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HX |

Q AHOMWBENA, HigdH, L A—

© HIER DB (i X)
o (%) e /52 X D WA 58 ALt )
o il & 557X
o KK DIREND 7 1 75 A
@ itk rpicBin 2 SR
o AN ZHFE - 5l
o Jiifk, WEE, Ty, B
@ X7 MR DFLE « AR
WEWs B
e o R L JEEM SRR
VW]
JHHE) 7R
EARET VL
Stokes DIFARNEE, Newton JitfAk
RiPER, seaiifs GERGEETRMA), Rtk
K EELZDREEIZ DWW T

JE P2 iE i 459 ~FRERTE (2), WD A (1)~
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AEDIET E S

Navier-Stokes /i FE 3, Stokes T2z, Euler
BERSEAT:

) 72 FIRE D 72 8 D 54

Navier-Stokes HFER DR ICIL & Reynolds £L

Q =5k

BE B #%H htd T ST R 45 0 Il ~JERRE (2), Wik DD AR (1)~
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AHDGHRNA, EigdHE, LA — )

o HERDWE, WHIHBRAZML 7077 L2 /AL £,

o N ED RO FRAMNZLET, — ZNh 6 I OFHEDHK
b EC, WEDEER 2 LR TR 2 HIREREICD
WL 9, B FEETH 5 2 DS, ZnETICH
Wi L 7z Poisson FFEICH § 2 HIRER L LIIRES CRA S 2 & (I
ANRUZEGT IR B O 7 B BUZE 3 JEBRASIR D 52D, R 7 b OVAERE %L
ZARMBIE L T 5, PLEETIEATI, ) 23D LT 28T,

0 20D L AR— AT L £ (11/28 HIZ Oh-o! Meiji TR L
£7),

LA— FRUEA BIRZ 4 FICEE L 2 ZEHHE ico»TLR—
P&, KU 12 F 16 H (<2) 23:00, &3 PDF
(7077 2 EE2 MR LTRIT 285481, Bl7 74
M LTHREY) | $2HIE Oh-o! Meiji TfTH, AX
PDF 2D IXNBERI D5 £ HICT 5T L, 78
HFEBRSHB AR A HRE G052 L, JoHEICD
VTR X YR IR 2 B2 1T 9

B e htt ISR 25 9 ~FRERTE (2), WD A (1)~
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AHDGHRNA, EigdHE, LA — )

LA — b B HIREREEDLEEICET 2 AldE, BEAN RN &
BHEFEBR OV b ELo3H 22, HlZ21E, B
DL S 2BIROBILE FNICOVTHHL T, 20z f
REZHEICLk->TyIal—vav L THEER2ZONT
5, LWLIRETRY, KU 2023 41 H 18 H (ZKIE)
18:00. BRI TIEIZHEA LRIU, GEEOEWIRDLIC
b LD, BEERMKHICHHAL TS S )RR H %, )
KUNE—» HOL B 72DS, LB RIBZ I I LD T, BHN
CZ DN HIE L 2372T 7T, HNb&FRIRATNCIT) £ 9
X85 L, BIEROHHRHZERT 255600 5,

B e htt ISR 25 9 ~FRERTE (2), WD RN (1)~
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8.3 WEN A DWIIMEST S ERE  8.3.1 B & 55150

WENTEROWIHER FEMEZ I 7 n 77 L2 ffoTH LI,

(1a) %utt — Au ((x,y,1) € Q x (0,00)),
(1b) u(x,y,t) =0 ((x,y,t) € 92 x (0, 0)),
(1c) u(x,y,0) = ¢(x,y), ue(x,y,0)=v(x,y) ((x,y) € Q).

u"=u(,t) ELT

2) <un+l+;+un_l,v) = (A", v) =W, v) (veX).
P =¢. utITOoVTIE, BEROFBRPEZ NS,
@ Taylor IEFT 1 JGERL (AT DY ¥ 7L - 70 75 L THRA)
u(x,y, At) = u(x,y,0) + u:(x,y,0)At = ¢(x,y) + ¥(x, y)At
@ Taylor BT 2 X!
u(x,y, At) = u(x,y,0) + us(x,y,0)At + MA#

2

= u(,7,0) + el v, 0)AE + S Au(x, y,0)

(cAt)?
2

= ¢(x,y) +U(x,y)At + Ad(x,y).
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8.3.2 K DIREID 711 77 I

BTN Tu s L2 HELTH S, MEHEEICE T 5 X Dirichlet Bit
DT, KEDROIRBBIR D E 7L & RRTE 2 (UL L 2858 3%
fi##3 Bessel BB THEARIIK ),

( ¥—3IFNTIHLTAT

curl -0 https://m-katsurada.sakura.ne.jp/program/fem/taiko.edp )

plot() T|,dim=3] & L7Her, MENH & 5 > THRET 20035025 9
i LU EBBIEL (top, bottom) ZHi< kI 12 L Tw 5%, HEp kK z o)
Te A BATTFE W,

B M #ish htt S B AEARE T 9 [l ~FIERIE (2), WA (1)~
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8.3.2 K DIREID 711 77 I

// taiko.edp
border Gamma(t=0,2*pi) { x=cos(t); y=sin(t); }
mesh Th=buildmesh (Gamma (40));
plot(Th,wait=true);
fespace Vh(Th,P1);
Vh newu,u,oldu,v,top,bottom;
func phi=1-x"2-y~2; func psi=0;
func topv=1.2; func bottomv=-1.2;
top=topv; bottom=bottomv;
real tau=0.01,Tmax=10;
real [int] levels =-1.5:0.1:1.5;
u=phi;
newu=u+tauxpsi;
problem wave(newu,v)=
int2d (Th) (newu*v)+int2d (Th) (-2*u*v+oldu*v+tau~2* (dx (u) *dx (v) +dy (u) *dy (v)))
+on(Gamma ,newu=0) ;
for (real t=0; t<Tmax; t+=tau) {

oldu = u;
u = newu;
wave;

plot(top,bottom,u,dim=3,value=1,fill=0,viso=levels,wait=0) ;
}
plot(top,bottom,u,dim=3,value=1,fill=0,viso=levels,wait=1);

S Hi B htd S B AT
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9 IS EN B SR

SENE, TEIFCHN G54 ARAE2 S LBNT 5

TR TREEEILED ICOVTIEE W, T 3HE T 5,

EELCBHEE L T\ 3 TInHEEREE RIS b, Mo L
LOIGHEBETE TV 2DTGEEHLZDT2), BEIECTZL 6 DER%Z LT
T,

o HWFKD-OD /) —
R e Qi A

2021 EJEHE 5 Ml R 5 4 F PDF, Al PDF,
bk (25T 72 7).

partl, part2, part3, part4, parth, part6, part7

LEFHL LT, —b. 53 [1], 8 [2], Chorin-Marsden [3] Z HIFTE L,

B e htt S B T

9 [ ~FIERE (2), Wil HED R (1)~
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9.1 A7 JHGE

9.1.1 Jifk, M, £, B

T (fluid) &1F, WEPRMED L)% s b zHAULL 72 bDTH 5 (Cf. H
R, RS, SRR,

EE, FES1, BEE, REEICOWTE, IBRIo TWw B T L T 5 (IR L
L), £9 0 FTERT DI, iﬁti@f»ﬁﬁm LTEL,

Wil ¢, B2 x = (x1,%0,x3) " (£7213 x = (x,y,2)") KB Bk DOEEE u(x,t)
LERT (v £ EBALDH D), u DET%E (v, u,u3) " 37)5‘43 (u,v,w)" &£ET, SI
B R T, FRIOHAIE m/s* TH 3B,

Rl ¢, BZi x ICB T BTMAEDEA%E p(x, t) £\ ) RdETRT, SIHAR TR, HAL
& Pa=N/m? TH % (Palx "$2H)L,) LiFits),

1 &M% 1013 hPa = 1.013 x 10° Pa. /KIZ 10m o7 & E DKL pg x KE =
1.0 x 10% kg/m® - 9.8 m/s? - 10 m = 9.8 x 10* Pa = 10° Pa = 1 &/F.

iRES Y- i-AES p(x t) TET, p>0 THD, SIHARTIE, BT kg/m TH 5,

15JE, 0°C T, KOEEIZ 1 x 10° kg/m?, ZRDOFHEEIL 1.3 kg/m®.

WEDREZ 0(x,t) (H5\IF T(x,t)) TR, SIBARTIE, BAIHENRE K
(Trey) L) THDH, >0 DI,
FIRZ £ 1ITBVT, u(, ) EXT7 P p(-,t), p(-t), 0(,t) IEFAH T —8TH 3,

B e htt
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9.1.2

FE

7 RO -

ZDAFA4 P, plt

INER

—DAH T =8, u

0 Op.
%
V= o |- Vp=gradp = 2s |
ax3 Ax3
3 Ouz _ Ouy
. Ox Ox3
V. -u=divu= 8“', V Xu=rotu= gil g? ,
oy Ox; Bug _ 37111
Ox1 Oxp
AU1
Ap = Vp—za2, Au=Vu:=|Aw
AU3
BB %ﬁﬁ@AiVukamvwvw)kwiﬁ&%ﬁickﬁ%%(Wiﬁ
E=3(Vu+(Vu)") D& %kE2H), KA LD LIS,
Qu  Qu  Bdu
Ox1 Ixo Ox3
(Vu)" = %’ﬁ % g%; =u  (u DY aEfF5).
dus dus dus
ox  Ox  Ox3

#i B htt

9 ~FRERTE (2), Wi

—fRDORT AL ET B,
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0.1.2 X7 FIVENTDEL S + 3

P =(py), Q= (gy) KHLT P:Q #RATED 3,

3
P:Q:=) pjaj.

ij=1

DToRrRZESHSN TV 2,

div(grad p) = Ap,

rot(grad p) = 0,

div(rot u) =0,

rot(rot u) = grad(div u) — Auw.

#i B htt & ~FRERTE (2), Wi
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9.2 WrEMIY

(DD D, Wik u 526N T3 ET S, )
R § 2 A4 7 =35 £ IS L, YEMS (material derivative, Lagrange #43) & I3

Df _ of of o il

(3) E = a u - Vf at =+ 2 ax,-.

TEHRIND, FEOWIUSH > TEBT 2K T x(t) (PF D x/(t) = u(x(t), 1)) IKHL
d Df
4 (x(2). 1) e D X(t0), 0)

BIR D 0 (IR OB X ) EHHES), TAbE
VR DT > THEEIT 2K T4 5 8 £ 2 BINT 2 & ispzss 2F

Dt
N7 MV F = f(x,t) = (A(x, t), h(x, t), B(x, 1) L TEIRD LS ICED S,
iy %’;1 % +u-Vf
% % 4+u-VhH
KRIZ F SRR OMEY u TH D L Z, i{}luﬁiﬁ?@ﬂﬂﬁfg‘f% %,

B e htt JEFH B AT
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9.3 gD S & JEE RS

BHRMAEIND LVIREZT S &

dp . _
4) 5t + div (pu) = 0.

I EEHDFHTEI (the continuity equation, the equation of continuity) & PSS,
WD div (pu) = gradp - u + pdivu 12X D, (4) 1
Dp

(5) Dt + pdivu =0
LEHEEY S,

% =0 Zilifc T & &, ZDOWAKIZIEERE (incompressible) TH % £, T DEMA
(6) dive =0

LIEMETH 55, 25 6 I3FEEMRMY (incompressibility condition) & EEIFIXN 3,
GE  p DERR S IBIEEMITH 205, JEHAETH->TH p DWEHTH 2 LIFRS K\, )

B B ntdt B P B B o[l ~FENE (2), Wil ro R (1)~
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9.4 I )

WEDE /7 (WAEEELED) I "Bl Twa" L&, Hifkide /I
N2 BAES, PROHIPHTE Z 72 & &, NIZEME O (B Trd) bl
T2, 2O EZHEDIETIIIEEN (surface force) TH B L\ 9,

ST LT, EAOD X ) &, NIBEREICHST 2 12 8 (body
force) &\,

M DO%er, BALHERMS 72 ) O F1 2 5A (stress) LRSS, ZaUI~R7
FVTH D, BRI DAL SI AR TR Pa (/S AV) TH B,

JEIT I HERIE D17 S KA S B, M D HAIERRN 7 S VDS n (n @D
BSHNCREDR D D ZDSONNICE 2 235 5) TH 5 E / ITHEBIE
TIEH%Z p(n) EHCTHERT 5,

FR LI OFHZGA T, AR, AL S L, Wi

FEBICBIRT 203, B350 TH S, i EENDOBHRIZOWTIEE
ﬁj‘éo

B e htt ISR 25 9 ~FRERTE (2), WD A (1)~
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g1

gi3

WX =a BB N%E (O‘,’z) i R R

o1 012 013
(7) o:=(oj)=|ou o2 ox
031 032 033
EBZE. o % (Cauchy D) 6TV I (the Cauchy stress tensor) &5,
—MRIZIEST Y VIR T VYV (05 = 05) TH B (FEBIRRED 6811 5),
¥ eI
o11m + 0122 + 0133
(8) p(n) =on= | oo1m + 022m + 0233
031M + 0322 + 033N3

D LD, Zid Cauchy D () LIS (H S\ IZEEL L LT Cauchy's stress
theorem),

B e htt Iy  (2), WD A (1)~
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9.5 yEHH) /TR

JEHT G2 e EHETERRERD X ) Ic—RINICET 5

Du
7272 L
S 4 g o
(10) divo = | 9 4 o2 4 Gou | (110D div).

oz dozp doaz
Ox1 Oxz Ox3

(REBHICIE, Gauss DFEHUEH Z I\ 25, )

B e htt i i (2), W IIED R (1)~
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0.6 EEAMEET V)L

RATERIND E 2EHRET VIV (EFT VI, strain-rate tensor, rate-of-strain

tensor) & W5

(11) E=E(x):=(ej), ej=ej(x):= % (g:

(FRARDHES, u DEREET VYL EV) DI ?)

1 0 O
I:=(d5) = (0 1 o) LEE, | BATFYVILETL,
0 1

B e htt

+ 8Uj
(9X,' ’

0 [ ~FEERE (2), F LD SR (1)~
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0.7 Stokes DA, Newton Jitfd

Stokes (1819-1903) 1%, Wiifkic D\ T DRAE % #HH L T Stokes DFRFAEIC £ & o
P (B S E=00LE o= —pl %), 200 oRADBMEHSND (29 TH2),

(12) o =al + BE +vE>.

S 51 Newton REDE (o1& E D 1XRA) 2ES &
(13) o= (—p+ Adivu)l +2uE

#2152 (HA - i [4] OEF 10.11), ST\, p EFIEEAER. p=p(x,t) ZAD T —
B#Tth 5,

RRIZIEHEME 22 Newton AR TIERADIEL Y 3D,
(14) o= —pl+2uE.
w VERETESR CREMERREL, REEE, viscosity), p = p(x, t) 1ZEFT (pressure) & WFIEILS,

(A Bifld dive = 0 Z2KE L &, EMFEREOHAIEAICR>TE, 20T
(13) ZRS W25, MANEZDT, A\ p Z2EIRRTT B Eh, 52RO oT
Wi, (MERZ & 2RFN Lamé O 1R, 2 B (AIER) vy unl, )

B e htt S FH B AT 9 ~FRERTE (2), WD A (1)~
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9.8 Ktk sEaiitth GERMMEIA), RhrERiAA

iR Z2RT DI n LVLIXTF ) 2 LbdH 2,

—RIZ p >0 THS, p=0 ThHNAHEZTERME (perfect fluid). 2\ IZFEREHE
A (inviscid fluid) EPFOY, > 0 TH Ik Z MR (viscous fluid) & PFS 1,

vz
1 e
(15) v=
TED, BRI (BRG1ESR, BIKE, kinematic viscosity) & 53,

%% % L TE L viscosity [viskdsati/visk3issti], inviscid [invisad], viscous [viskas]
B e htt JEFH B AT H 9 ~FRERTE (2), WD A (1)~
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0.9 /K & 225 DRI D W T

SIHRLRTIx, KithE & BRSO B IZ Z 12 Pa - s, m?/s.
@ 20°C DG, KEZBKDMIEREL. BRERBUIRDOEDED Th %, BRGIELR
BUzon T, 253K D 10 5REDOMEE LS,

REMELREL BRGTERR SR

K ] 1.016 x 103 | 1.004 x 10~°
2255 | 1.83x107% | 1.501 x 1075
o V7 FHHDRNEREUZX, KDOKIERED 60 ~ 80 FFREETH 5,
° 7k@*ﬁ/l¢{%§k@iﬂfiﬁg§1‘i% 1ITmRd

0 . L . L
3 20 a0 60 80 100

1: KOMHER ORI Rt
G REERR B (1S Pa - s), BERIZIRAE (izI2HR)

B H

#i & htt T B A i A
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9.10 A DIt & ESH

(TR ICHEEZ L TL 2R 2 L2HSREI LB D, )

o VitADNIE (u=0) LTWtUX E=0. I, 0 = —pl.
o JEEMESE A (u=0) THEHE, o=—pl+2-0-E=—pl.
WTNICE X, o= —pl BRHZDOLE, I

p(n) =on= —pln= —pn.
ThHb p(n) DIAIZFIE pn LT, REIFEN p ITFEL W,

RK (FADERER) Fold TOKDERIEL T2 & &) K 6320 2 1%, BEfilmic
FEHT, WLAFNBHZTH S, HOKREJIKERLFICL->T, #EEoH
FITRE SR, LW FHRTEEDOEICEALEADRH B, 20T
Wz WT, IBHIDFEETEN/EE TR ORI =01 =FEJ1, EREL
T, LIS QRELL %, IRELOEK D (KE7%) —2i%, TUKEIEL Tw3 & &
EVLI RS ZHE A T Rho 8 WnTH 5,

B e htt ISR 25 9 ~FRERTE (2), WD RN (1)~
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9.11 Navier-Stokes /i3, Stokes /iF23\, Euler ST

TR (9) 12, JEEAE Newton WADIGH T >V VDR (14) 2fRAT 2 &
Du

(16) Por = —grad p + p (Au + grad div u) .
FEEAESATZRAL T (p THl-T)

Du 1
(17) D= 7; grad p + vAu.

S NIRRT (R OB 7St & U447 Naier.Stokes HERTH 3.

YIESy Du/Dt = 0u/0t + (u- V) u OIFRIBIE (u- V) u ZEHL

(18) % = —%gradp—kyAu

% Stokes HIEI L 5, BLRNDY I aL—vavicARitansg (K4?),

el CRitE v = 0, JERGIERM) GG, HE R

Du 1
1 — = ——grad
(19) Dt p grad p

tl %, 4% Euler 7‘5&'?, LRSS,
B % htt AT 9 ~FRERTE (2), WD A (1)~
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E 1T i o s /5

[EfEETRAAR D56 0 R

Du

(20) PE

= —grad p + pAu+ (A + p) grad div u.

B [ #i %8 htt AR o 55 O ] ~ SRR (2), i SIED SRR (1)~
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BEREME L TRENRDDE 3 O\NT 3 (ficdb b 3),
@ Dirichlet IER &4

(21) u=>b (on dQ)
D&, BERTOMEEET 2544 % Dirichlet BEFEM: & FE5,

KRR DYk & B2l LT\ 2 & 22 (RS ik, WRR -3z < -
DVLTEID IR (MRRT & OXRE L 0) TH %, HBEFREM (no-slip
condition) LIES, ZOBARYEVERLL TWEE5IX, b=0TH205

(22) u=0 (ondQ).

Sy Y. [ uondo— / divu dx DIRD Lo0T. FFEGT
o0 Q

(divu=0) Tk, 21) D bix | b -ndo=0 %7 THERD B (—MBFHR

o9
ESIOR

BE B #%H htd T ST R 45 0 Il ~JERRE (2), Wik DD AR (1)~
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Q IHIEFRFH
B ECWAEDIET P 23302 > Twb & v )R Tl

(23) on="P (HERT).

(’ IVIARMBRENL SVH IOV, I al—yayv
CHECHTHRD, BEORL TR EDB o713 ?)

B e htt ISR 25 9 ~FRERTE (2), WD RN (1)~
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O BhIEFREH
PHARIT, BEED (VHED) IERITRI DB %3 0 (MR 2 R EHRKIT 75\,
WikD & HH3 e 0), WEDIGT DERYRITHI 0, LI G2 LIFLIE

EZ b,

(i) 3XILTHIUL

(24) u-n=0, (on)xn=0 (BRT)
(i) 2 KTETHIUL, B~ P A% £ L LT

(25) u-n=0, (on)-t=0 (BiH70).

LIFLIE DR L E u-n=00D2 k) LHRINEDT, 2 HIZ

EEELRNR S,

Q@ ERWAETHNE o= —pl THEHH., (WHT vV IVOHERMEZ K
S5 E)on=—pn. W22 OHOGEATHBINICH 2SN 5D
T.u-n=0DATIATHS (LEAKBVI LDV,

Q@ ZHpmikiginzg 254, 2 o0HOAERIZ, bW s "HARER
G 2 D RSB, TRAEZ RV, HohvAKS
I EBoTWBEANBE?

B e htt

BT R 55 0 Il ~FEEIE (2), Hik IFD AR (1)~
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9.13 @Y 2 M D 7 & D A

oy iR D2 — IS D B 72 ITId, HFED R, BRI, BiRS
(R UES iSRS Mo

COHETIE, DT 0% p BERE L TGEREITIN, 29 TROBAHICE) Tl
BHud, fycdifL ts <,

o R 0 DEEEZ GG, BOERO L) AR EBATE I LICk 2,

o W p OELEHZ LA, REHER p=f(p) ZHATZ I L0% 02,

0% p FERERET DL T D4 DDEMT u, p —HNITEE 2 EfFE N5,

FRIEATSEAT (D /T REX)

HEF) 77N (Navier-Stokes TR, Stokes 773, Euler TR, etc.)
VI B § % B AEAT

TR ICBE T 2 W% u(x,0) = w(x) (x € Q)

e eeeo

2 g qlie 512 p o< p. WIEVE{L 7 512, Poisson DWERIA S p o pl/Y, 22T (> 1) 3%
IV b e E—4EH (isentropic exponent) LIEENZERTH S, DMK 2 EMEDLNT 2 &
BEZBRERDDH L,

B e htt JEFH B AT H 9 ~FRERTE (2), WD A (1)~
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9.13 ) 7% D 72 8 DS

FEACBI L Tld, SRS o IS o RS e 2 LITHERL £ 9,

ZNEHDUBRT 205, 41 LIE LISERE 1 ORE S 2550, HE. o,
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