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1.1 BREREREDEZ

BRERE (finite element method, FEM) 132 Tt L K #iHT % X 9 12, HEHEX DM
%IHA % 72 Ritz-Galerkin k2 & § 2 R0 TERXDOBAEMRETSH 5,

Ritz 13, ZSE (calculus of variation) 12 X 27 T2 D gk 2 HRIOGELLL 72 b
DTH 5, Galerkin #Eid, W TEAOFEM W TR 6 EIN 25X 2KD 5
FhEZ2HBRXGEM L 725D TH 2, D ODJEIR, Z2AHIEELRED, FHERELTH
5N 5 PREZ KD 5 AL (FE> TGALIED) F—DbD L% %, ZD7® Ritz-Galerkin
HEEMEN D,

(MEfirh o 200 & H L CORREREDOES (L) PR, SFUEAE, & TFEEE
JRAZ D filin 7z v, )

1.2 ZEHEICODWTOER

JEoyVE E1E, MRIC I, B (functional) ORI (250 HE) %< 720 D
W ERTEEOMSE  THD 2,

2BHEUENT (functional analysis) DIV —" D—D2TdH 5, ZIEITOWTIE, BIZIXME [4] 22 X,
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#l 1.1 (RMEFE TR (Brachistochrone)) —fRZENZBNO ER P, Q (P 13 Q XD b
WEIZAILH D) BEZsNEIE, P 5 Q ICE LIRS N T, EHICE-TREIT 2
B ZEZ 2, PORRICAR S X ) ICHEZID . Q = (a1,b1) & L. &% (M%) 2 v = u(z)
9oL, FrERRENIE, (EMEEZ g L L)

/ V1+u(z)?
—2gu
DE ) LR u DBIBTH 205, ZN2E/NET 5D, ED K itk ? — BEOBEK
Di/MEMETH 5, =
fl 1.2 (F/BAE (minimal surface)) ZZHEINIC G 2 & 17 PHIRER T 12 AERIE 2 58 > 72 IKF,
EDIGIZE ) 2 5027
B RERNDPAET 2006, HMZRNTT 2 X9 2flimicz s,

Z TTHRAAICIE, R Z NS T AN EA RS DD (FAEET2D0?2 E) P> TKRD 5
o ?) VIR S, D 2 = u(z,y) (z,y) € Q) LRBD T I 7TRINZLET S

&L Z kg
://,/1+u§+u§dxdy
Q

(z,y,u(z,y)) €T ((w,y) € 0Q)
DPMICR/MZT D uZRDE, EVIHRJEICK S, =

D& RINEEL Tu) Di/MEZ 52 5 u 1, Euler TR E I A0 TR OM &
%o Tw5, (BEuler HBERXOEMIIHBNTH S, Zad, HotED 2T, Ak
ZEM T2 L0, (BIAT2) WEADE RO (DXH) Rl L) ZLTwE26, LT3
& TR RS D &, 2h e AL L CosEb (9% 5ik)) LIS e
wdy, RIS AERXONCIERL (EE->Th, 2T TIEFEATIEZR T, 290
BETH5DY) 3D HRELL D TH 5, ) Pl 1 DYty Euler T2

S

Hw@2_i< () ):0
2v2gy/—u(z)’ 4o \ V1 +u(@)?y/~2gu(z)

T, ZHUIRT T,

(cosf — 1)

v Q

:%(Q—I—Sine), u=
285, —H. #l2D Euler HFERIZ

Oz \ \/TH+u2 +u2 oy \yI+uZ+uZ | 7
ERAY PR
(1+uz)um—2uxuyumy+(1+ui)uyy:()
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DX I DD, T HUFIERIE R TR T, BEICIZMT v, Euler-Lagrange /722
I DR, ZNZ R DIFH LW E B\,

EZAT, ZOESHELE Euler TR DB DOMNIGBIRZ WM Z 1o TR THo N5 Z
tLdh B,

# 1.3 (Dirichlet MFEE) Riemann (&, DO Z2HE 51T 3 GHEEHDFEH D 72 0
Laplace S22 Dirichlet BEFLiE[E

Au = 0 (in Q)
(D-P) {u = f (on 09)

DIEDFEZ R TRED D -7z, T 2T Q P LD & 2 iR % K50 BUdiS g 22 0 72
D, ZNDKIFEMHRRbDOTRVE, 20 (D.P) ZBEEMICH 2 Sk, ##iZ,
00 HEE I NIl f 258D 9 & T, Dirichlet #8577

// u? +u dmdy

%?’J\ 295 u (ZRTEDM) 23, (D.P.) OfETdH 5, L9 Dirichlet DREBZFEE L.,

DIZEGTRIEDIEDHFET 5 DITHH S B> f’i))%\ (D.P.) DEOFENIRINSG, &L, C

rﬁqa{iﬂ A X =DM TIER IR N2 03, RELDSMOEEIZHH S & L?”:@&i
Riemann DREELE DT, FRICIFRRHS D TIE R, ZomikziESbd s0icid, 2
DID%  DEAEDE BRI TH 5T, (MBI T IZTICERTH S L, v @ NlimEIEy
ThHhor00, EBEIARIITOZEMTHIUL, A THRBAESIZa Y7 ), B Tav

£ Lol BRI R OKAE - l/MEZ R D) L) R TFET T UD K E T AN,
I THERATO LMD K 9 RMIRIOuZEMTIE A IR L B0 DT, RANEDFEER
HIHTIE R\, ).

2 Poisson FERAICW T BERE

2.1 Poisson AERXDIEF{ERRE
Q3 R OFREET, ZOER T BXITWICTOHEOLTHLET S, 72T, Iy &
%At
F:EUFQ, Flﬂfgzm, Fl#@
Zi7zTET S, F1 Q=R g: 1 =R, g: Iy = R DPEZSN7IK, Poisson FFEXDEE
SR



/Ftﬁ% (P) ~N
RAZWMT-T v ZRKD X

(1) —Au=f inQQ,
(2) u=g¢g; only,
(3) S—Z =gz On F27
N J

HEZDL, ZZTn I T O EEAERX7 b L EERT,

2.2 BENL — BHROTE

A

7\
Xy ={v; v: Q= R, v, =aqn},
X ={v; v: Q—=>R, v, =0}
B, TNRBBDHES NS ICOWTERL TR, WOLIIRZERLD, KoIcHE L
E93, (HICveX Z0TTQ TEATE L,

(4) —/QAU(;E)U(;E) da::/gf(a:)v(x) dx

ZZ7T Green @ﬁ (L\\—t4

/ Au(x)v(x) de = %(x)v(x) do — / Vu(x) - Vou(x) dv (do \FHEER)
0

50 (9n

ZHVS & (4) 1%

(5) ‘/VM@-VM@dx—/)&L da—/f
Q El9) 6n
&7’;%0 kl%"(“v|p1:0,? = (g9 THH05
n|p,
ou ou Ju
., %(I)v(x) do = 5 a—n(x)v(x) do + . %(x)v(x) do
~ [ Grando+ [ ple)ets) d
=) o o F292£L"U£L' o
:/ g2(x)v(x) do.
I

SKIEDOEA, ve HY(Q) &) &t FHEZMAIUELR Y (HY(Q) X Sobolev DMK T[T IRE T, JO
O)Bgii&%ﬁﬁg%(b’ Q ’C:%HJ%%& %) O)ﬁﬁiéi Ij\]ﬁﬁf ('U/7U)H1(Q) (u U)Lz(Q (VU VU)Lz(Q %5‘2_ Hj?T'é
% Hilbert Z2[#]), %72 v|p, i FL—ADERTERS Z LIl 5, HlA 1L Brezis [3] 2 W X,

ou Ov
47 T -
Vu( Z Gacj 81;]




WZIZ (5) ERDKHITHS:
/Vu(x)~Vv(x)dx:/f(x)v(x)dx+/ g2(z)v(x)do.
Q Q Iy
s DML D72 DIZEIFZ W COPERL £,
(u,v) := /QVu(m) -Vou(x)dz, (u,v):= /Qu(x) v(z)dz, [u,v]:= /112 u(z) v(z) do,
lull == v/ {w,w), ] = v/ (u, ).

INsZHWT, ETodoltzdtdd .,

u PSESHERE (P) O 513, u 1ZRDHE (W) DFTH %,
e (W)

Find u € X, s.t.

(6) (u,v) = (f,0) +[g2,0] (v € X).

4z
o (W) Ofp% (P) D55#E (weak solution)
o Ml (P) Iz L TR (W) Z2RET 5 2 & 2BERE (weak formulation)
e (6) Z55fz30 (weak form)
EWES,
Wiz o TEL,
W BS (W) DIRT. B> TS ThIUL (P) DI E S
ERRZ D,

FT ue X, 6 u=g (only) ZHSLTH S, 55ERH L T, Green DAH %l
YRR

(#) —/Auvdx:/fvdx—l—/ (92—@>Ud820 (veX).
Q Q Iy on
Frlic v e CR(Q) oG xE2 5 L, 0y LoD 01245 DT,

—/ A uv dac:/fv de (v e C(Q)).
Q Q
ZEITEDFERHE D &

—Au=f (inQ).
Iz (f) ITfRAT 5% &
ou
/Fz(gg—%)vdS—O (veX).
nns 5
a—Z:gg (on I'y).



2.3 EHRE
Wy it DD, ZTMEDIRIC 2 2 ED3H 5, ZNDURY LD, BERIREBHIR Y 57
DEWV) S, EED ue X, ITRL T,

o] = 5l — (£, ) ~ g2,

B, BOMEfE LT, — oA 2ENTEL,

f?ﬁﬁg 21 ueX,,veX 95, te RITHLT, h
2
HU+M4I%MWF+tU%v%—UJO—wmd}+IWL
Fiiz (t=1 &L Q)
1
Iu+ o] = Ifu] = Sl + {(u, 0) = (f;0) = [g2, 0]}
= /

KD K 9 HIESTIE (F 7 b b WEH DI NIE) 2 £ 2 5,

weXg,

FIRE (V)
[Find u€ Xy st. Ifu] = min I[w]. (§%bb [ X, > R OERNRZRD K, ) J

(EIE 2.2 u D (W) O < u 2 (V) Dfig. ]

B (e)uz (V)DL YWweX 2li5, VieRICHLTu+tve X,,. ZNWZ
ft) =Iu+t] (teR)
BEZLIEDBHEELD, IREXLD UL t =0 THRAMEZ LS, 2 RIS
t2
f@)sz+md=§WWP+tﬂwv%—Uwo—wmd}+IM
DBt=0THR/NERDITIE, 1 ROEDREDY 0 THRITIUI RS I

(u,0) = (f,v) = [g2,0] = 0.

RGBT Z: 5 72, WA o IBFE (W) O TH %,
(=) udd (W) DIREET S, Vwe X, KL Toi=w—u B E, veEX T,

Wﬂ—ﬂﬂ=1W+M—UM=%MW+{WW%%ﬁW—Mmﬂk

520 THE) EWIHIFTEF, REEPEAHEWIERTIEIR G, 20X BHVWEFEZINEHLDTH S,
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u DR EW T E VI BREDS {1 =0 L5422 EICHEETS L,

1 1
Iw] = Ifu] = Zfloll® = FJlw —ul* > 0.

WZIZ T[u] 13 T DERAMETH %, Tbb u ZHE (V) OTH2, =
ER 2.3 B3 2 KB [[u] DAMETH %, T D Fréchet o713
I'lu] = (u,) = (f,") = [g2, ]
ThHE05, I'u] =013
(u,v) = (f,v) = [g2,v] =0 (veEX)
EHFITB, DF D,

FERXIE. ZOMEDONBEEOMAFE =0 EVWSEHETHD
EWVIDITTHS, m

3 Ritz-Galerkin &

3.1 Galerkin &

SRR D IR & LT iR MRS KD X 5. &9 05 Galerkin T
55,

W DD DM ARY, 20 1 KEAT 0 v OERMEEE S, & Y BRI R
Be X, X, OHBOEREMES 729,

g1=g1 only
"Lpz:O onF1 (221,2,,771)

D g L LMY e X (=1, ,m) ZEYGITEN,

Xgl = {Ql + Z@ﬂ/%; (a;) € Rm} ;

i=1

X = {Z ai; (a;) € Rm}
i=1
EBLC S, DN {o;} @ 2 & 2 A% L WS,
Poisson /R OBEFUERE (P) Off u % X, ODEH o TERIT2 2 L2525, B
(W) % BWZEDRT

CHGHISEED T F A FTIE g1 13 ¢ EVIRFTITR>Tw,
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FERE (W)
[%mdan@s¢<m@>uﬁ»+@%m (b e X). ]

EWIHEZEZ S, bR, ZOEROFEBVLTIE, o 2RITE# (trial function), o
% FBRBIEN (test function) & MRS,

AR 3.1 (BT EREE)  ZClEEBBK oM & LT, SATBIBoREM L X BI (&
BTy, TRONTWVE) bOERRHA LM, JHUIHNSHIE L W) biFTldkve, FHERIChL
BEOSDDH S (bo kb, ZOYAIX, Galerkin ¥ TIE 7, EMIEEREE L WTIEN S T
ED%0), TOFEKT Galerkin i3, B THMT 2 Ritz L D bRV HIETH S, L5
RS, =

HFERAS 0 1S D BT, X D5 (Y }ic1nm TROSNDZ 2 ED S, (W) XX DME & [FIfE
THBI LD,

R (W)
[.Fmdan@sL<m¢»(ﬁ¢0+w%m] (i=1,2,---,m). j
ZIT

U= gl + Z CL]"QD]'
j=1

LT, &R AT 5L

<.€71+Za]wj>wz>:(f>wl)+[927wz] (Z:1727 7m)

j=1
ERAY PR
(7) (G1,9:) + Zaj (j i) = (f, i) + (g, 0] (i =1,2,---,m).
j=1
N2 ERT FPILTRRT S L
<w1a¢1> <wma¢1> a1 (f7¢1)+ [g27¢1] - <g171/]1>
<77Z)17¢m> e <wm7wm> Qm (f7 7vbm) + [927 ¢m] - <g17¢m>
W 21
Aa=f,



=72 L.

<¢1,w1> <¢m,¢1> 451
A= : : ,oa= ],
<w17wm> Tt <wm7wm> Am
(f,¥1) + [g2,¥1] — (91, Y1)
f= :

(F, ) + (95 Yon] — (61, )

Thbt, #Hy 1 XABRNFESI NG, CONTBEABBL2EONE ) PHRTEICKE 253, K
DI & ORI 5,

flifE 3.2 (Galerkin FEDO—ERIEEMY) T, £ 0 T, {Y;} F1XMZETE, CDEE A
FIEENRTH 2, W2 I 1 RAGBRRE—EFETH 5,

({y;} & 1 XHNLICH S DIF, KB LT 20E06MRTHE, —H, T #£0 1%, b EDE
DIFD—BED 7 DITHIETH 506, TNHHRELEITTH S, )

fEEA A ONTMERH S TH B, A OIEMENE IEERZ1E) 257,

b
vo=| : | eR™\ {0}
bin

IR T
0= b
j=1

EECE, g D LRMSIMEDS 640 THY, Hi o] >0 TH2T, WAL

0 < Jol* = <Z bj¢j,zbiwi> ~3, (Z (5,3 bj) b Ab
7=1 =1 =1

J=1

58, o T ARBIEETHS, =

3.2 Ritz &

2O FRIGEBIRDFEZ KD, 2N ZIuOfEOEREE LTHRHL LS. £w)
DB Ritz ETH 5, BERMICIIROMEEZEZ 5,

THLL o) =0 %61, ||| DEHEL S, 0 FEBBEBTHZD, T #0206, 0 3PHREL LI (T, D
FEDH) TOIWKHELL, 6=0258rh, FEWEL 3,

82 ZTbl E, MERZ PV b ZIRE L THEEAHERZ FLTH B, WA bla ldZ7 FLb & a DAEIC
flize 5722\, ZOXETIE, Ax RHNEIES 20T, 205 ZHAMICKAT 272012, EF5Z LTI Tn
%,
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& (V)
Find @ € X,, s.t. I[a] = min I[a)].

weXy,

(W) & (V) OFftrE & kg, (W) & (V) bAETH 2, D h. 9% 2 T3 Poisson
TR OEFHERTE (D X ) X FRED H %) FIETIE, Galerkin ¥ & Ritz ¥, ZNLZ N
& 23z ED 5 HBRAIFRC D DTH S, 2T, Ritz-Galerkin jEEMEITNS,

5 72 AT

[ ]_ _|H¢0|H2+Zal @bo,% += Zaza] wz,% f 'QDO Zaz f ¢z gz,lﬂo] Zai[92a¢i]
i=1 =1

'le

b, Zh SHiED S

o1I[a]
8ak

- <w0’wk>+2&j <wj7wk>_<fawk)_ (g2, V] =0 (E=1,2,---,m)

LG5 9(b B A A Galerkin T (7) LU THB),

3.3 BRER/IDEREE

I 3.3 GRER/NDFE) Ritz Galerkin f# 0 13 X, DHT (HBEEKT) b u I
v, ThbE

[ = ull = min flw = ul].

weAX gq

(T, AWIORIC, u b S BTR X, ~OHE 0 ORERHT 5, )

SR E£9 0. uds X, IKFALAEROL (IEHY) THEIEER2RZ I,

(i —u,0) =0 (beX).
fEED we X, KHLT, a—weX WA, 0DEZAICa—n ZRALT
(@ BEHORL) (i —u,i4—d) =0.
vy 35 ADEHED S

o = ull < flo =]

S 1
gaial - 6lk ;‘EE‘I‘O 4}?&0: A= (aij) € Rnxn7 b = (bz) € R"a c € Rv f(x) = 5(141),1’) + (b7 J}) +c
Qg

@eRﬂkﬁ%&§\VﬂM:éM+Aﬁx+bt&&

11



3.4 HHEMP Ritz-Galerkin &

TR REFEDE- 2 6 N Rr, BRI {¢) 2@ IEIR L 21U & 2w,
H L% Ritz-Galerkin £ Clx, o EHZE O ZEFOEGREE LR L 2T %,

Bl 3.4 (RREICEF S Ritz-Galerkin j&) H iy /iR o5 RERE

—u" = f 0<z<1)
u(0) =u(l) =0

2%, 22T [ (0,1) EERSNBMESTHS, (I, =T={0,1}, Ty =0, 9 =0
T%%O)M@:%ﬂLﬂﬂfﬁ%ﬁ\%ﬂ@éf%%m
Uy(e) = sin(Gra) (1< <m)

$i(0) =¢;(1) =0 (1 <j<m)

i) = 3 a4y (a)

&Iy J:T@%zliiﬁﬁ%1¢%ﬁf:ﬁ—<gl =0 ThHaAIN5 h1=0 L LVC\H%)O T,=0 Thsh
5. [go,] £VHEIFARET, 59FRF

(@,0) = (f,0) (0 € X = Span{ty, -+, ¥n}).
E7% % (Span{yy, -} F Y (i =1,2,--- ,m) DRDMAUEMZLRT), ST

1
(1, 10;) = ij7r2/0 cos(jmx) cos(imx)dr = %ijWQ(Sij-
W 212
1
2 4 0
A=" 9 .
2
0 m?
Z oAz —HT
1
1/4 0
AL — % 1/9 ,
m
0 1/m?

12



ERFELD5

/ f(z)sin(rz)d
1
, 1/4 O / f(z)sin(2rz)d
a=A"f= 2 1/9 ' / f(x)sin(3nzx)d
0 | 1/m?
/ f(x) sin(mnrx)dx
0

W Z (T

—7T222/f )sin(irz)dr (i=1,2,---,m).
(¢; 13X Dirichlet S&FATE D —(d/dx)? DEGEETH 5, TD7d, REATH A KA
fﬂkt:o“c BHRDHRIC R > T3, ).

B 3.5 (EAMMERICE (TS Ritz—Galerkin iE) LGB Q = (0,1) x (0,1) 2BV T,
Poisson /i3 — Awu = f IZ[AX Dirichlet Ba5t St 23 L B ERE2E 2 5 (I = T,
g1 =0 ‘(37)%)0 :O)kgf {wk} é: LT
Qpij(‘ra y) = Sin(iﬂl‘) Sil’l(jﬂ'y) (1 S ’L,j S m)
T 20D TH S (22T m e N), BIBRIE EOf & Rk
(@,0) = (f,0) (0 € X := Span{py}).

Thb, BO-ODUEE LT
2

w2, o
(e, pij) = Z(/ﬂ +£5)0kide; (1 <14,5,k, £ <m)

G

= Z Z ArePre

k=1 ¢=1

ki\;( k\

(i, ¢ J> (fs SDZJ) (1<4,5<m)

& ZZ o (Ore, pij) = (frpi5) (1<4,5 <m)

k=1 ¢=1
~ Qi <90zy790w> (fu 901]) (1 S ’i,j S m)

L ey (<ij<m)

< Qi = 5o T gy
YT R

13



BIAIE f =1 (EREN) b 284,

(=)™ + 1] (=1 +1]
iy

(fipi) = /01/01 sin(imx) sin(jry)drdy =
4

B (i, j 3HICHE)
0 (ZhDBIs).

ij(i* + g
0 (Z 0L,

(z,y) = (1/2,1/2) DEfICEZFEL THA L), Hige
Z 2T Ritz-Galerkin EORHEZFIZE L TE Z 9,
(1) FEEEREE E U CEAERIEZ S 7 &, 8 FHEIFH - >,

(2) Neumann Si5t5efF DUPEHZE,

16
{ T 9 . 9N A <Z7j:17375777)
OJZ']':

3.5 FH UL Ritz-Galerkin ;& U CDERERE
AIREREPT, XD X ) LR % Fi> Ritz-Galerkin ¥ TH 5,
o THIN %

1 RITEDIBE X[H
2 REDigE =i, it
3 RITDIZE =k, VU

% LD X — BRESR (finite element) &5 — 127#H T 5!

k=1

o R IX ISR (Q T, FAREE L TSR L b o) 2 BB R
ER

72720, ROK2D &)z, ERaD, TEM, HAPMUO=MEOA LIcH 5 2 LIiLikkT
28125, AR (BIR) BHEL XA,

(BIREER L v & &, TR%. SBEE LT, £)w0I)alBzH w205 TH
25505, ZOUADKIZOWBTERTRENG, )

14



I DAHTITMT 5

1: iz

2: HAaD, TEM, HABMBOBEEDA EICH L, BATDIEZY X
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4 1 RTDOERERZE

GRERENHEBFICHH I NS DIk, 22/ 2 K00, 3XICDOMEDNT EA ETH % D5,
TIIWEZHET 572912

—~

- >

- -

1 XILD Poisson fife XD EEFUEREIZ N 2 G REZEDFHIH
2179, 1 ROGRIEZREL 72 & L TIIADEIC KL ) 210D H 203, 20T CEICHAT
5 2 RILDGEICDYLTOTP DT TE7DTHEIDT, ZORWIEFHEL TH 5 W,

4.1 EFIHEREEZFDHENIL

EFVBEE LT, (1) (3) ORI (P) © 1 KIRICH 5. Sl ifaat o B A

{M f ] (in (0,1))
a, %(U :6

5 (0.1) FERES UBAB. o 5 KRS D, (BT 31
{071}7 Fl = {O}a FQ = {1}7 g1 = &, g2 :ﬁ ?%%O )
X, = {v € H(1);0(0)

ay, X ={ve H(I);v0) =0}

1 1
_ / / d _ d
(u, ) / (@) (z) de,  (f,0) / f(@)o() di
EBL L, FEEIE, s

(u,v) = (f,v) + Bv(1) (veX)
Wi ue X, DIETHD,

4.2 BREFEANDSE
XF [0,1] %2 m HD/NXFIC 35 %

O=ap <1 <29 < - <2, = 1.

Z CTHRIXM ef = (w1, ] ZBRESR (finite element), z; ZHIMR (node) & M5,
WERIBEE O 13, 52K e, BT 1 XEABUCEL . KA THERAZEBTH L £ T5, C

I TICERT 5 {gi}, ZHOT, § = agy, BEEEE LT {¢;}n, ZBHATE L0
:&‘(‘\%50
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X3 1 REABDOZEMZRDIEREREE o 2. [0,1] ETEBIT, FEEK e, = (11,2 L
ICHIBR S 2 & 1 RBIBUCHEL <, 2 TIE LIS, BRI z; (5 #4) TIX 0 ITFELWEKTH
5, LERTS:

d)i S O[O, 1], sz Ci% €k T 1%55%&6:%[/‘1) (1{3 == ].7. .. ,m), gbz(l’j) = 51']‘ (j = 1, Ce ,m).

EFDER ORI E) ATECLEY, 1<i<m—-1IZx LT
(

T —Ti

e . .
T — T 1 (x [xz 1,@])

Gi(r) =4 Tt — T (x € [, Ti1])
Tiy1 — X4

0 (% DAth),

i=0 TR LT

o (x € [x0, 1))
0 (% Dfh),
i=m it LTI
{ TEINL (g € e, 7))
0 (% DAil).
ROMWEIMERTH 5,

[iﬁ%ﬁ 4.1 (BEERHBOME) wv,c R (0<i<m) T LT )
() = wii(x)
=0
EBLLE,
w(z;) =w; (0<i<m).
K?“i;zb?; b; DFREZ, Hif o, BT 2B%METH 3, )

RDOTOICHBMAICE C &L BUTBEBD 2RI (61 = agy £ LT)

Xglz {a¢0+zai¢i; a, €R (1=1,2,--- ,m)}7
i=1

£ 7 BRI B D ZE[A] 1%

X:{Za,gbl, (IZ‘GR (221,2, ,m)}

i=1
THb,

WepkHicRTHIFZ0N0E, 29 LTHIELEAEHORED R, ¢(x;) = & %7z 3R 24 X5 1
REFE VI L, BDLVEZDT T T7DA A=V REZ DL 0,
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X, BT 2B 4 D, B e = 1oy, z) IKBF2EBUIOWTHIANTAL S,
Hfii e LT, BR e KBTI I2RSEREETFIINLBBEZEAT 5, &

k—l) - ]-7
Li(zp—1) =0, Li(xg) =1

TEE S 1 KRB Ly, L1 % e, DE I L LS,
LO + Ll = 1
7\7]3‘}5‘2 b 1‘2_00 ifCEﬁ‘/ﬁo)’é—E% xk*la :Ek %)EHII)T
T — T

LO(x) = Tp — $k717 Ll(x) = Th — Thoy

CHRIc b Ty TE S L
i o, ICBTS a0 Dz u; B E, G lde, BT, BEIMWEEZHNT

W(x) = up—1Lo(x) + urLi(z) (2 € ex)

tEbINns,

HZB50d ¢ LiE->T, BTHW S,
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~BFERITERLES N
XM I =1[0,1] ® m+ 1 D75

O=zo<t1 < - <xp, =1

ZHD, & k=12, mIZNLT, e = [mp_1,2] EBE, ¢ D LEZHREFL

W5

[ CHE T, & e, BT 1XRBIBICE LWL S 202K E X LB L, X IZARIK

FZRR E 72 D . Z DB E LT, ROFHTEE S ¢; (i =0,1,--- ,m) BB,
(i) i €X (¢ 13 T THHET, % ep BT 1RBEHKIEL W)

TED v e X 1%

EEROLINDD, EliF wy=d(r;) THD, —D2DHEF e, IKHEHTELEE, r€¢;, £T 5
& (pj(x)=0for j#i—1,i THHPD)

w(x) = Z wip;(z) = wi1¢i—1(x) + widi(x) = w1 Lo(z) + w; L1 ().

-

f:ffl/ LO = (bifllem L1 = ¢Z’|e¢ é:i))ll)f:o F%%ﬁ Lo, Ll =8 €; @Eﬁ@?%&“ﬂzﬂfﬂéo [
NIERDFEMETRBO T 6N 5,

Lo, L1 S €; J:O) 1 a’z%%&f\ Lo(l'i,l) = 1, Lo(xl) = O, L1($F1) = O, L1<$l) = 1)

4.3 BERFBRBEITIOEE
PEK ep = [mp_1,mp) (1 <k <m) ITEIT5EE

1

1
U =up_1Lo +upLy = Z Uprj—1Lj, U =uvp_1Lo+vpLly = Z Upj-1L;j
=0 =0
ZHOWTEZSLZEILT S, KEFE e, ITDO0WT
“odu, dv ik
(u,v),, = /zkl %(x)%(x)da:, (fi0)e, := /xkl f(z)v(z)dx

&9 % & Galerkin D55

~

(a,0) = (f,0) + Bv(1) (veX)
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(8) D a0y, =Y (f,0)e, + (1) (vEX)
=1 k=1
EEZEY S,
1 1 1
(@, )., =< Uk leszk—H 1L> =D > uksivkeio (Ly L),
=0 =0 o =0 i=0
1 1
= Z Uk+i—1A§f)Uk+j—1,
i=0 j=0
772 L
Agc) = <Lj7Li>ek
—J3.
1 1 1
= (f, ka+j—1Lj)€k = wa 1(f, Lj)ey kaﬂ'—lf;k);
Jj=0 j=0 3=0
=72 L
f]gk) = (f> Lj)ek'
¥ 7
BO(1) = Pugy,.
ZZT

w = Uk—1 - Uk—1 Foo= fék) Ay = Agé) A((ﬁ)
A Rl A R WS AR W D
0
o ()

EBL up, vy BERERNTA—=FT— XTI KNI, f, IEREHRHERI NI, 4, 3ER
FREATIN LT NS, T2 & Ay ITWTHIT,
<ﬁ,f}>ek = ’UgAkuk’v (f0)e, = Ugfk (k=1,2,---,m), po(l)= Ug;gm

E%%, Z2TT I35 (transpose) #%7, bla=a-b ThH 3,
ﬁéa)fL ;%wm 14k7-fk %&jz&b<k Oo

Tk Tk 1 L
<LiaLj>ek =/ Li(z)L(z)dx :/ %dm _ £ o= { © J)
Tr—1 Th—1

T — $k—1)2 Ty — Tk-1

ThHdHP5,



%
1= (Lo = [ f@Lde (=0,
:QEE®%ﬁﬁfKﬁbf@%#@?é%ﬁﬁ(%ﬁm;oTMEMﬁﬁ)LT£<O%

Mi f=F(@e—1)Lo+ f(zi) L1 (on e)
&1 XRAEERIZ A L <

£ = (f.Lj)e, = (f(@r1) Lo+ f(@r) L1, Ly)e, = F(@ro1)(Lo, Lj)e, + Far)(Ly, Ly)e,.
EZAT (w=ap 1+ (o —ap )t (0t < 1) DX BELEH %2 T 5 LERVL)

— Tk-1

1
xXr
(L07 Lo)ek - (Lh Ll)ek - (xk - «Tk_1)/ t2 dt = kT’
0

Lk — Tk—1

1
(Lo, Ll)ek = (Lo, Ll)ek = (.’L'k- — Z'kl)/ t(l — t) dt = 6
0

THH>DH
f= (zr — 1) [ 2f(zr1) + f(ok)
6 flaxa) +2f () )

4.4 EPHFEXAOEAILT — EEFEINEE
HNGTE 272 bob, fT80% m+1 JOLiRT %, $F

Ug Vo

Uy U1
u = X s ’U =

U, Um

EBL, BOIBLIZARZD, u, v ZZNFN 0, 0D x; TOETHH, ¢ DRBETLH S:
ui =a(z;), v =0(z), u(x)= Zuigbi(:v), o(x) = Z%@(ﬂf}
i=0 i=0

fr, A, g5, 1220 TE, 0 Z2fi>o T, R™L M(m+1;R) OICICIERT %:

0
i 0| 0 |0
= | o] e 0 jﬁ;ﬂjﬁ; 0| w=12-m)
0 U U U
0
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Inozfwa
<ﬂ,f}>ek =vl Afu, (f,0), =0 fi (k=1,2,---,m), Bo(1)=v"g.

WFREREEL L (3) 13

9) Z v Aju = Z vl fr+vlgl, (veY)
k=1 k=1

LHEEIND, STTY I, 6= 0 B X BT 2X9 %0 = (v, ,0n)T DRI,
i=1
Thbb

Vo

U1

Y ={| . € R™ vy = 0}.

@ ..

m

v’ (ZA};) u=uv" (ZfZJrg;) (vey)
k=1 k=1
A=Y 4 =Y fiv
k=1 k=1
EBITIE
vIA*u =vTf* (vey).

bbb
vI(A*u— ) =0 (vey).

CITovRY DEEDILTH 255

R

A'u—feYt= S| eR™hANER G,

(a») .

CEJNES
(A*u — ) DIRAID KT LY = 0.
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ThbL
(10) Ay = F

(Y
(Y
A

AY = A* D 0 {7272 m x (m + 1) 1751,
= OFE 0T ZRT: m RITHER 7 +ov.
COBBET, RBUTHI A IZIESATAITIE RV EITHERL &9,

EZAHTuy=a lFFhr>Tw5DT, DUT, u DHEZFETT S (T2 & EIFIETITIIR
BOHBAMES D),

u = u DE 0] Z R T2 m RIGHER 7 kL

, «
ie. uw= . |
u

A= A DFE 0272 m RIEHFITS

Ajo AL e AL,
ie. A™ = AL, A= : : ;
Ao A A
Al
f=5- : o
Ao
i SEG
Ajo N Al
A u = A ( *>:a o+ Au®
Ao Ao
TH2056. (10) &
Au* = f

EFAfETH B,
RDOZERHEHZTEL E X,

o REBUATHNIIEARBT RGNS 2 fi ki F5 D17 LA 27 b D
o AR OEMRIILLDR T P VICiHAAT
o RABIFHIR AT A= —Td by, FKBIEIE RIHIEL TES

4.5 BEFENICTEHILDIEH

(ZDERHL (2015 4EFEIL) http://nalab.mind.meiji.ac.jp/~mk/ouyousuchi/ IC{E X ¥
EDS

~—

23



IR HFE e (k=1,2,...,m) 20T, A, f, kD 2!

Ak _ <L07 L0>€k~ <L1’ L0>€k f _ f(xk—1)<L07 LU)ek + f(Ik)(Lla Lo)ek
CE T S0 (Lo Ln)eg + Fan)(Lr, La)ey )

1
(i=17)
(Lj, Li)e, = / L;.(x)L;(:c)dx _ ) Tk~ ZL’f—l
€k T — (Z 7& ])7
E— Tk-1
T — T—1 .
(i=17)
LLoo = [ L@ =4 2

r —— (i #])

FHELT, 20% m+ 1 REATI A, m+ 1RIERZ bV FLCEAL T,

A=) AL =) fitan
k=1 k=1

ZEtRE L.
A=A oFE0TEFEIZRCZHD,
Ao
*ok * AN Kok AZO
= oBoRazZRVEb D, f=f"—a :
AmO
R 5,

E2B 71 ]I

Uy

Uz

U,
BRRNT uy, -, uy 2RO,
i=agy+ > uwit.

i=1

4.6 EI 1 RABRADEGR

Q=(0,1)=1[0,1] % 4 E5 LT, FDXHEZEREFZLEZ S, 2FD m=4T

z;=ih (i=0,1,2,3,4),
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(k=1,2,3,4).

[mk‘—la xk:]

ek

€k

1

ELh=1/4 21T

7z

(ERBIR) £ 5 &,

9=
Il

(fSHD7- D) f(x)

-
-

S

1
1

Ih
2
25

(h

*
4

0000
-1

-1 0 0 O
0000

1
0

0
0 00

A = AT+ A5+ A+ A



ff=h+fh+f+fita

1 0 0 0 0
N _ |1 _ _
B 3 8 I 73 I O
2 2 2 2
0 0 1 1 0
0 0 0 1 3
1/2 0
1 0
= fh 1 +1 0
1 0
1/2 B
o THREA Avu = f 1%
Up
1 2 -1 0 0 0
Uy
1 0 -1 2 -1 0 _ 0
- —7h
nl o o0 -1 2 -1 12 / LT o
0 0 0 -1 1 s 1/2 3
Uy
BRI ug = u(0) =a ZfRAL T uy ZHET S L
2 -1 0 0 Uy 1 0 a/h
1l =1 2 =1 o0 Uy - 1 0 0
1 S
0 -1 2 —1 Uus ! T o T o
0 0 —1 1 Uy 1/2 3 0

ZDRBEDRENIZ, 25 (Neumann BEFEEAT 2 AR 712 5 A U 7D 2700 T AL
HLZbD) TROoNZEN IXGERAEFH L THS, 2%

o BHIMZAMRERSE 2 L& &, AREREIE LA

o FMETHWH TR VIR (AT ROEA) Z L TR 547 Neumann B DU
YT 2 2 L, AREFETIIZSCHRICR SN S, AREZEE X Neumann i
S DERUT IR,
mRIC, S
uw0) =a, u(l)=5
25 2 72, Dirichlet BIHEREZ TR TE Z 5, TOHEIE, ROEN 1 RITBEABF SN 5,
a/h

2 —1 0 Uy
1 —
7 -1 2 -1 us | = fh + 0
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4.7 BTN -TATIL

DITMICHN T2 7077 030K E LT a#EIE, f=1 7T, ERSFEEFAX, Thbb
a=B8=0DEED7T0 T 7Lt T S,

HARMIZ

HEPI L

—u" =1, w0)=4(1)=0

EVIHTETH 5, BEMRIZ u(z)=22—-1)/2 £LKE S,

ZDIL fIREZBIHNDSDITEZ SN2 H, BERSM 2 IEFX ORI IE T % & 9 I

-

Tar o L eHZIWMA 50 2HEMEL T 5,

~
*

0 ~N O Ol WN -

[
[
¥ X X X X X X X X X X X X X ¥ ¥

N
o
*

~

/* femld.c -- 1XJG Poisson SR Z HIREEETHEL */

(5 AL s ]

Q=(a,b) FHEMR Lo BHXED) <.
ZOBA T 13 T1, T2 EZ00Hah6%k5,
Q E5zZon7-BE% £ 1oL <,

-u’’=f in Q

u=0 on I'1l, Jdu/dn=0 on I'?2

27 wv=u(x) KDL, 22T 13 T OFAZIHEMERRZ P,

f=1, I'1={0}, ' 2={1} 2 F D -uw =1, u(0)=uw’ (1)=0 &7 3%
u(x)=x(2-x)/2=-x"2/2+x

t1/) femid.out % gnuplot THHT 2 LfRD T 7 34T 5,
gnuplot> plot "femld.out" with linespoints

22 #include <stdio.h>
23 #include <stdlib.h>
24 #include <math.h>

26 typedef double *vector;
27 typedef vector *matrix;

29 double
30 vector
31 matrix
32 void
33 wvoid
34 void
35 void
36 void

f (double) ;

new_vector(int);

new_matrix(int, int);

assem(int, int, int, matrix, vector, vector x, int ibc[]);
ecm(int, vector, double [2][2], double [2]);

output (int, vector);

output2(int nnode, vector x, vector u);

solve(matrix, vector, int);

38 /+ HEADIEFKIE */
39 double f(double x)

40 {

41 return 1.0;

42 }
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44 /* main program

45 * the finite element method for the Poisson equation
46  */

47

48 int main()

49 A

50 /*

51 * nnode Hi s DAL (m)

52 * nelmt HIREEZDOMRE

53 * nbc FEARSG ST 2 B i R DFREL
54 * x[] i 5 o PR AR

55 * ibc[] HAB R 2 T i oFR S
56 * am[][] EREITS

57 * fm[] NSO/ 2

58 *

59 * R BT 0 26, BEHRSFII126DF5, £oT
60 * &S 0,1,...,nnode-1

61 * HERS 1,...,nelnt

62 * DX LifHIcH B

63 *

64 */

65

66 int ie, nnode, nelmt, nbc;

67 double h;

68 vector x, fm;

69 matrix am;

70 int ibc[2];

71

72 /* AREEREL */

73 nelmt = 10;

74 /*x Fli DRI */

75 nnode = nelmt + 1;

76 /* T4 7 VEFICH B Ei OB */

7 nbc = 1;

78 /x ATV —DHER */

79 x = new_vector (nnode) ;

80 fm = new_vector (nnode);

81 am = new_matrix(nnode, nnode);

82 /* iR OMEEE (22 TIFESET3) +/

83 h =1.0 / nelmt;

84 for (ie = 0; ie < nnode; ie++)

85 x[ie] = ie * h;

86 /* T4V 7 VERICH LHiOFRS */

87 ibc[0] = 0;

88

89 assem(nnode, nelmt, nbc, am, fm, x, ibc);
90 solve(am, fm, nnode);

91 output (nnode, fm);

92 output2(nnode, x, fm);

93 return O;

94 }

95

96 /* "EEERIEE ——- M7 1 XARXZHA LTS «/
97 void assem(int nnode, int nelmt, int nbc, matrix am, vector fm,
98 vector x, int ibc[2])

99 {

28



100 int i, j, ie, ii, jj;

101 /* the direct stiffness method (IERZMIM:E) =/

102 double ae[2][2], fe[2];

103 /* initial clear */

104 for (i = 0; i < nnode; i++) {

105 fm[i] = 0.0;

106 for (j = 0; j < nnode; j++)

107 am[i] [j] = 0.0;

108 }

109 /* assemblage of total matrix and vector (&&fT4l, &KX 7 FILDFH) */
110 for (ie = 1; ie <= nelmt; iet++) {

111 ecm(ie, x, ae, fe);

112 for (i = 0; i < 2; i++) {

113 ii = ie + i - 1;

114 fm[ii] += fel[il;

115 for (j = 0; j <2; j++) {

116 jj = ie + j - 1;

117 am[ii] [jj] += aelil[j];

118 }

119 }

120 }

121 /* the homogeneous Dirichlet condition ([AlX Dirichlet Hifit5efl) =/
122 /* T5 ibc[0]..ibc[nbc-1] DR TOMEIZBAITH 2025,
123 * ZOF T (=:11) DT EFNIX AT = o0 WAEIT =1 LT 5,
124 x/

125 for (i = 0; i < nbc; i++) {

126 ii = ibcl[i];

127 fm[ii] = 0.0;

128 for (j = 0; j < nnode; j++)

129 am[ii]l [j] = am[j][ii] = 0.0;

130 am[ii] [ii] = 1.0;

131 }

132}

133

134 /x BRFEBATII, EFEHENT PV ZEET S */

135 void ecm(int ie, vector x, double ae[2][2], double fel2])
136 {

137 double fO = f(x[ie-1]), f1 = f(x[iel);

138 /* ie HmHODOEFE [x_{ie-1},x_{ie}] DRI */

139 double d = x[ie] - x[ie-1];

140

141 /* SGREREATS A_e=(<Li,Lj>)

142 *

143 x UL TH oL LI

144 *

145 * 1 [ 1 -1]

146 * A_e=——————————— e [ |

147 * x[iel-x[ie-1] [-1 1]

148 */

149

150 ael[0][0] = 1/ d; ael0][1] = -1/ d;
151 ae[11[0] = -1 / 4; ael1]1[1]1 = 1 / 4;
152

153 /x BEEABENY L

154 *

155 * f_e=((£f,L0),(f,L1))"T
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156
157
158
159
160
161
162
163
164
165
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180
181
182
183
184
185
186
187
188
189
190
191
192
193
194
195
196
197
198
199
200
201
202
203
204
205
206
207
208
209
210
211

}

x"2 dx=(x[ie]l-x[ie-1])/3

x(1-x) dx=(x[ie]l-x[ie-1]1)/6

*

*x Y & LT

*  (LO,LO)=(L1,L1)=(x[ie]l-x[ie-11) [

*  (LO,L1)=(L1,L0)=(x[ie]l-x[ie-1]1) [

x £ % 1 XT3

* f = f0 LO+fl L1

*

* 1 KA Ho v 7235

*  (£,L0) = £fO(LO,LO)+f1(L1,L0)=(x[ie]l-x[ie-1]) (2f0+f1)/6
*  (f,L1) = fO(LO,L1)+f1(L1,L1)=(x[iel-x[ie-1]1) (f0+2f1)/6
E3

x/

fel0] = d * (2 * £f0 + f1) / 6;

fe[l] =d *x (f0 + 2 * f1) / 6;

/* Gauss DIHEIEIC X D E#Z—RGBEAZML «/

void solve(matrix a, vector f, int m)

{

}

int m1, i, j, k;

double aa;

/* forward elimination; */

ml = 1;

for (i = 0; i < ml; i++) {

for (j =1+ 1; j <m; j++) {
aa = al[jl[i] / alillil;
f[j] -= aa * £[i];
for (k =i+ 1; k < m; k++)
aljllk] -= aa * ali] [k];

m -

}
}
/* backward substitution */
f[m-1] /= a[m-1] [m-1];

for (i =m-2; 1> 0; i--) {
for (j =i+ 1; j < m; j++)
f[i] -= ali]1 (3] * £[j1;

il /= alillil;
}

void output(int nnode, vector fm)

{

int 1i;

/* output of approximate nodal values of u */
printf ("nodal values of u (fifiTD u DfE)\n");

for (1 = 0; 1 < 3; i++)
printf(" i u ")
for (i = 0; i < nnode; i++) {

if (i % 3 == 0) printf("\n");
printf("%4d %11.3e", i, fm[il);
}
printf("\n");
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212

213 void output2(int nnode, vector x, vector u)
214 A

215 int i;

216 FILE *fp;

217 for (i = 0; i < nnode; i++)

218 printf ("%f %f\n", x[i], ulil);

219 if ((fp = fopen("femid.out", "w")) != NULL) {
220 for (i = 0; i < nnode; i++)

221 fprintf (fp, "%f %f\n", x[i], ulil);
222 fclose(fp);

223 }

224 }

225

226 vector new_vector(int n)

227 A

228 return malloc(sizeof (double) * n);
229 }

230

231 void del_vector(vector a)

232 {

233 free(a);

234 '}

235

236 matrix new_matrix(int m, int n)

237 A

238 int 1i;

239 matrix a;

240 if ((a = malloc(m * sizeof(vector))) == NULL) {
241 return NULL;

242 }
243 for (i = 0; i < m; i++) {
244 if ((ali] = new_vector(n)) == NULL) {
245 while (—-i >= 0) free(alil);
246 free(a);
247 return NULL;
248 }
249 }
250 return a;
251 '}
4.7.1 FRE

e main() ZFHL DB Lk HIC. WY

— nnode R R

— nelmt MILZFEL

nbc 74 YV 7 LEIFUCH 2R D% (1 £721F 2)
— x[] Himi DR

ibc T4 U 7 LERICH 2 OHi N E S

ZIRD TV 5,
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o BV I XRIHBERZHET 2DIx, BB assem() THH> T3, {EENEIL 3 D200
ns,

l.am, fm 2 0 7V 79 5%,

2. TRTOFRBERICOWT, BEEBREATI ae, EEHHBHRZ ML fe ZElHEL T,
ZNFNEMBITY] am, EEEHRZ PV fn ICEAT 5,

3. 74V 7 VER EICH i mICIB T 257 2 EIET %,
o ecm() T L L Z2HIEDEY, e, = [xp_1, 2] £T 5 &,

meam (A1) e ()
Choths f I
f(@) = f(ar-1)Lo(@) + f(zr)La(z) (2 € ex)
&1 Xafld 5 2 izT i,
(fs Lj)er = (f(@e—1)Lo + f(@r) L1, Lj)e, = f(@r-1)(Lo, Ly)e, + f(@i) (L1, Lj)e,-

ZZT

! T — Tk
(Los Lo)e, = (L1,L1)e, = (x5 — $k—1)/ v dr = —=
0

1 _—
(Lo, Lt)e, = (Lv, Lo)e, = (zx — f’f’kl)/ (1l —x)dr = %
0
THHNG,

£, = T — Tp1 [ 2f(Tp—1) + f(xr)
6 flap-1) +2f(xx) )
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4.7.2 RB&

oyabuny% gcc -o femld femld.c
oyabuny ./femld
nodal values of u (ffiiTD u DfE)
i u i u i u

0 0.000e+00 1 9.500e-02 2 1.800e-01
3 2.560e-01 4 3.200e-01 5 3.750e-01
6 4.200e-01 7 4.550e-01 8 4.800e-01

9 4.950e-01 10 5.000e-01
oyabun), cat femld.out

0.000000 0.000000
0.100000 0.095000
0.200000 0.180000
0.300000 0.255000
0.400000 0.320000
0.500000 0.375000
0.600000 0.420000
0.700000 0.455000
0.800000 0.480000
0.900000 0.495000
1.000000 0.500000

oyabunj, gnuplot
gnuplot> plot "femld.out" with linespoints

0.5 T . . . —
"femidout” —+—

0.45 +
0.35

0.25 -

0.2 r

0.1

0.05 -

4.7.3 Po>TH&ELD
L Ml 1« U 7 V&M w(0) = u(l) = 0 OREZRNTHA X I,
2. EFERT 4 7 LEMS u0) = a ODRIEZBEHTHAL I,

3. JEFIX Neumann & /(1) = B DIEZFEWTA K I,
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Lo —(puY = f £ ROBIRE AR R B THRE D,

5 2 RITTODBEREFRZE
5.1 BREEZRADHEEEERI
fH Q c R? # ZABEEICSET 3

~ Ne
Q=0:= U eL.
k=1

DEDHRER e F=fMATH 2, 1 JOuslR (FHKH ) 06 LR a 0, BERDY T
Ne
TV b 5kd, Q=] £525 2 LEF-HUITIMIRFTE 2w (Q B ATGHERT

k=1
b5 E)uaGEE, FXPEY O X IICHETE 2 L iFZ U EREETIE R W),
HRERZOEMZHi R L, (P}, DXHIKFEZZDITTEL,
FERBIB E LT, Q @k T, BHAREFE ¢ LT &y D 1 REEABBICEFEL VD
D— HHE XTI 1 KB — DI {7, T &&AF

¢Z(Pj>:51] (Zaj:17277m>

7z b DM T 5,

5.2 ZAFLED 1 REE L, & (L;, L), (L;, L),
SHYEE e BT A%, K EDDICN, = (2ny) ((=0,1,2) £T 3,

5.2.1 ZAFER c OEE ||

BTLIXLIERHEICR 2D T, e DI |e| ZAHLTE I ),

(11) |d=M<x““0“‘%>=@rmMm—m—@rwmm—m»
Lo — o Y2 — Yo

5.2.2 ZAREROEBEEE L,
D 1 XEA%

u(z,y) = ap + ur + oy
X, 3N N, 1B Al o =aN,) (i =0,1,2) Z2IETHEEE S (v, = u(P;) LIRFAL
WK )I), T, EHICOWSHTH 208 (MIEDA X =2 TEZ S &, FHIZ, 2
DLOMELZ 3 REZHRETNUIEE S, L)L), TCBRTIHEHDEGR S,
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Fric, figi N, ©1, fhofisfiTco %22 1 X% L L35 (i=0,1,2), 2FD
L1<Nj) = Li(fﬁj,yj) = 5ij (’L,j = 0, ]., 2)

ZOD (Lo, Ly, Ly) W2 &, EED 1 REI% w0 1%,

2

U(z,y) =Y w'Li(zy) ((2,y) €e)

=0

ERINS (MHAEBHIT 1T KRBT, HELZ 3 KN, (1=0,1,2) KB T 2HEIFEL VLS,
HEEICEE L), DF D, (Lo, Ly, Lo) 13 1 REABDEMDILIEIC %2 5 .
PceZEE LR EE, WIET 2 3 FE (Lo(P), Li(P), Ly(P)) % P OEEEAE &L W55,

5.2.3 MHEBEEEOHREOES
HEEEOEORE Y Ic O WTIE, EiZARX2H 5,

itk
(i+j+k+2)!

(12) //Lo(x,y)iLl(az,y)ng(aE,y)k dxdy = 2|e| (le] 1% e DIHIE).

SEBH Py = (0,0), Py = (1,0), Py = (0,1) THEN 2 =FMIE%E A £ L. 1 XBEK o: R? — R?

©(Po) =No,  ¢(P1) =Ny, ¢(P2) =N,

To — Ty Y2 — Yo (Y Yo
BRI (2,y) = o(u,v) 27789 &
/ / LiLiLE dedy = / / Lo (u, 0)) L(p(u 0) La(p(u, v))*
e A

x |det ¢’ (u, v)| dudv.

¥ 7z

det ¢'(u,v) = det (951 B yo) = 2le]
T2 — %o Y2 — Yo
ThHb, Li(pu,v)) 1 (1 REEE 1 REBDERTH 2006) 1 REFET,
Li(p(P;)) = 6y
Wil T EDS,

LO(@(“? U)) =l-u—wv, Ll((p(uv U)) =1, LQ(SD(uv ’U)) =v.
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v)udv* dudv

//LéL{L’;dxdy:2|e|//(1—u—
—2|]/ujdu/ (1—u—v)v*dv

= 2\6]/ w) Ty du/ (1 —t)*dt
0

=2le|B(i+k+2,j+1)B(i+1,k+1)

:2Mru+k+mmj+mra+nmk+n
L(i+j+k+3) I'(i+k+2)

FrGe+1Drg+nrk+1)

=2
el I'i+j+k+3)
ikl
= 2el .
(t+7+k+2)!
Friz
210!0! 1

L2 dxdy = 2 == =
‘Klo ray Wu2+0+0+m! 6|e| )

(LJaL’)e =

11110! 1
//Ldﬁdmy:?ku1+1+o+2ﬂ:126

5.2.4 MEEEAE Li(x,y) = a; + bix + c;y DIRBURTE
Li(z,y) (i=0,1,2) DR %

Li(x,y) = a; + bz + ¢y

EBLLE,
a;
0ij = Li(xj,y5) = ai + biwj + ciyy = (L y5) | b
Ci
THHME,
Iz yo ap Gy Qs
I = 1 1 Y1 b(_) bl bg
Iz y Ch G C
W Z (T
apg ap am 1 Lo Yo
bo bl b2 :A_l, A= 1 1 Y
Cop C1 C9 1 T2 Y2
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Cramer DAIT K - T,

T
(_1)1+1 L2 Y2 (_1)1+2 Ly (_1>1+3 Ly
To Yo 1 ys 1 a3
AL — 1 (—1)2+1 1 Y (—1)2+2 Ly (—1)3+3 L
detA T3 Ys 1 Ys 1 x3
(—1)3+ 1 Y (—1)3+2 Loy (—1)3+ L
To Yo Iy 1 z
1 T2Y3 — Y23 —(?/3 - y2) T3 — T2
= det A —(371193 - ylxs) Ys — Y1 —(373 - $1)
T1Y2 — Y122 —(?/2 - yl) T2 — X1
1 ToYs — Y23 T3Y1 — YsT1 T1Y2 — Y122
:detA Y2 — Y3 Ys — 1 Y1 — Y2
xr3 — T2 1 — T3 To — X1
. o o . o Yo _|T1— %o Y1 — Yo| _
det A=det |1 x; =det |0 z1—20 y1—1y | = =2le| > 0.
Toa —To Y2 — Yo
1 2z o 0 x2o—x0 Y2 —

(¢,7,k) 13 (1,2,3) D@L §5 12, Zhid
(4,7,k) = (1,2,3),(2,3,1),(3,1,2)
EWV) ZEZERLTWS, ZDLEE,
a; = Tjyk — TYy, b=y — Yk, G =T —
EELE, T4hbD

* Py— * Pyp— * y—

A = TaYys — X3Y2, b1 =Y — Y3, C = T3 — T,
* Py— * P— * yp—

Gy ‘= T3Y1 — T1Y3, bz =Y — Y1, Coi=T1 — T3,

* Py— * Pyp— * y—
a3 ‘= T1Y2 — T2Y1, b3 =Y — Y2, C3i=To— Ty,

EBL L,
(@
Al = — by b5 b}
2[e] 2
g ¢ C
St

(13) / VL;-VL;dzdy —/ ( b ) ( > dxdy = (b;b; + cjc;)le|.

12(1,2,3) @ %mci\ (1 2,3), (1,3,2), (2,1 3),

TH Z)o



5.3 EXRFRBUTIIOEHE
TR IR EIE 2 2 E L CEME L. B s R RIuUT kv T

~

(w,v) = (f,0) + [g2,0] (Ve X)
i
(14) S @0, =S D + 7] (%)
LB, REL
(@,0),, = wm»vm@w,gﬁm,:/u@nmmm

220w = AN, W = 0(N) (= 0,1,2) AT,

Jj=0 =0
ERbT L
2 2 2
(@0), =Y D 0 AW, (£0)e =D v f,
j=0 i=0 P
7272 L
AEJEk) <LJ7 Ll)ek ) fz(Ek) (f7 Lz)ek
22T
u ° 1
U, = Ul s Ve, = 1 , fek — fl(e) ’
u? 2 f2(€)
A A Ay
hom | A A

LB, A T,
<a7 6)6)@ = vz;Aekueka (fv i}\)ek = ’Uz;fek'

BENBRADHE ALY = (L, L), OFHEIE (13) THATYL S, [ = (f,L)., <2

TiE, PIAE
2

(f Li)e, = (Z f(Nj)Lj,LZ) = f(N;) (L, La),, -

€L ‘7:0
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DEINTGERT 2 2 LT, &3 (12) 25T (L;, Li),, ZatE Tl v, EEE, 5
WD S i =5 2 i #j THAEZTTTIUFR T,

21010!
2 _ _ .
//ekLodxdy—2|ek|(2+O+o+2)!—]ek\/G (i=7DEF),
il //LLd dy = 2)er| — 1O x| /12 (i 45 D& F)
olnaray = z|€ = |€k vF ] .
o (1+14+0+42)!
nms

i = 'e‘“'<2f<No>+f< Nu) + F(N2)),

A s '1’;’ (F(No) +27(N2) + F(N).

A= 1) + v + 200,

5.4 EGAFENOBHIIT — EEAIME

BN CTH R 7R v, 750% m RIUICIERT 5, £, u; = a(P;), v, = 0(Py) (i =
1,2,---,m) &€ LT,

B,
AREE ¢, (k=1,2,--- ,N,) Z—2M->T, LIZSKEHET 3, e, DHEiri No, Ny, Ny 12
XL T,

No=P;,, Ni=P,, Ny=P
kiﬁ% ﬁi Zko, Zk;Q, Zk;2 %HRZ) (:m% %ﬁﬁﬁﬁ;ﬁﬁ%&nﬂiﬁa)o
FLeR™ % ing By = f iy By = <ek>,~ Ry = fior) T RS OBIIET S
TOTH2EI BRI INET S, Bz i <z§)<z2 73?5)

ik,2

1 Uk,0 g1 k2 m
\J 1 ) ) 1
. k k k
fi= (0 -0 f% 0.0 fP 0.0 fF 0.0 07

CHDEIHITEFETS L,
(f,0)e, =0 fr (k=1,2,---  N.).
Rk # 2 5T, 391 A7 = (o) %

Qi oino = Agf])v Qi ik = Agi)> iy ik = Ag;)v
Qi 1igo = Aglé)v Qi 1 — Agli)v Qi yig o = Agg)v
Qi 9ig0 = Agé)’ Qi 01 — Agi)a Qi pig 0 = Ag;)u
Znbst =0
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TED D, WIZIE ino <ipg <ire BHI1E

k0 U1 12

\ 3 \

A AW AR ik

b
R
I

D

Ay AN AR i

nzfws k&

W 2259 (14) 1&

Ne Ne
ZUTAZU = Zvaz
k=1 k=1
bbb
Ne Ne
v’ (ZAZU— Zf*) =0
k=1 k=1
EFfiElc 72 5,
ZzZ7T
Ne Ne
A=A =) S
k=1 k=1
LB
(15) v (A*u — f*) =0.
ZZTwolX
U1
Vi={| ¢ |eR"vu=0 (Piel %%}
Um

DEBDOTETHBH 6, (15) X ERETSH 5,
wh

Au—feYt={ : |eR" w=0 (P,¢l1 %% i)}

ERAY PR
(16) Ay = f.
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(Y
(Y
~

A = AT D AT (P ey 5 0) 2RV T4,
o= PO Rg (P el D) BEROIMERY FoL.
EZAT
oL, THERALTHETE S, A 247 P LT
A = (a1az - ay,)

DEYIFRT B L, (16) 1F

m
)k
E a;u; = f .
i=1
E a;u; + E aju; = f*°

PieFliﬁéi Pnglfg%z

EOMRLT, BHT S L

a;u; = f — a;U;.

PigFlth)i P,ely 2% 4

Au* = f,

w = uDE Y (P, €Ty %5 4) ZEROIMERT v,
A=A DFiH (P, €Ty &5 i) ZERWIIESTT,
f = f** — Z a;U;.

P,el’y 2% 4

5.5 EMIAERDEEFS]
i M 722 I S N 2 A BRSEEE O R R R 2 - 5,

Q=1(0,1) x (0,1),
I ={(z,y);2=0,0<y <1} U{(z,y);0 <z <1,y =0},
Dy ={(z,y);2=10<y <1} U{(z,y);0 <z <1l,y=1},
=0, ¢g=0, f=TEHELTS.
Thbb
- ou

—Au=f (inQ), u=0 only, — =0 onlTs.
on

COMHEEZEMN (4) DX )T 3 MPEFICK > TEBEIHT 5, AREFZRZRDHDDI AT
Do (FAT LI EMRILIZTS), K4 (5) D& ) IRFfHiRES 22T %,
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y=1
Q
0] r=1
3: HIK Q
Y,
P2 P5 P8
€3 €7
€9 (&
P1 7
Py
€1 €5
€0 €4
Py P
P;

4: FEIT
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A4 71 e, e, €4, €.
574 70 II €1, €3, €5, €7.
NQ N2 N1

Type 11

Type I

No N; No

5: 0D I A T DOHIRESR L IRPTHEi s S

Z A4 TWEC 7% 618, BRE{EATH Ay, BRAMEXRXZ PV f WEL W EIFT 0005
zZnzrn A[, A[[, f], f[] T%j el j‘%o AT TIZOWTIZ

h2
D="hn =
, S= =
1 -1 0 —
1 h?
AI:§ —1 2 -1, f]z%
0 —1 1
74 I IZDWTIE )
h
D =h? = —
) S 27
. 1 0 -1 e 1
A[]:E O 1 —1 ; f[[— 6
-1 -1 2

INnohro, RENGEUTEAZES I,
Z D7D R fiR T & RENRERE S OISO BBETH S, 2 ZTUTD

AN RADSIIVE X =N A

CES €hp €1 €2 €3 €4 €5 e €7
PRI A T I II I II I II I 1II

No D&AHiNE=|0 0 1 1 3 3 4 4
N, Deffiin®s |3 4 4 5 6 7 7 8
No DA% |4 1 5 2 7 4 8 5
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AN N~ N O M — N AN

=
[%=

Ne}

~
IS

Ug
Uy
Uz
Uus

<
3

Us
Ug
Uy
Ug

-1
—1

-2
0
4
-1

-2
4
0
-1

8
-2
-2

0

N6 Galerkin D552 1

-
—

T 9. o oo
Vv € {(vo, v1,v2, 3, V4, Vs, V6, U7,08)" € R”; w9 = v1 = vy = v3 = vg = 0}.

THAGERFMOWNIE 217709 &

for
TbHb

Zz

fh?
B2
2/2 :

fh

) ( fh?/3

Uy
Us
Uy
Uusg

0 —1/2
2 —1/2
1

1 -1
2
0

0 —1/2 —1/2

Uy

0 —1/2
2 —1/2
1

0 —1/2 0 —1/2
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~1
)o

i)
N

7

0
0

0
0
0
0
-1
2
0
0

LA & R

/

1000 O
0100 O
0010 O
0001 O
0000 4
0000 —1
0000 O
0000 —1
0000
DEAR

5.6 AEXRZILITIDICHELRHOD
FoHclix

H B\



o I') 2dH % (Dirichlet Bi¥igeth 239 Him O 2KEH ks (HF 2% 2 7-4H),
o ZAMERZMELT 2 Hi O HFES,

DB I o T2,
ZOHITIX g1 =0, =0 THoORD, —MRITIIRDSDHHIEIZR D,

e [y hZdH % (Neumann RS 2HY) HiAORKHiHEF S L. 2 2I2EIT % Neumann
7)\‘— 57 ga.

e ', IZEF % Dirichlet 7—7%.

5.7 Y7L 7O75L4
CIUIHIERE LTHENT 5,
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A SEICKRDIEER

HHFCIZET4FEEIC LT LIZERBEREOREZ 522D T, W2 FR— F2E-
TL)%O

PEEFHRTASSEL R — by
http://nalab.mind.meiji.ac.jp/~mk/labo/report/

BEROXE (HEHMFOL F—FTlER0) b28E L5,

1. T Ak, ARIEREIC X 5 EH Navier-Stokes TR O BAEMNT 712 75 L (Ver.1) HL
D P AFHIE (1995).
http://nalab.mind.meiji.ac.jp/~mk/labo/report/kudou.pdf

SE R
(1] %Hh B, A RREEREMEL, ¥4 = v A%k (WK 1980, HaThk 1999).
2] #5H SCHE, ATBRIEEE O RO, KRG (1994).
3] A L - TU DR BRI E B NP I I BURORT, FEER (1988).

4] I ek T2k, SRRE—, BARSEE DO - O 0BG — ISR — |, EEEM
(1960) D C .
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