BB R A 25 12 [8]

~Navier-Stokes 72X 3§ 5 HRRERE (1)~

MPOLE FEL

EEE R
http://nalab.mind.meiji.ac.jp/ mk/lecture/
ouyousuuchikaisekitokuron-2020/

2020 12 H 14 H

B #i %8 http://nalab.mind.meiji S B AT R A 56 1 2020 £ 12 A 14 H 1/27


http://nalab.mind.meiji.ac.jp/~mk/lecture/ouyousuuchikaisekitokuron-2020/
http://nalab.mind.meiji.ac.jp/~mk/lecture/ouyousuuchikaisekitokuron-2020/
http://nalab.mind.meiji.ac.jp/~mk/lecture/ouyousuuchikaisekitokuron-2020/

Q AHODHERNA, HEHIH

@ Navier-Stokes 2RI 3 5 AR E R
o XL ®IZ
o §5/E3K
o X—7rv MY ZD55EAL
@ 551X (2a) DEMH
o X% 1 o0 HBEXOETHL
o JEH Stokes JTFEIND Dirichlet 57 S E R E
e X—% v MMEE L IFERL
0 b5 —ODFHER
@ RFNLT 4 —Ik
@ cavity MEZfANTAH S
0 Bifi (MAMZESME L infsup 5:1F)

¥ B #i %8 http://nalab.mind.meiji IS FEUE TR R 55 12 5 2020 £ 12 A 14 H 2/27


http://nalab.mind.meiji.ac.jp/~mk/lecture/ouyousuuchikaisekitokuron-2020/

AHDOHERNA. HigHHE

¥ B #i %8 http://nalab.mind.meiji i FE AL A 2020 £ 12 A 14 H 3/27


http://nalab.mind.meiji.ac.jp/~mk/ana/nonopen/fem-for-fluid.pdf
http://nalab.mind.meiji.ac.jp/~mk/lecture/ouyousuuchikaisekitokuron-2020/

MERNA. HIgHIHE

@ Navier-Stokes TEREROARERES I 2L —2arDizd, HEROEHIZONWT
BT %, BRI L 72 3 EOBERSEMHE2RA L 2RI EIBBNA T4 b

¥ B #i %8 http://nalab.mind.meiji i FE AL AT 3 2020 £ 12 A 14 H 3/27


http://nalab.mind.meiji.ac.jp/~mk/ana/nonopen/fem-for-fluid.pdf
http://nalab.mind.meiji.ac.jp/~mk/lecture/ouyousuuchikaisekitokuron-2020/

AHDOHERNA. HigHHE

@ Navier-Stokes TEREROARERES I 2L —2arDizd, HEROEHIZONWT
BT %, BRI L 72 3 EOBERSEMHE2RA L 2RI EIBBNA T4 b

@ EH Stokes STFER D Dirichlet A ERME L BRBERIE TR HIEEMRHT 5,
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@ Navier-Stokes TEREROARERES I 2L —2arDizd, HEROEHIZONWT
FAAS %, AR L7 3 FEOERGEHZ A2 Z e B2RTETADBNA T A b,
@ & Stokes FHER D Dirichlet BEFHEME % FIRERIE T HIEZ M T %,
Q@ 1 CEHLEDEIZES FEXIBENT %,
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@ Navier-Stokes TEREROARERES I 2L —2arDizd, HEROEHIZONWT
FAAS %, AR L7 3 FEOERGEHZ A2 Z e B2RTETADBNA T A b,
@ & Stokes FHER D Dirichlet BEFHEME % FIRERIE T HIEZ M T %,
Q@ 1 TEHLAEDLIZESFHERDBNT 2,
Q %ﬁ&:ﬁﬁﬂ:?é tfﬁc:—i‘ﬁ#&mt&)
Q={qge¥Q)] [ya(x)dx =0} 25 BEBZEMEEAT 2DNE
%O)f@ Dﬁf%%ﬂb) %@i FTWEEELIZ W, ZO07=H, RF)L
—EZEHWE a7 AR LR LIRS, ZREHENT 5,
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@ Navier-Stokes TEREROARERES I 2L —2arDizd, HEROEHIZONWT
AT 2, Wil U7 3STEHOBEREMZWMRA 2 2L 2RTEIADINA T4 |,
Q@ JEH Stokes J7FEF D Dirichlet B EE = ARRERIE TR TIEZEHT 5.
Q@ 1 TEHLAEDLIZESFHERDBNT 2,
Q@ HEICEALT 2 e ENC—EBEER Wz,
Q={qe2(Q)] [qa(x)dx =0} 5B EZEAT 2 DHE
BDPLOHTHBH, FOEETEELIZL W, 2D, RFJ)L
TA—EEHWE 07 AR LR LERIHEN S, 22T 5,
@ IO (B Stokes HFEIND Dirichlet S5 5 E) M R B ESRET
H5ZrZHAT 5, AREZLEMTHRIGEIC., —# inf-sup 5
Hr WO HONEEL LD, ZREIEMNCERERE/MZ#INT 5
ilzahnwzehd s (FlZE PL/PL). W5 Z BN T 5,
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@ Navier-Stokes TEREROARERES I 2L —2arDizd, HEROEHIZONWT
DY 5o HIEEERL L 7z 3 DM 2R 2 2L BRI L THDINA T4 b
@ JEH Stokes /7R D Dirichlet 5 FH HHE 2 HIRERIK T < JTEEZ T %,
@ 1 TEHHLADLIZESFHEXLMNT 2,
@ EHEIERLT 2 L ENT—BER W0,
Q={qe2(Q)] [qa(x)dx =0} 5B EZEAT 2 DHE
FEORD T THED, ZOFFETEFRELII W, 207D, RFIL
TA4—EZHVE 7077 AR LIELIEAHENS, ENEMNT 5,
@ IO (B Stokes HFEIND Dirichlet S5 5 E) M R B ESRET
HoZrriilT s, ARBEZALITHSGEIC, —HK inf-sup &
VWS HOPEEL R, ZHUIRMCEREREMZERT 25 &
ilzahnwzehd s (FlZE PL/PL). W5 Z BN T 5,
MR DM TRY, RELIPBTIE WS K0T 5 DT,
MR DRI 5 2 HRRERE [1]
(http://nalab.mind.meiji.ac.jp/ "mk/ana/nonopen/fem-for-fluid.pdf)

ERELE RV — Fi). FHTEAARICOWT, MBS TE S Gauss DFEBCER T TIZHD D
DI WD LARWY (ZREFEER AT DE S ARE[H D), [1] Offik B 288 X,
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@ Navier-Stokes TEREROARERES I 2L —2arDizd, HEROEHIZONWT
AT %, RIEIMRRL L 72 3 RADE RN ZRA 5 T ZRT L THHNA T4 b
@ EH Stokes /72D Dirichlet SiFHEE 2 HIRERIATHE  JTIRZ T 5.
@ 1 TEHLADLIZES FERBHNT 5,
@ EHEIERLT 2 L ENT—BER W0,
Q={qe2(Q)] [qa(x)dx =0} 5B EZEAT 2 DHE
FDRDTH 20, ZOEETEFFIRELICS W, 207D, RFIL
Ta4—EZZHWE 707 AR LELIENHE NS, Zh2ENT 2,
@ IO (B Stokes HFEIND Dirichlet S5 5 E) M R B ESRET
HBH eI 5, AREZRLLITHHEI, —8k inf-sup %
VWS HOPEEL R, ZHUIRMCEREREMZERT 25 &
ilzahnwzehd s (FlZE PL/PL). W5 Z BN T 5,
MR DM TRY, RELIPBTIE WS K0T 5 DT,
Mtz o RT3 5 BIRERE) (1]
(http://nalab.mind.meiji.ac.jp/ "mk/ana/nonopen/fem-for-fluid.pdf)
EHELE SRV = Ff), TSROV T, MEESTH S Gauss OFEREMZ TS5
DI WD LARWY (ZREFEER AT DE S ARE[H D), [1] Offik B 288 X,
Navier-Stokes /TR DEYIMEIIRFROMETH 2. L SIDIXERTH %, milElZDHHEE Y
RolDIIETh o7, gk TA EYIEICH Y 2%k 2o TH <,
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BREREE T L2720, HEFHENMCEHNT 5, IOIRASEMARWE W EREG R YA
DILA%EE Z T, MMIEIZ V(V - u) (= graddivu) 25 L7 HED SEH T 255K
ERNT 20, ZOhHE—DITERIL L WS DI TiEW, il 21X Dirichlet 5254
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FEREfiE < 72912 Newton IER 2R T 208D H 5, ZHUIZNT

EEFMEOGE ., AR EM OZBIT 2 2 K2, &V Reynolds £(D
BEWCREEORENEL 5, FAANOLPIEIZIRIETHHIERED X 572,

—HEARMN 2 EH Stokes HFEN72 51X YA L 5 5 &, Poisson HREX DS DN
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ERNT 20, ZOhHE—DITERIL L WS DI TiEW, il 21X Dirichlet 5254
DA, HoFERLERTHENT %,

T HERIERRE 72 51X, ARSI ICk 2, EEEER 51X, I
FEREfiE < 72912 Newton IER 2R T 208D H 5, ZHUIZNT

EEFMEOGE ., AR EM OZBIT 2 2 K2, &V Reynolds £(D
BEWCREEORENEL 5, FAANOLPIEIZIRIETHHIERED X 572,

—HEARMN 2 EH Stokes HFEN72 51X YA L 5 5 &, Poisson HREX DS DN
EN IR TR 2 8 RA SR OXEL S 8T, ZOHHd —HEL, 22

BRERET, RO 1 XLIHKN TS £ <METT. P2/PL % Plb/P1 & LK TR
LRV, RYBFSTRERLIA TSR, METEDIX—EHTH %,
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11.11I3C®IT TORIA4 FIEFMRIILES

(FE) BTN E Z Z#t(éﬁ@%oﬁﬁ\ﬁ%@%%%@ﬁfﬁof(ﬁﬁf%éi
SR LIFHEREHO VWS Z L)), H#MNR I L2 BRI LI EEZ TV
e, hrkrES XSk Tuvizn,

EEDRIBOBEFTHEOEMR TR, 2D REVHLS LKWV, FRDT
FEWHFTIXRE (ToeailcHMELTWARZ D, 7FAM - LRLIEDTETL
BRWEIRED TS, HROKAINTC LA RD TELDO2RH ),

H. FIAEDY Navier-Stokes HIERUTH T 2 AREREZ RN L ZAETEBALE
fRUIZIOIE, ZOR T TEBLOEMESL > THRVWEES (FVPF VT 1 DH S
BRI TH), £ F o TWi, Navier-Stokes HEERDEEF B OMEELINE -2 DI
P EARY/QRN

— /T, 5 TlX FreeFem++ IZRBEXNZ Y 7 b v 27035 272, LW 2IZHS
BLTHYIalb—yaVdHR2 L5 -oTVW3,

BHOMAFAIIH S 72  THEIIIHIR 2. [0 REEHHE Z o 72 & EFITHDIZTR W,
BES I 2L—arydbEI0I3858R-720T23 (ho0H3)DES S,

FNEHEZYO L DI2dh 28N 2 N0, EEEFMoBmIXFEE L 2o, THHAaD
FEAEBT B DEA S,
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11.2 55/ 1121 2—% v FiEE Z2o55ERL

R? (d =2,3) OFFRHEE Q OB, 0Q 1 T, To, T3 D352 2T 5,
ou

(1a) ot +(u-Vu+Vp—v(Au+V(V-u)—Ff=0 inQx(0,00),
(1b) V-u=0 inQ x(0,00),

(1c) u=g onTl;x(0,00),

(1d)  o(u,p)n=g: on T2 x(0,00),

(1e) u-n=0, o(u,p)n| n onTl3zx(0,00).

o(u,p) = —pl + 2vE(u),

E(u) = (ej(u)), ej(u):= 1 (8[1" + 8“]) .

N E an Oxi
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11.2 55/ 1121 2—% v FiEE Z2o55ERL

RY (d = 2,3) OHRMEH Q OHEFUEZ, 90Q 1 Ty, T2, T3 D 3HALERZ LT 2,
ou

( at+(u~V)u+Vp—1/(Au+V(V~u))—f:O in Q x (0, 00),
(1b) V-u=0 inQ x(0,00),

(1c) u=g onTl;x(0,00),

(1d) o(u,p)n =g on T2 x(0,00),

(

1le) u-n=0, o(u,p)n| n onTl3zx(0,00).

o(u,p) = —pl + 2vE(u),
Ew) = (ei(w). estw) = (524 5).

FEIEMESEME (1b) ZHRL TV 2 DIZ, + V(V - u) ZEDTVE DI, BTHH 2 05ER
FHES ELMO7DTH 5,

¥ H #i* http://nalab.mind.meiji S FEUE TR R £ 2020 £ 12 H 14 H 7/27


http://nalab.mind.meiji.ac.jp/~mk/lecture/ouyousuuchikaisekitokuron-2020/

11.2 55/ 1121 2—% v FiEE Z2o55ERL

RY (d = 2,3) OHRMEH Q OHEFUEZ, 90Q 1 Ty, T2, T3 D 3HALERZ LT 2,
ou

1a) a+(u~V)u+Vp—1/(Au+V(V~u))—f:O in Q x (0, 00),

(

(1b) V-u=0 inQ x(0,00),

(1c) u=g onTl;x(0,00),

(1d) o(u,p)n =g on T2 x(0,00),

(1e) u-n=0, o(u,p)n| n onTl3zx(0,00).

o(u,p) = —pl + 2vE(u),
Ew) = (ei(w). estw) = (524 5).

FEIEMESEME (1b) ZHRL TV 2 DIZ, + V(V - u) ZEDTVE DI, BTHH 2 05ER
FHES ELMO7DTH 5,

X(¢):={uec H(@ [u=gonl un=0onl:}, Vi=X(g) X:=X()
Q_:{ {g€12(Q) | (¢1) =0} (1 =09, ie [o=T5=0)

12(Q) (I # 09).
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1121 2—#v My 2o ER(L

FIMRDLSHITERDB &, (1a)~(1le) DIFENLITRD X512k 3,
Find (u,p) € V x Q s.t.

(2a) (%m) +a(u,v) + b(v,p) = (f,v) + [g,v] (veX),
(2b) b(u,q) =0 (q€ Q).
772U
3) a(u,v) = 21// E(u) : E(v) dx,
Q
®) bv.p) == [ pV-v dx
(5) [g2,v] = ~/r g -vdo.

(do BHFEESR (2 X0k BIFHER). BHT VYL o LIFERZW, )
(2b) OEHIIEHTH %, LI (2a) OB ZFHHT 5,
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11.2.2 55JEX (2a) DEH

EED ve X D, (1a) tAEZE D, QTHEHZ T3
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11.2.2 55JEX (2a) DEH

EED ve X D, (1a) tAEZE D, QTHEHZ T3

FE LTI OW TR YERE S 5, A48 2 HIZOWTIE, ZHET (?7) e FERIC

(Vp,v):/ pv-ndo—(p,V-v).
o9

K H  #i % http://nalab.mind.meiji S FF RS AL A

2020 £ 12 H 14 H 9

/ O
/27


http://nalab.mind.meiji.ac.jp/~mk/lecture/ouyousuuchikaisekitokuron-2020/

11.2.2 §5/F3X (2a) DEH]

EED ve X ZWD. (la) LWEZ LD, Q THEDT 5,

(6) (% V), ) +(Vp.v) — v (Du+ V(Y - u),v) — (F.v) = 0.

FE LTI OW TR YERE S 5, A48 2 HIZOWTIE, ZHET (?7) e FERIC
(Vp,v):/ pv-ndo—(p,V-v).

—J7. I 3 TEIZ OV, ﬁ@ﬁ%%ﬁﬁ%ﬁ%ﬁﬁﬁﬂﬁ%tﬂ%éo

M 1.1 (Aot T A GELAFTO T R0 DTR))

) (Au—|—V(V-u),v):2/

o E(u)n-vdo— 2/ E(u) : E(v) dx.

Q

7720 P=(p;), Q=(g;) GNLTP:Q:=>7 . pjgj £ ¥ %,

ij=1

# M #i % http://nalab.mind.meiji S FEUE TR 25 ] 2020 £ 12 H 14 H



http://nalab.mind.meiji.ac.jp/~mk/lecture/ouyousuuchikaisekitokuron-2020/

11.2.2 §5/F3X (2a) DEH]
FEEDO ve X ZED, (la) tNEZ LD, Q TEST %,

©  (Go+ @ Duw) (o) v (But VT u)0) - (Fv) =0

FE LTI OW TR YERE S 5, A48 2 HIZOWTIE, ZHET (?7) e FERIC
(Vp,v):/ pv-ndo—(p,V-v).

—J7. I 3 TEIZ OV, ﬁ@ﬁ%%ﬁ%ﬁ%ﬁiﬁﬁﬂﬁ%tﬂ%éo

M 1.1 (Aot T A GELAFTO T R0 DTR))

) (Au—|—V(V-u),v):2/

o E(u)n-vdo— 2/ E(u) : E(v) dx.

Q

72720 P =(p;), @ =(gj) TXHLTP:Q:= Z;{jzl pigi £ %,

CORIARREILICLT, e DHRXTIheloT(6) ZEZIRADL

(5 + @ Vuv) =5+ [ puendo
ot )

Q

721//@9 E(u)n-v d0+21//QE(u) : E(v)dx — (f,v) =0.
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11.2.2 55JEX (2a) DEH

pv-n—2vE(u)n-v=—(—pl+2vE(u))n-v=—c(u,p)n-v TH3h5 («<7EH)

®) (7+(,, V), >_(p,v..,),/;Qa(u,p)n.vdaJrzu/QE(u):E(v)dx—(f,v):o.
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11.2.2 55JEX (2a) DEH

pv-n—2vE(u)n-v=—(—pl+2vE(u))n-v=—c(u,p)n-v TH3h5 («<7EH)

(8) (——I—(u V)u, )—(P,V'v) f/. J(u,p)n-vdcr+2u/ E(u): E(v)dx—(f,v) =0.
o9 Q
M Tld. veX THBHZehH v=0 WIIT

/ o(u,p)n-vdo=0.
M
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11.2.2 55JEX (2a) DEH

pv-n—2vE(u)n-v=—(—pl+2vE(u))n-v=—c(u,p)n-v THZ205 («<iFH)

(8) (——I—(u V)u, )—(p,V~v) f/(;ﬂa(u,p)n- vdcr+2u/QE(u) tE(v)dx—(f,v)=0

M TlE veX TH2IEHH v=0 WZIZ

/ o(u,p)n-vdo=0.
M

M T o(u,p)n=g, TH2»5H

/a(u,p)n-vda:/gg-vda.
M2 M

¥ B #i %8 http://nalab.mind.meiji Jos BB A
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11.2.2 55JEX (2a) DEH

pv-n—2vE(u)n-v=—(—pl+2vE(u))n-v=—c(u,p)n-v THZ205 («<iFH)
(8) (——I—(u V)u, )—(P,V'v)f/. J(u,p)n-vdcr+2u/E(u):E(v)dx—(f,v):O
o0 Q
M TlE veX TH2IEHH v=0 WZIZ
/ o(u,p)n-vdo=0.
M
M T o(u,p)n=g, TH2»5H

/ a(u,p)n-vda:/ g - vdo.
M2 M
M3 Cl&. o(u,p)nid n AT T, vid v-n=0 Zifi/z3 DT

/ o(u,p)n-vdo=0.
M3
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11.2.2 55JEX (2a) DEH

pv-n—2vE(u)n-v=—(—pl+2vE(u))n-v=—c(u,p)n-v THZ205 («<iFH)

(8) (——I—(u V)u, )—(p,V~v) f/(;ﬂa(u,p)n- vdcr+2u/QE(u) tE(v)dx—(f,v)=0

M TlE veX TH2IEHH v=0 WZIZ
/ o(u,p)n-vdo=0.
M
M T o(u,p)n=g, TH2»5H
/ a(u,p)n-vda:/ g - vdo.
[ [}
M3 Ti&. o(u,p)nid n LFATT, vid v-n=0 Ziili’=50OT
/ o(u,p)n-vdo=0.
M3

©z12 (8) XA L FHTH 5.,

ot

9) (@—i-(u V)u, v)—(p,V~v)+2V/QE(u):E(v)dxf/ g - vdo—(f,v)=0.

Iy

CHEBIEAT AL (2a) 1055,
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11.2.2 §5/F3X (2a) DEH]
e ewoc [ (4

_72/ (8u, Av; Bu, 8\/J+
B Ox; Ox;  Oxj Ox;

H H

Ju; Ov; 8u; ov;
0x; Ox; 8Xj Ox;

=*§:/

1 Ouj Ov;  Ouj Ov;
o 2;/ (BXJ Ox; + Ox;j Ox;

9u; dvi
Ox; Ox;
Ou; 0v;
Ox; 0x;

RIGAR (fE 1.1 D&

ou; 6u1) 1 (8v,- 8\/_,-))
= + dx
6XJ 8X,' 2 BXJ 6X,‘

LA

8X,‘ BX,'

Ou; dv;
d A,“= A',‘

) dx  (CIHBEAMNT v OMAE u ke 3)

1 ou; Ou; 0°u; A2 u;
2 :zJ: (/ (BXJ Vil o Ox; an') 7 / <8 vi+ 6xj<9x, ) dx)

-~ Ou;  Ou; %u Pu .. I .
Z/GQZ<8X_, Xi)v,mda—Z/( 8x8x >dx (';Au_;Aﬂ)

/mz<ze,,n,) i U_/Z<

:/BQE(u)n~vdU—E/Q(Au~v+V(V~u)-v)dx. (REPHA&)

8u, 1o} u;
; Z S g
) +Zj:axj<ZaXi>wx
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1123 595ERZ 1 2D HEROETEL

A(u,p,v,q) = a(u.v) + b(v.p) + b(u. )

X£<O
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1123 595ERZ 1 2D HEROETEL

A(u,p,v,q) := a(u,v) + b(v, p) + b(u, q)
8L RO 2 OOMBEIFMETH %,

[ﬁ:‘iﬁl N

Find (u,p) € V x Q s.t.
a(u,v)+ b(v,p) =(f,v) (veX),
b(u,q) =0 (q€ Q).
N Y
. [l 2 ™
Find (u,p) € V x Q s.t.
(10) A(u,p,v,q) =(f,v) ((v,q) € X xQ). )
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1123 595ERZ 1 2D HEROETEL

A(u,p,v,q) := a(u,v) + b(v, p) + b(u, q)
8L RO 2 OOMBEIFMETH %,

[ﬁ:‘iﬁl N

Find (u,p) € V x Q s.t.
a(u,v)+ b(v,p) =(f,v) (veX),
b(u,q) =0 (q€ Q).
N Y
. [l 2 ™
Find (u,p) € V x Q s.t.
(10) A(u,p,v,q) =(f,v) ((v,q) € X xQ). )

(u,p) HE 1 OETHIUT, FE2 OB TH2 3T <025,
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1123 595ERZ 1 2D HEROETEL

A(u,p,v,q) := a(u,v) + b(v, p) + b(u, q)
8L RO 2 OOMBEIFMETH %,

[ﬁ:‘iﬁl N

Find (u,p) € V x Q s.t.

N Y
e i 2 ~
Find (u,p) € V x Q s.t.
(10) A(u,p,v,q) =(f,v) ((v,q) € X xQ). )

(u,p) HE 1 OETHIUT, FE2 OB TH2 3T <025,

—7% (u,p) BE2 OfFTHIIE, q=0TH2E57% (v,q) TOVWTEZ DL
a(u,v) + b(v,p) = (F,v) BEhrI, v=0TH2E5% (v,q) TOVWTEZDL
b(u, q) =0 DEPNBDT, (u,p) EME 1 DRTH 5.,
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1123 595ERZ 1 2D HEROETEL

A(u,p,v,q) := a(u,v) + b(v, p) + b(u, q)
8L RO 2 OOMBEIFMETH %,

[ﬁ:‘iﬁl N

Find (u,p) € V x Q s.t.

N Y
e i 2 ~
Find (u,p) € V x Q s.t.
(10) A(u,p,v,q) =(f,v) ((v,q) € X xQ). )

(u,p) HE 1 DFETHIUI, ME2 OETHDZLiZ 005

—7% (u,p) BE2 OfFTHIIE, q=0TH2E57% (v,q) TOVWTEZ DL
a(u,v) + b(v,p) = (F,v) BEhrI, v=0TH2E5% (v,q) TOVWTEZDL
b(u,q) =0 23EH»NZDT, (u,p) IHE 1 DETH 5,

Fi3. FreeFem++ TIEME 2 @ (10) @ﬁ/fﬁﬁﬁﬁ@hi%?é B2 REED %o
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11.3 ZEH Stokes T2 D Dirichlet 5 i E L &

11.3.1 X—%" v MRE Y 55ERIb

(11a) —vAu+Vp="Ff (inQ)
(11b) V-u=0 (inQ)
(11c) u=g (inT).

BREMFD VTN (T =T3=0) ZR>TWVWB I LIHEE,
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11.3 7B & Stokes FFEI D Dirichlet 55 FE R

11.3.1 X—%" v MRE Y 55ERIb

(11a) —vAu+Vp="Ff (inQ)
(11b) V-u=0 (inQ)
(11c) u=g (inT).

BREMFD VTN (T =T3=0) ZR>TWVWB I LIHEE,

FTHALZLSFHENME 2B SIEAT 2. RDEIITR 5,
Find (u,p) € V x Q s.t.

(12a) a(u,v) + b(v,p) = (F,v) (v e X),

(12b) b(u,q) =0 (q€Q).

=72 L

(13) a(u,v) = 21//Q E(u): E(v) dx, b(v,p):= f/Qva dx.
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11.3 ZEH Stokes T2 D Dirichlet 5 i E L &

11.3.1 X—%" v MRE Y 55ERIb

(11a) —vAu+Vp="Ff (inQ)
(11b) V-u=0 (inQ)
(11c) u=g (inT).

BREMFD VTN (T =T3=0) ZR>TWVWB I LIHEE,

FTHALZLSFHENME 2B SIEAT 2. RDEIITR 5,
Find (u,p) € V x Q s.t.

(12a) a(u,v) + b(v,p) = (F,v) (v e X),

(12b) b(u,q) =0 (q€Q).

=72 L

(13) a(u,v) = 21//Q E(u): E(v) dx, b(v,p):= f/Qva dx.

BRZEE D RD X 51272 %,
M@:{wewmf‘w:¢mr} Vi=X(g), X:=X(0),
Q:{qum)an:o}

¥ B #i %8 http://nalab.mind.meiji IS FEUE TR R 55 12 5 2020 £ 12 A 14 H



http://nalab.mind.meiji.ac.jp/~mk/lecture/ouyousuuchikaisekitokuron-2020/

11.32 3 5 —2D5ER

§11.2 THFAZ2EL L EI2

(7548 1a) @—|—(u-V)u—|—Vp—1/(Au+V(V-u))—f:O in Q x (0, 00)

ot
BB 02 B & T AR BIRD T A
(14) %—i—(u-V)u—l—Vp—uAu—f:O in Q x (0,00)

BOMDB L BB, LnLZOBAE. (HAK) B2 3 EREMEIE - T 3,
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11.32 3 5 —2D5ER

§11.2 THFEX2E & =T
(F348 1a) @—|—(u-V)u—|—Vp—1/(Au+V(V-u))—f:O in Q x (0, )

ot
BB 02 B & T AR BIRD T A
(14) gl;—l—( Nu+Vp—vAu—f=0 inQx(0,00)
MPHIHHDE KDL, LrLZDOHAER. (BAIR) R 2HEAEAESTL %,
(15a) —vAu+Vp=f (inQ),
(15b) V-u=0 (inQ),
(15¢) u=g (inTy),
(15d) —pn + 1/%?—“ =g (inl). (< #HHE)

on
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11.32 3 5 —2D5ER

§11.2 THFEX2E & =T
(F348 1a) @—|—(u-V)u—|—Vp—1/(Au+V(V-u))—f:O in Q x (0, )

ot
BB 02 B & T AR BIRD T A
(14) gl;—l—( Nu+Vp—vAu—f=0 inQx(0,00)
MPHIHHDE KDL, LrLZDOHAER. (BAIR) R 2HEAEAESTL %,
(15a) —vAu+Vp=f (inQ),
(15b) V-u=0 (inQ),
(15¢) u=g (inTy),
(15d) —pn + 1/3—2 =g (inl). (< #HHE)
ZOBERF. a DRODIC a1 L ESEXZMATRY (BIFHIAK), T72b5
(163) al(uv V)+b(V,p) = (fv V) (V GX),
(16b) b(u,q) =0 (g€ Q)
(Z'i??;'( /\_’u Ty o /Z/ ouj ()v,
vaxet 0x; ()>g
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11.3.3 RFILTFT 4 —iE

HEHINCIE. L0 (2 o/ L) ERILT—ISHIEES 0705, Q © & 510

(a,1) = / qdx 70 L E S LRI LA HRERZR GEMMIOZERM) %5 o
Q

L\,
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11.3.3 RFILTFT 4 —iE

HRICIE, L0 (2 oM L) ERILT—ISHLES 072, Q ® X 51T

(a,1) = / qdx 70 L E S LRI LA HRERZR GEMMIOZERM) %5 o
Q

L\,

ZDiH. EROREAE TR, RFLT—ELSIHEPLIELIE#EDNS
(FreeFem++ D~ =27/l Hecht [2] D §5.6 12 LEHDH 3), ZTHUE. NSWIEE
e (UTOBITE 107 22 1070 IR LT, u, p Db DIZ, ROMEDR v, p.
ZAES, WO HDTH 3,

Find (ue, p.) € V x [3(Q) s.t.
(18a) a(us,v) + b(v,p:) = (F,v) (veX),
(18b) b(uc,q) =ep. (g € L*(Q)).
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11.3.3 RFILTFT 4 —iE

HRICIE, L0 (2 oM L) ERILT—ISHLES 072, Q ® X 51T

(a,1) = / qdx 70 L E S LRI LA HRERZR GEMMIOZERM) %5 o
Q

L\,

ZDiH. EROREAE TR, RFLT—ELSIHEPLIELIE#EDNS
(FreeFem++ D~ =27/l Hecht [2] D §5.6 12 LEHDH 3), ZTHUE. NSWIEE
e (UTOBITE 107 22 1070 IR LT, u, p Db DIZ, ROMEDR v, p.
ZAES, WO HDTH 3,

Find (ue, p.) € V x [3(Q) s.t.
(18a) a(us,v) + b(v,p:) = (F,v) (veX),
(18b) b(uc,q) =ep. (g € L*(Q)).

COMBER—BENRMRER D, RO XS RIRAEFHEAR D 2O Z e AH STV
(Cl1F e ITE BRVIEDEL),

flu— UEHLQ +lp— PEHo,Q < Ce.

FBCIE, SOICARESALZ T2 81250, AR 4, p OFEXDD ¢ 217
INECHAUR, de, pe ITERRE L THEARWHDIZR S 2 e BHIRHIR S,
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11.3.4 cavity i Z N T H 5

TAROMET, ED “HLEb" efibhd Z & THAZ cavity flow DORIE (the
driven cavity flow problem) Z#f/ 3 %,

Q:=(0,1) x (0,1) (IEFBHER), I :=0Q,

| <8) (x=0 %7k x=1 F713 y = 0)
gulxy) = (&(()X)) (y=1),
g1(x) == 4x(1 — x).

(EAHEBORERD S b, EOAERWTHEIZ 0, £ TIEKES A X I2H X
4x(1 — x) THALTV S, )
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11.3.4 cavity i Z N T H 5

Stokes-cavity.edp (Fi3¥)

// example 1

// Stokes equations : regularized cavity flow problem
// COE-tutorail 2007, Atsushi Suzuki 2007/03/08

//

mesh Th=square(20,20);

fespace Vh(Th,P1b),Qh(Th,P1);

Vh ul,u2,vl,v2;

Qh p,q;
macro dii(ul) dx(ul) //
macro d22(u2) dy(u2) //

macro d12(ul,u2) (dy(ul) + dx(u2))/2.0 //
real epsln = 1.0e-6;

solve stokes([ul,u2,p]l, [vl,v2,q]) =
int2d(Th) ( 2.0*(d11(ul)*d11(v1)+2.0*d12(ul,u2)*d12(vl,v2)+d22(u2)*d22(v2))
- dx(v1)*p - dy(v2)*p - dx(ul)*q - dy(u2)*q
- p*qg*epsln
)
+ on(1,2,4,ul=0,u2=0) + on(3,ul=x*(1-x)*4,u2=0) ;

B M #i® http://nalab.mind.meiji i 2020 4F 12 A 14 H
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11.3.4 cavity i Z N T H 5

Stokes-cavity.edp (%)

real area = int2d(Th) (1.0);
real meanp = int2d(Th) (p) / area;

cout << "mean pressure = " << meanp << endl;

p = p - meanp;
plot([ul,u2],p,wait=1,value=true,coef=0.1);
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11.3.4 cavity i Z N T H 5

Stokes-cavity.edp (%)

real area = int2d(Th) (1.0);
real meanp = int2d(Th) (p) / area;

cout << "mean pressure = " << meanp << endl;

p = p - meanp;
plot([ul,u2],p,wait=1,value=true,coef=0.1);

AFLTET

curl -0 http://nalab.mind.meiji.ac.jp/ mk/misc/20201214/Stokes-cavity.edp;

FreeFem++ Stokes-cavity.edp
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11.3.4 cavity i Z N T H 5

Stokes-cavity.edp (%)

real area = int2d(Th) (1.0);

real meanp = int2d(Th) (p) / area;

cout << "mean pressure = " << meanp << endl;
P = p — meanp;
plot([ul,u2],p,wait=1,value=true,coef=0.1);

AFLTET

curl -0 http://nalab.mind.meiji.ac.jp/ mk/misc/20201214/Stokes-cavity.edp;
FreeFem++ Stokes-cavity.edp

% plot ([ut,u2],p,...) ELTHERLTWVS,
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11.3.4 cavity i Z N T H 5

Stokes-cavity.edp (%)

real area = int2d(Th) (1.0);

real meanp = int2d(Th) (p) / area;

cout << "mean pressure = " << meanp << endl;
P = p — meanp;
plot([ul,u2],p,wait=1,value=true,coef=0.1);

AFLTET

curl -0 http://nalab.mind.meiji.ac.jp/ mk/misc/20201214/Stokes-cavity.edp;
FreeFem++ Stokes-cavity.edp

% plot ([ut,u2],p,...) ELTHERLTWVS,

S p G AH 7 —=35THBDT, plot) WKHET L., FEMHPRRTE S (Poisson HERD L D
fRDOFRR & [FIER),
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11.3.4 cavity i Z N T H 5

Stokes-cavity.edp (%)

real area = int2d(Th) (1.0);

real meanp = int2d(Th) (p) / area;

cout << "mean pressure = " << meanp << endl;
P = p — meanp;
plot([ul,u2],p,wait=1,value=true,coef=0.1);

AFLTET

curl -0 http://nalab.mind.meiji.ac.jp/ mk/misc/20201214/Stokes-cavity.edp;
FreeFem++ Stokes-cavity.edp

% plot ([ut,u2],p,...) ELTHERLTWVS,
S p G AH 7 —=35THBDT, plot) WKHET L., FEMHPRRTE S (Poisson HERD L D
fRDFR & [FIRE).

ol v = (u, )T X2 KITARZ MABTH D, ul, u2 L LTRDTWVWE, Zh%E [ul,u2] L
T plot() ICHEFT &, AR (KH) TERENS, KHIOKZZIE A (KELF3), a (hal7F
%) CHHARETH % (arrow D ‘a’ 725 ),

¥ B #i %8 http://nalab.mind.meiji i FE AL A 2020 £ 12 A 14 H 18 /27


http://nalab.mind.meiji.ac.jp/~mk/lecture/ouyousuuchikaisekitokuron-2020/

11.3.4 cavity i Z N T H 5

il 7]‘&?‘
EAve

1

1: Stokes-cavity.edp DFEITHER

‘A B o THYLRHIZRE L LTHhLHRERIT
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11.3.5 Bk (1) #RBZ I E

Poisson ATEXDERIZ, §5EA (W) 23D 2 ZE 78 (V) L AHETH % Z & kb2,

Stokes FFIRADEED, H2HMOLESHELAMETH 2 ZBHSNT NS, FIUID
WTHIHL X 5,
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11.3.5 Bk (1) #RBZ I E

Poisson ATEXDERIZ, §5EA (W) 23D 2 ZE 78 (V) L AHETH % Z & kb2,
Stokes FEROMED, H2EOLHBELFAMTH S Mo TVWD, FHUuD
WTEHHL &5,
£(v,9) = 3a(v,v) + b(v,q) — (F,)
B,
IR (S)

Find (u,p) € V x Q s.t.

(19) L(u,q) < L(u,p) < L(v,p) ((v,q) €V x Q).

¥ H #i* http://nalab.mind.meiji Ji F R AIE AT

2020 4F 12 A 14 H 20 /27


http://nalab.mind.meiji.ac.jp/~mk/lecture/ouyousuuchikaisekitokuron-2020/

11.3.5 Bk (1) #RBZ I E

Poisson ATEXDERIZ, §5EA (W) 23D 2 ZE 78 (V) L AHETH % Z & kb2,
Stokes FEROMED, H2EOLHBELFAMTH S Mo TVWD, FHUuD
WTEHHL &5,
L(v,q) = 5a(v, v) + b(v,q) ~ (F,v)
B,
IR (S)

Find (u,p) € V x Q s.t.

(19) L(u,q) < L(u,p) < L(v,p) ((v,q) €V x Q).

(19) &, (u,p) D’ L D¥ERTH 2 I 2 EKRT 2D T, BHRBLHMHRE (saddle point
problem) X I3 3,

Cf. f(v,q) =v?—q> 53, (u,p) = (0,0) IFMEMRTRNE 2T (B TH3):

f(u,q) < f(u,p) < f(v,p) ((v,q) € R?).
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11.3.5 Bk (1) #RBZ I E

Poisson ATEXDERIZ, §5EA (W) 23D 2 ZE 78 (V) L AHETH % Z & kb2,
Stokes FEROMED, H2EOLHBELFAMTH S Mo TVWD, FHUuD
WTEHHL &5,

L(v,q) = 5a(v, v) + b(v,q) ~ (F,v)

B
fel’E (S)
Find (u,p) € V x Q s.t.
(19) L(u,q) < L(u,p) < L(v,p) ((v,q) €V xQ).

(19) &, (u,p) D’ L D¥ERTH 2 I 2 EKRT 2D T, BHRBLHMHRE (saddle point
problem) X I3 3,

Cf. f(v,q) =v?—q> 53, (u,p) = (0,0) IFMEMRTRNE 2T (B TH3):
f(u,q) < f(u,p) < f(v,p) ((v,q) € R).

(u,p) PHEROETHZ e, ME (S) OMTHZZLAFAMETHZ I ERTD
X, FEZEEMETHZ (BT T22EBbhdDT, BED),
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11.3.5 B7E (2) inf-sup S

B/NRIZE IR (V) o, BB DRE (S) 8oV T, P —BICIFET 2 Z e 2R
AET A EHEMHNL LD EZ TS (KREDED 204 LOEL). B2 7RI
SWTI. 2 BHENTHS 2 ¥ (inf 220 S 0), b 25 inf-sup Bk

vev vl
_ b(v, q)
20 inf sup —7———=— >0
(20) a€Qvev |l9lle ||V||v
R VAR IR i R AN
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11.3.5 B7E (2) inf-sup S

BoVIZE SRR (V) . BAURE ST (S) 190oWT, WA —EINCHEET 3 2 & 2R
AT BEHMEMNL LS L EZTWBA (BRIZED 250 LDLED)., BAmZs e
DVTIE, a HHENTHS ¥ (inf) ‘aﬁ""';’) > 0), b 7' inf-sup £fF

v V V

- b(v, q)

inf sup —————

acQvev |l9lle ||V||v

BT e 5, IOICHREZRALZEITSHEICIE. ROZGELPBEL 25,
@ H2 a>0BPHELT. TH/NhIWERED h iZ LT

(20) >0

a(vh, va)
Vi [[vallve

> o (—HERETE).

@ H% B>0DBFELT, T/ NI WVEED h IR LT

inf sup (v Gn)
AhERh v, eV, llall, ||Vh||v,,

> B (—%k inf-sup ).

ZD S5 BE— infsup SR, Vi & Qn DHEIADBERT 2 Z L ICHE, HITARERZE
FOERHICE > TE. ZOEEPWINZNI D D,
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11.3.5 B7E (2) inf-sup & (Fi %)

BIZE P1/PL (MO [E B XM 1 RBEATIER) 12, T O—HE infsup HEE iz &
N3, BRI LR UIEEIEMHTES %,

P2/P1 (FEBUZ XA 2 RETAR, [EINZXAM 1 REIR) % Plb/PL (FORIZIKAY 2
REIER, EREA 1 RETER + L) @il LT3,

o LT

[fespace Vh(Th,P1b) ,Qh(Th,P1); }

YLTWVWBDIZHEH, Qh IZ2W T, Poisson ARERD ¥ & ¥ ARIC P1 (K9 1 X%
HR) BREHVTWAH, Vh iIZDWTIE. P1 bubble (KIBEESR, Plb H 3 W
Pl+ ¥ &R7¥) ZHVWTWAS, Hu#IZ P1 bubble, /2 P1 ZHWV 3HA&HE% MINI
BHRYHIER (5L,
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A, EYIMEIC BT 2 33 BRI 0N R ETH - 7-)

fROTEE, —RIE, MO (FIHIE - BFUAR L D) 7 — 2B F 2 Bt b Lo b &,
Z OMREIZEY] (well-posed) TH 3, X5 Do

Navier-Stokes FTEDBEIMEIX, RIFRRERDDITE 2 HEERHIEMNRTH D, LWV
HRFIIR Y500, BENE LTE, AR 3] 2R T2, ALEVRS, SV
A [4] BEFAR (SHR? BEZDBDHNIAFLTBLERVDYD),

Fi3Z5EDTH 5,

FEINZOWTIEERE AT E 2580520 (R TEZ 28 ENTIE, p 23RS
B p+C(CIEER) dMTH3, tWwH Ik, EEMEVIREEBVTHEE
WV o

Stokes ST, BETENTH 205, BYMFITOWTHIEDITMERBESNT
Wb, B2 [4] O 2 F TR LS ERERE] |, 8358 TTRENZENRT VoL
Gl o, 284 TEUBIEERERE) 12, Stokes HERIT OV TOBFANERE D #H - T\ 5,

Euler TR, BB TH D, 2RDFITDV, HEEEF L FoHAEDMR
FE L TR A [5] 0355, MIRICE L DEFEMBBFILT 572, Stokes T2 213
2L Bz 5 HHEERT,

Euler 7203, Navier Stokes HFEATHRINIZ v - 0 (& R — 00) DBREZE 572 %
DTH B, ZOfE. v DV/NZWIHE D Navier-Stokes XD L 1Z0272 h #ig %
(25TH3),
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A EYIHECEE T 2 H

Naiver-Stokes /i 2 DEH I OWTIE, [AX Dirichlet Fi55eD & & Tl LUITAH
%D 30,

0 DRUT (MM Y ARIT/NE L TH) EWMIIFET S

o NN BUINIERMBI—ETDH S,

o NNWH-oTH, MMESPTHRETNR, ERBI—ETDH 5,

° SiHid o T MtV NI WEEIE, EHRIEEIFEL S 2.

Naiver-Stokes SRR D IEEHERIEIZ. B 3 XTTDEE. WhW 2 7 LA %D I L
=7 A ERA SR, Do D#FTH B,
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B EXREZE B.1P2EH

2R x , y D2 XRZHEA LI
ax2+2bxy—|—cy2—|—px+qy—|—r
DFZE L TWb, 2 REHEALERDOERL 6 KITOMLERTDH %,

AR SAOBERCHET 3, SETHER. &= LT 2 KEER L —8F
BEIRE K 2 REBER LR, =Y K Lo 2 REERLkE PA(K) LT,

A K OTER%Z P, P, P 2 L. TNENOXLDHRE Py, Ps, Ps &35, %72,
HREEEEEE A1, A2, A3 £ 5% (LUHGD Ly, Ly, L3)e TRDB N & 1 XREHAT,

(21) (P =65 (i,j€{1,2,3}).
b1 = M(2A1 — 1), 2 := Aa(2X2 — 1), o3 := A3(2As — 1),
b4 = AXoXs, Ps = AX3\1, Pe =AM\
LBL, ZNHEITRT2RZEATHD, KA x5,
oi(P)) =465 (i,j€{1,2,---,6}).
{6}, 13 PA(K) OEETH D, {TED v e PX(K) ZRD &I IcRKRIN 3,

6

vV = Z V(P,')(,b,’.

i=1
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B EXEZE B2 PlbEZH

(i)
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