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5 2 XILOBRERE

55 2 [ DIZZETH - 7= Poisson TR DHEFAREZ BT, 2 ZOTHEIC BT 2 HIRE
REZHHT 2 (FH [1]).
(BVWHT) Q E R oFRERT. Z0ER T ZRSWCHAEL»THZ T3, %
7z Ty, Do 150

I':Fluﬂ, I'lﬂl'ng], I'17é®
BT T, F- Q=R g:T1 =R @: 1 = RPEXSNIZL X, RD Poisson
HEXOGFEMEEE 2 5,
-~ R (P)

RAEWiT2F v R k-
(1) —Au=1f inQ,
(2) u=g only,
3 u =g only,
on
\

ZZT nild T OANAIEBATERRY b vERT,

K& 1 ZTeD5E L AR, () SERZNOFRICHEREZ#S £ 228, (i) B
MRS 2 T THEBRAIRETH S L 2 ET 2 TANER RS,
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5.1 ZAFBERADZE L X7 1 XZHER

I QC R WKL, QB =A e (1 < k< Ne) ICHEIT 2:

L ZOOMTHENLMER Q 2 =fEo &t a3 2

Ne
Q BBABTHVIED, Bifta 2o TwT) Q=] e ¥%5 2 i3MIFTER,
k=1

#=AKe AR (AR) Z3R1e L35,
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5.1 ZAFBERADZE L X7 1 XZHER

72U, BRbR, TEM HAMUO=AFDOL LICH S Z LRI 2 Z8icT 5,

2. EARD, TEM, HRSMOBERDOH LICHZ, BATDIEXX

Ne (TR DI (the number of elements) T, 7B 25 ATl NELMT D X 5 RA&RTD
ZHRCHEEIND ZEDEW,

BREROTEAZHIR (node) L, {Pi}2, DL RXHFESEDFTHL,
m (3 Hi R DOFEL (the number of nodes) T. 71725 A TIid NNODE O X 5 7R AHTDOEEL
THEINhZ 20,
AR 120L0HE, RO = EROME + 1 v 5 fHREROERIL L TWiz,
(KHZ mEp L E m ZHWT, ZEHRZ o (1< k< m), HiKZ x (0< k< m)
LH/EEOT B KT, ) 2 DL EIR. D & 5 RERIE RV,
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5.1 —AMERADHE| & X771 1 RZIHN

Q LT, SERESK ¢ LT x Ly 0 1 XZEAEKCE LV OR, K
P 1 RZBIER WK, 202KE X TERDLT (X 132 2R TDRLEE),.

{ex}MNe, ¥ X OxE X 1 KAMRES (piecewise linear finite element) ¥
n?‘VS-\\‘O

QLD IR z=a+bx+cy DZ T 7 FFHETHZ0 5. X DZ T 71,
=N O =M 2SI o2 2 i’ Th 3,

TR D2 X,,, BB O X 13X D & 5 I1ITER,

(4) Ru={weX

>

W=z on rl}, X:{Oe)?

v=0 onrl}.

. (81 13 g1 WOEWVETHE LT WBIE)
X DEJEBEL i}, 1%

(5a) pieX (i=1,2--,m),
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5.2 =i e LD 1 X% L & (L, Li)e (L, L),

5.2.1 ZAFOHE

FH EO=MFEE e 2E R 5,

e L:Ejéﬁﬁ)ﬁ%\ }iﬁﬁ'ib b iz N,’ = (X,',y,') (i = 071,2) Zj_%)o
HTULIBLIZBEICR S DT, e OEHF |e| ZFELTHEI 3,

|e|=1det< XX X2
2 Y1—% Y2—Y%

= % [ —x0)(y2 — y0) — (y1 — y0)(x2 — x0)] -

1 XZHEA KL P 2 £ T
P := {0 | Bag, 1,02 € R)i(x,y) = ag + aix + sy} .

EED de P IE, 3HIA N, BT A o :=0(N;) (i =0,1,2) ZEETIUI
EES (v =0(P;) LRALEZVE S ICHCHETEDF), Zhid, EEIC

S TH 2 (CEIIZZ O Fo—HEi Fickv 3 SeiaEdiudE ). 7
B TRIEN D2 DT, TS 5,
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5.2.2 A EZDMHIEFEE L,

Himl N; T1, foffifT0oreiRd 1 XEHE L 35 (i=0,1,2), 2D

(6a) Lj € P,
(6b) Li(N;) = Li(x, ;) =65 (j=0,1,2).
(Lo, L1, Lo) 1% Pt OEIRICR %, FEBE EED 0e P

(7) U(xy) = u'Lilxy) ((xy)<e)
i=0

rRIND (MHEZZ 3 HAN; (i=0,1,2) TOMEIFELWV 1 XKEEKITFELWV),

EED P ce LT, 3 FEE (Lo(P), L1(P), Lo(P)) % P DEFEEEAE (area
coordinate) & % WX EDEEFE (barycentric coordinate) LFER, (L4 HE2H 5
FRY S ENET T, )

EED P c e IR LTRADHD LD,
Lo(P) + Li(P) + Ly(P) = 1.
(L D777 z=Li(x,y) DR FEHMEHNTEI 5, )
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Mathematica @ 2 — F{ill ¥ FZITHE5R

xs = {0, 3, 1}; ys = {0, 1, 2};
{a, b, c} = Inverse[Transpose[{{1, 1, 1}, xs, ys}]];
Lli_, x_, y_1 := allil] + b[[ill*x + c[[ill*y
xmin = Min[xs]; xmax = Max[xs]; ymin = Min[ys]; ymax = Max[ys];
gbase = RegionPlot[L[1, x, y] > 0 && L[2, x, y] > 0 & LI[3, x, y] > O,
{x, xmin, xmax},{y, ymin, ymax}]
gb=Table[Plot3D[L[i, x, y], {x, xmin, xmax}, {y, ymin, ymax},
RegionFunction -> Function[{x, y, z},
L1, x, y] > 0 & L2, x, y] > 0 && L[3, x, yl > 011, {i, 3}]
gc=Table[ContourPlot[L[i, x, y], {x, xmin, xmax}, {y, ymin, ymax},
RegionFunction -> Function[{x, y, z},
L[1, x, y] > 0 & L[2, x, y] > 0 && L[3, x, y] > 011, {i, 3}]
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Mathematica @ a — K| & SZ1TiE %R

4: FEp o Lo, Ly, Ly DY=7 (B
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5.2.3 HEFBIEDOFEDOHET & (L), L)

HREEIEOREOE IOV TIX, FHRAXHND 5,
0 IEDEEDEER I, j, k I LT

. ' . _ iljlk!
SEBR Po = (0,0), Py = (1,0), P = (0,1) THEN 2 =M% A ¥ L. 1 XEK
p:RP R %

¢(Po) =No, ¢(P1) =Ni, ¢(P2) =N»

o= 220 ()G

da¢wv%da( X A= )—ﬂd
Yo

X2 —Xo Y2 —

TED S, Eid

BRI (x,y) = o(u,v) ZITIRS &

//e Lol LS dx dy = //A Lo(p(u, v)) Li(e(u, v)Y La(o(u, v))¥ fdet o' (u, v)’ dudv.

= 2lel [ [ La(olunv)) La(o(u V)Y L ) .
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5.2.3 HEEEOEDED & (L, Li)e.

Li(p(u,v)) & (1 RBE L 1 READERTH 25 5) 1 REIET,
Li(p(P;)) = 65

BT e,
LO(SO(U7 V)) =1l-u—v, L1(¢(u7 V)) =u L2(¢(“7 V)) =V

//L{)LQL’E dxdy = 2|e| // (1 —u—v)'v* dudv
e A
1 1—u .
:2\e|/ I7g (/ (17u7v)'vkdv> du.
0 0

AHIOEA T, v=(1-u)t (0<t<1) LERERT S L,
dv=01—-u)dt, 1-u—-v)=(Q-uv)—(Q—-u)t)=01-uv)(1-1t)
THE056,

/0 —u—v)vRdy = /O (1= u)(1— £)(1— u)“t - (1 — u)dt

Wz

1
=(1- u)'+k+1/ (1—t)'t* dt.
0
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5.2.3 HEFBIEDOFEDOHET & (L), L)

Wz Iz ) .
// LoLi LS dxdy = 2\e|/ (1—u) S du/ (1—t) ¢ dt.
/\\__&Bagl e 0 1 0
Blp.a)= [ (-0t
e H < B '

I'(x) ::/ et dt
0
WZDOWT, RORRDED 3D,

B(p, q) = LP)(9)

= Totia) I'(n+1)=n!' (neN).

Wz

//L{)L{Lé dxdy =2le|B(i + k+2,j +1)B(i + 1,k +1)

e 72|e‘F(I+k+2)F(J+1)F(’+1)F(k+1)
- P(i+j+k+3)  I(i+k+2)

_2|e‘F(i—|—1)F(j+1)F(k—|—1) . |e| iljlk!
N I'(i+j+k+3) - (i+j+k+2)°
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5.2.3 HEFBIEDOFEDOHET & (L), L)

i=j O%aE. ThLHNORT (€ {0,1,2}) 2 k, LT DL

210!10! 1
Ye = 121919 dxdy =2 Zlel.
// ¢ dxdy = 2lel o oy (2+0+0+2)! =5l

i #j OBE. TRLHNORT (€{0,1,2}) & k £ T3¢k

17101
L,-)e://L}L}L2 dxdy:2|e|¢ L
e

Gritor2y 12

B M #i® http://nalab.mind.meiji JE e fig 5[ 2020 4F 10 A 19 H

14/

27


http://nalab.mind.meiji.ac.jp/~mk/ana/

5.2.4 Li(x,y) = ai + bix + ciy DREGRE L (L}, Li),

Li(x,y) = ai + bix + ciy

Bt 3
65 = Li(xi,yi) = aj + bixi + Gyi = (1 % i) | bj
G
TH5H56
1 0 0 1 X0 Yo ao al az
I=10 1 0|l=(1 xx yi|[bo b1 bo| (RVEEHSTF=zv2).
0 0 1 1 x o a @
1 X0 Yo
A= 1 X1 »n
1 X2 y2
Bl
1 X0 Yo

_|X1 — Xo

detA=det |0 x1x—Xx Yy1— W
0 x—Xx Yo —Y

=X =2|e| > 0.
X2 —Xo Y2—Yo
Wz

a0 ail a2

by bi b | =A""

Co C1 C2

¥ H #i* http://nalab.mind.meiji JE PR 2020 4F 10 A 19 H



http://nalab.mind.meiji.ac.jp/~mk/ana/

5.2.4 Li(x,y) = ai + bix + ciy DREGRE L (L}, Li),

Cramer DNRUT X - T

T
1 1 x
) pron _1)1+2 n _1)1+3 1
D7, v G v (G
-1 1 2+1 |X0 Yo 2421 Yo 3 1 xo
— —1 —1)°+ 1 +3
det A (1) X2 Y2 -1) 1 w (1) 1 x
1 1 X
_q1)3tL X0 Yo _1)3+2 Yo _1)3+3 0
D7 " =17 " (G P
-
1 X1y2 — y1X2 —(y2 —n) X2 — X1
= gea | “Gez—yxe)  y2—y  —(e-x)
Xoy1 — Yoxa —(yl - yo) X1 — Xo
1 X1y2 — Yy1ixX2  XeYo — Y2Xo Xoyi1 — YoXi
:detA yi—y2 Y2 — Y Yo—Wn
X2 — X1 X0 — X2 X1 — Xo

B M #i® http://nalab.mind.meiji JE e fig 5 2020 4F 10 A 19 H


http://nalab.mind.meiji.ac.jp/~mk/ana/

5.2.4 Li(x,y) = ai + bix + ciy DREGRE L (L}, Li),
(i,j,k) 1% (0,1,2) OffE#RL 351, ZhZ

(i,j, k) =1(0,1,2),(1,2,0),(2,0,1)
EWVWS T RERLTVWS, ZOL &,

ai = xiyk — xkyj, bl =yi—yk, ¢ i=xk—x
B, Thbb
ap = x1y2 —xey1, by i=y1—ya, & i=x2— xi,

"
ai = Xo)0 — Xoy2, b1 :=y2—), ¢ =X — X2,

* R b* R * R
a = Xoy1 — X1Yo, h = Yo — Y1, @ =X1—Xo

B,
1 ag a1 a
Al=_—_| B b b
2‘€| * * *
G G &
Sk
9) (Lj, L), //VL VL dxdy = //( . ) ( )dxdy:(bjb,-+c,-c,-)|e\.
-J Cj
1(0,1,2) o@E#uE. (0,1,2), (0,2,1), (1,0,2), (1,2,0), (2,0,1), (2,1,0) D 6@H T, =D
5% (0,2,1), (2,1 0) (1,0,2) Liﬁﬁf%éﬁ)%ﬂﬁl’o?bkﬁ%ﬁT%% DZHo(0,1,2),
1.2.0). (2.0.1 7b>1%%‘$ﬁf%50
o # ://nalab.mind.meiji S FE AL
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5.3 EARRBATSI DGR

TBEDTEESHAZ2E L THEL, B2 ofMEzRUI IV DT, §5FER
(@v) = (f,9) + g, V] (VEX)

(%8 ", "
(10) Z <a\’ V>ek = Z(f7 V)ek + [g27 V] (V € 2)

¥ hB, REL
(@v),, = / Vi(x) - VO(x) dx, (f,7)e, = / f(x) U(x) dx, [g2, 7] = / 2V do.

ey 2

2T =10N;), v . =V(N;) (j=0,1,2) ZHVT,

2 2
ZJ\: Z UjL_,', V = ViL,' (ek J:)
j=0 i=0
&I 2 2 | .
(11) (@,7),, = VAR, (F0) =D VIEY,
j=0 i=0 i=0
7L
(12) AP = (L L)y s £ = (F L)
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5.3 EARRBATSI DGR

Ak =

eBLE A EHRFMTAIT,

(13)

(ﬁ, V)ek = vaAkuk,

k k
A A
g
A21 A22

(F, Ve, = v/ Fe.

([g2, V] IZDWTiE, SRIDORETIHRAEZEMKT 2, LVDHAT £ =0LEX

TREEZIECTTE W, )
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AR BRI DRt R

A("k) = <Lj7 > DETHEIX (9) TEATWS,
£ (£, L))o, 1200 THE, BIZIE

2
(f7 Li)ek = (Z f N;j ) ) Z f(N

D &SRR

_ [ lel/6 (i=jorE),
(Lj, Li)e, = { |e:|/12 (i£j DL ZE).

TH5H05H
f(k) — |e’<| (Qf(NO) + f(N1) + f(N2)),
(- |1;|(( No) + 2f(N1) + f(N,)),

19 = o (50) + £000) +26(032))

K  #i % http://nalab.mind.meiji S FEUE AT R 25 5 [\ 2020 4F 10 A 19 H


http://nalab.mind.meiji.ac.jp/~mk/ana/

5.4 EUTRER DAL T — EREMITEE

ui:=u(Py), vi:=v(P;) (i=1,2,---,m) £ LT,

uy Vi

up V2
(14) w=| |, ve=

Um Vin

B,
BIRTEL e (k=1,2,---, Ne) DHif No, Ny, Np iZxf LT,
No=P,,, Ni=P,,, No=P,
LI BB ko, ik, ke ZELD (IS E2EHRES L IER),
fi eR™ % o T = fo(k), i1 5T = fl(k), k2 5T = f2(k) T, AL IE TN
TOTHBEEIRRZ LT3, Hlzg i) <i < i) e

1 ik,0 ik,1 ik,2 m

4 1 4 { 1
fr © -0 £ 0.0 £9 0...0 £9 o0... 0)7.

CZOXIICERTH L (BRFeTHHHEL VI ZEROEEEZ), RO LD,
(15) (fvv)ek = VTfk* (k = 1727 e 7Ne)'
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5.4 EUTRER DAL T — EREMITEE

FRkDE 2T, 175 A; = () %

(k) _ alk) (k) _ alk) (k) _ alk)
e Zoi e ZOn e O
aik,lfk,o = A10 ) aik,lfk,l = A11 ) aik,lfk,z = A12 ’
Ky Ak) ( Ak K Ak
i nivo — Az ikﬁ)zikyl = Ag1): :(‘kﬁ)zikyz = Agz):
zhb4t =0
TED D, BIZIE Qo < k1 < ke EHIE
ik,0 ik,1 ik,2
! ) '
A AR AR i
Ar =
AR AR AR <
AR AR AR i
IhzHws e
(16) (@,V), =v A (k=1,2,--,Ne).
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5.4 EUTRER DAL T — EREMITEE

© ZICEIHA (10) 1 (22 =0 EEZTWNA)

Ne Ne

T T
E v Aju= E v
k=1 k=1

Thbb
Ne Ne
v (ZAZU— Zf[) =0
k=1 k=1
L RfEIZ2 %,
W R
Ne Ne
A" = ZAE, = Zﬁ:
k=1 k=1
EBITIX
(17) v (A*u—f")=0.
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5.4 it LUK DM AN T — ERZMIEE
Tv

zz 53
Vi
Y :={ ER™; vi=0 (Piel 3% i)}
Vm
DIEBOTLTH B2 5. (17) IR FAMTH 5.
w1
Au—fevt={| : ER™; w; =0 (P, ¢l %3 i)}
Wm
Thbb
(18) AV u = F,
ZZT
A = A" D P 4T (P € Ty 2% 0) BT,
= f" OF i 15 (P ey 723 i) ZEROWIHERZ boL.
AT

up = gl(P,') (P,’ el 25 i)
WBoHd06, TNERALTHETE S,
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5.4 EUTRER DAL T — EREMITEE

A ZHIRZ R AT
A™ = (a1a - am)
DESWFRTZ L. (18) 1&

(19) ia;u,— =f".
i=1

I'={ieN|1<i<m}, h:={iel|Perl}
B (LT LD 2HROEHRBEELRDOES). (19) &

Za,-u,- =+ Z aju = e

ich i€l\h
oL T, BHEIT L

Z ajui = f" — Zaiui~

ie\h ieh
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5.4 EUTRER DAL T — EREMITEE

Au* = f,

ut = u D8 (i € ) BEROWIZHERZ by,
A=A OF i (i € ) BERWIZIERFTTH,
f:

= — E a;juj.

i€h

FEEIC TR 7T LR T L E AR f HBEZIIRDEND Z LIEX
[R5 %

B M #i % http://nalab.mind.meiji S FEUE AT R 25 5 [\ 2020 4 10 A 19 H 26 /27


http://nalab.mind.meiji.ac.jp/~mk/ana/

(1] ZgHisCHE @ HRRESREME, A = > 24t (1980), H#raThix 1999.
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