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R, P25 QIR ARSI NT, B> THEIT 2 B0l (H
NN DEEET), RS UIER T 2) 25225, P RIS 2 X 9 (i
2D, Q= (a1, br) & L. #&#& (HF) 2 y = u(x) &35 &, FrEERsild

(1) Mo = / VIHUOR g ism ),

—2gu
WBEH v OBETH 206, | IZ0bWBNEETH S, &M
(2) U(O) = 0, u(al) = b1

DINT, Iu] ZERANET 2 u 3D (ED X9 KigEgd) ?

Bernoulli %25, Newton, Euler, ... A% 2R E /% L7z (N4 77—« Rty
ke —[4]).
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g \TESTIHEEE).
—2gu
(1545 2) u(0) =0, wu(a1) = by.
PLBUELTEZS, 22T
V/ 2
f(x,y,z):= \/% , a:==0, b:=a, A:=0, B:=bh

EECE. (1), (2) EXRDEHIITHEERA SN,

b
I[u] = / f(x, u(x), d'(x)) dx,

u(a)=A, u(b)=B.
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1.3 Euler-Lagrange /724

SEBEB fF = f(x,y,z) & tF u(@) = A ub) =B DBEZ5hTw3EE, C ko

u: [a,b] = R B3

(5)

1{u] :=/ f(x, u(x), u'(x))dx
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1.3 Euler-Lagrange /724

SEBEB fF = f(x,y,z) & tF u(@) = A ub) =B DBEZ5hTw3EE, C ko
u: [a,b] = R B3
b
5) 1] = / F(x, u(x), u' (x))dx
RS 270D ERD X,
(1) u 23 | ZR/MNCT 2% E T 5,

¢(a) =¢(b) =0
2 7c TER OB o ZHL- T,

F(t):= lu+ty] (t€R)
r5<,
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2 7c TER OB o ZHL- T,

F(t) = Ilu+tg] (tE€R)
LB, Fld =0 ThRNCAZ, WIS F/(0) =0 2D 7o,

b
Fm:/fwwm+wmmvwmﬂmw
THDI16, BOELE FoMITIck>T

b
Pm:/[%@wm+mmwm+WMWM

+ %(x, u(x) + to(x), ' (x) + ' ()¢ (x)] dx.
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1.3 Euler-Lagrange /724

W 2

b
F(O) = [ 55 (x w0 060) () + G100 00| .
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1.3 Euler-Lagrange /724

W 2

b
F(O) = [ 55 (x w0 060) () + G100 00| .

B2 IS O W TR 2 FHTL T
/ b [of ’ d (of s ]
F(O) = [ S exut0.u) — 5 (Ghtx a0, w6 )| elola

[ et 00ot00]

_ /ab :%;(X, u(x), ' (x)) — dii (%(X, u(x), u'(x))): o(x)dx.
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1.3 Euler-Lagrange /724

W 2

b
F’(O) = / [g—; (x, u(x), u'(x)) w(x)+ af(x u(x),u (x)) /(x)} dx
B2 IOV TR ZEITL T
br .
F(O) = [ S exut0.u) — 5 (Ghtx a0, w6 )| elola
b
+ [ a0, w0
br .
— [ ot - 5 (G x a0 w0 )| et
CNPMERED o 1220 T 0 £45 2 Eps, BEFEOIEARGE (#8ih) 1tk-T

©) o o () = - (DLt ) =
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1.3 Euler-Lagrange /724

W 2

b
F’(O) = / [g—; (x, u(x), u'(x)) w(x)+ af(x u(x),u (x)) /(x)} dx
B2 IOV TR ZEITL T
br .
F(O) = [ S exut0.u) — 5 (Ghtx a0, w6 )| elola
b
+ [ a0, w0
br .
— [ ot - 5 (G x a0 w0 )| et
CNPMERED o 1220 T 0 £45 2 Eps, BEFEOIEARGE (#8ih) 1tk-T

6 By ) = 5 (Gt ) =0

UL w IZDVTOWDHRATH S, ZN2IBEE 1 (D 2\ IZETRE minl[u]) 2

X9 % Euler-Lagrange AR & W5,
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1.2 FeAalE TR (5 0)

AR TR OME T,
vitzZ  of _ Vi+Z of .z
V=2gy’' Oy 2y2g(v—y)) 90z V14 z%/—2gy
TH 505, %D Euler-Lagrange /2 1Z

V1+u(x)? d < u'(x) > —0

228y /—u). &\ VI1+u(x)?y/—2gu(x)

f(x,y,2z) =

BELC
2u"(x) 1
@ o GE b))
U EPITRDT S L,
log (1 n u'(X)2)) +log|u(x)| =log € (C IZIEDIEREER).
u(x) <O ICTERLTHBET 2L (14 (V))u=—C. v KOV &

ic
8 gy Ly
(8) u -

BREND,
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V=2gy’' Oy 2y2g(v—y)) 90z V14 z%/—2gy
TH 505, %D Euler-Lagrange /2 1Z

V1+u(x)? d < u'(x) > —0

228y /—u). &\ VI1+u(x)?y/—2gu(x)

f(x,y,2z) =

BELC
2u"(x) 1
@ o GE b))
U EPTTRT S L,
log (1 n u'(X)2)) +log|u(x)| =log C  (C IZIEDIEREER).

u(x) <O ICTERLTHBET 2L (14 (V))u=—C. v KOV &

@ v [EE

PEEND, IUXEROTHNOMNIRATH B, TR & RER TR
UOARELDCLnhs, (HAEDEREL VG, EHT 25, )
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1.4 /MER D JFEEL (AT 122D A1)

(FEL < HAT 2IRNE 2 VW23, BlADY v 7 IR IR TEH L TE . A
[3], flicHBIED B ZIEHME 2], HBELTTZ—/ AV 5] 2HIFTEL, )
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1.4 /MER D JFEEL (AT 122D A1)

(FEL < HAT 2IRNE 2 VW23, BlADY v 7 IR IR TEH L TE . A
[3], flicHBIED B ZIEHME 2], HBELTTZ—/ AV 5] 2HIFTEL, )

BRFOMENEEZ D (FTANMEEE X, ..., x» £T3), NIREHAT, MBI
F— U R t 2L T xi, ..., % DARICKDERETS: U= U(xi,...,x,). EHBE
pj = mx; ZfH\3 &, Newton DEEHREN T

(©) gy _9Y

dt 87)9 (J:l,...,n).

£ Hl  #i % http://nalab.mind.meiji i FH A 1 2020 £ 9 H 21 H 14 /21


http://nalab.mind.meiji.ac.jp/~mk/lecture/ouyousuuchikaisekitokuron-2020/

1.4 /MER D JFEEL (AT 122D A1)

(FEL < HAT 2IRNE 2 VW23, BlADY v 7 IR IR TEH L TE . A
[3], flicHBIED B ZIEHME 2], HBELTTZ—/ AV 5] 2HIFTEL, )
BRFOMENEEZ D (FTANMEEE X, ..., x» £T3), NIREHAT, MBI

F— U R t 2L T xi, ..., % DARICKDERETS: U= U(xi,...,x,). EHBE
pi =mx; w5 L, Newton DEEIHE L

b _ _OU
(9) dt ~ ox (G=1,...,n).
)= 2L ¥ —
K@huwmyZEZ%mﬁ
j=1
ZHV5 &
_ 9K
pl_axj

ElB I LICEEET B,
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1.4 /MER D JFEEL (AT 122D A1)

(FEL < HAT 2IRNE 2 VW23, BlADY v 7 IR IR TEH L TE . A
[3], flicHBIED B ZIEHME 2], HBELTTZ—/ AV 5] 2HIFTEL, )

BRFOMENEEZ D (FTANMEEE X, ..., x» £T3), NIREHAT, MBI

F— U R t 2L T xi, ..., % DARICKDERETS: U= U(xi,...,x,). EHBE
pi =mx; w5 L, Newton DEEIHE L
dpi _ _OU . _
(9) dt ~ ox (G=1,...,n).
TE) T L ¥ —
.1
K, %) = mef
=1
ZHw3 &
_ 9K
pj = aXJ

ERBHTEIRHERT S,
—MRERE g = (q1,...,qn) ZEAT 3,

xi = x1(q; t) = x(qr, ..., qn; t)

xn = Xn(q; t) = x1(q1, ..., gn; t).
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1.4 /MER D JFEEL (AT 122D A1)
HE TR (9) 13,

d (0K ou oK
10 e )=+ 5
(10) dt (3qk> dax " Oar

LEEHI NG (BPEOENE).
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1.4 /MER D JFEEL (AT 122D A1)
HE TR (9) 13,

(10)

d <8K>: U 0Ky

dt \ k)~ Oqk ' dak
EEZEIND (GRPFEGENE),
Z 2T Lagrange B# (Lagrangian function) &FEEN %
(11) L(q7 q‘? t) = L(q17 <oy Qn, qlv R ¢"7 t) = K(q7 d? t) - U(qa t)
ZEAT S E, (10) 1,

d oL oL
(12) E@_Tw (k=1,...,n)
ICEHEBEINS, Z41% Lagrange DEENHER & 35,
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1.4 /MER D JFEEL (AT 122D A1)
HE TR (9) 13,
(10)

d <8K>: U 0Ky

dt \dqx )~ daqx | dqi
EEZEIND (GRPFEGENE),
Z Z T Lagrange B8%J (Lagrangian function) & IFiXN 2
(11) L(q7 q‘? t) = L(q17 <oy Qn, qlv R d"7 t) = K(q7 d? t) - U(qa t)
ZEAT S E, (10) 1,

d oL oL
(12) E@_Tw (k=1,...,n)
ICEEEINS, Iz Lagrange DEBAERN LT85, Z4UIVEA (action) H 5\
ZVEFTES (action integral) &I %

Stal= [ ta.d.0) o

ty

@ Euler-Lagrange /7RIl 7 5 7w,
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1.4 /MER D JFEEL (AT 122D A1)
HE TR (9) 13,
(10)

d(&K)Z ou oK (k=1,....n)

dt \9a.) = "oac " da
EEZEIND (GRPFEGENE),
Z Z T Lagrange B8%J (Lagrangian function) & IFiXN 2
(11) L(q7 q‘? t) = L(q17 <oy Qn, qlv R d"7 t) = K(q7 d? t) - U(qa t)
ZEAT S E, (10) 1,

d oL oL
(12) E@_Tw (k=1,...,n)
ICEEEINS, Iz Lagrange DEBAERN LT85, Z4UIVEA (action) H 5\
IZYEFTES (action integral) & WXL

ty

Stal = | Laa.0)
t

@ Euler-Lagrange FERIcfihis & 72\, 2 F D, EENIEHBE S ZRAMNCT % &9 &2l

BRI, Lw)ZEichs, ZhzRIMERDERERE (action principle) &9,
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1.4 /MER D JFEEL (AT 122D A1)
HE TR (9) 13,
(10)

d(&K)Z ou oK (k=1,....n)

dt \9a.) = "oac " da
EEZEIND (GRPFEGENE),
Z Z T Lagrange B8%J (Lagrangian function) & IFiXN 2
(11) L(q7 q‘? t) = L(q17 <oy Qn, qlv R d"” t) = K(q7 d? t) - U(qa t)
ZEAT S E, (10) 1,

d oL oL
(12) E@_Tw (k=1,...,n)
ICEEEINS, Iz Lagrange DEBAERN LT85, Z4UIVEA (action) H 5\
IZYEFTES (action integral) & WXL

ty

Stal = | Laa.0)
t

@ Euler-Lagrange 7zl fib7e & v, D F b EHENIEARS Z /M T 5 & 9 %2l

I, Ew) lliihs, ZhzRIVMERORE (action principle) &9,

LICIZEBIN 2B ERIE R Y (K- U Th K+ U BSIERVF =80, 29T

).
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1.5 Dirichlet ®JEH

e
£

Riemann (%, Laplace /7 ® Dirichlet Bi5fiEifHE

Au(x,y) =0 (inQ), ulx,y)=1v(x,y) (on Q)
DIREDTFAER G T 2 72912 “Dirichlet DJFEE" % 72,
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1.5 Dirichlet ®JEH

Riemann (%, Laplace /7 ® Dirichlet Bi5fiEifHE
Au(x,y)=0 (inQ), u(x,y)=1v(x,y) (on Q)
DFRDIFAER G T % 72012 “Dirichlet OJFH" % 7z,

Laplace /TEFIZ X3 5 Dirichlet DJRIE

Q % R*> OFSYEE. : 0Q - R &7 %, Dirichlet 53558 u = ¢ (on 9Q) %iizc T
u D9 BT, Dirichlet &%

(13) M) i= [ [ () + x5 ol
Q

Zi/NZ T 5 DI, Laplace HTER

(14) Au=0 (P%Y o+ uy, =0)

T,
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1.5 Dirichlet ®JEH

Riemann (%, Laplace /7 ® Dirichlet Bi5fiEifHE

Au(x,y)=0 (inQ), u(x,y)=1v(x,y) (on Q)
DFEDEIER T 2 72 ®IC “Dirichlet DJFE" % w7z,
Laplace /TEFIZ X3 5 Dirichlet DJRIE

Q % R*> OFSYEE. : 0Q - R &7 %, Dirichlet 53558 u = ¢ (on 9Q) %iizc T
u D9 BT, Dirichlet &%

(13) 1] = / / (oY) + 1 (x, y)?) dx dy

Z/MZT 5D DIE, Laplace

(14) Au=0 (P%Y o+ uy, =0)

%7z, )
(13) DR/AMED» 5, (14) ZE L FHERMITKDA T A FTHHET 228, #iD 2 >0fl L AE
fiy1c 5 U 5B %I[u bed| =0)THE. DD (14) 12 (13) O Evler-Lagrange Ji
BMThs, LER3,
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1.5 Dirichlet ®JEH

| ZR/NCT 2 u i3, (14) 2l d 2 & ORER
uTIDBERNERET S, FED o GP(), te RICNLT, u+ty

u+teo=1 (ondQ)
Rz TOT, | OERBIBEL T3, v R/MEZEZ 5 L WIHREDS.

Iu + to] > Iu].
WZIZ, F(t):=1u+tp] EBE, Fldt=0 CTR/MEZINS, &2 A%

F(t):// V(u+t<p)~V(u+tgo)dxdy:// (\VU\2+2tVU-th+t2|Vg@|) dx dy
Q Q

= I[u] + 2t/ Vu-Vdx+ t*1[g]
Q

THBEHE, F 70 THRANCRZICIE, 1 ROEE 0 (H50IE F(0)=0 LEZ3):

// Vu-Vedxdy =0.
Q

Nz 5T (Green DERL) LT

// Aupdxdy =0.
Q

e MR THZ I L6, (ENEOEFFEE? L) DR T)

Au=0 (inQ). O
B il Vi T i
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1.5 Dirichlet DJFH &, 2oiE0 “EEE"

Dirichlet DJ5#IZ, G. F. B. Riemann (1826-1866) IZ & % (B¥GaThH 4 %) BRER
(1851 4E) DAFHIZflib 7223, Riemann 1% | DIRAMEDFEZ BIEICR T I L TE
T (MROFEIZHS 72D, TIRVERMETH 5 Z LIZHS TR —

K. T. W. Weierstrass (1815-1897) D #5##). D. Hilbert (1862-1943) IZ & - TR I 1L
% % T (1900 4EMH), (34T 50 FELVEEA P57,

IRFIRE RO AT IE, RN TR & v ) B2 F C 7 o Icr i o R IC 2L
L. 2o itz 2 L2k > THZE7205, Laplace /2D Dirichlet S5t
fEREDOL I, R I ERXDMEE 3 720 IC LN MEICETR L. % DI HE
% B R (BOBEERRT) 2 EICk > TR2E7, ZOMEELE0EER
(the direct methods in the caluculus of variations) & W53,

RO N RIDERERE RO X 5 % ko Bkl 3 Tth L I EIERLEI, 29
WIHZEIF, BFEOHL I THbLNS, —DODOMEN - REIHOMEELRZ%ETH B
L9 2 E DRI —IIC o TV T, EL S DORTENRE LT W, 4 oflE
kB, EWIHRWMD B,

220k 3 /NS H I &R S 720

Rz, R E 720 AfEA% Euler-Lagrange HFER & 3 2 253 % BUEIICE S 2 &
Wk D RO RRERD 2 Z L b RfTbN S, GREFEIC K 2HHEIHED

y - A 4473 N

3Euler-Lagrange HRZMES &, BYIOMEIHCORTH LK ICH>TLE I
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1.6 B F F: o/l

ZEMINIC G- 2 S PR T ichiliiz ko7 L E, BEORIZE ) %507 —
RIAEHDE  OC, HEZ RN 2 X9 Al (H8/IVBRE, minimal surface)
27 %, BEDY z =u(x,y) ((x,y) € Q) £ 777 TERE L% 61X (BT,
W7 AR 2 UL Z DIRE 172 S E LTRWES ),

S[u] ::/ \/1+ w2+ u2 dxdy
Q

ZERMNCT A, L) LETH S,

Do

(15) (1+ 1) uy — 2ueuyty + (1 + 1) e = 0.
Z DGy R IERRIE Ol o3 i R U IR T 72 o,

SRR JLBI%L S[u] @ Euler-Lagrange Jif#l e LT, (15) 23E N S 1 2 idf %
i, ARERO AN (22U DOV TESURZ R L TR K) 2 25580
(15) Ziifi7z 3 2 L 2R L, S6Icarya—F —TRIRE X,
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SEERN  AIREREDOT X A b

i [6] 1k, BET R—MEeE 2 R E L HRERED AMTE (BISURNT O AR T M T 75
W) TH 5, Poisson TEAICIRS LT 503, KEWHME, FEBIE->Z D05 E 09
R CI AN, BB R R 2T h, 7 SABEDBH 2 L00ad 5, 20
FHHDHPER T OMEAR L E->TH RV,

ﬁmp]i BREZRLEORCE (BIERENTN 2 HIEE 5 &) Ko ToBEAME, #
ZEBICHFEL v, R L R=YEDIRE T 20T, ZH—fitTih 25T

oit;m

FHICF v Lo Tan50idb UL, Eifd 5 Brenner-Scott [8] Z#l® %,

FEEICEEFR T 2581, £ i) itk ti@bing,
FreeFem++ DO =2 7V Hecht [9] &. HAFEIC L 27 F X K&K - &A [10] 25D
Lo, EREREZNEHEOT XA M i&%tﬁb!

[9] i, FERICEELREHHE S T 25, BFUIIREICS > T (BRL ST LY
VIDBRDPS) Bl Db 5, vk ki :37')55‘1—— FUTAZERTOBR 1D
L (G5 KON 2 F5E),
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=
&

(4]

(5]
(6]
(7]

(8]
(9]

(10]

[

A —HE oy R & 280k, 2T (2003).

JERUACHE @ BURARNTI%% A, §1E0AE (2020/1/15).

TR © 25007k, SFRE— (W) , HARRMAE O - 0 OBl — IO —, C W, AlkE
3 (1960).

E.NA7—,S.P. 2Nty b, G 77 vF— WX OBMERE | R, > 27 v
H—+ %8y (2007).

Arnold, V. L: AT HUSADBEARTIE, SHBGEIE (1980), 228k f—, BEVL 2R, PHPI M 3
SISO © A PREESE IR, 1 = > A%k (1980), HraETAK 1999.

S SCHE AT IREESEIL O BON, BEEST (1994), MOTIERYIAURIET T, Gia iz »ad iddiizic
KTFS v,

Brenner, S. C. and Scott, L. R.: The Mathematical Theory of Finite Element Methods, 3rd
edition, Springer (2008).

Hecht, F.: Freefem++, http://wuw3.freefem.org/ff++/ftp/freefem++doc.pdf.
KRR, wA R - ARERE TR RBIR & BB — FreeFem++8REE 70 75 3> 7

—, 37 (2014), http://comfos.org/jp/ffempp/book/ &\ H—F WWW 4 b
»hb,
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