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O AHOGHRANE, HfgHE, L A— FiE
© FHIEZRDBUEMRNT (i X)
o (&%) MBI D W) A 53 FLAE [ el
o il & 5315
@ KFEDIRFD 7’0 7' L
© itk e Bin 3
o HARNZHFE - fl
o il WA, HJy, B
@ X7 FIUEITDFLE -
YEM %
e R & IEEAESE
I
JHE)
EAHET VL
Stokes DIEAAZARE, Newton JiifAk
KRR, seaimids GERTERA), Ktk
o K& ZELRDREEIC DO WT
@ Navier-Stokes T2, Stokes HTEZ, Euler AR

B e htt JE P2 iE i 459 ~FRERTE (2), WD A (1)~
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AHDGHRNA, EigdHE, LA — )

o BIERDE, WEIHBERXZML v 7 02N L £,

o MMAENFOHBEADFHEMNELET, — 2005 ZDHEHEDOMK
b h F T, WkOZEE) R TR RN 3 HREREICD
WTFER L 9, FEDSH LEETH 2 2 LD, ZNFETICH
BI L 72 Poisson /TR § 2 AIRERIE L ITREC R L LT L (I
/INBIZE S JE PR CUS 7e < BRI ZE 3 ISR R D 32D, X7 B OVIERS %L
AR E T 5, PLEETIEAT, ) BHY LT 2 HEHTT,

0 2OV A—MEEZBL £7,

LA— FE A BiAR 7 A4 FIc8ifi L 2 EHHE I2owTL R —
Mk, ®YNE 12 H 17 H (£88) 23:00, &k PDF
(7a 77 5% x ke LCTRINT 28581, 37 74
ML THRY) | $2H1E Oh-o! Meiji TIT 9, AX
PDF 2SO IENER TP 5 LI T35 &, 8
EEEBRPS R 2 ERE &0 5 2 L, ZoHEICD
WTUE X YRR IR R 2 R 21T ) .
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AN, HFEHIE, LA — )

LA — i B ARREREREIMEICEE T 2 A #E, BNt &
BEERODH L ELL2RH B L, HlZIX, By
DR S 2 HROBILE FILIZOVWTHHAL T, 2z H
BREFRICE-> Ty T ab—ya vy LTHEEREZOWT
5, EVWIHINETRY, XUNE 202241 H 14 H (0#)
18:00. AL HRITHEIFFEA LRIL, GEROEWRDLC
bR an, BEEREHICHHL TH 5 ) WRlEY»H 5, )
FYNE— 7 AL BESE7E03, AR Z IZ S LD T, 25X
CZ DN EE L 232CT, H S &FAIRTIAT) 2 &
(—01 H 11 HIZEM Zoom S =74 ¥ 7ddH 3), K&%
W& 23% 256 3 HHRIN 2 ER T 256038 %,

B e htt ISR 25 9 ~FRERTE (2), WD RN (1)~


http://nalab.mind.meiji.ac.jp/~mk/ana2021/

8.3 WEN A DWIIMEST S ERE  8.3.1 B & 55150

WENTEROWIER FEMEZ #7077 L2 ffoTa LI,

(1a) %utt — Au ((x,y,1) € Q x (0,00)),
(1b) u(x,y,t) =0 ((x,y,t) € 92 x (0, 0)),
(1c) u(x,y,0) = ¢(x,y), ue(x,y,0)=v(x,y) ((x,y) € Q).

u"=u(,t,) ELT

(2) <un+l+tnz+un—l7v) =W v) (veX).
utIZDOWTIE, BRI IBEZ6ND,
@ Taylor BT 1 JGERL (MT DY v 7 v - 7'a 75 L CHHA)
u(x,y, At) = u(x,y,0) + u(x,y,0)At = ¢(x,y) + ¥(x, y)At.
@ Taylor BT 2 X!
u(x,y, At) = u(x,y,0) + us(x,y,0)At + MA#

2

= u(,7,0) + el v, 0)AE + S Au(x, y,0)

= o0 ) + 0l )ae+ D ng(, ).
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8.3.2 K DIREID 711 77 I

YN T AR LTCH D, HIBMHERICE T S EX Dirichlet Hi5
DT, KEOBOIRBIESR D€ 7L LR T E 2 (B L 2548 13 0%
fi##3 Bessel BB THEARIIK ),

( ¥—3IFNTIHLTAT

curl -0 http://nalab.mind.meiji.ac.jp/ mk/program/fem/taiko.edp )

plot() T |[,dim=3] & LMy, I & 5 - TIRET 20085053
i LT U E B2 (top, bottom) ZHi < X HIC LT3, ffEp iz -
7= A BZTT S0,

B M #ish htt S B AEARE T 9 [l ~FIERIE (2), WA (1)~
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8.3.2 K DIREID 711 77 I

// taiko.edp
border Gamma(t=0,2*pi) { x=cos(t); y=sin(t); }
mesh Th=buildmesh (Gamma (40));
plot(Th,wait=true);
fespace Vh(Th,P1);
Vh newu,u,oldu,v,top,bottom;
func phi=1-x"2-y~2; func psi=0;
func topv=1.2; func bottomv=-1.2;
top=topv; bottom=bottomv;
real tau=0.01,Tmax=10;
real [int] levels =-1.5:0.1:1.5;
u=phi;
newu=u+tauxpsi;
problem wave(newu,v)=
int2d (Th) (newu*v)+int2d (Th) (-2*u*v+oldu*v+tau~2* (dx (u) *dx (v) +dy (u) *dy (v)))
+on(Gamma ,newu=0) ;
for (real t=0; t<Tmax; t+=tau) {

oldu = u;
u = newu;
wave;

plot(top,bottom,u,dim=3,value=1,fill=0,viso=levels,wait=0) ;
}
plot(top,bottom,u,dim=3,value=1,fill=0,viso=levels,wait=1);
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10 Wik aicBin 2 /iR

SEN, TEIFCHEN G54 AR L S LBNT 5,
TR TR EILED ICOVTIEE W, T 3iHE T 5,

FHRChIE L T b NDHERBEL CIRIHICRESH D, Homicd L
HLOICHETE TV EDT, BERELTZL50EREZ ATV (25EH
A ELZE50HERTERV),

o MiFDIOD ) — T

TR BIEL & iR 15

http://nalab.mind.meiji.ac.jp/~mk/complex2/intro-£fluid.pdf

o 2021 fEJE5 5 MG« A 7 4 | PDF
http://nalab.mind.meiji.ac.jp/~mk/complex2-2021/AC05_0518.pdf
PDF 7 7 A4 L4 AC05.0518.pdf D & 5 % mp4/ACO5_x.mp4

(x=1,2,---,7) ICIEHZHZ 2 &, BEERID URL 127 %, HHUET 2
k 72 6:]\0
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10.1 AR 722 FHEE

10.1.1 jidk, B, By, B

TE (fluid) & X, WEPLAED L) % Hins b0 2HEHKLALLDTHS (Cf. B
A A, A

M, LS, . ROV, SR> TV0B T E T B (ST L
Lv), £90 9 CFECRT BN, B AR TH <,

W% ¢, Bl x = (3, %, x3) | (7213 x = (x ,y,z)T) CB BTADOEEE u(x, t)
LRT (v LHGADLD D), u DRD%E (v, u,u3)" HD0VIE (u,v,w)| EET, SI
B R T, RO OHAIE m/s* TH 2B,

Kl ¢, f7iE x IS8T BWEOEA%E p(x,t) £\ I FHTET, SIHMR T, B
& Pa=N/m? TH % (Palx "$2H)L,) LiFits),

1 %H1Z 1013 hPa = 1.013 x 10° Pa. ZKIZ 10m > 7z & E DKHE X
1.0 x 10% kg/m® - 9.8 m/s? - 10 m = 9.8 x 10* Pa = 10° Pa = 1 &/F.

TEDOZEEL p(x,t) TET, p>0 Ths, SIHMFRTIH, Hilld kg/m® TH 5,
0°C Tix, KOFEEEIZ 1 x 10° kg/m?, 2R DHEIEIE 1.3 kg/m>.

TEDREZL 0(x,t) (H5\VIE T(x,t)) TET, SIFILRTIE, HAIZERE K
(szlzl:u LHG) THH, 0>0 YKL,
FIRA t I2BWTL u(, t) 1ERZ FAE p(-,t), p(-,t), 0(-, t) 1 EAA 7 —8TH 5,

B e htt
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10.1.2

FE

X7 b OVIERT

ZDAF4 FTE, plk

—MRDAH T =8, uld

—RDOXT F VB ET B,

0 Op
V=|as | Vep=gradp=|52],
2 2
o 9Op
Ox3 Ox3
3 Ouz _ Ouy
) ou: Ox Ox3
V. u=divu = l, Vxu=rotu= |2u _9u
ox;’ Ox3 Ox1 ’
" Xi Au ou
i=1 Ouy _ Oup
Ox1 Oxp
AU1
2.
Ap = Vp_g 62’ Au=Vu:=|Aw
AU3

BB TEDO N V

\5V H

#i B htt

(Vul Vur Vuz) £\ itikz )

ZEBBH DL (BRI

= 1 (Vu+ (Vu)T) Ok alad ), KADHD 5 < & ISR,
Qup  Qup  Oup
Ox1 Ixo Ox3
T ou du: ou: / Ay
(VU) = Bixf Bixz Bixi =u (U DY a tﬁﬁﬂ)
Qu3  Quz  Ou
Ox1 Oxp Ox3

i 9 ~FRERTE (2), WD RN (1)~
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10.1.2 X7 b VT DS « A3

P = (pj). @=(qj) KHLT P:Q #RATED 3,

3
P:Q:=) pjaj.

ij=1

DTorRZESHSNTW 2,

div(grad p) = Ap,

rot(grad p) = 0,

div(rot u) =0,

rot(rot u) = grad(div u) — Auw.

#i B htt & ~FRERTE (2), Wi
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102 WESY 2

(Ftk23H b, Wil v 526N T3 ET 5, )
KA 2 A 7 =35 £ IS L, MBS (material derivative, Lagrange #43)
.

3) Df of

bt =tV Z T
CEEIND, WOV TEBIT 3 KT x(1) (Oi b x(£) = u(x(t), £)) 1L
d Df
FUCOR EATORS

DI D 32D (GBI OWIIIEIC X VIR S), T4abb

FHERDWIUCI > CGEEN S 2K T2 585 £ 28N % & KR %’:
X7 IV F=Ff(x, t) KHLTHORDE ) ICED 5,

Df eli

) L u VA
bt Df; ot

Df; of:

B 52 +u-Vf

BRI £ DSEOMIES u TH2 L F. 22 bR T OMEE TS 3,

B e htt JEFH B AT
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10.3 i D S A & IR ST

BHRMREINDL LLIREEZT S L

dp . _
(4) 5t + div (pu) = 0.

I EEHDFHTEI (the continuity equation, the equation of continuity) & PSS,
B DI div (pu) = grad p - u + pdivu 12X D, (4) 1

(5) % + pdivu =0
LEZEY S,
% =0 &3 & E, ZOWMIIIEER (incompressible) TH 2 &9, ZDEMIE
(6) divu =0
LAMTH 25, T b 5 IZIEEMEEE (incompressibility condition) & ¥HEIEIEH 2,
CE p DVEBR S ILIEEMTH 253, IEEMTH-TH p WWEHTH 2 LIFRE %A, )

B B ntdt B P B B o[l ~FENE (2), Wil ro R (1)~
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10.4 I3/

WEDE , (WAL EL) I L Twa" L&, WiEIEE /I
N7 BT, PROHIFHCE 2/ L & 3BT ORI (3E i)
H$ 2, T EE2FHEPIRAZTIIIEREN (surface force) TH 5 &
b)io

CHUTR LT, BEHD X ) I, IdMERICHBIT 2112 F88&AH (body
force) &\,

M D% G, BALNE Y72 D DN ZIBA (stress) &IPS, TaUd~
7N THY, HEAT DAL SI LR TIE Pa (SAAIL) TH 5,

W) AT D18 3 (kAT %, BRI ORI 2 R 4D 0 (n D
BT RICiED D ). 2 DKM E 2 236 2) ThH 3T /2 IHEDIIE
FIEH% p(n) LFOCHRT 5,
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10.4.0 I 1T v Vv

gi1
Ml x =a IKBIBIENZE (op| ET2LE
oi3
J11 12 713
(7) o:=(oj)=|ou o2 ox
031 032 033

EBZE. o % (Cauchy D) 6TV I (the Cauchy stress tensor) &5,
—HIZIESIT Y VIR T VYV (05 = 05) TH B (FEBIRRTD 6811 5),
¥ eI

o11n + 0122 + 0133

(8) p(n) = on= | oo1m + 02m + o233

031M + 0322 + 033N3

D ILD, Zdd Cauchy D (£2) &I S (H BV IFER E LT Cauchy's stress
theorem),

B e htt Iy  (2), WD A (1)~
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B R

JEHT G2 EHEERRIERD X ) I RINICET 5

Du
7272 L
S 4 g o
(10) divo = | 9 4 o2 4 Gou | (110D div).

oz dozp doaz
Ox1 Oxz Ox3

(REBHICIE, Gauss DFEHUEH Z I\ 25, )
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10.6 EABHEE T >V L

RATEHRINDG E 2EHRRETVVIL (BT VY, strain-rate tensor,
rate-of-strain tensor) & W25

_ (&), e —en(x) = L (O 0u
() E=E() = (o). a—el) =3 52+ 58).

(kOIS u DEAHIET > VL LI D ?)

[:=(05) LBE. | 2BREUTVYVILETS,
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10.7 Stokes DIAZEE, Newton Jiiffk

Stokes (1819-1903) . WDV TORE LI L T Stokes DRAEABICE L ®
7o (k. HH, E=00LE P=—pl %X), Zhh o XADEIND,

(12) o =al + BE +yE>
& 51 Newton RIEFEDHE (o1& E D 1XA) 28 &
(13) o= (—p+Adivu)l +2uE

2135 (A - i 7] O0EH 10.11), 2T A, p BIERER. p=p(x,t) EAH T —
BI%cH 5,

FRICIEFER 7 Newton Wi TIEREAL D 320,
(14) o= —pl+2uE.
p VERRTESE CREMEGREL, REEE, viscosity), p = p(x, t) 1ZEFT (pressure) LWFIEILS,

(Bh) BB dive = 0 Z00E L v, EMIEREOPIEDEA > T &7, T
FAREZ DT, A p % EIERGT 2 L, S DR GoTORL, (Hk#R? L.
ZNZN Lamé OF 1EH, 5 2 FH (MHER) L) ne, )

B e htt S FH B AT 9 ~FRERTE (2), WD A (1)~
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10.8 MR, sEaiitfd GERMMUA), RhrERiis

iR Z2 LT DI n LVLIXTFZH) T LbdH 2,

I >0 TH D, p=0Th2VihzTE2MRE (perfect fluid), H 5\ IZFEREIETR
& (inviscid fluid) EWECY, > 0 TH 3k % HEMETRE (viscous fluid) LIES T,

vz

1 —F

(15) v=

TED, BRI (BRG1ESR, BIKE, kinematic viscosity) & 53,

W% F LD TE: viscosity [viskdsati/visk3:sati], inviscid [invisad], viscous [viskas]

B B ntdt B P B oo M ~FRERE (2), Wik o (1)~
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10.9 7K & 225 DRI DT

SI Hify R Cl, MR LBk R DB Iz Z L Z N Pa-s, m?/s.

@ 20°C DA, K EZBKDMIEREL. BRERBUIRDEDEY TH %, Bk
IZDWTIE, ZER03KD 10 fEFREDEZ LS,

RIS BRGER

K ] 1.016 x 103 | 1.004 x 10~°

2255 | 1.83x107% | 1.501 x 1075

o V7 FHHDRNEREUZX, KDOKIERED 60 ~ 80 FFREETH 5,

o KRR @iﬂfﬁ%@!‘g% 1R Y

0 . L . L
3 20 a0 60 80 100

1: KOMHER ORI Rt
GEBNLKER (BLIE Pa - s), BEANZIREE (HAIZHR)

B H

#i & htt T B A i A
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10.10 Navier-Stokes /72, Stokes /T2, Euler T2
TR (9) 12, JEEAE Newton WADIGH T >V VDR (14) 2RAT 2 &

(16) p% = —grad p+ p (Au + grad div u) .
FEEAESATZRAL T (p THl-T)
Du 1
(17) D= 7; grad p + vAu.
CAR=R

Z NHDSIEESERETRAA o E B R E L TH AR Naler-Stokes FERTH S,

YWEMST Du/Dt = Ou/0t + (u- V) u DIEFPBIHZ L L 72

(18) % = —%gradp—kyAu

% Stokes AIER LIS, BLNDT I 2L — avItARIEIN S,

SeRWAE (Kitk v = 0, JERETENUA) %G, EERER
D 1
(19) ﬁ‘: = grad p

tl %, 4% Euler 7‘5&'?,3:"},&

T HfhT 9 [ ~FIERE (2), Wil HED R (1)~
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E 1T i o s /5

[EfEETRAAR D56 D RAIX

Du

(20) PE

= —grad p + pAu+ (A + p) grad div u.

B [ #i %8 htt AR o 55 O ] ~ SRR (2), i SIED SRR (1)~
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10.11 HEHRSAE

B L TRENRDBDE 3 O\NT 5 (ficdb d 3),
@ Dirichlet IER &4

(21) u=>b (on dQ)
D&, BERTOMEEET 2544 % Dirichlet BEFEM: & FE5,

KRR DYk & B2l LT\ 2 & 22 (RS ik, WRR -3z < -
DVLTEID IR (MR T & OXRE L 0) TH 5, HBEFREM (no-slip
condition) & IES, GIZIEZVELEIEL TWE45 51, b=0TH205

(22) u=0 (ondQ).

SR Y. [ uondo— / divu dx BIRD EoDT. G
o Q

(divu =0) Ti&, (21) D b % / b-ndo =0 Ziii7c§ HEBH 5 (—RFHR

o9
ESIOR

B e htt S B T 9 ~FRERTE (2), WD A (1)~
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10.11 BE55A:

Q@ IHEREH
B E RO P Yo TWw» 3 & v IR TIE

(23) on=P (Hi%i7C).

(290 IRBBENL BB ISR, L Tal—say
IIFRC TR, )

FEOH 0 ntt BT R 55 0 Il ~FEEIE (2), Mk ¥ AR (1)~
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10.11 HEHRSAE

Q BLERKH
Yk ©, JHEED (MDD IERITIR DRI 0 (WE 2 2SI 2o,

YikD & 3N\, MBS OERRA 0, L)z LIFLIE
EAB,

(i) 3 XILTHIUE

(24) u-n=0, (on)xn=0 (¥RT)
(i) 2 XL THIUL, BT P Lzt LT
(25) u-n=0, (on)-t=0 (BH7T).

LTI TR Z u-n=0D 2 L) LIREINBEDT, 2 Al
FHEEEBNS,

Q@ ZEAEWETHIE o= —pl THEHS, (BT ¥ VIO %K
ET B LE)on=—pn. W22 DHDOHRATHBINICH I N5 D
T.u-n=0DATTITHS (LEABWVIELRW),

Q ﬁ’\/iﬁ’m% 295456, 2 0HOLENZ, wbws “HIRER
M 2 b sgEICEN R,

B e htt JEFH B AT 59 ~FRERTE (2), WD A (1)~
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10.12 JEY] 2 D 72 & D 5

W IRROME —RITED 2 72Dz, oA RA, EBT A, BiRA
LRI UES ISR S o

COMBETIE, U 0 p FERE LTHRETIN, 29 THOBAIE ) UL
Fods, IS HIILTH <,

o L 0 OELEEA B A, BHRAD LI B HRAZEAT S 2 LIck 2,
o W p OBMLEEABEAE, WEHRR p= f(p) #HAT S 2 EHLL 2,

0% p BEMEIRETDE, LTDADDEMT u, p BW—BWIZET 2 LHIRFI NS,
@ IFHEMESMH (ERtDITRRN)
@ EHH R (Navier-Stokes /2T, Stokes 2, Euler /2R, etc.)
@ IiHICPYT 2B AAE:
@ TRHICBET 2H%EM u(x,0) = w(x) (x €Q)

2 g qlie 512 p o< p. WIEVE{L 7 512, Poisson DWERIA S p o pl/Y, 22T (> 1) 3%
IV b e E—4EH (isentropic exponent) LIEENZERTH S, DMK 2 EMEDLNT 2 &
BEZBRERDDH L,

B e htt JEFH B AT H 9 ~FRERTE (2), WD A (1)~
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10.12 JEY] 2 D 72 & D 5

FECBI L T, SRS S IISF o RS 2 2 ISR L £ 9,

ZNEBDLBIRT 225, AR LIELISERE T ORES 2555, HEEE
u, p B (a)—(d) Zi7T & &, FEEOEH C ISHLT u, p' = p+ C 7 (a)~(d)
BT I LIRS HTH D,

JEH p 1 DICEDBICIE, EXh1ETOEZIEELLD,
(26) /p&ﬁﬂx:0($%ﬁ0hﬁm
Q

EVI)EZDT D T HREDND S,

B e htt JEFH B AT
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10.13 Navier-Stokes /X DR ITTAL & Reynolds %4

EZTOLMEICHNZEX, X lconT, filh “REWE" E L U 2> T
rx gt r_u ro_
(27) X = t = Wk U=, pos

EBLE, X & BIERIGTOMNERTHY, o & p ZERTTONEBREHTH S,
x' 1ZDWTOD gradient, Laplacian % V', A’ £EL Z

puzP

Lizd s e
ou’ / N o 1.,
(28) 8t,+(u-V)u——gradp+§Au.
72720 R I
) g UL Ul

TR I N HRILE (dimensionless number) ¢, Reynolds # (the Reynolds number)
LWFEN S, e ZIFAT R EEHPND I LD S,

P RIS L, “ERIUL E 1172 Navier-Stokes SRR S5 B,
(30) ou

1
E—l—(u-V)u— —grad p + ﬁAu.
Reynolds #AYKE W & FISFEAL 9 5 K 9 Ic D, BEAITHLD5 <

( "Reynolds 3 +43/NE F ULy 23% ), BUEGTEINICHRE I (% 3,

B e htt

i (2), WA IIED R (1)~


http://nalab.mind.meiji.ac.jp/~mk/ana2021/

10.13 Navier-Stokes /X DR ITTAL & Reynolds %4

wmRITEAER (28) &N
o _oto _Ud
ot~ ot ot~ Lot

o 4 o
s Oxy Ox{ 3 5
_la ]l _1|a4 s _ 1_, _ 0 _ 1 ’
Vol T ma |t AT lae et
Io) / i— j
JCan Ix3 9 j=1 J
Ox3 87><367<3’

P E% Navier-Stokes AFEAUICUA LT

P {giUu' + (Uu’ - %V’) Uu’} = —%V’pﬂiéA'UU'«

L ot
e, Hilzn ML T
2 ’
[0 9] e
Wiz pU?/L CHl% &
ou’ ’ N 1 ’ 12 7
ot + (' -V)u 77va+ MA u'.

PR DEHE (p' = jzp, R=20) 26, (28) 2132,

B e htt Iy  (2), WD A (1)~
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