

C
A

�q�S�X�q�z

@'
@x

�
@'
@y

=

0

B
@

� f x

� f y

1

1

C
A :

�\�•�T�’ graphf �x
Y���Í�å�Ý�”�»�”�Â�Ø S: r = ' (x; y) (( x; y) 2 D) �w
þ�p�K�”�\�q�U
ü�T�“�z�f�w

�Â�Ø
u�U�Ž�<�w�‘�O�t�-�‰�p�V�”�{

d� =










@'
@x

�
@'
@y








 dx dy =

q
1 + ( f x )2 + ( f y)2 dx dy

�p�K�”�T�’

� c(S) =
ZZ

D

q
1 + ( f x )2 + ( f y)2 dx dy:

�« 3.2.6 ( �s�8�Ø�w�Â�Ø
u ) xy ���Ø�t�S�Z�” C1 �ƒ�w��
: f : [a; b] ! R �w�¬�å�Ñ�› x �à�w�s�“�t�s�8

�`�o	Z�R�”�Â�Ø�t�m�M�o�ß�Q�‘�O�{�h�i�`�z f (x) > 0 (x 2 [a; b]) �›�>���b�”�{

D := [ a; b] � [0; 2� ]; ' : D 3

 
x
�

!

7�!

0

B
@

x
f (x) cos�
f (x) sin �

1

C
A 2 R 3

�p���[�^�•�”�Í�å�Ý�”�»�”�Â�Ø S: r = ' (x; � ) (( x; � ) 2 D) �t�m�M�o�z

@'
@x

=

0

B
@

1
f 0(x) cos�
f 0(x) sin �

1

C
A ;

@'
@�

=

0

B
@

0
� f (x) sin �
f (x) cos�

1

C
A ;

@'
@x

�
@'
@�

=

0

B
@

f (x)f 0(x)
� f (x) cos�
f (x) sin �

1

C
A

�p�K�”�T�’ 








@'
@x

�
@'
@�








 = jf (x)j

p
1 + f 0(x)2 > 0:

�•�Q�t S �x
Y���Í�å�Ý�”�»�”�Â�Ø�p�z

� c(S) =
ZZ

x2 [a;b];� 2 [0;2� ]
jf (x)j

p
1 + f 0(x)2 dx d� = 2 �

Z b

a
jf (x)j

p
1 + f 0(x)2 dx:
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�ð (���Ê�s�Ä�î�w	º�p�; ) 
Y���Í�å�Ý�”�»�”�Â�Ø S = ' (D ) �t�S�M�o

E :=
�

@'
@u

;
@'
@u

�
; F :=

�
@'
@u

;
@'
@v

�
; G :=

�
@'
@v

;
@'
@v

�

�q�S�X�q 








@'
@u

�
@'
@v








 =

p
EG � F 2

�U
R�“�q�m�\�q�›�Ô�d�{

�« 3.2.7 ( �Ä�”�å�µ�w�Â�Ø
u ) �í���º�w xz ���Ø�º�w�¤	ú (c;0; 0), 
R�� r �w��	* (�h�i�` c > r > 0 �q�b

�” ) �›�z z �à�w�‡�˜�“�t�s�8�`�o�p�V�”�Â�Ø (�Ä�”�å�µ , � ���Ø ) �w�Â�Ø
u�›�{�Š�‘�{

(�r ) xy ���Ø�º�w�� (
x = c + r cos�
z = r sin �

(� 2 [0; 2� ])

�› z �à�w�‡�˜�“�t�s�8�`�h�‹�w�s�w�p�z

' (�; � ) =

0

B
@

(c + r cos� ) cos�
(c + r cos� ) sin �

r sin �

1

C
A (( �; � ) 2 [0; 2� ] � [0; 2� ])

�p���[�^�•�”�Í�å�Ý�”�»�”�Â�Ø�q�ˆ�s�d�”�{

' � =

0

B
@

� r sin � cos�
� r sin � sin �

r cos�

1

C
A ; ' � =

0

B
@

� (c + r cos� ) sin �
(c + r cos� ) cos�

0

1

C
A

�p�K�”�T�’

' � � ' � =

0

B
@

� (c + r cos� )r cos� cos�
� (c + r cos� )r sin � cos�

� (c + r cos� )r sin �

1

C
A :

�\�•�T�’




 ' � � ' �




 2 = ( c + r cos� )2r 2 cos2 � (cos2 � + sin 2 � ) + ( c + r cos� )2r 2 sin2 � = ( c + r cos� )2r 2

�p�K�”�T�’



 ' � � ' �




 = ( c + r cos� )r . �•�Q�t

� c(S) =
ZZ

� 2 [0 ;2� ]
� 2 [0 ;2� ]

(c + r cos� )r d� d� = 2 �r
Z 2�

0
(c + r cos� )d� = (2 � )2rc = 4 � 2rc:

�«�™ 3.2.8 �Í�¿�Ó�µ 5�~�ª�á�ç�¼�ï 6�w���g�®���Ø
$���›�Ú
¢�à�w�s�“�t�s�8�`�o�p�V�”�s�8�.�w�.
u�x�z

�f�w���Ø
$���w�Ø
u�t	O	ú�w� �ˆ�‘�m (	O	ú�q�f�w�Ú
¢�à�q�w�‘�m�w 2� 
� ) �w
u�t�s�`�M� �̄w�Â�Ø
u�Ì�”

�´�ã�ï�®���Ø�Â
¢�›�s�8�`�o	Z�R�”�s�8�Ø�w�Ø
u�x�z�Â
¢�w�Õ�^�t�z�Â
¢�w	O	ú�w� �ˆ�‘�m (�J
{�p�K�”

��	*�w�Õ�^ ) �›�T�Z�h�‹�w�t�s�`�M� �̄U�K�” (�«�Q�y	–�› [7] �›�_�‘ )�{�f�•�›�–�O�q�z 2�c � 2�r = 4 � 2rc
�q�s�”�\�q�x�Ì�’�T�{

�ð �s�8�L
ú�Ø (paraboloid of revolution) z = x2+ y2 (x2+ y2 � 1) �w�Â�Ø
u�›�{�Š�‘�{ (�t : �
�
5
p

5 � 1
�

=6)

5 �ž�è�©�±�ï�Å�æ�ž�w�Í�¿�Ó�µ (Pappus of Alexandria, 320 �å�� ) �t�x�z \Synagoge of Mathematical collection ( 
:�¶	B
R ,

¶ 8 �è , 325 �å�� )" �q�M�O�¶�^�U�K�”�{�~�¯���w�¤
¢���g�t�‹�Ê�›�’�`�o�M�”�`�z�ù�è�2�?�¶�w
C�z�q�s�l�h���g�p�‹���Ê�p�K
�”�{

6Paul Guldin (1577{1643). 1640 �å�t Guldin �w���g�›
C
¯�`�h (Pappus �w�A�L�›�Œ�l�o�M�h�T�r�O�T�x
Æ�Ì )�{
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$ 3.2: (Mathematica �p�w�Ä�”�å�µ�w
³�h ) c=2; r=1;
ParametricPlot3D[ f (c+r Cos[t])Cos[p],(c+r Cos[t])Sin[p], r Sin[t] g, f t,0,2Pi g, f p,0,2Pi g]
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$ 3.3: �s�8�L
ú�Ø z = x2 + y2 (x2 + y2 � 1)
(Mathematica �p ) ParametricPlot3D[ f r Cos[t],r Sin[t],r*r g, f r,0,1 g, f t,0,2Pi g]
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3.2.2 �Í�å�Ý�”�»�”�w	��“�M�t�‘�’�s�M�\�q�z�Â�Ø�w�²�V


¢
u
ü�x�Â
¢�w�Í�å�Ý�”�»�”�w	��“�M�t�‘�’�s�M�q�M�O���g�U�K�l�h�U�z�Ø
u
ü�p�‹�f�•�t
ì�p�b�”�Ä

�î�U�K�”�{�Â�Ø�t�‹�®�²�V�¯�U�K�”�\�q�›�Ô�&�b�”�A�L�p�‹�K�l�o	O�A�p�K�”�{
� �

�Ë�J 3.2.9 S: r = ' (u; v) (( u; v) 2 D) �q eS: r = e' (eu; ev) (( eu; ev) 2 eD) �› C1 �ƒ
Y���Í�å�Ý�”�»�”

�Â�Ø�p�z�f�w
þ�x�s�`�M (S� = eS� ) �q�b�”�q�V�z�Í�w (1), (2) �U
R�“�q�m�{

(1) � : eD 3 (eu; ev) 7! (u; v) = ' � 1 ( e' (eu; ev)) 2 D �q�f�w�o�ø
þ � � 1 �x�q�‹�t C1 �ƒ�p�z

(3.8)
@e'
@eu

�
@e'
@ev

=
@(u; v)
@(eu; ev)

�
@'
@u

�
@'
@v

�
:

�\�w�à�¯�Ï�ž�ï
@(u; v)
@(eu; ev)

(= det � 0) �x eD 	Í�p��
Ö�ø�p�K�” (�b�s�˜�j�z�m�v�t det � 0 > 0 �p�K

�”�T�z�‡�h�x�m�v�t det � 0 < 0)�{

(2) �^�’�t D �q eD �U���„ Jordan �D���s���–�¬�p�K�”�s�’�y�z�Ú�™�w�È����
: f : S� ! R �t�0�`�o
Z

S
f d� =

Z

eS
f d�:

�›�t S �q eS �w�Â�Ø
u�x�s�`�M�{
� �

	Â�Ì

(1) ' : D ! S� , e' : eD ! eS� �x�q�‹�t
¶�o�ù�p�K�”�T�’�z � := ' � 1 � e' : eD ! D �U���[�p�V�z
¶�o�ù�p

�K�”�{�‡�h � � 1 = e' � 1 � ' . �o��
:���g�›�;�M�o�\�•�’�x C1 �ƒ�p�K�”�\�q�U	Â�Ì�p�V�” 7�{

�^�o�z�½�£� �ï�~�ç�”�ç�t�‘�l�o

r eu =
@u
@eu

r u +
@v
@eu

r v ; r ev =
@u
@ev

r u +
@v
@ev

r v

�p�K�”�T�’�z

r eu � r ev =
�

@u
@eu

r u +
@v
@eu

r v

�
�

�
@u
@ev

r u +
@v
@ev

r v

�

=
@u
@eu

@u
@ev

r u � r u +
@u
@eu

@v
@ev

r u � r v +
@v
@eu

@u
@ev

r v � r u +
@v
@eu

@v
@ev

r v � r v

=
�

@u
@eu

@v
@ev

�
@u
@ev

@v
@eu

�
r u � r v

=
@(u; v)
@(eu; ev)

r u � r v :

� �q � � 1 �x�q�‹�t C1 �ƒ�s�w�p�z�x�”�q�\�– � 0
�
� � 1

� 0 = I (I �x�o�•�æ�» ). �›�t det � 0 =
@(u; v)
@(eu; ev)

6= 0

�p�K�”�{���[�¬ eD �x�È�A�p�K�”�T�’�z
Ö�ø�x�°���p�K�” 8�{

(2) ���[�‘�“ Z

S
f d� =

ZZ

D
f (' (u; v)) k' u � ' vk du dv:

7 	Â�Ì�w�ž�¢�Ä�å� �ï : ���[�¬�w�¤�:�p ' u � ' v 6= 0 �p�K�”�T�’�z
@(y; z)
@(u; v)

,
@(z; x)
@(u; v)

,
@(x; y )
@(u; v)

�w�M�c�•�T�°�m�x 0 �p�s�M�{�«

�Q�y
@(x; y )
@(u; v)

6= 0 �w	Ô�ù�z�o��
:���g�t�‘�l�o�z�Á	t�$�t (u; v) �x (x; y ) �w C1 �ƒ��
:�q�`�o�r�Z�” : 9 s.t. (u; v) =  (x; y ).

�\�w�q�V �( eu; ev) =  ( e' 1(eu; ev); e' 2(eu; ev)) �q�s�”�w�p � �x C1 �ƒ�p�K�”�{
8(det � 0)( eD ) �x R �w�È�A
æ
ü	B�ù�z�b�s�˜�j�à���p�K�”�T�’�z
Y�q
Û�w�‹�›���Š�y�z 0 �‹���‰�\�q�t�s�“�z�Ã	l�U
\�a�”�{
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(u; v) = �( eu; ev) = ' � 1 � e' (eu; ev) �q�”�õ
u
ü�b�”�q�z
u
ü
c�“�x (eu; ev) 2 eD �t�s�“�z

du dv =

�
�
�
�
@(u; v)
@(eu; ev)

�
�
�
� deu dev; e' (eu; ev) = ' (u; v)

�q�s�”�w�p�z Z

S
f d� =

ZZ

eD
f ( e' (eu; ev)) k' u � ' vk

�
�
�
�
@(u; v)
@(eu; ev)

�
�
�
� deu dev:

(1) �p�Ô�`�h�‘�O�t

k' u � ' vk

�
�
�
�
@(u; v)
@(eu; ev)

�
�
�
� = ke' eu � e' evk

�p�K�”�T�’�z Z

S
f d� =

ZZ

eD
f ( e' (eu; ev)) ke' eu � e' evk deu dev =

Z

eS
f d�:

�«�™ 3.2.10 	Í�w (2) �w	Â�Ì�w�^�æ�x (	—�‘���Ü�$�p�x�K�”�U )�z

ke' eu � e' evk deu dev =

�
�
�
�
@(u; v)
@(eu; ev)

�
�
�
� k' u � ' vk �

�
�
�
�
@(eu; ev)
@(u; v)

�
�
�
� du dv = k' u � ' vk du dv

�q 1 �æ�t�‡�q�Š�”�\�q�‹	Z�R�”�i�–�O�{�\�•�T�’�z�Ø
u�A
É

d� = k' u � ' vk du dv

�x�Í�å�Ý�”�»�”�w	��“�M�t�‘�’�s�M�z�q�M�O�\�q�U	Z�R�”�{

�«�™ 3.2.11 �Ü (3.8) �w�2�?�¶�$�™�¯�›
†�Ì�`�o�S�X�{�‡�c�z ' u � ' v �q e' eu � e' ev �x�z�q�‹�t�°�m�w�Â

�Ø�w
€���Ø�w�O
¢�Õ�«�Ä�ç�p�K�”�T�’�z�M�²�U�‰�a�\�q�x�Ì�’�T�p�K�”�{�Õ�^�t�m�M�o�x�z

ke' eu � e' evk = \ uv ���Ø�w
•	–
$���› R 3 �t�ø�b�q�V�w�Ø
u�w�¦�G�p " ;

k' u � ' vk = \ euev ���Ø�w
•	–
$���› R 3 �t�ø�b�q�V�w�Ø
u�w�¦�G�p "

�p�K�”�\�q�T�’�z

ke' eu � e' evk
k' u � ' vk

= \ �ø
þ (eu; ev) 7! (u; v) �w�Ø
u�¦�G�p " =

�
�
�
�
@(u; v)
@(eu; ev)

�
�
�
�

�U
R�“�q�m�\�q�U
ü�T�”�{�Ž	Í�T�’�z

e' eu � e' ev = �
@(u; v)
@(eu; ev)

(' u � ' v)

�q�s�”�U�z�î�x � �x�o�t + �p OK �q�M�O�\�q�p�K�”�{
� �

���[ 3.2.12 ( 
Y���Í�å�Ý�”�»�”�Â�Ø�w
ª	j�$�s�o�•�O
¢�Õ�«�Ä�ç ) S: r = ' (u; v) (( u; v) 2 D) �U

C1 �ƒ
Y���Í�å�Ý�”�»�”�Â�Ø�p�K�”�q�V�z

n :=
' u(u; v) � ' v(u; v)

k' u(u; v) � ' v(u; v)k
((u; v) 2 D)

�›�Í�å�Ý�”�»�”�Â�Ø S �w
ª	j�$�s�o�•�O
¢�Õ�«�Ä�ç �q�z�• (�\�w��	{�i�Z�w�;� �p�K�” )�{
� �


ª	j�$�s�o�•�O
¢�Õ�«�Ä�ç�x�z�Ì�’�T�t ' (u; v) �t�S�Z�” S �w
€���Ø�w�O
¢�Õ�«�Ä�ç�p�z�Õ�^�U 1 �p

�K�”�{


þ�U�°�•�b�” 2 �m�w
Y���Í�å�Ý�”�»�”�Â�Ø S: r = ' (u; v) (( u; v) 2 D), eS: r = e' (eu; ev) (( eu; ev) 2 eD)
�U�K�”�q�V�z�f�•�’�w
ª	j�$�s�o�•�O
¢�Õ�«�Ä�ç

n =
' u � ' v

k' u � ' vk
; en =

e' eu � e' ev

ke' u � e' vk
;
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�w�����›�ß�Q�‘�O�{ (3.8) �T�’

en =
�

sign
@(u; v)
@(eu; ev)

�
n

�U
R�“�q�m�\�q�U
ü�T�”�{�\�\�p sign �x�î
:�w
Ö�ø�›
¯�b�G�ø�p�K�” :

sign x :=

8
><

>:

1 (x > 0 �w�q�V )
0 (x = 0 �w�q�V )
� 1 (x < 0 �w�q�V ):

� := ' � 1 � e' �q�S�X�q�z	Í�w�Ë�J�p�Ô�`�h�‘�O�t

(a) det � 0 > 0 on D

(b) det � 0 < 0 on eD

�w�M�c�•�T�°�M�U
R�q�b�”�{ (a) �w	Ô�ù n = en , (b) �w	Ô�ù n = � en �U
R�“�q�m�{

(a) �U
R�“�q�m�q�V�z 2 �m�w�Í�å�Ý�”�»�”�Â�Ø S �q eS �x �‰�a�²�V �p�K�”�q�M�O�{�‡�h (b) �U
R�“�q�m

�q�V�z S �q eS �x 
S�0�w�²�V �p�K�”�q�M�O�{

�®�Í�å�Ý�”�»�”�Â�Ø�w�²�V� �̄x�z�Í�å�Ý�”�»�”�Â�Ø�w
ª	j�$�s�o�•�O
¢�Õ�«�Ä�ç�w (�Õ�«�Ä�ç�q�`�o�w )
�²�V�w�\�q�i�q�ß�Q�o�Ï�˜�s�M�{

�Ì�’�T�t�®�‰�a�²�V�¯�q�M�O�����x�‰�‹�����p�z�‰�‹�¨�w�x
:�x 2 �p�K�”�{

3.3 �Õ�«�Ä�ç	Ô�w�O
¢�Ø
u
ü


²
…�p	\�‚�h�‘�O�t�z
Y���Í�å�Ý�”�»�”�Â�Ø S: r = ' (u; v) (( u; v) 2 D) �w
ª	j�$�o�•�O
¢�Õ�«�Ä�ç�x

n =
' u(u; v) � ' v(u; v)

k' u(u; v) � ' v(u; v)k
:

�\�•�T�’

n d� =
' u(u; v) � ' v(u; v)

k' u(u; v) � ' v(u; v)k
k' u(u; v) � ' v(u; v)k du dv

= ' u(u; v) � ' v(u; v) du dv:

�\�•�›�Ø
u�A
É�w�G�ø�›� �È�t�8�Q�h d� �p
¯�b�\�q�U�K�” :

(3.9) d� := n d� = ' u(u; v) � ' v(u; v) du dv:

� �

���[ 3.3.1 ( �Õ�«�Ä�ç	Ô�w�O
¢�Ø
u
ü ) C1 �ƒ�w
Y���Í�å�Ý�”�»�”�Â�Ø S: r = ' (u; v) (( u; v) 2 D)
�t�S�M�o�z D �U���„ Jordan �D���s���–�¬�p�K�”�q�V�z S �w
þ S� �t�S�M�o���[�^�•�h�È���s�Õ�«�Ä

�ç	Ô f �t�0�`�o�z�Õ�«�Ä�ç	Ô f �w S 	Í�w �O
¢ ( 
R
ü�w ) �Ø
u
ü �›
Z

S
f � n d� =

Z

S
f � d� :=

ZZ

D
f (' (u; v)) � (' u(u; v) � ' v(u; v)) du dv (� �x�º
u�›
¯�˜�b )

�p���Š�”�{
� �

f � n �x�z f �w�O
¢�M�²�w
R
ü�p�K�” 9�{

�« 3.3.2 ( �O
¢�Ø
u
ü�w
ú�g�$�s�r	
 ) 
+ (�°
`�t
‡�y	V�v�.�p�‘�M ) �w�v�•�U�K�“�z�f�w���S	Ô�› f �q

�b�”�{
+�¤�t�S�T�•�h�>
Ý�$�s�Â�Ø S �›�‘�W�l�o�z�o�•�Ì���t�v�•	Z�”
+�w�.
u V �›�ß�Q�‘�O�{

9n �x�o�•�Õ�«�Ä�ç�p�K�”�\�q�t�«�™�b�”�{�o�•�Õ�«�Ä�ç e �q�Õ�«�Ä�ç a �w�º
u a � e �x�z a �w e �•�w�ù�è (
R
ü ) �›
¯�`
�o�M�”�{�«�Q�y�z a � ej = a �w�H j 
R
ü �q�s�”�{
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(1) f �U��
:�Õ�«�Ä�ç	Ô�p�z S �x���’�T�m f �t
(�Ú�p�K�”	Ô�ù


$ 3.4 �w�‘�O�s�ª�. (���Ø
u S, �ô�^ kf k) �w�.
u�p�K�”�T�’�z

V = kf kS:

(2) f �U��
:�Õ�«�Ä�ç	Ô�p�z S �x���’�p�K�”�U�z f �t
(�Ú�q�x�v�’�s�M	Ô�ù

�\�w	Ô�ù�x�ü�Š�t���M�h�ª�. (���Ø
u S, �ô�^ kf k cos� , �\�\�p � �x f �q�Â�Ø S �w�O
¢�M�²�w�s�b

�¯�S ) �w�.
u�p�z

V = ( kf k cos� ) S:

�\�\�p�z�Â�Ø S �w�o�•�O
¢�Õ�«�Ä�ç n �›�‹�Ö�b�”�q�z

V = f � n S

�q	{�V�Ú�b�\�q�U�p�V�”�}

f

‖f‖
S


$ 3.4: V = kf kS

f

‖f‖ cos θ

n

S

θ


$ 3.5: V = kf k cos� � S = f � n S

(3) �°
`�w	Ô�ù

�Â�Ø S �› S =
S `

j =1 Sj �q
ü�Â�`�o�z�¤	–
æ
ü Sj �x�„�…���’�p�o�•�O
¢�Õ�«�Ä�ç n j , Sj 	Í�p f �x

�„�…��
:�Õ�«�Ä�ç f j �t�s�`�M�q�ˆ�s�d�”�q�b�”�q�z

V ;
X̀

j =1

f j � n j Sj

�p�K�“�z�Â�Ø�U�s�Š�’�T�p�K�•�y�z
ü�Â�›�I�T�X�`�o�M�X�q�Ù�Å�w
^�S�›	Í�[�’�•�”�\�q�U
ü�T�”�p

�K�–�O�{

�&�p�s	Ú�E�<�p
ü�Â�›�I�T�X�`�o�æ�l�h�Ã�v�p�x�z�È�%�U
Z

S
f � n d�

�t	)���b�”�\�q�U�Ô�d�”�{�\�•�T�’

V =
Z

S
f � n d�

�U
R�“�q�m�q�ß�Q�’�•�”�{

� �;	Í�x�z S �U�°�m�w�–�¬ 
 �w�¥�„ @
 
¶�.�p�K�”	Ô�ù�U�›�t	O�A�p�z�\�w	Ô�ù�z�O
¢�Ø
u
ü�x


 �T�’
+�U�r�•�i�Z	Z�Ö�“�b�”�T�›
¯�b�\�q�t�s�”�{
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�€�ß 3.3.1 ( �O
¢�Ø
u
ü�w
R
ü�t�‘�”
¯�q ) f = ( f 1; f 2; f 3)T �q	{�X�q�z

Z

S
f � n d� =

ZZ

D

�
f 1(' (u; v))

@(x2; x3)
@(u; v)

+ f 2(' (u; v))
@(x3; x1)
@(u; v)

+ f 3(' (u; v))
@(x1; x2)
@(u; v)

�
du dv:

�\�•�x
•
ü���Ü�w�G�O (�\�w�è�[�p�x�{�˜�s�M ) �›�;�M�”�q�Í�w�‘�O�t	{�Z�”�{
ZZ

D
f 1 dx2 ^ dx3 + f 2 dx3 ^ dx1 + f 3 dx1 ^ dx2:

�\�\�p ^ �x
•
ü���Ü�w �Ž
u (exterior product ) �›
¯�b�{�m�‡�“

dxi ^ dxj =
@(x i ; x j )
@(u; v)

du dv:

�Í�w�‘�O�t�‡�q�Š�o�S�X�q�(�b�T�‹�Œ�•�s�M�{

n d� = d� = ' u(u; v) � ' v(u; v) du dv =

0

B
B
B
B
B
B
@

@(x2; x3)
@(u; v)

@(x3; x1)
@(u; v)

@(x1; x2)
@(u; v)

1

C
C
C
C
C
C
A

du dv =

0

B
@

dx2 ^ dx3

dx3 ^ dx1

dx1 ^ dx2

1

C
A :

� �

�Ë�J 3.3.3 ( �O
¢�Ø
u
ü�x�²�V�›�!�Q�s�M�Í�å�Ý�”�»�”�w	��“�M�t�‘�’�s�M ) 2 �m�w C1 �ƒ
Y���Í�å

�Ý�”�»�”�Â�Ø

S : r = ' (u; v) (( u; v) 2 D);
eS : r = e' (eu; ev) (( eu; ev) 2 eD)

�w
þ S� , eS� �U�°�•�`�z�T�m�‰�a�²�V�›�Ë�m�s�’�y�z S� 	Í�w�Ú�™�w�È���Õ�«�Ä�ç	Ô f : S� ! R 3 �t

�m�M�o Z

S
f � n d� =

Z

eS
f � en d�

�U
R�“�q�m�{�h�i�`�z n , en �x�f�•�g�• ' , e' �T�’�×
µ�t���‡�”�o�•�O
¢�Õ�«�Ä�ç�q�b�”�{
� �

	Â�Ì �Ë�J 3.2.9 �w	Â�Ì�¤�w�G�ø�›�f�w�‡�‡�;�M�”�{

�²�V�U�‰�a�q�M�O�>���T�’�z
@(eu; ev)
@(u; v)

> 0 ((u; v) 2 D)

�U
R�“�q�m�w�p�z

deu dev =
@(eu; ev)
@(u; v)

du dv:

�•�Q�t�”�õ
u
ü�›�î�æ�b�”�q
Z

eS
f � en d� =

ZZ

eD
f ( e' (eu; ev)) � ( e' eu � e' ev) deu dev

=
ZZ

D
f

�
e'

�
e' � 1 � ' (u; v)

��
�

@(u; v)
@(eu; ev)

(' u � ' v)
@(eu; ev)
@(u; v)

du dv

=
ZZ

D
f (' (u; v)) � (' u � ' v) du dv

=
Z

S
f � n d�:

�K�”�M�x�z�‰�a�²�V�›�Ë�m�q�M�O�>���T�’ en = n �p�K�”�T�’�z f � n = f � en �q
ƒ
u
ü��
:�U�s�`�X�s

�”�w�p�z�Ë�J 3.2.9�›�&�;�`�o�œ�q�t�l�o�‹�‘�M�p�K�–�O�{
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�‡�h�z�‹�`�‹ S �q eS �U�o�²�V�p�K�•�y�z�Ø
u
ü�x
Ö�ø�U�Ÿ�s�”
Z

S
f � n d� = �

Z

eS
f � en d�

�U
R�“�q�m�\�q�x�Ì�’�T�p�K�–�O�{

�€�ß 3.3.2 �°
`�w�Â�Ø�z�m�‡�“
ó
:�w�Í�å�Ý�”�»�”�Â�Ø�›�7�“�ù�˜�d�o�p�V�”�Â�Ø�t�m�M�o�x�z�®�²�V�n

�Z�D�ó� �̄q�M�O�“�æ�U�K�”�{�²�V�n�Z�D�ó�p�s�M�Â�Ø�w�«�q�`�o�x�z M•obius 10 �w
C�_�`�h M•obius �w�3

(M•obius strip �‡�h�x M•obius band) �U���Ê�p�K�”�{

| �‹�`�\�•�‡�p�°�S�‹ M•obius �w�3�›�^�l�h�\�q�U�s�M�s�’�z�´�z�Ë�±�Û�z�† (�‡�h�x�·�é�Â�”�Ó ) �›

�;�™�`�o�^�l�o�ˆ�”�\�q�{�f�•�T�’�S�ÿ���w�®
��œ�¤�w
¢�t�
�l�o
~�”�› 2 �s�¯�`�o�ˆ�‘�O�{

-5

-2.5

0

2.5

-5

0

5

-2

0

2

-5

-2.5

0

2.5


$ 3.6: M•obius �w�3 (�O
¢�Õ�«�Ä�ç�›�ß�Q�o�ˆ�‘�O )

a=4;b=3;
ParametricPlot3D[

f (a-r Sin[p/2])Cos[p],(a-r Sin[p/2])Sin[p],Cos[p/2] g,
f r,-b,b g, f p,0,2Pi g]

�« 3.3.4 ( �•�Ø S 	Í�w�Ø
u
ü ) S �›�•�Ø x2 + y2 + z2 = R2 �q�`�o�z�Í�w�¤�Õ�«�Ä�ç	Ô f �w�z S 	Í�w�O


¢�Ø
u
ü�›�{�Š�‘�{

10 August Ferdinand M•obius (1790{1868, �q�Å� �À�w Schulpforta �t
\�‡�•�z Leipzig �t�o�…�b�” ). Gauss �w��� �{�1���¶
	��T�m
:�¶	��p�K�”�U�z	O	ú�2
ª�w�‹�Ö�•�ù�è�2�?�¶�w�,
Å�n�Z�s�r�z
:�¶�•�w�é�Y�U�G�V�M�{
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(1) f (x; y; z) := ( �; �; 
 )T (��
:�Õ�«�Ä�ç	Ô ).

(2) f (x; y; z) := ( y; z; x)T .

(3) f (x; y; z) :=
1

(x2 + y2 + z2)3=2
(x; y; z)T .

�r�t �‡�c�z�•�Ø S �›
Ó�è�w�Ã�2
ª�t�‘�l�o�Í�å�Ý�”�»�”�n�Z�`�h�q�V�w�Ø
u�A
É�x

(3.10) d� = R2 sin � d� d�:

�p�K�l�h�U (�«�™ 3.1.4)�z�f�•�›�‹	Z�`�h�q�\�–�p�z

@'
@�

�
@'
@�

= R2 sin �

0

B
@

sin � cos�
sin � sin �

cos�

1

C
A

�q�M�O�-�‰�›�`�o�K�l�h�{�\�•�T�’

(3.11) n d� =
@'
@�

�
@'
@�

d� d� =

0

B
@

sin � cos�
sin � sin �

cos�

1

C
A R2 sin � d� d�

�q�M�O n d� �›
¯�b�¬�Ü�U�˜�’�•�”�{

�\�w�A�L�x�z S 	Í�w�: r = ( x; y; z)T �t�S�Z�”�Ž�²�V�o�•�O
¢�Õ�«�Ä�ç�›

n =
r

kr k
=

1
R

0

B
@

x
y
z

1

C
A =

0

B
@

sin � cos�
sin � sin �

cos�

1

C
A

�w�‘�O�t�{�Š�o�‹�˜�’�•�” (�²�V�w�½�£�¿�«�x
ž�A�p�K�”�U�œ )�{

(1) f �

0

B
@

�
�



1

C
A (��
:�Õ�«�Ä�ç	Ô ) �p�K�•�y�z

Z

S
f � n d� =

ZZ

� 2 [0 ;� ]
� 2 [0 ;2� ]

0

B
@

�
�



1

C
A �

0

B
@

sin � cos�
sin � sin �

cos�

1

C
A R2 sin � d�d� = � � � = 0 :

(
Z 2�

0
cos� d� =

Z 2�

0
sin � d� =

Z �

0
cos� sin � d� = 0 �s�r�›�–�l�h�{ )

(2) f =

0

B
@

y
z
x

1

C
A �p�K�•�y�z

Z

S
f � n d� =

ZZ

� 2 [0 ;� ]
� 2 [0 ;2� ]

0

B
@

R sin � sin �
R cos�

R sin � cos�

1

C
A �

0

B
@

sin � cos�
sin � sin �

cos�

1

C
A R2 sin � d�d�

=
ZZ

� 2 [0 ;� ]
� 2 [0 ;2� ]

R3(sin2 � cos� sin � + cos � sin � sin � + cos � sin � cos� ) sin � d�d�

= � � � = 0 :
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(3) f =
1

(x2 + y2 + z2)3=2

0

B
@

x
y
z

1

C
A �w�q�V�z S 	Í f =

1
R2 n �p�K�”�T�’�z

Z

S
f � n d� =

1
R2

Z

S
d� = 4 �:

�\�•�’�w�-�‰�›�×
ü�p�•�l�o�ˆ�”�q�z�Ø
u
ü�w�-�‰�x�h�q�Q�A�L�U���o�p�K�l�o�‹�z�M�¤�w�-�‰�x�A�Ï�Ø

�W�p�K�”�q�ò�a�”
��‹�M�”�p�K�–�O�{�î�x�\�•�’�w�ð�J�x�z�Í
…�p	º�p�b�” Gauss �w
C�„���g�›�;�M�”

�q���o�t�-�‰�p�V�”�{ Gauss�w
C�„���g�w�–�—�›�Ô�b�h�Š�w�±�«�å�w�ð�J�•�M�•�z�–�¬�›�“�‰�‘�O�s�®��

�Â�Ø�¯	Í�w�Ø
u
ü�U�q�“�˜�Z	O�A�p�z�f�w	Ô�ù�x Gauss �w���g�U�J	Ô�b�”�w�x�Ã�Š�o�×
µ�q�M�O�\�q�p

�K�“�z�f�•�„�r�¶�ç�M�\�q�›�`�o�M�”�˜�Z�p�x�s�M�{

3.4 Gauss �w
C�„���g

� �;	Í
‡	×�t	O�A�s�®���Â�Ø 11�¯	Í�w�Ø
u
ü�x�®�~	O
u
ü�t�!�õ�p�V�”��̄{�‹�O	—�`�°
`�t�z���v�x�w

�Â�Ø�p�“�‡�•�”�–�¬�t�¦�Á�b�”�\�q�‹�p�V�”�{�b�s�˜�j�z�Í�w���g�U
R�“�q�m�{
� �

���g 3.4.1 (Gauss �w
C�„���g ) 
 �› R 3 �w���„�–�¬�z S = @
 �x���v�x�w C1 �ƒ
Y���Â�Ø�T�’�s

�”�q�b�”�q�V�z 
 �w�Ù�c�p���[�^�•�h C1 �ƒ�w�Õ�«�Ä�ç	Ô f �t�0�`�o
ZZZ



div f dx1 dx2 dx3 =

Z

S
f � n d�:

�h�i�` n �x S �w�Ž�²�V�o�•�O
¢�Õ�«�Ä�ç�p�K�”�{
� �

�€�ß 3.4.1 (Gauss �w
C�„���g�w���w
¯�q ) 	Í�w���g�w�‘�O�t�®�Õ�«�Ä�ç	Ô�w
C�„�w
u
ü�¯�t���b�”��

�g�q�`�o	{�M�o�K�”�Š�U���M�U�z

(3.12)
Z




@u
@xi

dx =
Z

S
un i d� (1 � i � 3)

�w���w�¬�Ü�p	{�X�v�Q�‹�K�” (ni �x n �w�H i 
R
ü�p�K�” | �y�M�Š�p�x�z n1, n2, n3 �w�E�“�t�z�O
¢�w�M

�²�(�m `, m, n �›�–�l�o���g�U	{�T�•�o�M�” )�{�_�»�Z�x�Ÿ�s�”�U 12
:�¶�$�t�x�‰�s�p�K�”�\�q�›�¤�×�¬

�T�Š�o�ˆ�‘�O�{�™	\�w (3.13) �›	Â�Ì�b�”�t�x�z�\�w���w�¬�Ü (3.12) �w�M�U�(�b�p�K�”�{

�«�™ 3.4.2 ( ���o�•�f�•�q�‹�É�`�M�• ) Gauss�w���g�t�E
¯�^�•�”
u
ü���g�x�z�V�j�œ�q	\�‚�o	Â�Ì�b�”

�w�U�G�!�i�q�M�O
°
Q�U�K�”�{�\�•�x�K�”�™�¯�p�Š�p�i�U�z�G�!�^�w�G
æ
ü�x�®�V�j�œ�q	\�‚�”� 
̄æ
ü�t

�K�“�z	Â�Ì�×�.�x�î�x�f�•�„�r�É�`�X�s�M (
��t�‘�l�o�x�®���o�i�¯�q�t�O )�{�\�\�p�x�z 
 �U	N
¢�–�¬


 = f (x; y; z); (x; y) 2 D; ' 1(x; y) < z < ' 2(x; y)g

�p�K�”	Ô�ù�t�z	Â�Ì�w�^�˜�“�›�_�o�ˆ�‘�O�{ Fubini �w���g�q
•
ü
u
ü�¶�w�,�Š���g�t�‘�l�o�z

ZZZ




@f3
@z

dx dy dz =
ZZ

D

 Z ' 2 (x;y )

' 1 (x;y )

@f3
@z

(x; y; z) dz

!

dx dy

=
ZZ

D
(f 3(x; y; ' 2(x; y)) � f 3(x; y; ' 1(x; y))) dx dy:

�\�w�È�%�w�H 1 �ò , �H 2 �ò�U�f�•�g�• @
 �w	Í���z�<���t�S�Z�”�Ø
u
ü�t�s�” :
Z

S	Í

f 3n3 d� =
ZZ

D
f 3(x; y; ' 2(x; y))dx dy;

Z

S�<

f 3n3 d� = �
ZZ

D
f 3(x; y; ' 1(x; y))dx dy:

11 ���Â�Ø�w���[�q�z�f�w�,�Š�$�s
Q�í�t�m�M�o�x�z
Ç�å A.6 �›�_�‘�{
12 �\�w�§�M�›�§�Ð�b�”
��‹�M�”�U�z�‘�O�b�”�t�‰�a�p�K�”�{
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�•�Q�t ZZZ




@f3
@z

dx dy dz =
Z

S
f 3n3 d�:

�™�x�‰�a�\�q�› f 1, f 2 �t�m�M�o�æ�Q�y Gauss �w
C�„���g�U�˜�’�•�”�{

�ð (�™�•�¤ ) z = ' (x; y) �›�×
µ�t�Í�å�Ý�”�»�”�Â�Ø�q�ˆ�s�b�q�V�z

n d� =

0

B
@

� ' x

� ' y

1

1

C
A dx dy; n3 d� = dx dy

�q�s�”�\�q�›�Ô�d�{

�€�ß 3.4.2 ( 
ú�g�$�s�r	
 ) 
²
…�w�« 3.3.2 �p
†�Ì�`�h�z�Õ�«�Ä�ç	Ô�›�v�.�w���S	Ô�q�ˆ�s�b�r	
�p�x�z
ZZZ



div f dx1 dx2 dx3 =

Z

S
f � n d�:

�w�(�%�x 
 �º�t�K�”���V	Z�`�w
ï�”�z�È�%�x S �›�è�l�o 
 �w�Ž
æ�t�v�•	Z�b�v�.�w �v�� (
ux ) �q�ˆ�s

�d�” 13�{

�Õ�«�Ä�ç	Ô�›
+�w�v�•�w���S	Ô�p� �Ý�”�´�b�”�q�z�\�w�Ø
u
ü�x�m�v�t 0 �t�s�”�q�¥�O�T�‹�`�•�s�M�{

�î�M�z
+�x
‡�y	V�v�.�p�K�”�w�p�z div f = 0 �U
R�“�q�j�z
Z

S
f � n d� = 0 �q�s�” 14�{

�`�T�`�z 
 �w�º
æ�p
C
\�`�h�“�z	«�Ó�`�h�“�b�”�‘�O�s�‹�w�w�v�•�w	Ô�ù�x�z�‹�U 0 �t�s�”�q�x�v�’

�s�M�{�«�Q�y�ä�w�v�•�w	Ô�ù�z�=�¶
S� (�«�Q�y�é	® ) �t�‘�“�ä�U
C
\�`�h�“�z�K�”�M�x�o�t	«�Ó�b�”�\

�q�‹�K�“�O�”�w�p�z div f = 0 �q�x�v�’�s�M�{�‡�h�z
i�?	Ô�›�ß�Q�”�q�z S �w�º
æ�t�?�Y�U���O�b�”�q�z

div E �x 0 �t�x�s�’�s�X�s�”�{�î�M�z div E = \ �?�Y�µ�S " �U
R�“�q�m�{�›�t�j�:�t�o�•�?�Y�U�”�T�•�h

	Ô�ù�x�z div E = � (� �x Dirac �w�Ã�ç�»��
: ) �U
R�“�q�m�{

(�f�w�O�j
$�›�L�d�‘�O�{	$�À�p�x�z�Ê�”�Ä�t�†�›�;�™�`�o�z��
X�t�G�V�X
³�X�\�q�{ )

�«�™ 3.4.3 ( 
•
u
ü�w�,�Š���g�w�°
`�=�p�K�”�\�q ) 3 �Í�i�w	Ô�ù�w���g�›	{�M�h�U�z�?�Í�i�p�‹
R�q�b

�”�{ 2 �Í�i�w	Ô�ù�x�z
Œ�t
†�Ì�`�h Green �w���g�p�K�”�{ 1 �Í�i�w	Ô�ù�x�z f = F , 
 = ( a; b) �q�`�o�z

Z



div f dx =

Z b

a
F 0(x) dx = F (b) � F (a)

�q�s�”�U�z�È�%�U 1 �Í�i�w	Ô�ù�w
Z

S
f � n d� �t
ì�p�b�”�{ @
 = f a; bg �p�K�“�z

n =

(
1 (x = b)

� 1 (x = a)

�q�s�”�\�q�›�«�™�`�‘�O�{�\�w�\�q�T�’�‹
ü�T�”�‘�O�t�z Gauss�w
C�„���g�x�z
•
ü
u
ü�¶�w�,�Š���g�w

�°
`�=�p�K�”�{	Í�p�_�h�‘�O�t	Â�Ì�w�Š�í�$
æ
ü�t�‹�z 1 �!
:�w
•
ü
u
ü�¶�w�,�Š���g�U�–�˜�•�”�\�q�›

�¥�M	Z�b�q�z


C�„���g = 
•
ü
u
ü�¶�w�,�Š���g

�q�t�l�o�Ï�˜�s�M�q�¥�O�{

�« 3.4.4 ( �« 3.3.4 �w�_�Ú�` ) �« 3.3.4 (1), (2) �w�-�‰�x�z 
 = B (0; R) �t�0�`�o Gauss�w���g�›�&�;�`

���o�t�s�”�{
13 �?�Ó�>�¶�›�¶�œ�i
��x�z�?�� (electric 
ux), �Ó�� (magnetic 
ux) �q�M�O�t�?�t�s�a�ˆ�U�K�”�T�‹�`�•�s�M�{
14 2 �Í�i�w���S	Ô (
™�M
’�w
+�w�v�• ) �p�K�•�y�z	Í�T�’�×�”�µ�p
+�›�ƒ�M�h�“�z
’���T�’
+�›�€�U�`�h�“�`�o�z div f 6= 0 �p

�s�M	Ý�¯�U�Á�g�s�X
\�a�”�{ 3 �Í�i�p�x�z�?�T SF �$�s
Ý���p�‹�`�s�M�q div f 6= 0 �q�x�p�V�s�M�{
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(1) f �U��
:�Õ�«�Ä�ç	Ô�p�K�•�y�z�Ì�’�T�t div f = 0. �•�Q�t
Z

S
f � n d� =

ZZZ



div f dx dy dz = 0 :

(2) f =

0

B
@

y
z
x

1

C
A �p�K�•�y�z�‰�‰�p div f = 0. �•�Q�t

Z

S
f � n d� =

ZZZ



div f dx dy dz = 0 :

(3) f =
1

(x2 + y2 + z2)3=2

0

B
@

x
y
z

1

C
A �w�q�V�z div f = 0 �q�s�”�U�z f �x�j�:�p���[�^�•�o�M�s�M�w�p�z S

�U�“�‰�–�¬ (�b�s�˜�j�•�w�º
æ ) �p�x Gauss�w���g�x
R�“�q�h�s�M�{�f�w�E�˜�“�t�j�:�›�A�ˆ���‰�Ú

�™�w���Â�Ø S0 �t�0�`�o Z

S0
f � n d�

�U�‰�a�‹ (�7�t�-�‰�`�h�A�L�T�’ 4� ) �›�Ë�m�q�M�O
Æ�¥�^�s�A�L�U�˜�’�•�”�{

�(�Š 3.4.1 	Í�w�«�w (3) �p�˜�’�•�h�z�j�:�›�A�ˆ���‰�Ú�™�w���Â�Ø S �t�0�`�o
Z

S
f � n d� = 4 �

�q�M�O�A�L�x�z�?�Ó�>�¶�w Gauss �w�O�� 15�t
ì�p�`�o�M�”�{�®�«�”�é�ï�w�O���T�’ Gauss�w�O���›�‹�X
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Z

S
E � n d� �w
Æ�!
Q�t���s

�’�c�z�«�”�é�ï�w�O���T�’�f�•�›�‹�X�t�x Gauss �w
C�„���g�w�S
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ü�\�s�•�o�X�”�q�z�®�M�X�m�T�w�O�� (�\�•�x
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:�¶ (
��t�‘�l�o�x�z�?�>�—
¢�x
:�¶�q�‹�ß�Q�s�M�i�–�O ) �p�–�Q�”�‘�O�t�s

�”�¯�q�M�O�\�q�i�–�O�T (�m�«�t	{�M�h \Gauss �w�O���w
C�_	��a = 
u
ü���g�w
C�_	��a " �q�M�O�w�x�z

�Ø
(�M�Ä�î�i�q�ò�a�o�M�” )�{

�« 3.4.5 ( 
i�?	Ô�w Gauss �w�O���w
•
ü���q
u
ü���w�‰�‹
Q ) 
i�?	Ô E �t���b�” Gauss �w�O���t�x�z

�Ë�è�“�w
¯�`�M�U�K�”�{


•
ü�� E �x�Í�w
•
ü�M���Ü�›�¬�h�b�{�\�\�p � �x�?�Y�µ�S�p�K�”�{

div E = �=" 0:


u
ü�� �Ú�™�w���Â�Ø S �t���`�z S �›���X�?�>�—
¢�w�Š
:�x Q="0 �p�K�”�{�\�\�p Q �x S �w

�º
æ�t�K�”
ï�?�Y�”�p�K�”�{
15 �‰�a
��w�Ê
²�U�m�M�o�M�”�h�Š�z���‰�`�T�v�s�M�w�p�z���‚�o�à���›�§�Ð�`�o�S�X�q�z Gauss �w
C�„���g�q�M�O�w�x�Õ�«�Ä

�ç	Ô�w�O
¢�Ø
u
ü�t���b�”
:�¶�w���g�p�K�“�z Gauss �w�O���q�M�O�w�x
i�?	Ô�t���b�”�?�Ó�>�¶�w�O���p�K�”�{�j�s�ˆ�t�z� �>
[3] �t�‘�”�q�z Gauss �w�O���›
C�_�`�h�w�x�z Gauss, Green, Kelvin �p�K�”�q�M�O�{�Õ�«�Ä�ç�r
s�w
u
ü�¬�Ü�w
C�_	��q�t�˜�•
�” 3 
��U���œ�p�M�”�w�x�î
µ�p�x�s�M�w�i�–�O (Kelvin �x Stokes �w���g�w
C�_	��p�K�” )�{

16 �?�p�‹�®�s�e�i�•�¯�q�ß�Q�”
��t�x
:�¶�w���O�U�_�Q�o�z�f�O�p�s�M
��t�x
:�¶�U�_�Q�s�M�{
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•
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u
ü���›�‹�X�t�x�z�?�>�—
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€�Õ�«�Ä�ç�U E �q�‰�a�M�²�p�µ�S (�o�•�Ø
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z�«�`�o�M�”�\�q�T�’�z d� �›���X

�Š
:�x E � n d� �p�z Gauss �w
C�„���g�›�b�;�`�o�z

S �›���X�?�>�—
¢�w�Š
: =
Z

S
E � n d� =

ZZZ



div E dx dy dz

=
ZZZ




�
"0

dx dy dz =
�� 3(
)

"0
=

Q
"0

�q�b�•�y�‘�M�{

�« 3.4.6 ( �ž�ç�©�Ý�Ã�µ�w
Ô�—�w�j�g ) 	O�—	Ô�w�<�p
+�¤�t�K�”
ú�. 
 �x
+�y�›	!�Z�”�{ x = ( x; y; z)T 2
S = @
 �t�S�Z�”
•	–�Ø
u d� �w	!�Z�”�—�x

� p(x ) n d�:

�\�\�p p(x ) �x
+�y�p�K�”�U�z�°�7�s	O�—	Ô�w	Ô�ù�x

p(x ) = � �gz + C

�q�s�”�{�h�i�`�z � �x
+�w�µ�S�z g �x	O�—�C���S�z C �x
u
ü��
:�p�K�”�{


 �w
¶
¯�Ø S �t�T�T�”
+�y�t�‘�”�—�w
ï�è

P :=
Z

S
� pn d�

�U�M�˜�•�” 
Ô�—�q�s�”�{�î�x�b�Y�™�p�Ô�b�‘�O�t

(3.13) P =

0

B
@

0
0

�� 3(
) g

1

C
A

�q�s�”�{�m�‡�“�z�M�²�x���Ú	Í�²�V�p�z�G�V�^�x
ú�.�U�!�`�w�Z�”
+�w	O�^ 17�p�K�” (�ž�ç�©�Ý�Ã�µ�w
Ô

�—�w�j�g )�{

(3.13) �w	Â�Ì (P1; P2; P3)T := P �q�S�X�{

Pj = �
Z

S
p nj d� (j = 1 ; 2; 3)

�p�K�”�U�z�Ž�< P3 �›�-�‰�b�”�{ f := (0 ; 0; p)T �q�S�X�q

P3 = �
Z

S
f � n d� = �

ZZZ



div f dx dy dz =

ZZZ



�g dx dy dz = �g

ZZZ



dx dy dz

= �g� 3(
) :

�‰�7�t�`�o P1 = P2 = 0 �q�s�”�\�q�U
ü�T�”�{

�‹�j�–�œ�D�i
²�w
��p�K�”�ž�ç�©�Ý�Ã�µ�U	Í�w�‘�O�s�^�æ�›�`�h�x�c�U�s�M 18�{
ú�.�w�`�Š�”�–�¬�›�z


ú�.�w�T�˜�“�t
+�p�¬�h�`�o�ˆ�•�y�m�“�K�O�w�x
ú�g�$�t�®�Ì�’�T� �̄p�K�”�T�’�z�®
Ô�— = 
 �›�ˆ�h�b
+

�t�T�T�”�y�—�¯�p�K�”�{

(�œ�p�‹�z�\�w
C�„���g�›�–�O	Â�Ì�x�±�—�$�i�q�²�x�¥�M�‡�b�{ )

17 �.
u � 3(
) �t
+�w�µ�S � �›�T�Z�h�‹�w�U�!�`�w�Z�”
+�w�í�”�p�z�f�•�t	O�—�C���S g �›�T�Z�o	O�^ (	O�—) �t�s�”�{
18 �q�x�M�Q�z�ž�ç�©�Ý�Ã�µ (�³�á�å�«�±� �w Archimedes, BC 287 �� {BC 212, �q� �»�æ�ž (�³�½�æ�ž�a ) �w Syracuse �t
\�‡

�•�z Syracuse �t�o�…�b�” ) �x�Ø
u�z�.
u�z	O	ú�›�-�‰�b�”�a
��p�K�l�o�z�L
ú
¢�U�“�‰
$���w�Ø
u�•�z�•�w�.
u�z
¯�Ø
u�›�k�µ
�t�{�Š�h�\�q�x�Ê�ô�M�{
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3.5 Stokes �w���g
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�q�›	��Á�b�”�w�U Stokes �w���g �p�K�”�} Green �w���g�w�¦�Á�q�ˆ�s�d�”�}
� �

���g 3.5.1 (Stokes �w���g , �s�8�”���g ) C : r =  (t) ( t 2 [�; � ]) �x�z R 2 �º�w�à
ü�$ C1 �ƒ Jordan
���Â
¢�p�z C �U�“�‰���–�¬�› D �q�b�”�{ C �w�²�V�x�|
��æ�M�²�w�(	��t D �›�_�”�²�V�p�K�”�q�b

�”�{ S: r = ' (u; v) (( u; v) 2 D) �› R 3 �º�w C2 �ƒ
Y���Í�å�Ý�”�»�”�Â�Ø�p�z�f�w
þ S� = ' (D ) �›
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Z

S
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Z
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�U
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� �
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¢�w�ˆ�U�)�Q�’�•�o�M�”�\�q�U�K�“�z�²�V
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¢ @S�w�²�V�t	H�l�o�È�É�´�›�s�b�q�V�z�É�´�U
��‰�M�²�› S �w�o�•
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�\�w���g�w	Â�Ì�x�z�4�
 C.5 �t�‡�˜�b�{

�« 3.5.2 �Â�Ø

S: z = 1 � x2 � y2; z � 0

�x�| z �à�w
Y�w���›
¯�q�b�”�¢ n3 > 0 �q�s�”�‘�O�t n �w�²�V�›
¬�•�£�}�\�w�q�V f = ( z3 � y3; x3 � z3; xyz)
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Z

S
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(�r ) S �w���w���Â
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' (t) = (cos t; sin t; 0)T (t 2 [0; 2� ])
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Z

S
rot f � n d� =

Z
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f � dr :

f (' (t)) = ( � sin3 t; cos3 t; 0)T , ' 0(t) = ( � sin t; cost; 0)T �‘�“
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1
4
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3
4
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S
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Z 2�

0
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3
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=
3
2
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•
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u
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�U�L�l�o�M�”�˜�Z�p�x�s�M�{

�?�T�‘�X
ü�T�’�s�M�\�q�›�Ð�‚�”�è�$�p�Š�›�¡�‰	Ô�ù�t�x�z�•�x�“�‡�c�x
?�Ü [12], [13] �›�_�”�‚�V�p

�K�–�O�{
c�î�t	{�T�•�o�M�”�{
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Ç�M�h�\�q�i�U�z
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Ç �å A �I�T�s�4�


A.1 �à
ü�$�t Ck �ƒ

�®�à
ü�$�t Ck �ƒ� �̄q�M�O�t�?�x�‘�X	Z�o�R�”�U�z
Y�¬�s
†�Ì�›�^�…�’�•�”�\�q�‹���M�{�\�w�®���!
:

�w
•
ü
u
ü�¶ 2�¯�p�x�® ' : [a; b] ! R n �U�à
ü�$ Ck �ƒ�w�Â
¢�¯�q�M�O���p�J	Ô�b�”�{�\�w	Ô�ù�z�®�Â
¢�¯

�q�M�O�t�?�w�¤�t�®�È���¯�q�M�O	Ú�E�U���‡�•�o�M�”�w�p�z

9` 2 N ; 9f t j g`
j =0 s.t. 8j 2 f 1; 2; : : : ; `g ' j[t j � 1 ;t j ] 2 Ck ([t j � 1; t j ])

�q���?�t
†�Ì�p�V�”�{

�\�\�p�x�æ�w�h�Š�z�È���q�x�v�’�s�M	Ô�ù�t�‹�è�;�b�”���[�›	{�M�o�S�X�{
� �

���[ A.1.1 k �x 0 �Ž	Í�w
T
:�‡�h�x 1 �›
¯�b�q�b�”�{ I = [ a; b], ' : I ! R n �q�b�”�q�V�z ' �U I
�p �à
ü�$�t Ck �ƒ �p�K�”�q�x�z

9` 2 N ; 9f t j g`
j =1 s.t.

8
>><

>>:

a = t0 < t 1 < � � � < t ` = b
' j(t j � 1 ;t j ) �x Ck �ƒ

i = 0 ; 1; 2; : : : ; k �t�m�M�o lim
t ! t j � 1+0

' (i ) (t) �q lim
t ! t j � 0

' (i ) (t) �U���O

�K�”�M�x j = 1 ; 2; : : : ; ` �t�0�`�o ' j �›

' j (t) :=

8
><

>:

' (t) (t 2 (t j � 1; t j ))
' (t j � 1 + 0) ( t = t j � 1)
' (t j � 0) (t = t j � 1)

�p���Š�”�q�V ' j 2 Ck ([t j � 1; t j ]) �q�t�l�o�‹�‰�a�\�q�p�K�”�{
� �

�«�™ A.1.2 ˆ �°
`�t ' (a + 0), ' (b� 0) �x�f�•�g�• lim
x! a+0

' (x), lim
x! b� 0

' (x) �›
¯�b�G�ø�p�K�”�{

ˆ 	Í�w���[�w�¤�w ' �U I �p�È���p�K�”�q�V�x�z ' j := ' j[t j � 1 ;t j ] �q�s�”�{

ˆ �à���w�z�:�p
•
ü�D�ó�q�M�O�q�V�x�"��
•
ü��
:�›�ß�Q�o�M�”�{�«�Q�y ' : [a; b] ! R n �t�0�`�o

' 0(a), ' 0(b) �x

' 0(a) = lim
h! +0

' (a + h) � ' (a)
h

; ' 0(b) = lim
h!� 0

' (b+ h) � ' (b)
h

�p���[�^�•�”�{�ô�Š�w
•
ü�t�m�M�o�‹�‰�7�p�K�”

ˆ 	Í�w���[�¤�w�t�M�õ�Q�x�Í�w�4�J�t�‘�“
Y�p�=�^�•�”�{
� �

�4�J A.1.3 ' : [a; b] ! R n �U c 2 [a; b] �›	†�M�o
•
ü�D�ó�p�z

lim
t ! c

' 0(t) = A

�U���O�b�”�s�’�y�z ' �x c �p�‹
•
ü�D�ó�p

' 0(c) = A:
� �
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	Â�Ì n = 1 �q�`�o�‘�M�{���É�‹�w���g�‘�“�z c + h 2 [a; b] �q�s�”�‘�O�s�Ú�™�w h 6= 0 �t�0�`�o�z c �q

c + h �w���t�K�” � h �U���O�`�o�z
' (c + h) � ' (c)

h
= ' 0(� h):

h ! 0 �q�b�”�q�V�z � h ! c �p�K�”�T�’�z�4�J�w�>���‘�“�È�%�x A �t	)���b�”�{�•�Q�t ' �x c �p
•
ü�D

�ó�p

' 0(c) = A:
� �

�% A.1.4 ' : [a; b] ! R n �U [a; b] �p k � 1 �s
•
ü�D�ó�p�z c 2 [a; b] �›	†�M�o k �s
•
ü�D�ó�T�m

lim
t ! c

' (k) (t) = A

�U���O�b�”�s�’�y�z ' (k� 1) �x c �p�‹
•
ü�D�ó�p

' (k) (c) = A:
� �

A.2 �È�A
Q

�È�A
Q�t�m�M�o�x�K�j�\�j�p�¶�œ�p�M�”�p�K�–�O�{�®	×�Ý�¯�›�M�X�m�T���‚�o�S�X�{

ˆ �•
ì�í�� X �U�È�A (connected) �p�K�”�q�x�z X �w�‰	B�ù�w
Ê U1, U2 �p X = U1[ U2 �T�m U1\ U2 = ;
�›�¬�h�b�‹�w�x U1 = X , U2 = ; �T�z U1 = ; , U2 = X �w�M�c�•�T�t�v�’�•�”�\�q�›�M�O�{

ˆ �•
ì�í�� X �U�€�È�A (�€	Ý�È�A ) �p�K�”�q�x�z X �º�w�Ú�™�w�Ë�:�U X �º�w�È���Â
¢�p�A�‚�”

(8x; y 2 X , 9' : [0; 1] ! X s.t. ' �x�È���T�m ' (0) = x, ' (1) = y) �\�q�›�M�O�{

ˆ R �w
æ
ü	B�ù I �U�È�A�p�K�”�h�Š�w
ž�A	G
ü	Ú�E�x�z I �U�à���p�K�”�\�q�p�K�”�{

ˆ �È�A�s�•
ì�í���w�È���ø
þ�t�‘�”
þ�x�È�A�p�K�”�{�€�È�A�s�•
ì�í���w�È���ø
þ�t�‘�”
þ�x�€�È�A

�p�K�”�{

ˆ �€�È�A�s�í���x�È�A�p�K�”�{

ˆ �È�A�T�m �Á	t�€�È�A �s�í���x�€�È�A�p�K�”�{�›�t R n �w�È�A�s�‰	B�ù�x�€�È�A�p�K�”�{

�^�o�z�\�w�®���!
:�w
•
ü
u
ü�¶ 2�¯�w�����¤�p�Í�w�Ë�J�›�;�M�o�M�”�{
� �

�Ë�J A.2.1 R n �w�È�A�s�‰	B�ù�w�Ú�™�w�Ë�:�x�à
ü�$�t C1 �ƒ�w �Â
¢�p�A�‚�”�{
� �

�\�•�x	Í�t���[�h�®	×�Ý� �̄w�¤�t�Ö�l�o�M�s�M�U (�•
ì�í���æ�w�Š�t�‹	{�T�•�o�M�s�M�\�q�U���M )�z�®�È

�A�T�m�Á	t�€�È�A�s�’�y�€�È�A� �̄q�M�O���g�w	Â�Ì�›�Ë�Š�•�y���o�t�r�>�b�”�{�\�\�p�x�f�w R n �w�‰	B

�ù�Ì�”�´�ã�ï�›	\�‚�‘�O�{
� �

�Ë�J A.2.2 
 �› R n �w�È�A�s�‰	B�ù�q�b�”�q�V�z 
 �º�w�Ú�™�w 2 �: a, b �x 
 �º�w�Â
¢�p�A�•�\�q

�U�p�V�”�{
� �

	Â�Ì


 0 := f x 2 
; a �q x �x 
 �º�w�Â
¢�p�A�‚�” g;


 1 := f x 2 
; a �q x �x 
 �º�w�Â
¢�p�A�‚�s�M g

�q�S�X�q�z�Ì�’�T�t


 0 [ 
 1 = 
 ; 
 0 \ 
 1 = ; ; a 2 
 0:
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�î�x 
 0 �x�‰	B�ù�p�K�”�{�î�M�z�Ú�™�w x 2 
 0 �t�0�`�o�z x 2 
 �T�m 
 �x�‰	B�ù�p�K�”�T�’�z

9" > 0 s.t. B (x; " ) � 
 :

B (x; " ) �º�w�Ú�™�w�: y �x x �q�A�‚�”�w�p�z a �q�‹�A�•�\�q�U�p�V�” (a �q x �›�A�•�Â
¢�t x �q y �›�A

�•�Â
¢�›�m�s�[�y�‘�M )�{�•�Q�t y 2 
 0. �b�s�˜�j B (x; " ) � 
 0 �p�K�”�T�’�z 
 0 �x�‰	B�ù�p�K�”�{

�‰�7�t�`�o 
 1 �x�‰	B�ù�p�K�”�{�î�M�z�Ú�™�w x 2 
 1 �t�0�`�o�z x 2 
 �T�m 
 �x�‰	B�ù�p�K�”�T�’�z

9" > 0 s.t. B (x; " ) � 
 :

B (x; " ) �º�w�Ú�™�w�: y �x x �q�A�‚�”�w�p�z a �q�x�A�•�\�q�U�p�V�s�M (�‹�` y �q a �U�A�‚�•�y�z�f�w

�Â
¢�› y �q x �›�A�•�Â
¢�t�m�s�M�p a �q x �›�A�‚�”�\�q�t�s�“�Ã	l�b�” )�{�•�Q�t y 2 
 1. �b�s�˜�j

B (x; " ) � 
 1 �p�K�”�T�’�z 
 1 �x�‰	B�ù�p�K�”�{


 �U�È�A�p�K�”�T�’�z 
 0 = 
 �T�m 
 1 = ; . �•�Q�t a �x 
 �º�w�Ú�™�w�:�q�A�•�\�q�U�p�V�”�{

�\�w	Â�Ì�p�® 
 �º�w�Â
¢�¯�q�M�O�q�\�–�›�z�® 
 �º�w C1 �ƒ�w�Â
¢��̄z�® 
 �º�w�à
ü�$�t C1 �ƒ�w�Â
¢��̄z

�®
 �º�w
Y���s C1 �ƒ�w�Â
¢��̄z�® 
 �º�w�2
ª�à�t���æ�s
¢
ü�T�’�s�”
‚
¢� �̄s�r�p�”�V�õ�Q�o�‹	Â�Ì�x�‡�l

�h�X�f�w�‡�‡�è�;�b�” (�‰�• B (x; " ) �º�w�Ú�™�w�:�x�f�w�¤	ú�q�‘�M
Q�í�›�Ë�l�h�Â
¢�p�A�‚�”�\�q�t�‹

�q�n�M�o�M�” )�{

A.3 �o�È�A
Q
� �

���[ A.3.1 �•
ì�í�� X �U�o�È�A (simply connected ) �p�K�”�q�x�z�Ú�™�w�È�����Â
¢ ' : I =
[�; � ] ! X (�m�‡�“ ' (� ) = ' (� )) �t�0�`�o�z�Í�w	Ú�E�›�¬�h�b�È���ø
þ � : I � [0; 1] ! X �U���O

�b�”�\�q�›�M�O�{

(i) �( �; 0) = ' . �b�s�˜�j

8t 2 [�; � ] �( t; 0) = ' (t):

(ii) 8s 2 [0; 1] �t�0�`�o �( �; s) �x���Â
¢�p�K�”�{�b�s�˜�j

8s 2 [0; 1] �( �; s ) = �( �; s ):

(iii) �( �; 1) �x��
:�ø
þ (
þ�U 1 �:�p�K�”�Â
¢ ) �p�K�”�{�b�s�˜�j

8t 2 [�; � ] �( t; 1) = �( �; 1):
� �

�«�™ A.3.2 �\�w���[�p ' �w���[�¬�›�o�•�à�� [0; 1] �t�v���`�o�‹�‰�a�\�q�p�K�”�{

�(�Š A.3.1 ( �M�X�m�T�w�t�M�õ�Q ) ˆ �,�Š���›�¶�œ�i
��• : �Ú�™�t a 2 
 �›�{���`�h�q�V�z�,�Š��

� 1(
 ; a) �U�o�•�i�w�ˆ�T�’�s�l�o�M�”�\�q�q�z 
 �U�o�È�A�p�K�”�\�q�x�‰�‹�p�K�”�{

ˆ R 2 �w�–�¬ 
 �t�m�M�o�x�z 
 �U�o�È�A�p�K�”�\�q�q�z R 2 n 
 �U compact �s�È�A
R
ü (�Ú�
�$�t�x

�®�@�¯ ) �›�Ë�h�s�M�\�q�x�‰�‹�p�K�”�{

R 2 �w�–�¬ (�È�A�‰	B�ù ) �w�o�È�A
Q�t�m�M�o�x�z���X�w
ó
É��
:�æ�w�­�J	{�t	\�‚�’�•�o�M�”�{

A.4 Jordan �w�Â
¢���g

	s�s�$�s
:�¶�t�S�M�o�z Jordan �w�Â
¢���g (Jordan curve theorem) �w
Ž�Š�”�•�”�x�r�O�‹�`�l�X�“

�R�s�M�q�ò�a�o�M�”�{�®	×�Ý�p�K�”� �̄q�M�O�í�>�‹�K�”�°�M�p�z�è�[�p	Â�Ì�^�•�”�\�q�U�î�í�$�t�s�X�z� 
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�þ
:�¶�Ù�/�t	{�T�•�o�M�”���w���g (�™	\ ) �w	Â�Ì�›�s�b�w�‹�A�Ï�Ø�W�p�K�”�{�°�M�p�®�A�’�s�M�¯�q�M

�O
��‹�M�” (
ó
É��
:�æ�p���Ê�s�ž�”�ç�Ñ�¥�”�µ�w�­�J	{�w�¤�p�f�O�…�t�^�•�o�M�” )�{

Jordan �w�Â
¢���g (� �þ
:�¶�Ù�/�T�’�w�¾�; )� �

���Ø R 2 �º�w�Ú�™�w Jordan ���Â
¢ C �x�z R 2 �›�º�q�Ž�w�Ë�m�w�–�¬�t
ü�Z�”�{	Ä�`�X�t�Q�y�z R 2 nC
�x�j�•�O�r�Ë�m�w�–�¬ 
 1, 
 2 �w�Ú�è :

R 2 n C = 
 1 [ 
 2; 
 1 \ 
 2 = ;

�q�s�“�z C �x 
 1, 
 2 �w�ž�è�w�¥�„�z 
 i �w�°�M�x���„�z���M�x
‡���„�z�q�s�”�{�s�S�\�w�q�V p �›

C �w�Ú�™�w�°�:�q�b�•�y�z p �›�z�:�q�b�” Jordan �Â
¢�p�z p �Ž�Ž�w
æ
ü�x 
 i �t���‡�•�”�‹�w�U��

�O�b�” (i = 1 ; 2)�{
� �


z�±�$�Ö	��U�0�›�s�Š�p�z	Â�Ì�‡�p	\�‚�’�•�o�M�”�1	—�s�Š�q�`�o

�°�œ 	O�$�z�®�•
ì�2�?�¶��̄z�Ç
Ô	{�3 (1993)

�›
*
¨�`�o�S�X�{

(�»�Ä�-�h : � �þ
:�¶�Ù�/ p.534 �T�’
Y�¬�t�¾�;�b�”�\�q )
	Í�w���g�p���„�s�M�w�–�¬�› Jordan ���Â
¢ C �p�“�‡�•�” �–�¬�q�‘�•�{

�–�¬ 
 �U Jordan �–�¬ �p�K�”�q�x�z Jordan ���Â
¢ C �U���O�`�o�z 
 �U C �p�“�‡�•�”�–�¬�q�s�”�\

�q�›�M�O�{

�°
`�t Jordan �–�¬�x�o�È�A�–�¬�p�K�”�U�|�o�x
��p�s�M (�«�Q�y�z
Y�M���–�¬�w�¥�„�T�’�µ�æ�¿�Ä�›

�Ö�•�”�q�z�o�È�A�p�K�”�U�z Jordan �–�¬�p�x�s�M )�{
Jordan �–�¬�p�s�M�o�È�A�–�¬�t�m�M�o�z�–�¬�º
æ�w�:�q�x�A�‚�s�M�‘�O�s�¥�„	Í�w�:�U���O�b�”�\�q

�U�K�” (���Ê�s�«�U�K�” )�{
Jordan �–�¬�x Jordan �D�� (�Ø
u�¬�� ) �p�K�”�q�x�v�’�s�M�{

Riemann �w�ø
þ���g �t�‘�“�z�Ú�™�w�o�È�A�–�¬�x��
k�–�¬�q�‰
ì�p�K�”�{�›�t Jordan �–�¬�x�z

(Carath�eodory �w���g�t�‘�“ ) ���A�U (�×
µ�t ) ����
k�q�‰
ì�p�K�”�{

Jordan �w�Â
¢���g�w�ô�Í�i
[�w	º�p�‹�`�h�M�œ

A.5 �°
`�w
Y���Â�Ø�w���[

3.1.2 �p�Ô�&�`�h�‘�O�t�z�Í�å�Ý�”�»�”�Â�Ø�i�Z�p�x
Æ	G
ü�p�K�”�{�°�±�t�t�O�q�z

�°�m�w��
:�p�®�Â�Ø�¯
¶�.�›
¯�q�b�”�w�t
Æ�×���s�\�q�U�K�”

�« 3.1.4 �t�K�[�h�•�Ø S = f (x; y; z)T ; x2 + y2 + z2 = R2g �t�m�M�o	Ä�`�X�_�o�ˆ�‘�O�{�‡�c�z�Ì�’�T

�t�•�Ø
¶�.�› 1 �m�w��
:�w�¬�å�Ñ�q�`�o
¯�b�\�q�x�p�V�s�M�{�‡�h�z�Ã�2
ª�›�;�M�h�Í�å�Ý�”�»�”
¯�q

(3.1) �t�‹�ð�J�U�K�”�{�f�•�x (�; � ) 7! (x; y; z)T �U 1 �0 1 �w�ø
þ�p�x�s�M�\�q�p�K�” (� = 0 �w�q�V�z �
�U�?�p�K�l�o�‹ (x; y; z)T = (0 ; 0; R)T )�{

3.1.1 �p (a), (b), (c) �w�®�‰�s
Q� �̄›�Ô�`�h�^�æ�p�z�®�é�”�§�ç�t�x� �̄q�M�O�…�“	{�V�U�Â	��s�w�p�K�”�{

�f�\�p�q�E�w
:�¶�p�x�r�O�•�l�o�\�•�’�w�ð�J�›�r�>�`�o�M�”�T�q�M�O�q�z

	Í�w
É�•�s�M�O�p���[�^�•�h	–�^�s�Â�Ø�›�x�“�K�˜�d�h �‹�w�›�Â�Ø�q�`�o���[�b�”


Y���s�Â�Ø� �

R 3 �w
æ
ü	B�ù S �U Ck �ƒ�w 
Y���s�Â�Ø �p�K�”�q�x�z�Ú�™�w x 2 S �t�0�`�o�z R 3 �w�‰	B�ù U �p�z

�Í�w 2 	Ú�E�›�¬�h�b�‹�w�U���O�b�”�\�q�›�M�O�{

(i) x 2 U

(ii) U \ S �x Ck �ƒ�w
Y���Í�å�Ý�”�»�”�Â�Ø�p�K�”
� �
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�2�?�¶�p�¶�• ���7�. (manifold ) �w�t�?�›�;�M�”�q�z S �x R 3 �w 2 �Í�i Ck �ƒ
Y��
æ
ü���7�.�p�K�”�z

�q�M�O�\�q�t�s�”�{

�«�Q�y�•�Ø S = f (x; y; z)T ; x2 + y2 + z2 = R2g �t�m�M�o�z z > 0 �w
c�“�s�’ z =
p

R2 � x2 � y2

�p�z z < 0 �w
c�“�s�’ z = �
p

R2 � x2 � y2 �p�z x > 0 �w
c�“�s�’ x =
p

R2 � y2 � z2 �p�z x < 0
�w
c�“�s�’ x = �

p
R2 � y2 � z2 �p�z y > 0 �w
c�“�s�’ y =

p
R2 � z2 � x2 �p�z y < 0 �w
c�“�s�’

y = �
p

R2 � z2 � x2 �p�z�f�•�g�•��
:�w�¬�å�Ñ�q�`�o
¯�q�p�V�” (�•�Q�t
Y���s�Í�å�Ý�”�»�”�Â�Ø�p�K

�” )�{�•�Q�t�•�Ø S �x C1 �ƒ�w
Y���s�Â�Ø�p�K�”�{

�Ž	Í�p R 3 �w�Â�Ø�w���[�x�°� �p�V�h�˜�Z�p�K�”�U�z�\�w�Â�Ø	Í�p�Õ�«�Ä�ç	Ô�w�O
¢�Ø
u
ü�›���[�b

�”�h�Š�t�x�z�‡�c�® �²�V�w�m�M�h �Â�Ø� �̄›���[�b�”�\�q�U
ž�A�t�s�”�{�f�•�x�>�`�o�É�`�M�‹�w�p�x�s�M

�U�z	—�‘	j
‹�U
ž�A�t�s�”�w�p�z�\�w�®���!
:�w
•
ü
u
ü�¶ 2�¯�w�è�[�p�x (�’�æ�s�U�’ ) 	²�t�b�”�{

�\�w�è�[�p�x�z�Â�Ø	Í�p�w
u
ü�›	��h�”�ð�J�q�b�”�w�p�z�®	–�^�M� 	̄B�ù�›�Á�¹�`�h�“ 1�z
z�±�$
É�•�t

�Â�Ø�›
~�“�7�“�b�”�\�q�p�®
Y�`�M� �̄‹�›�-�‰�p�{�Š�”�\�q�U�D�ó�p�K�”�{�f�‘�x
Y���Í�å�Ý�”�»�”�Â�Ø

	Í�p�Ø
u
ü�›���[�b�”�\�q�p�¬�
�b�”�\�q�t�`�‘�O�{

A.6 ���Â�Ø�w	×�Ý

(�²�w�q�Ì�:�p�w�A�æ�x�z�Õ�«�Ä�ç�r
s�w�Ö�ó�è�[�p�x�z�®���Â�Ø�¯�q�M�O�t�?�›�–�˜�c�t�A�‡�b (�‚�V
�p�K�” )�z�q�M�O�‹�w�p�K�”�U�z
H�w�¤�w�Š�t�®���Â�Ø� �̄x (���[�›�^�…�“�m�m ) �K�~�•�o�M�”�{�¡�Š�s�M

�q���”�w�p�z	—�`
†�Ì�`�o�S�X�{ )

�Â�Ø�q�x�z 2 �Í�i���7�.�w�\�q�p�K�”�{

�¯�ï�Í�«�Ä�T�m�È�A�s�¥�„�w�s�M 2 �Í�i���7�.�› ���Â�Ø (closed surface)�q�z�• (�È�A
Q�›�>���`�s�M

�\�q�‹�K�”�‘�O�p�K�” )�{
���Ê�s �×� �¿�Ä�Ç�”�w���g �t�‘�“�z�Ú�™�w�Â�Ø (2 �Í�i���7�. ) �x R 4 �t �’�Š���‡ �•�”�{�¯�ï�Í�«�Ä�s

�Â�Ø�x�z�²�V�n�Z�D�ó�T�z�í�p�s�M�¥�„�›�Ë�m�s�’�y�z R 3 �t�’�Š���‰�\�q�U�p�V�”�{�›�t�²�V�n�Z�D�ó

�s���Â�Ø�x R 3 �t�’�Š���‰�\�q�U�p�V�”�{

�o�t R 3 �º�w���Â�Ø�x�²�V�n�Z�D�ó�p�K�“�z
ª	j�$�s�²�V�U���O�b�”�{ S �U R 3 �º�w���Â�Ø�p�K�”�q

�V�z R 3 n S �x 2 �m�w�È�A
R
ü�T�’�s�” (�m�‡�“ Jordan �w�Â
¢���g�w�¨�Å�U
R�q�b�” )�{
���Ê�s �«�å� �ï�w�÷ �x�z�²�V�n�Z
Æ�ó�s���Â�Ø�p�K�l�o�z R 3 �t�’�Š���‰�\�q�x�p�V�s�M�{

���Â�Ø�x�Í�w�‘�O�t
ü�¨�p�V�” (�•
ì�‰���p�z�‹�`
•
ü�D�ó���7�.�s�’�y
•
ü�‰���p )�{

1. g 	O�Ä�”�å�µ (�•�Ø�t g �x�w�Ë�ï�Å�ç�›�m�Z�h�‹�w | 
��z�œ�p g 
�	Ð�“�w
Ô�V�  )
�¦� �å�”
ª
: �U 2 � 2g �p�z�²�V�n�Z�D�ó�p�K�”�{

g � 0 �q�M�O�\�q�p�`�•�O�T�•

2. �•�Ø�t k �x�w�ù�è���Ø�›�m�Z�h�‹�w

�¦� �å�”
ª
:�U 2 � 2k �p�z�²�V�n�Z
Æ�ó�p�K�”�{

k � 1 �q�M�O�\�q�p�`�•�O�T�•

�f�\�p�z R 3 �º�t�’�Š���‡�•�h���Â�Ø�t�v�l�o�t�Q�y�z�®���Â�Ø�q�x g (� 0) 
�	Ð�“�w
Ô�V� �p�K�”��̄{

	—�‘�d
¢�t�s�”�U�z�®�o�È�A�s 3 �Í�i�����7�.�x S3 �t�‰
ì�p�K�”� �̄q�M�O���Ê�s �Ù�ž�ï�§�è�'
Ý (�Ö�è

�æ�Ú�ï�w���g�• ) �w 2 �Í�i�Ì�”�´�ã�ï�x�®�o�È�A�s���Â�Ø�x S2 �t�‰
ì�p�K�”�¯�q�s�l�o�z	Í�t	{�M�h�Ä

�î�›�Ý�Š�•�y�Ì�’�T�p�K�”�{�Ù�ž�ï�§�è�'
Ý�x�z�2�?�¶�w
É�F�w�s�M
��t
†�Ì�b�”�w�U	—�‘�É�`�M���g�p

�K�”�q�¥�O�U�z�\�w�é�t�m�V�K�l�o�X�•�h
��t�x�z	��U�§�V�f�O�s�‘�m�‡�p�R�o�M�”�œ�7�Ù	Z
[�^�•�h�¦

�³�ž�°�Ù�ž�ï�§�è�'
Ý�›�r�M�h
:�¶	��± [5] �x
H���°
`�w
��a�t�x�¡�ˆ�•�b�M�q�x�t�Q�s�M�U�z
:�¶�J�¶


\�x�¡
��t�½�ß�è�ï�´�`�o�ˆ�”�‚�V�Š�p�K�”�q�¥�O�{

1 �«�Q�y�•�Ø�T�’�°�Š�w� �•
¢�›
H�M�h�•�Ø�x�z�°�0�°�q�M�O
Q�í�›�-�l�o�Ã�2
ª�›�;�M�h�Í�å�Ý�”�»�”
¯�q�U�p�V�”
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Ç �å B �o�È�A�–�¬�t�S�Z�”�Ù�Â�ï�³�ß�ç�w���O

C1 �ƒ�w�Õ�«�Ä�ç	Ô f �U�Ù�Â�ï�³�ß�ç�›�Ë�m�h�Š�w
ž�A	Ú�E

(B.1)
@fi
@xj

=
@fj
@xi

in 
 ( i; j = 1 ; 2; : : : ; n)

�U�o�È�A�–�¬�p�x	G
ü	Ú�E�t�s�”�\�q�w	Â�Ì�›�)�Q�”�{

�\�\�w�^�æ�x	–	¦ [9] �w�H 2 	· 5 
…�›�€�ß�t�`�h�{�s�S�z
?�Ü [13] �t�x	—�`�§�l�h	Â�Ì�U�L�l�o�M�”

(
‚�•
¢	Í�w
¢
u
ü�›�Ë�j	Z�b )�{�‹�l�q�‹ B.1 �p	Â�Ì�b�”�®�•�t�S�Z�”�Ù�Â�ï�³�ß�ç�w���O� �̄U�©�”�q�s

�”�w�x�‰�a�p�z�Š�í�$�t�x�‰�a	Â�Ì�q�t�Q�”�w�T�‹�Œ�•�s�M�{�K�U�K�l�h�’�z�f�w	Â�Ì�‹	)�å�`�‘�O�q�ß

�Q�o�M�”�{

B.1 �µ�Â�¿�Ó 1: �•�t�S�Z�”�Ù�Â�ï�³�ß�ç�w���O

�‡�c�•�–�¬�p�x (B.1) �U�Ù�Â�ï�³�ß�ç���O�w�h�Š�w	G
ü	Ú�E�p�K�”�\�q�›�Ô�b�{

�Ë�è�“�w	Â�Ì�›�)�Q�”�{

B.1.1 	Â�Ì 1: �à���w�®�%�¯�T�’�s�”
‚�•
¢�t�
�O
¢
u
ü�q
u
ü���g�›�b�;

�•�w�¤	ú�q x �›�A�•�Â
¢ Cx �t�0�`�o

F (x ) :=
Z

Cx
f � dr

�q�S�X�{�h�i�` Cx �› a �q x �›�Ö�:�q�b�” R n �w���à�� (
nY

j =1

[aj ; bj ] �w���w	B�ù ) �w�®�%� �̄›�A�œ�p�p�V

�”
‚�•
¢�t�v���b�”�{�f�O�v���`�o�‹
‚�•
¢�w	��“�M�x
ó
:�K�”�U�z�f�w
¬�|�M�t�‘�’�c�t
¢
u
ü�w�‹�U

���‡�”�\�q�U�z
u
ü���g (2 �Í�i�w	Ô�ù�x�à���t�S�Z�” Green �w���g ) �T�’�0�›�t	Â�Ì�p�V�” 1�{

gradF = f �w	Â�Ì�x�z�Š���¤�w���g 2.4.7 �w	Â�Ì�q�‰�7�p�K�”�{

�•�Q�t�•�t�S�M�o�x�z (B.1) �x�Ù�Â�ï�³�ß�ç�U���O�b�”�h�Š�w	G
ü	Ú�E�p�K�”�{

(	Í�w	Â�Ì�w�K�’�b�a�x	–	¦ [9] �t�L�l�o�M�h�‹�w�p�z�f�\�p�x 2 �Í�i�v���w�é�i�l�h�w�p�z
u
ü�Ï�q�`

�o�‹
¬�R�¶�U�Ë�m�`�T�s�X�z
u
ü���g�q�x�t�l�o�‹�Õ�M��	Í�w Green �w���g�p�„�…�×�Ì�p�K�”�w�p�z��

�o�Ì�Ž�p�K�”�U�z���Í�i�t�s�”�q	—�`�Ø�W�t�ò�a�’�•�”�{�f�\�p��	Â�Ì�›�Ž�<�t�Ô�b�{�W�•�O�W�•�O�`�M

�-�‰�i�U�z���Í�i�t�s�l�o�‹�b�l�V�“�`�o�M�”�:�x�>�Ë�j�U�‘�M�q�¥�O�{ )

B.1.2 	Â�Ì 2: �•�w�¤	ú�q�A�œ�i
¢
ü�t�
�O
¢
u
ü�›�b�;

�•�x�“

F (x ) :=
Z

Cx
f � dr

�q�S�X�U�z Cx �q�`�o�x�z

' (t) := a + t(x � a) ( t 2 [0; 1])

1 
u
ü���g�›�Ë�j	Z�b�w�x�G�[�^�w�‘�O�i�U�z�?�q�t�l�o�‹�à���Ì�”�´�ã�ï�s�w�p Fubini �w���g�t�‘�l�o�×�Ì�t�Ù�M�{
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�›�;�M�”�{�b�”�q

F (x ) =
Z 1

0
f (a + t(x � a)) � (x � a) dt =

NX

j =1

(x j � aj )
Z 1

0
f j (a + t(x � a))dt:


u
ü�G�ø�<�w
•
ü�q	Ú�E (B.1) �›�;�M�”�q

@F
@xk

(x ) =
NX

j =1

� jk

Z 1

0
f j (a + t(x � a))dy +

NX

j =1

(x j � aj )
Z 1

0

@fj
@xk

(a + t(x � a)) � t dt

=
Z 1

0
f k (a + t(x � a))dt +

NX

j =1

(x j � aj )
Z 1

0

@fk
@xj

(a + t(x � a)) � t dt:

(� jk �x Kronecker �w�Ã�ç�»�p�K�” )

�\�w�È�%�H 2 �ò�›�ù
R��
:�w
•
ü�O�q
æ
ü
u
ü�p�!���b�”�q

�È�%�H 2 �ò =
Z 1

0

d
dt

(f k (a + t(x � a))) � t dt

= [ f k (a + t(x � a)) � t]10 �
Z 1

0
f k (a + t(x � a))dt

= f k (x ) �
Z 1

0
f k (a + t(x � a))dt:

�•�Q�t
@F
@xk

(x ) = f k (x ):

B.2 �µ�Â�¿�Ó 2: �È���Â
¢�t�
�O
¢
u
ü�w�‹�Ö

�Í�w�µ�Â�¿�Ó 3 �p�z�à
ü�$ C1 �ƒ�q�x�v�’�s�M�z�h�i�w�È���Â
¢�t�0�`�o
¢
u
ü�›���[�b�”
ž�A�U
\�a

�”�{�\�•�t�m�M�o	j
‹�`�o�S�\�O�{

R n �w�‰	B�ù 
 	Í�w	Ú�E (B.1) �›�¬�h�b�Õ�«�Ä�ç	Ô f �q�z 
 �º�w�Â
¢ C: r = ' (t) ( t 2 I = [ �; � ]) �t

�0�`�o�z
¢
u
ü L (f ; C) �›���[�b�”�w�U�è
ª�p�K�”�{�h�i�` C �U�à
ü�$�t C1 �ƒ�w	Ô�ù�t�x�z�7�t���[

�`�o�K�”�‹�w�q�°�•�b�”�z�b�s�˜�j

L (f ; C) =
Z

C
f � dr

�U
R�“�q�m�‘�O�t�b�”�{�7�t���[�`�o�K�l�h
¢
u
ü�w
Q�í�w���X�x�-���^�•�” 2�{


 �º�w�Â
¢ C: r = ' (t) ( t 2 I = [ �; � ]) �t�m�M�o�z�Í�w	Ú�E�›�ß�Q�”�{

E(C)� �

�Â
¢ C �U E(C) �›�¬�h�b�q�x�z C �w
þ ' (I ) �›���‰�È�A�s�‰	B�ù U �q�z U �p���[�^�•�h C1 �ƒ�w

��
: F �p gradF = f in U �›�¬�h�b�‹�w�U���O�b�”�\�q�›�M�O�{
� �

C �U	Ú�E E(C) �›�¬�h�b�q�V�z f �w C �t�
�l�h
€
¢
¢
u
ü�›

(B.2) L (f ; C) := F (' (� )) � F (' (� ))

�p���Š�”�{�\�w�Ü�w�È�%�U (U; F ) �w	��“�M�t�‘�’�c�t���‡�”�\�q�x�Ž�<�w�‘�O�t�`�o�˜�T�”�{ ( eU; eF ) �‹

�‰�a	Ú�E�›�¬�h�b�z�b�s�˜�j eU �x ' (I ) �›���‰�È�A�s�‰	B�ù�p�z grad eF = f in eU �U
R�“�q�m�q�b�”�{�\

�w�q�V U \ eU �p

grad(F � eF ) = grad F � grad eF = f � f = 0 :

2 �K�•�s�^�f�O�t�_�Q�”

�
�
�
�

Z

C
f � dr

�
�
�
� �

Z

C
kf k ds �‹�z C �U�Õ�^�›�Ë�h�s�M	Ô�ù�t�È�% = 1 �q�r	
�b�•�y�G	Î
É�•
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�•�Q�t F � eF �x�| U \ eU �w�¤�È�A
R
ü	Í�p��
:�q�s�”�{�›�t ' (I ) �›���‰�È�A
R
ü	Í�p��
:�p�K�”�\�q

�T�’�z

F (' (� )) � F (' (� )) = eF (' (� )) � eF (' (� ))

�U
R�“�q�j�z (B.2) �w�È�%�x (U; F ) �w
¬�|�M�t�‘�’�c�t�¬���b�”�{

C �U	Ú�E E(C) �›�¬�h�`�z�T�m�à
ü�$�t C1 �ƒ�p�K�”�q�V�7�t���[�`�h
€
¢
¢
u
ü�‹�ß�Q�’�•�”�U�z�†

	��x�°�•�b�”�\�q�U
ü�T�”�{

�Í�t C �U	Ú�E E(C) �›�¬�h�^�s�M	Ô�ù�›�ß�Q�‘�O�{�\�w�q�V�Í�U
R�“�q�m�{

	��Á� �

C �› C = C1 + C2 + � � � + CN �q
ü�r�`�o�z�¤ Cj (j = 1 ; 2; : : : ; N ) �U	Ú�E E(Cj ) �›�¬�h�b�‘�O�t�p

�V�”�{
� �

	Â�Ì �Â
¢ C �w
þ ' (I ) ( �\�•�x�¯�ï�Í�«�Ä ) �q�z 
 �w�4	B�ù R n n 
 ( �\�•�x��	B�ù ) �q�w�‘�m�› d �q�b

�”�q�z d > 0 �p�K�” (�ž�è
æ
ü�w�s�M�¯�ï�Í�«�Ä	B�ù�q��	B�ù�w�‘�m�x
��t
Y )�{ ' �x�¯�ï�Í�«�Ä	B�ù I
	Í�p�È���i�T�’�°�7�È���p�K�”�{�f�•�•�Q

9� > 0 s.t. (8t; t 0 2 I : jt � t0j � � )



 ' (t) � ' (t0)




 < d:

I �w
ü�Â � = f t j gN
j =0 �› j� j < � �›�¬�h�b�‘�O�t�q�”�{ Cj �› ' j[t j � 1 ;t j ] �q�`�o�z Vj := B (' (t j � 1); d) �q

�S�X�q�z ' ([t j � 1; t j ]) � Vj � 
 �p�K�”�T�’�z Cj �w
þ�x Vj �t���‡�•�z Vj �x�È�A�s�‰	B�ù�z�f�`�o�µ�Â�¿

�Ó 1 �p	\�‚�h�\�q�T�’�z Vj �p f �w�Ù�Â�ï�³�ß�ç Fj �U���O�b�”�{�‹�j�–�œ C =
NX

j =1

Cj �p�K�”�{ (	��Á

�w	Â�Ì	4�“ )
Cj �x E(Cj ) �›�¬�h�b�w�p�z (B.2) �t�‘�l�o
¢
u
ü�›���[�b�” :

L (f ; Cj ) = Fj (' (t j )) � Fj (' (t j � 1)) ( j = 1 ; 2; : : : ; N ):

�™�x C = C1 + C2 + � � � + CN �p�K�”�T�’

(B.3) L (f ; C) :=
NX

j =1

L (f ; Cj ) =
NX

j =1

(Fj (' (t j )) � Fj (' (t j � 1)))

�q���[�b�” (�\�O�b�•�y�Â
¢�U�à
ü�$ C1 �ƒ�Â
¢�p�K�l�h	Ô�ù�t�Ã	l�`�s�M )�{
�\�w���[�U�™�¯�›�Ë�m�\�q�›�Ô�b�t�x�z�à�� I �w
ü�Â�w�“�M�t�‘�’�c�t (B.3) �w�È�%�w�‹�U���‡�”�\�q

�›�¬�T�Š�”
ž�A�U�K�”�{ � 1, � 2 �›�q�‹�t j� 1j < � , j� 2j < � �›�¬�h�b
ü�Â�q�b�”�{�\�w�q�V e� �› � 1,
� 2 �w�ž�è�w�I
ü�q�b�”�q�V�z � i �t�m�M�o�w�è�U e� �t�m�M�o�w�è�t�s�`�M�\�q�›�Ô�d�y�‘�M�U�z�f�•�x
e� �w�¤	–�à���w�‰�Ù�c�t�S�Z�”�Á	t�$�s�Ù�Â�ï�³�ß�ç�q�`�o�z � i �w	–�à���w
þ�w�‰�Ù�c�t�S�Z�”�Á	t�$

�s�Ù�Â�ï�³�ß�ç�U�–�Q�”�\�q�t�«�™�b�•�y�‘�M�{

B.3 �µ�Â�¿�Ó 3: �o�È�A�–�¬�t�S�Z�”�Ù�Â�ï�³�ß�ç�w���O

�o�È�A�–�¬ 
 �t�S�Z�”�Õ�«�Ä�ç	Ô f �U (B.1) �›�¬�h�b�q�>���b�”�{ 
 �º�w�Ú�™�w�à
ü�$�t C1 �ƒ�w��

�Â
¢ C �t�0�`�o Z

C
f � dr = 0

�U
R�“�q�m�\�q�›�Ô�d�y�‘�M�{�\�•�U
R�“�q�h�s�M�q�>���`�‘�O�{�Â
¢ C �w���[�¬�x [0; 1] �q�`�o�‘�M�{

�o�È�A
Q�w�>���T�’�Í�w	Ú�E (i){(iv) �›�¬�h�b�È���ø
þ � : [0 ; 1] � [0; 1] ! 
 �U���O�b�”�{

(i) �( �; 0) = ' . �b�s�˜�j

8t 2 [0; 1] �( t; 0) = ' (t):

78



(ii) 8s 2 [0; 1] �t�0�`�o�z �( �; s) : [0; 1] 3 t 7! �( t; s) �x���Â
¢�p�K�”�{�b�s�˜�j

8s 2 [0; 1] �(0 ; s) = �(1 ; s):

(iii) �( �; 1) �x��
:�ø
þ (
þ�U 1 �:�p�K�”�Â
¢ ) �p�K�”�{�b�s�˜�j

8t 2 [0; 1] �( t; 1) = �(0 ; 1):

�\�w�q�V�Â
¢ eC �›

 (r ) :=

8
>>><

>>>:

�( r; 0) (r 2 [0; 1])
�(1 ; r � 1) (r 2 [1; 2])
�(3 � r; 1) (r 2 [2; 3])
�(0 ; 4 � r ) ( r 2 [3; 4])

�p���Š�”�q�z eC = C + 
 + � + ( � 
 ) �q�s�”�{�\�\�p 
 , � , � 
 �x�z�f�•�g�•

r = �(1 ; s) (s 2 [0; 1]);

r = �(1 � t; 1) (t 2 [0; 1]);

r = �(0 ; 1 � s) = �(1 ; 1 � s) (s 2 [0; 1]);

�p���‡�”�Â
¢�p�K�” (� �w
þ�x 1 �:�p�K�” )�{ �•�Q�t


$ B.1: �Â
¢ C �q��
:�Â
¢ �

O t

s

1

1 O

C

Γ

x

y

γ
−γ


$ B.2: eC = C + 
 + � + ( � 
 )
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Z

eC
f � dr = L (f ; eC) = L (f ; C) + L (f ; 
 ) + L (f ; � ) + L (f ; � 
 )

= L (f ; C) + L (f ; 
 ) + 0 � L (f ; 
 )

= L (f ; C) =
Z

C
f � dr 6= 0 :

Cauchy �w
u
ü���g�w Goursat �t�‘�”	Â�Ì (�ô�æ���Ï�°�r
s�“�æ�±�s�r�›�_�‘ ) �q�‰�7�t�`�o�z ts ���Ø�p

2 �Í�i�w �à��	V	–�O �›�æ�s�O�q�z
Y�M�� [0; 1] � [0; 1] �º�w�n	—�b�”
Y�M���» f Sngn2 N �p�z

9a 2 [0; 1] � [0; 1] s.t.
1\

n=1

Sn = f ag;

8n 2 N L(f ; Cn ) 6= 0 ( Cn �x �( @Sn ) �›
Y�w�²�V�t�°	*�b�”�Â
¢ )

�›�ˆ�h�b�‹�w�U�˜�’�•�”�{


$ B.3: 
Y�M���› 4 
ü�Â�`�o

a �›�¤	ú�q�b�”	G
ü	–�^�s
R���w�•�›	��”�q�z�f�•�x 
 �t���‡�•�”�{	G
ü�G�V�s n �›	��”�q �( Sn ) �x

�f�w�•�t���‡�•�”�{�b�”�q�z�f�w�•�t�S�Z�”�Ù�Â�ï�³�ß�ç F �›�;�M�o

L (f ; Cn ) = F (Cn �w	4�: ) � F (Cn �w�•�: ) = 0 :

�\�•�x�Ã	l�s�w�p
Z

C
f � dr = 0 �p�s�Z�•�y�s�’�s�M�{
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Ç �å C Gauss �w���g , Green �w���g , Stokes �w
���g�w�4�


C.1 	N
¢	B�ù�p�K�”�–�¬�t�S�Z�” Green �w���g
� �

���g C.1.1 ( y �à�M�²�t	N
¢	B�ù�p�K�”�–�¬�p�w Green �w���g ) R 2 �w�–�¬ D �U

D = f (x; y); x 2 (a; b); ' 1(x) < y < ' 2(x)g

�q
¯�^�•�”�q�b�”�{�\�\�p ' j �x [a; b] 	Í���[�^�•�h�à
ü�$�t C1 �ƒ�w��
:�p�z

8x 2 (a; b) ' 1(x) < ' 2(x)

�›�¬�h�b�q�b�”�{�\�w�q�V�z D �w���A�p���[�^�•�h C1 �ƒ�w�î
:�‹��
: P, Q �t�0�`�o
Z

C
P(x; y)dx + Q(x; y)dy =

ZZ

D

�
@Q
@x

�
@P
@y

�
dx dy

�U
R�“�q�m�{�h�i�` C �x�Í�p���[�^�•�” C1, C2, C3, C4 �›�A�œ�p	Z�R�”���Â
¢�q�b�”�{

C1 : r = ( t; ' 1(t))T (t 2 [a; b]); C2 : r = ( b; t)T (t 2 [' 1(b); ' 2(b)]) ;

� C3 : r = ( t; ' 2(t))T (t 2 [a; b]); � C4 : r = ( a; t)T (t 2 [' 1(a); ' 2(a)]) :
� �

O x

y

a b

C1

C2

C3

C4

y = ϕ1(x)

y = ϕ2(x)

D


$ C.1: Green�w���g�w�–�¬ D

	Â�Ì �Ž�<�w�º�0�x
?�Ü [13] �t�‘�”�{�‡�c���g 2.5.2 �w	Â�Ì�q�‰�7�t�`�o�z
ZZ

D

�
�

@P
@y

�
dx dy =

Z

C
P(x; y) dx

�U�˜�’�•�”�{
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��

F (x; u; v) :=
Z v

u
Q(x; y) dy

�q�S�X�q�z

Fx (x; u; v) =
Z v

u

@Q
@x

(x; y) dy; Fu(x; u; v) = � Q(x; u); Fv(x; u; v) = Q(x; v)

�U
R�“�q�m�w�p�z

d
dx

 Z ' 2 (x)

' 1 (x)
Q(x; y) dy

!

=
d

dx
(F (x; ' 1(x); ' 2(x)))

= Fx (x; ' 1(x); ' 2(x)) + Fu(x; ' 1(x); ' 2(x)) ' 0
1(x) + Fv(x; ' 1(x); ' 2(x)) ' 0

2(x)

=
Z ' 2 (x)

' 1 (x)

@Q
@x

(x; y) dy � Q(x; ' 1(x)) ' 0
1(x) + Q(x; ' 2(x)) ' 0

2(x):

� �ò�`�o�z x �t�m�M�o [a; b] �p
u
ü�b�”�q�z

Z b

a

 Z ' 2 (x)

' 1 (x)

@Q
@x

(x; y) dy

!

dx

=

" Z ' 2 (x)

' 1 (x)
Q(x; y) dy

#x= b

x= a

+
Z b

a
Q(x; ' 1(x)) ' 0

1(x) dx �
Z b

a
Q(x; ' 2(x)) ' 0

2(x) dx

=
Z ' 2 (b)

' 1 (b)
Q(b; y) dy �

Z ' 2 (a)

' 1 (a)
Q(a; y) dy +

Z b

a
Q(x; ' 1(x)) ' 0

1(x) dx

�
Z b

a
Q(x; ' 2(x)) ' 0

2(x) dx:

�\�w�È�%�U
Z

C2

Q(x; y) dy +
Z

C4

Q(x; y) dy +
Z

C1

Q(x; y) dy +
Z

C3

Q(x; y) dy =
Z

C
Q(x; y) dy

�t�s�`�M�\�q�›�Ô�d�y	Â�Ì�x�ì�ƒ�b�”�{

�Â
¢ C2 �x r = ( b; t)T , t 2 [' 1(b); ' 2(b)] �q
¯�d�”�w�p�z dx=dt = 0, dy=dt = 1 �p�z

Z

C2

Q(x; y) dy =
Z ' 2 (b)

' 1 (b)
Q(b; t) � 1 dt =

Z ' 2 (b)

' 1 (b)
Q(b; y) dy:

�‰�7�t�`�o Z

C4

Q(x; y) dy = �
Z ' 2 (a)

' 1 (a)
Q(a; y) dy:

�°�M�z�Â
¢ C1 �x r = ( t; ' 1(t))T , t 2 [a; b] �q
¯�d�”�w�p�z dx=dt = 1, dy=dt = ' 0(t) �p�z
Z

C1

Q(x; y) dy =
Z b

a
Q(t; ' 1(t)) � ' 0

1(t) dt =
Z b

a
Q(x; ' 1(x)) ' 0

1(x) dx:

�‰�7�t�`�o Z

C2

Q(x; y) dy = �
Z b

a
Q(x; ' 2(x)) ' 0

2(x) dx

�U�˜�’�•�”�{�Ž	Í�w 4 �m�w�Ü�›�%�‘�C�Q�•�y�{�Š�”�s�Ü�›�˜�”�{

�(�Š C.1.1 (Green �w���g�w�>���›���Š�” ) 	Í�p�x P �q Q �U C1 �ƒ�q�`�h�U�z Qx , Py �U���O�`�o

Qx � Py �U�È���q�b�”�i�Z�p�‘�M (Goursat-Bochner �w���g )�{�\�•�x�°	¦
Œ
\�w�Š�t�x�G�
	{�M�o�K

�”�{
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C.2 �~�M�²�t	N
¢	B�ù�p�K�”�–�¬�t�S�Z�” Gauss �w���g

�°
`
Q�w�ô�M (	Ú�E�U���M ) Gauss �w���g�x�z	Â�Ì�x�‹�j�–�œ���g�›	\�‚�”�\�q�×�.�U�\�w�è�[�w�è�Õ

�ç�p�x�Á�g�p�K�”�{�€�ß	{�q�`�o�x�z�•�x�“
?�Ü [13] �›�K�[�o�S�X�{

�\�\�p�x���o�w�h�Š�z Green �w���g�p�•�l�h�‘�O�t�z�b�‚�o�w�M�² (�\�\�p�x�~�Í�i�s�w�p x, y, z �à�M

�²�w�~�M�² ) �t	N
¢	B�ù�p�K�”�‘�O�s�È�’�T�s�–�¬�t�v�l�o Gauss�w���g�›	\�‚�o	Â�Ì�b�”�\�q�t�b�”�{
� �

�4�J C.2.1 D �x R 2 �º�w���„�–�¬�p�z�f�w�¥�„�x�à
ü�$ C1 �ƒ Jordan ���Â
¢ C �p�K�”�q�b�”�{�h

�i�` C �w�²�V�x�z C 	Í�w�¤�:�t�S�M�o
��æ�M�²�w�(���t D �›�_�”�‘�O�t�s�l�o�M�”�q�b�”�{ ' 1, ' 2

�x D �›���‰�‰	B�ù�p���[�^�•�h C1 �ƒ�w��
:�p�z ' 1 < ' 2 (on D) �›�ˆ�h�b�‹�w�q�`�o�z


 := f (x; y; z); (x; y) 2 D; ' 1(x; y) < z < ' 2(x; y)g

�q�S�X�{�\�w�q�V 
 �›���‰�‰	B�ù�p���[�^�•�h C1 �ƒ�w�Ú�™�w��
: f �t�0�`�o�z f := (0 ; 0; f )T �q

�S�X�q�z

(C.1)
ZZZ




@f
@z

dx dy dz =
Z

S
f � n d�

�
=

Z

S
f dx ^ dy

�
:

�h�i�`
Z

S
f � n d� �x�z�Ž�<�t���[�b�” 3 �m�w�Â�Ø ST , SB , SS 	Í�w�Ø
u
ü�w�è�q�b�”�{

(i) ST �x ' (u; v) := ( u; v; ' 2(u; v))T ((u; v) 2 D) �p���[�^�•�”�Í�å�Ý�”�»�”�Â�Ø�q�b�”�{

(ii) SB �x�z�f�w�j�&�` � SB �› ' (u; v) := ( u; v; ' 1(u; v))T ((u; v) 2 D) �p���[�b�”�{

(iii) SS �x�z C �› r = ( � (t); � (t))T (t 2 [a; b]) �q�b�”�q�V�z ' (t; s) := ( � (t); � (t); s) (( t; s) 2
f (t; s); t 2 [a; b]; ' 1(� (t); � (t)) � s � ' 2(� (t); � (t))g) �p���[�^�•�”�Í�å�Ý�”�»�”�Â�Ø�q�b�”�{

� �

	Â�Ì D �x	N
¢	B�ù�p�K�”�T�’�z

ZZZ




@f
@z

(x; y; z) dx dy dz =
ZZ

D

 Z ' 2 (x;y )

' 1 (x;y )

@f
@z

(x; y; z) dz

!

dx dy

=
ZZ

D
f (x; y; ' 2(x; y)) dx dy �

ZZ

D
f (x; y; ' 1(x; y)) dx dy:

ST �p�x
@'
@u

�
@'
@v

=
�

�
@'2
@u

; �
@'2
@v

; 1
� T

�p�K�”�T�’�z f �
�

@'
@u

�
@'
@v

�
= f (u; v; ' 2(u; v)). �•�Q�t

Z

ST

f � n d� =
ZZ

D
f (u; v; ' 2(u; v)) du dv:

�‰�7�t � SB �p�x�z f �
�

@'
@u

�
@'
@v

�
= f (u; v; ' 1(u; v)) �p�K�”�T�’�z

Z

� SB

f � n d� =
ZZ

D
f (u; v; ' 1(u; v)) du dv:

SS �p�x

@'
@t

�
@'
@s

=

0

B
@

� 0(t)
� 0(t)

0

1

C
A �

0

B
@

0
0
1

1

C
A =

0

B
@

� 0(t)
� � 0(t)

0

1

C
A
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�p�K�”�T�’�z f �
�

@'
@t

�
@'
@s

�
= 0. �•�Q�t

Z

SS

f � n d� = 0 :

�Ž	Í�‘�“
ZZZ




@f
@z

(x; y; z) dx dy dz =
ZZ

D
f (u; v; ' 2(u; v)) du dv �

ZZ

D
f (u; v; ' 1(u; v)) du dv + 0

=
Z

ST

f � n d� �
Z

� SB

f � n d� +
Z

SS

f � n d�

=
Z

ST

f � n d� +
Z

SB

f � n d� +
Z

SS

f � n d�:

�\�w�4�J�w	Ú�E�›�ˆ�h�b 
 �›�® z �M�²�t	N
¢	B�ù�p�K�”�È�’�T�s�–�¬�¯�q�z�•�\�q�t�b�”�{�‰�7�t�`

�o x �M�² , y �M�²�t	N
¢	B�ù�p�K�”�È�’�T�s�–�¬�U���[�p�V�”�{ x �M�²�z y �M�²�z z �M�²�w�M�c�•�t�‹	N


¢	B�ù�p�K�”�È�’�T�s�–�¬ 
 �t�0�`�o�x
ZZZ




�
@f
@x

+
@g
@y

+
@h
@z

�
dx dy dz =

Z

S
f dy ^ dz + g dz^ dx + h dx ^ dy:

f := ( f; g; h )T �q�S�X�q�z ZZZ



div f dx dy dz =

Z

S
f � n d�

�U�˜�’�•�”�{

�(�Š C.2.1 �œ	Â�Ì�›�¡�ˆ
~�”�w�U�G�!�p�K�”�\�q�t�x�f�«�b�”�t�`�o�‹�z	G
ü�s�°
`
Q�U�K�”���w Gauss
�w���g�›�z�k�µ�T�m�Ì�Ž�t	Â�Ì�`�o�M�”�Š�x
‡	×�t	—�s�M�z�q�M�O�w�U�²�w�p�Ú�s�ò
Ý�p�K�”�{�¯�ï�Í�«�Ä

�t	{�M�o�K�”�‹�w�x�z�G�
 (�²�w�&�g	Í�x�b�‚�o ) �w	Ô�ù�t�|�²�t�x�’�Š�’�•�s�M�@�U�_�m�T�”�{ Bourbaki
�U���Ê�s
:�¶�j�æ�›	{�V�•�Š�h�ˆ�;�i�q�^�•�o�M�”�® \Stokes �w���g " �w�¬�
�æ�X	Â�Ì�›	{�X�¯�\�q�x��

�‹�l�o�­�J	{�å
 	��a�w�G�V�s�]�J�p�K�”�q�¥�O�{

�²�U	ô�a�o�M�”
:�¶	{�w�O���®	Â�Ì�q	Â�Ì�w	t�O�w�r�j�’�‹	{�M�o�M�s�M���g�x���§�l�o�M�”� �̄›�&�;

�b�”�q�z Gauss�w���g�w�G	\�f�w�‹�w�U
Æ�ì
¶�s�Š�U���M�q�M�O�\�q�t�s�”�{�c�M�•�œ
u�
�$�s�\�q�›	{

�X�‘�O�p�>�U�¾�Z�”�w�p�z�‡�l�h�X���Œ�w�s�M�\�q�›�t�l�o�M�”�˜�Z�p�x�s�M�\�q�›
ü�T�l�o�‹�’�O�h�Š

�t 1�z	��Ù�s�«�›�°�m�¾�\�O�{�«�Q�y	Í�t�K�[�h�4�J�w�i�É�»�p�x ' 1, ' 2 �x�È���q�`�T	{�M�o�M�s�T�l�h�{

�f�•�p�x�Ø
u
ü�w���[�b�’�p�V�s�M�w�p�x�•�œ f �
�

@'
@u

�
@'
@v

�
�w�-�‰�A�L f (u; v; ' j (u; v)) �f�w�‹�w�t

' j �w�‹��
:�x�q�•�s�M�T�’�z ' j �w
•
ü�D�ó
Q�x
Æ�A�w�‘�O�t�_�Q�”�T�‹�Œ�•�s�M�U�œ�!�p�`�•�O�•

C.3 Green �w�¬�Ü

� �;	Í
Ã	Z�b�”	O�A�s�¬�Ü���p�K�”�U�z�®���!
:�w
•
ü
u
ü�¶ 2� �̄w�è�[�p�x	²�t�b�” (
ž�A�t�s�l�h�q

�V�t�¶�•�q�M�O�Ÿ
N�p	G
ü�p�K�” )�{

1 ���§�M�›�K�[�o�Š�›
‡�É�b�”�\�q�U�è�$�p�x�s�M�w�p�z�r�w�Š�p�K�”�T�x	{�T�s�M�{
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� �

���g C.3.1 (Green �w
u
ü�¬�Ü ) 
 �x Gauss�w
C�„���g�U
R�“�q�m�‘�O�s R n �w���„�–�¬�p�z � �x

�f�w�¥�„�q�b�”�{

(1) u, v �U 
 �w�Ù�c�p�f�•�g�• C2 �ƒ , C1 �ƒ�s�’�y
Z



v 4 u dx =

Z

�
v

@u
@n

d� �
Z



gradu � gradv dx:

(2) u, v �U 
 �w�Ù�c�p C2 �ƒ�s�’�y

Z



(v 4 u � u 4 v) dx =

Z

�

�
v

@u
@n

� u
@v
@n

�
d�:

�›�t u, v �U�Ð�è��
:�p�K�”	Ô�ù�x
Z

�

�
v

@u
@n

� u
@v
@n

�
d� = 0.

(3) u �U 
 �w�Ù�c�p C2 �ƒ�s�’�y Z



4 u dx =

Z

�

@u
@n

d�:

�›�t u �U�Ð�è��
:�p�K�”	Ô�ù�x
Z

�

@u
@n

d� = 0.

� �

	Â�Ì

(1) f := v gradu �q�S�X�q

div f = grad v � gradu + v 4 u

�q�s�”�\�q�t�«�™�`�o�z Gauss �w
C�„���g�›�;�M�”�{

(2) (1) �q (1) �p u �q v �›�Ö�•�õ�Q�h�Ü�›���‚�o�%�‘�¾�V�‰�b�•�y�‘�M�{

(3) (1) �p v � 1 �q�S�X�{

C.4 Gauss �w
C�„���g�w
ú�g�•�w� �;

�« C.4.1 (Fourier �w�ä�;�‹�w�O�� , �ä�M���Ü ) �®�ä�w�v�•�w���S (�o�•�Ì���t�è�a�b�”�o�•�Ø
u�p�“�w

�ä�” ) �x�9�S�¯
��t
z�«�b�”�¯�q�M�O�O���U�z Fourier (Jean Baptiste Joseph Fourier, 1768{1830,�Ñ
�å�ï�µ ) �t�‘�l�o
C�_�^�•�h�{�9�S�›�•�”�q�Ì���w��
: u = u(x; y; z; t ) �q�b�”�q�V�z�ä�v�w���S�x

gradu = ( ux ; uy ; uz)T �t
z�«�b�”�z�q�M�O�\�q�p�K�”�{�ß�Q�o�M�”�–�¬�º�w�Ú�™�w	–�–�¬ V �t�S�M�o�z

�ä�”�w�-�����T�’�z�ä�”�w�Ì���!�=�p�U�ä�v�w�v���t�s�`�M�q�`�o�z

d
dt

ZZZ

V
Cu dx dy dz =

Z

S
k gradu � n d�

�U�˜�’�•�” 2�{�\�\�p C �x
z�ä�0�”�z k �x Fourier �w�O���t�q�•�”
z�«��
:�z S �x V �w�¥�„�z n �x S �w

�Ž�²�V�o�•�O
¢�Õ�«�Ä�ç�p�K�”�}�(�%�t
u
ü�G�ø�<�w
•
ü�z�È�%�t Gauss �w
C�„���g�›�&�;�b�”�q

(C.2)
ZZZ

V
Cut dx dy dz =

ZZZ

V
div ( k gradu) dx dy dz:

V �w�Ú�™
Q�T�’

(C.3) Cut = div( k gradu)

2 �¥�„ S �T�’�Ö�l�o�V�h�ä�”�w
ü�i�Z�z V �º�w�ä�”�U
ÿ�C�b�”�z�q�M�O�\�q�p�K�”�{
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�U�˜�’�•�” 3�{�\�•�› �ä ( �;�‹ ) �M���Ü (heat equation ) �q�z�•�{�›�t C �• k �U��
:�p�K�”	Ô�ù�t�x�z�¬

�Ü div(grad) = 4 �‘�“
@u
@t

= � 4 u; � :=
k
C

�q�s�” (
Ó�è
:�¶�p�ä�M���Ü�q�M�O�q�V�x�\�j�’�w�M���Ü�›�¦�b )�{

�« C.4.2 ( �v�.�t���b�”�È���w�M���Ü�q
‡�y	V	Ú�E ) (	j
‹�¤ )

�« C.4.3 ( �ê
Q�v�.�w�á�ˆ�M���Ü , Navier-Stokes �M���Ü ) �–�¬ 
 ( � R 3) �º�t�¬�h�^�•�h�v�.�w���S

	Ô�› v = v(x ; t) (x 2 
, t 2 R ), �µ�S�› � = � (x ; t) �q�b�”�q�z �á�ˆ�”�-���� �T�’�z 
 �º�w�Ú�™�w
æ
ü�–

�¬ V (�h�i�` V �x 
 �t���‡�•�”�¯�ï�Í�«�Ä	B�ù�q�b�” ) �t�m�M�o�z

(C.4)
Z

V

D
Dt

(� v) dx =
Z

@V
P n d�

�U
R�“�q�m�{�h�i�`
D
Dt

�x

D
Dt

:=
@
@t

+ v � r =
@
@t

+
3X

j =1

vj
@

@xj

�p���[�^�•�”�M�˜�•�” 
ú�í
•
ü (material derivative, Lagrange 
•
ü�q�‹�z�• ) �p�K�“�z P = ( pij ) �x � �—

�Â�ï�¹�ç (stress tensor)�z n �x V �w�¥�„	Í�w�:�t�S�Z�”�Ž�²�V�o�•�O
¢�Õ�«�Ä�ç�p�K�”�{ P �w�H i �æ�›

pi �q�S�X�q�V�z

P n =

0

B
@

p11 p12 p13

p21 p22 p23

p31 p32 p33

1

C
A

0

B
@

n1

n2

n3

1

C
A =

0

B
@

pT
1 � n

pT
2 � n

pT
3 � n

1

C
A

�q�s�”�\�q�t�«�™�b�”�q�z Gauss �w
C�„���g�T�’

Z

@V
P n d� =

0

B
B
B
B
B
B
@

Z

@V
pT

1 � n d�
Z

@V
pT

2 � n d�
Z

@V
pT

3 � n d�

1

C
C
C
C
C
C
A

=

0

B
B
B
B
B
B
@

Z

V
div pT

1 dx
Z

V
div pT

2 dx
Z

V
div pT

3 dx

1

C
C
C
C
C
C
A

:

�f�\�p

div P :=

0

B
@

div pT
1

div pT
2

div pT
3

1

C
A =

0

B
@

@p11
@x1

+ @p12
@x2

+ @p13
@x3

@p21
@x1

+ @p22
@x2

+ @p23
@x3

@p31
@x1

+ @p32
@x2

+ @p33
@x3

1

C
A

�q�S�X�q�z (C.4) �x�Í�w�‘�O�t	{�V�Ú�d�”�{
Z

V

D
Dt

(� v) dx =
Z

V
div P dx :

V �w�Ú�™
Q�T�’

(C.5)
D
Dt

(� v) = div P (in 
) :

���X�w�s�M�ê
Q�v�.�p�x

P = � pI + 2 �E

3 �«�Q�y�z�–�¬�º�w�Ú�™�w�: x �t�0�`�o�z V �q�`�o x �›�¤	ú�q�b�”�•�›	��“�z�s�Ü (C.2) �w�†�%�›�f�w�•�w�.
u�p�Â�l�o�T
�’�•�w
R���› 0 �t�Ù�n�Z�”�Ã�v�›	��”�q�z x �t�S�M�o (C.3) �U
R�“�q�m�\�q�U�˜�’�•�” (�H 1 
æ�w�«�®���É�w�Ã�v�q�`�o�µ�S�›
�˜�”�¯�›�_�‘ )�{
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�q�>���p�V�”�{�\�\�p p = p(x ; t) �x�v�.�w�y�—�z I �x�o�•�Â�ï�¹�ç (�o�•�æ�» )�z � �x �ê
Q�p (�ê
Q��
: ,
coe�cient of viscosity) �p�K�“�z�‡�h E = ( eij ) �x

eij =
1
2

�
@vi
@xj

+
@vj
@xi

�
;

�b�s�˜�j

E =

0

B
B
B
B
B
B
@

@v1
@x1

1
2

�
@v1
@x2

+
@v2
@x1

�
1
2

�
@v1
@x3

+
@v3
@x1

�

1
2

�
@v2
@x1

+
@v1
@x2

�
@v2
@x2

1
2

�
@v2
@x3

+
@v3
@x2

�

1
2

�
@v3
@x1

+
@v1
@x3

�
1
2

�
@v3
@x2

+
@v2
@x3

�
@v3
@x3

1

C
C
C
C
C
C
A

�p���[�^�•�” �ê�ˆ���S�Â�ï�¹�ç (�ê�Â�ï�¹�ç , �!�����S�Â�ï�¹�ç ) �p�K�”�{���o�s�-�‰�p

div P = � gradp + � (4 v + grad div v)

�U�˜�’�•�”�{�\�•�› (C.5) �t�E�Ö�b�”�q�z

D
Dt

(� v) = � gradp + � (4 v + grad div v) :

�\�•�U�s�M�ê
Q�v�.�w�á�ˆ�”�-���›
¯�b�M���Ü�p�K�”�{

� �U��
:�q�>���`�z
ú�í
•
ü�w���[ D=Dt = @=@t+ v � r �›�E�Ö�b�”�q�z

@v
@t

+ ( v � r ) v = �
1
�

gradp + � (4 v + grad div v) :

�h�i�` � := �=� �q�S�M�h�{ � �x �ˆ�ê
Q��
: �q�z�y�•�”�{ � �U��
:�q�M�O�>���T�’�z
‡�y	V
Q	Ú�E div v = 0
�U
R�“�q�m�w�p�z

(C.6)
@v
@t

+ ( v � r ) v = �
1
�

gradp + � 4 v:

�\�•�U
‡�y	V�ê
Q�v�.�w�á�ˆ�M���Ü�q�`�o���Ê�s
�Æ �ð �Ÿ �¤�~�µ �Ä �” �« �µ

Navier-Stokes �w�M���Ü (Navier-Stokes equation) �p

�K�” 4�{

�ê
Q�›�Á�¹�`�h
@v
@t

+ ( v � r ) v = �
1
�

gradp

�› Euler �w�M���Ü (Euler equation) �q�z�•�{�‡�h
‡
¢���ò�›�Á�¹�`�h 5

@v
@t

= �
1
�

gradp + � 4 v

�› Stokes �w�M���Ü (Stokes equation) �q�z�•�{

(�Í
…�x Stokes �w���g�w	Â�Ì�p�K�”�U�z Stokes �w�M���Ü�q Stokes �w���g�›�\�œ�s�t�Ù�X�t���‚�o�K�”

�Š�x�Ý�`�M�p�K�–�O�{���t
Â�l�o�•�l�h�˜�Z�p�x�s�M�{ )

C.5 Stokes �w���g�w	Â�Ì

Stokes �w���g�x�z Green �w���g�t�<�£�`�o	Â�Ì�p�V�”�{

4C. L. H. Navier (1823), George G. Stokes (1845).
5 
¢���=�p�x�s�X�z
‡
¢���ò�›�®�Á�¹�¯�`�h�‹�w�p�K�”�\�q�t�«�™�{
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���g 3.5.1 �w	Â�Ì ' �  : I ! R 3 �x�z R 3 �º�w�à
ü�$�t C1 �ƒ�w�Â
¢�q�s�”�{�f�•�› � �p
¯�b�\�q�t�b

�”�{
¢
u
ü�w���[�t�‘�“

Z

�
f � dr =

Z b

a
f (' ( (t))) �

�
' 0( (t))  0(t)

�
dt:

�°
`�t 2 �Í�i�Õ�«�Ä�ç x , 2 � 3 �æ�» A, 3 �Í�i�Õ�«�Ä�ç u �t�0�`�o�z

x � (Au) = ( Au)T x = ( u T AT )x = u T �
AT x

�
= ( AT x ) � u

�U
R�“�q�m�T�’ 6�z

(C.7)
Z

�
f � dr =

Z b

a

�
' 0( (t))T f (' ( (t)))

�
�  0(t) dt:

�Õ�«�Ä�ç	Ô ef �›
ef (u ) := ' 0(u )T f (' (u ))

�t�‘�“���[�b�”�q (�\�•�› ' �t�‘�” f �w�¾�V�í�`�q�z�•�\�q�U�K�” )�z (C.7) �x�Í�w�‘�O�t	{�V�Ú�d�”�{
Z

�
f � dr =

Z




ef � dr :

�b�Y�™�p�¬�T�Š�”�‘�O�t

(C.8) rot ef = rot ( f � ' ) �
�

@'
@u

�
@'
@v

�

�U
R�“�q�m�w�p�z Green �w���g�› 
 �p�“�‡�•�”�–�¬ D �t�&�;�`�o
Z

S
rot f � n d� =

ZZ

D
rot f (' (u; v)) �

�
@'
@u

�
@'
@v

�
du dv =

ZZ

D
rot ef (u; v) du dv =

Z




ef � dr :

�•�Q�t Z

S
rot f � n d� =

Z

�
f � dr

�U
R�“�q�m�{�\�•�U	Â�Ì�b�‚�V�Ü�p�K�l�h�{

(C.8) �w	Â�Ì�U�’�l�o�M�”�U�z�\�•�x�o�s�”�-�‰�p�K�”�{

rot ef =
@ef 2

@u
�

@ef 1

@v
=

@
@u

 
3X

i =1

f i (' (u; v))
@'i
@v

!

�
@
@v

 
3X

i =1

f i (' (u; v))
@'i
@u

!

=
3X

i =1

f i (' (u; v))
@2' i

@u@v
+

X

i;j

@fi
@xj

@'j
@u

@'i
@v

�
3X

i =1

f i (' (u; v))
@2' i

@v@u
�

X

i;j

@fi
@xj

@'j
@v

@'i
@u

:

' �U C2 �ƒ�q�>���`�o�K�”�w�p�z�È�%�H 1 �ò�q�H 3 �ò�x�'�j	«�`�ù�M

rot ef =
X

i 6= j

@fi
@xj

(' (u; v))
�

@'j
@u

@'i
@v

�
@'j
@v

@'i
@u

�

=
X

(i;j )=(1 ;2);(2;3);(3;1)

�
@fj
@xi

(' (u; v)) �
@fi
@xj

(' (u; v))
� �

@'i
@u

@'j
@v

�
@'j
@u

@'i
@v

�

= rot ( f � ' ) �
�

@'
@u

�
@'
@v

�
:

6 �è	×�w�º
u�w�G�ø�p	{�X�q�z (x ; Au ) = ( AT x ; u ) �q�s�”�{	×�Ý�$�s�¬�Ü�p�K�”�{
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Ç �å D misc

D.1 �„
Q�.�w�M���Ü�T�’ P �þ�z S �þ�w�M���Ü�›�‹�X

1.3.7 �w�ð�w�r�t�›�Ô�b�{

�„
Q�M���Ü

(D.1) �
@2u
@t2

= � 4 u + ( � + � ) grad (div u ) :

p := div u , s := rot u �q�S�X�{ (D.1) �w�†�%�t div �›�„�r�\�`�z

div
@2

@t2
=

@2

@t2
div;(D.2)

div 4 = 4 div;(D.3)

div grad = 4(D.4)

�›�;�M�”�q�z

�
@2

@t2
div u = � 4 div u + ( � + � ) 4 div u

= ( � + 2 � ) 4 div u

�•�Q�t

�
@2p
@t2

= ( � + 2 � ) 4 p:

(D.1) �w�†�%�t rot �›�„�r�\�`�z

rot
@2

@t2
=
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rot 4 = 4 rot ;(D.6)

rot grad = 0(D.7)
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H�„�T�’�Ë�Š�h�’�z 19 
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j�f�¶�s�Ä�E�U�Ú
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Q�…�^�•�”�\�q�x�„�q�œ�r���§�M�s�M�{�¯ (�Ñ�•� �ï�Ú�ï
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�g�¶ [19] �‘�“ )

E.1 �Õ�«�Ä�ç�r
s�w�€
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�y�/�$�s�Õ�«�Ä�ç�r
s�x�z�?�>�»�¶	��w Oliver Heaviside �w [29] (1893) �q�ä�—�¶�p���Ê�s Josiah
Willard Gibbs (1839{1903, ���� ) (1881, �¬�å�x�Ž�<�t�Ô�b�‘�O�t 1901) �t�‘�l�o
T�Q�’�•�h�{�†	��q�‹�z

James Clerk Maxwell (1831{1879)�t�‘�“�ì
R�^�•�h�?�Ó�>�¶ ([30], 1873) �›
:�¶�$�t
T�g�b�”�w�U�è�$

�p�K�l�h�{

�\�w��	{�x�z�T�s�“ Gibbs �›���t�`�o�`�‡�l�h�w�p (�Ì�å�ï�µ�›	��”�h�Š )�z J. W. Gibbs �w�¶�^ [27]
�t�m�M�o�z

http://www-groups.dcs.st-and.ac.uk/ ~history/Mathematicians/Gibbs.html

�T�’�¾�;�`�o�S�X�{

Gibbs' work on vector analysis was also of major importance in pure mathematics. He �rst
produced printed notes for the use of his own students in 1881 and 1884 and it was not
until 1901 that a properly published version appeared prepared for publication by one of his
students. Using ideas of Grassmann, Gibbs produced a system much more easily applied to
physics than that of Hamilton.
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Heaviside �t�m�M�o�z	–	¦ [9] �t	í�‘	{�M�o�K�”�{
z�±�$�7�Ù	Z�h

Paul J. Nahin, Oliver Heaviside: The Life, Work, and Times of an Electrical Genius of the
Victorian Age, The Johns Hopkins University Press (2002)

�•�z��
j�’�`�M

Michael J. Crowe, A History of Vector Analysis: The Evolution of the Idea of a Vectorial
System, Dover Publications (1994).
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�s�S�z Green [28], Maxwell [30], Heaviside [29] �x�Ö	��U�0�›�p�z�ó� �p�K�”�w�p�q�“�K�Q�c�¡�‰�w�x
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1Sir William Rowan Hamilton (1805{1865, Ireland �w Dublin �t
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:�w
C�_ (1843) �Ž�Ž�t�‹�r
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E.2 Gauss �w
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E.3 Stokes �w���g
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[ 1873, �H�Ë
[
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[ 1891) �w Preliminary �w Article 24 �x

THEOREM IV. A line-integral taken round a closed curve may be expressed in terms of a
surface-integral taken over a surface bounded by the curve.

�p�•�‡�“�z	Â�Ì�’�`�V�‹�w�U	{�M�o�K�l�o�z

..., so that we get �nally,
ZZ

(l� + m� + n� )dS =
Z �

X
dx
ds

+ Y
dy
ds

+ Z
dz
ds

�
ds; (11)

where the �rst integral is extended over the surfaceS, and the second round the bounding
curve s.
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This theorem was given by Professor Stokes,Smith's Prize Examinations, 1854, question 8.
It is proved in Thomson and Tait's Natural Philosophy, §190 (j ).
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