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F50{K (cursive letters, script letters)

Fourier 222 5D T F 352 At RA LS, THLIFD L2 LRV (D FELFIIRITH),

A B CDZEVF GH I J K L M NOU&PQURS T UVW X Y Z
A B ¢ ©» &§ F ¢ #£ 9 g K L M n o »»r Q2 R S I U Vv W X Uy z
o B € 2 & F G N I I X L M N O P 2 X% S T U VN X Y Z

U v X

FUTHFEDOTILT 7Ry ME, 24 XFRBHHR->TWDS, KXF, /IF, M T 20 —<F,
A (FEEE. IR, FERLS) ZUTIORT,

A« a | alpha TINT 7 ®lfo

B|p b | beta N—& bi:to, béito

L |y g | gamma | AU~ g&mo

ALS d | delta TR délte

E |€¢ e | epsilon | A 7> 1 | épsilon/-lan, epséilon
Z | C 7 | zeta r—X VANTE)

H |7 e | eta I—X {1to, éito

O |0,9 | t | theta == Bi:to, Oéito

I | i | iota A X & foute, aidute

K|k k | kappa 71w N k&epo

A A 1 | lambda | 7 4K l&emdo

M| pu m | mu Ja— mju:, mu:

N |v n | nu —a— nju:, nu:

=& X | xi 73— gzai, ksiz/-sai
O|o o | omicron | A I 7 v | dumikren, oumai-
II |7 w|p]|pi A pai

Plp,o | r|rho 7 — rou

X lo,¢ | s |sigma U= sigmo

T |7 t | tau xv tau, to:

T |v u | upsilon | v 7’>w\ ¥ | jlpsilon, juipsdilon
® | o, ¢ | p | phi 774 fir, fai

X | x ¢ | chi H A kai

U | ) p | psi 74 psai, psi:/-sai

Q| w o | omega | A XA 6umigo, oumégo/-mi:-

2w P T I ¥V Y XF AT DEIVE XV vy XF EEH THRRIT L, kb y b T
%, ERpIIERTEDED BT RVADBZNTH S S (EBBBZ Y ¢ BERIHTEZD),
DLEELTBL I 2HD 3,



CS5R

ail

N={1,2,---}

Z=10,%1,42, -} = BEEKOES

Zso=1{0,1,2,---}

Q= EHEBERDOES

R = EHEROES

C = HEHEKDES

KTR,COELELRERT ZEHZL,

Xow={f]| f: R— CXpHNc C*#&T. AW 2r QMR (ZoxFERZ T DS, p. 21)

Sy Z A Y A—DFNAER (m=nk&E 1, Z5THRIFIUD0)

z BB - OHBREREB BIZAEX T +2i =1 - 2)

Rez, Imz ZHRZN » DEAL. EH (M2 1E Re(1 + 24) = 1, Im(1 + 24) = 2)

Span{py,...,on) = {c1p1+ - + Cnn | c1, -+, € K} (p. 143)

f @ Fourier Z¥#uUk. Zf, Ff, f, Ff(0)]() BREDILETRT, F,F & F OIEXF, FEidlk
TH? (7—VIENMEMELTHNZDE25, F L SWIREATHRLWY),

ML (313 Wikipedia %10 X 5 ¥ [sik])

sinc xr :=
/ e dx = 2asinc(ab).

BAXATHEVLWTARLVWEAE
F B L (V) f(—2) = f(2).
f & (Vo) f(—2) = —f(2).
[ CH R, f BEEBICOWTRMOD ATRET., 2N O REMBDARERTH L I 2V I,
BEEI {antnen 1F. a: N = C, a(n) =a, £WVWIEHARE L, HEBFIO2KE CN X
T (EE X PoERY NOEBR2EKROERTY VX tFIEEHITESL),
RS, {antnez s a: Z — C LW EREARE, 2505 bO2k%E CL v £T,
i la,b] — C BEDWIC O R L3, B2 ARBG {;}) ) BFE LT,
a=x9g<r1<---<xN =D,
0% je{l,2,--- NP LT, fIFBXE (v;_1,2;) T C' T, MR
ML L LA A

BT 22 LRV,

FiR = C BEAMIC C B L. FEOa YT MK (0,8 WA LT, f (O [a,b] ~DHIRR)
B [a,b] TERHHNC CLRTH B Z L%V,

[ o] = C DERER B, KM O i id. &2 HREI {2}, HEELT,

a=x9g<x1<---<xN =D,

0% je{l,2,--- N} IHLT, [ & [zj-1,2;] KHIRT DL C'I{THZ I LFEETH S,
DE D z; TR REL f/(x; —0), f/(x; +0) BFEET S, £WVWH & TH5,

F<fESFIE

(VneZ) sinnm=0, cosnm=(—1)", sin(n+1/2)7=(-1)".
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Eibari=a)
b b
[ 1@t de = 5@l - [ 1@

[REESD 0D, f:R—-C Gy §3L %

Ry1,Ry—+oc0 [

/00 f(z) de:= lim " f(x) du.
—00 Ry

B DRI S 3 ( / F(2)dz < +o0) T & BHENC D> TN 572 BIE,

—00

/_Zf(x) dr = lim /_if(x) da.

R—+o00

BARSTOMS (MO CHEDOIEFE) MHOED, aba,fER a<b a<f, F:lab x
[, 3] = C 28 C {7z 513

d [° * o
d_g/a F(z,¢) d:c:/a el @8 de (&€ la B,

INFRFE T DG E TR L\ s,
'(%F(a:,g)' <o@, [ pte)de < oo
73 o DIFET 2581

9

d o0
" / Fdr= [ SF@&de (€< o)

(Fourier ZHADEGE  F(x,€) = f(2)e @ TH 206, o(x) = |z f(x)] &ZOb\“C/ o(x) de < 400
B D T TIZE, ) )

HRED (Gauss &) .
/ e dr = V.
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/> k0O
TOREIRIE . .
FESIZOWT Lo
%1% Fourier fi# (BE+ a)
11 BB (IZIF1EE) — 2200FHBEEDLS . . ...
1.2 Fourier fX (BAEA) OIR . . . . . . oo
1.3 EARME (RREZER) . . . .
1.4 “HHEEHE < BE (Bobr=EXHE) OB . . ... o
141 TRME < B|E) OFBEBERSY .. .. .
1.4.2  Fourier I DE A ANIERFHTH D, (HZEKRT) REEUTHZ . . .
1.4.3  Bessel DAFEI, Parseval OFN, ERIERERSR .. .. .. .. L
15 BWOoedBIR ...
1.6 TODEDEED . . .
1.7 BF: ZO®BD Fourier FBOMEE . . . . ...
$2E Fourier T
20 A RE e
2.1 Fourier Z#ADE A | Fourier DB . . . . . . .
2.1.1 FULHDE . ...
2.1.2 BOOFHA ...
22 EBRX - KiznsA»rolFGohs@rzaX o0
2.3 BARIYRBAELD Fourier 281 . . . . . .,
2.3.1 Fourier ZHAE DODEHWVT . . . L
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233 e @ D Fourier ZH8 . . ...
234 BE ﬁ O Fourier ZHROMHMGRE o781
2.3.5  Mathematica DF|H . . . . ...
2.4 Fourier ZHOMWE (BAIAALAY) . oo
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2.4.2 Fourier Z#a & 3 Fourier ZHDBER . . . . . . . . .
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2.4.5 EEEED Fourier 22 . . . ...
2.4.6 Fourier ZHADERAR . . . . . .
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B5E
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6.1
6.2

BTE
7.1
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2.7.2  RE/NEIBOZER S(R) CAREIEREBMOZEM S (R) .. ...

BRI Fourier 24

BEEL Fourier fA% — BEZD K DIWERT DD . . . . . .
BERY Fourier 228 . . . . . L
FET IZDOWT oo
331 B L.
3.3.2 Mathematica THEBL Fourier 22488 . . . . . . . . . . ... ...
BET: EBEROGE. BHCRRER, BERUERES .
3.4.1  YE{E: BERY Fourier (2% C,,, A, B, D% . . . . ...
3.4.2 FEREOBER Fourier 2248 . . . . . ..
3.4.3 BEBCRWEEEL ...
344  BEBUESRZEEL ..
BRESDORERB AN S ER

FFRoTAID .,
400 MERE
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) VI FER
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R EREELFE . . .,
521 FESEE L
522 UNEBOEH L

BHENEEFRS Fourier Z#: ¥ Fourier 7 73 )—
BERNEFRE Fourier 2288 . . . . .
Fourier 7 7 S U—0DO—%&ZR . . . . .

BAIAH

BT DIT .
BAIAADIERIIETR . . .
BAIAALDE]
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742 FHNER] fxg=gxf .. 101

743 FEEERI (fxg)xh=f*x(gxh) .. ... . ... 102

7.4.4 ZFRERFDOIFFLE (the Titchmarsh convolution theorem) . . . . . . . ... .. 102

7.5 BAAAD Fourier 24X Fourier ZHADFE . . . . . . . 102
751 “EHEOREEC @ Fourier BHADSE ..o 103

7.5.2 JEHIBEE D “Fourier 42" — Fourier (R DS . . . . . . .. ... ... 104

7.5.3 JEHIEZ D “Fourier 27 — BEEY Fourier Z2¥2D3%5& . . . . . . . .. .. .. 105

7.5.4 FHND “Fourier ZH#2” — BEEURER] Fourier Z2D5E& . . . . . . . .. ... 106

755 (BFEY) HEfEFourier 2 . . ... 106

76 L OBER .. 108
B8E FTIUXRILTaILE— 109
8.1 BEBUSE . . . . . 109
8.2 BIABYHNIA VI UVA L 109
83 MEEH 7 ANK— (LTI 740V —=). . . . e 110
84 FIR 7 A4V R— 111
85 HBHEEBOEEHEL Yy N TBHER . . .. 112
851 WONILIRTR o722 e DIEE . . .. 113

852 Wik TV IEBEEEZTEAE . . .. 113

8.5.3 MR Fouriter B L TARZ MLZRIR . . . .. .. 114

854 BWEZEAY FLTAD . . ., 115

86 TIRINL T aNR—"VED . 116
8.6.1 ZARDIUHEDFAL: ¥ TV YT L ThLHL T 4NVEX—=IZAT ... ... ... 116

8.6.2 IEKEZY IV 7T 5 ELBAIMGEONS L 117

8.6.3 JLOESOREE Y ERILEBEEOMGE . .. .. 118

8.6.4 HERULULZIELEZ 7 4 VX —ICASIT 5 — 74 VX —DRFEEESE . . 119

8.6.5 MT— %A « T4 )L R — 120

£ 9E Fourier EEOWNARRERANDIGH 123
0.1 WU DIT . o o, 123
9.2 FIMMHELH — MHABAAATREZMTHAZRS .. ... 123
9.3 PFHICBIF 5 Laplace FFERD Dirichlet HaFUEME . . . . ... ... ... ... 124
9.4 BUTRERNOWHMERE . . . . .., 126
9.5 1XICHENGEROMMMERIRE . . . . . .. 129
F10E [GH: CT OHIE 130
10.1 “&{f: ZZBEED Fourier 248 . . . . . . .. 130
10.2 &l . . 130
10.3 CT OETH . . . . 130

T 8% A RIRERRE 135
& B BEEXN & MDE 137
fJ # C Fourier f%# (£ 1 E) DL 140
C.1 WNHREZEEIOBEBEC MR . . . . . 140
C.2 Fourier HRANEL, Fourier IESAREL . . . . . . . . 141
C.3 % NHEZEMDOAEX (Bessel DAER, Schwarz DAENX, ;R EEEUE) . . . . .. 143



C.4 Fourier fRBE —HRUNTR . . . . . . 146

C.h RSB . . 149

{1 $2 D Hilbert ZER4 150
D.1 BHEEF . . 150
D.2 Riesz DRBUEFE . . . . . 152
D3 EBEXREZID . ., 152

{4 8 E Fourier ZHICHT 2FIEDH 5D LBFRIAED KL 153
E.1 Lebesgue B DI . . . . . . . 153
E.L1 H2ER .. o 153

E.1.2 F|EE . 153

E.1.3 IEEZer, elRIBEEL Selet: . .. ... 153

E.1.4 Lebesgue HIEE, Lebesgue AIHIBE® . . . . . . ... ... ... L. 153

E15 ELAEWEZEZAELVERORI—H® . . ... 153

E.1.6 Lebesgue Z2[ . . . . . . .., 154

E.2 Lebesgue B DIWCRER . . . . . . .. 155
E.2.1 TEBFED . . . 155

E22 Mo BEOOIERRI . . 155

E.3 Lebesgue AJfE77 72 BAELD Fourier 2488 . . . . . . . .. ... 156
E.4 Lebesgue OERTHBERFED R D Fourier 22 . . . . . . .. ... ... ... 157

{3 8 F Fourier R T 2FIEDH 5 LEENLZED L (IBAR) 159
F.1 BCB3R . . 159
F2 R _EDOBED Fourier ZHEE BIAA . . . . o 159
F2.1 LYR) WWETAEBICTOVTOER . . . . . .. 159

F22 L2R)KETAEBUICOWTOER . . . ... . 160

F.2.3 ZOMODZERMTO Fourier 4% . . . . . . . . ... 161

F24 BIAA .. 161

F2.5 BiAAE Fourier L . . . . 162

F.2.6 Fourier ZHEDTRE . . . . . . 162

F2.7 ZFOMl . .. 163

F.3 R _EOE 2 OB D Fourier B BARA . . . . . . ... 163
F.4 7 LORBOBERURHE Fourier EBARAA . . . . . 163
{7 8 G B#EX Fourier ZH#ICDWTDH ST X758 165
G.1 BES Fourier fRE 2 FIWEHE O . . . 165
G.2 BEAROH 1KEATH o 167

1 & H nHFERX 168
H.1 1X0CZEM RUCBF2WEARER . o . 168
H.1.1 d’Alembert OfF . . . . . . . 168

H.1.2 BHESEROVHMERIE, &’ Alembert OEEIAN . . .. ... 170

F FRI [0,00) EDBI®D Laplace & EHIAH 172
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Jo 173
J.2 sinc. ..o e 173
J.3 0 8% A, RIEEL AENEEC. . 174
1 #x K Laplace Z#a, z Kz 176
K.0.1 Laplace 2 . . . . . . . . 176
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1> 60O

CDBEHEIE
BEFEEXT 4 7] COWOHEERBIHSDDEEZTH H VN,

T—XRZFREICHHATS

ZOBEHEDT —<ik. BEEY LTIE Fourier BN TH 2.,
SREE LCid, TICESMMERD FIF 5,

EATREICR B D

FTARTEREMNCHEZCHAL X5 2 I3EZ TV, EERESLEETEDOWL OMNITAR Y
FoAMEDHTEHZe2HNE LT, IREFEDOMEDFAIE S CIIDE R NDBDBEI IR o T b &
WEHEHTHEATIEWL, EWVWHIRRXRYRATRSL,

Fourier fi#HTIZ, ﬁ?ttfﬁﬁﬁﬁ%%biit?ék\#&D%Lmoﬁ@ﬁﬁ@%ﬁi@ﬁ

D - T, Lebesgue FEDREBIRN 22 A TR, Db ZENL MfTLTERDDT,
R 3EAFT LB AFLEORETH 200 EETH 2, FRTHHBEABIC X 2D N F T
HHS 2 DIEAAIRET. ZRETADIEFELI LA, REBRELLEWS Z 22k 3,

—7F5 T Fourier f#HTIX. BETRDOARBICE o TEHEBEREETHD, IR BVWEETHSWE
BEEIRZHDTH S, EEM (FEH) BEIE. KE2FEDOELINCYHZORZE ( TRE) LK
B Y WHORHAE o 720) OFTEBT 2 Z ik o722 F5WI DT, 2ELEDHEEINC T
HEAXAT 471 EWHHFORET, IREIFHSE - HEHR 2 OD THEIDIIERTH S, dDF
25 (HVF2T2BeE0EEE (2213 tBVELE),

BEICOWT

ETIE, HEOLDIKEZET v, MEMEZHET 20T, BELT WL, €1
EHHICOTTHHVARVI IOV TIE, EEEH T,

FEIBEDUMNC, a v a—&— %ﬁotﬁﬁkomfeﬁhf%Emtmz%ifmf(nywl—
& —ZAH D W THERL Fourier i 22 XD TH ). ZDDDEE (L K- FE) Bd
b5, 7025 IVIEREIFIMEHVTS RVD, ZETIE. mAROHEANHER] 72 Mathematica %
o THDMHTITIZE S THIEXR VD, T 5,

YHEHIR TN TERBEEL w5, WHhOZBEEROMBLHEL L TWT, 25513 FNTE LA LHIT
b, TNERBHEITESTRD T THRT 2 I LTk 5,

2Z25WS ZeRB LR T, T RY MUVRIIZ EDBFETHEIID SR, 2 DIZFE L YT
BREME LTINZAThE (RERE > 0 ERARITIL - T2),
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FERICDWLT

Fourier

Fourier (Jean Baptiste Joseph Fourier, 1768 £ 7 7 >~ 2 @ Auxerre I F 4., 18307 5V AD
Paris \ICTHT 2) D384 A =7 ThH %, Fourier IXF KL A EFARHMRDT7 7V ANTH o7z, TEA
OFEFTIERE)  GRaR (1], [2]) WSS - AZFER L (1809, 1812, 1822), £ DO TRUREHR
DHFETNLE LT, WhbW2H (E) AR e MEh 3

ou
CE =kAu
ZEM U (B Z3EEH [3) OF2E§1, 2) 2T u=u(x,t) 1 35FT o, Kl ¢ 1B 2 E DR
EZ2RL., c ZHRAEED D OBA R (IEOTEHE ARE D). bk IZBMEER (P iEEHIP Tk
DEBEHIZEDE) THD, ZLTARFTTFAERAREMEIN S, KA TERSIN LW EHAE
THb:

Fourier 13 & 512 Z D DR (Fourier f AL, Fourier 242, Fourier D Z R0 HEE) ZHmAH L
720 % Z°TC Fourier fEITHFLAE L 72,
ZOHEZ, AMEEHEAZ T TR, KEAER
1%
c? ot?

WOWTH (£ Ty ZORDICHESINLAEDLSIZ) #HHATE %,

18 HADKE, T FEIIITEFEET Y DR LN TV D, 2D Fourier DFERIZEH BZMEIRL
oo EDZETHB (FvF— 4], §91), Fourier M. BIETIX. BHFEDBEMOELE LR T2 b
D5 (I o TUEEE»D LRV,

=Au

— 2WVWIDIT, BRNBEFEDI Y X256 LTE., RBSHEANDICHANERI AT
W5,

Shannon

20 tidH Z A 22 5. Fourier fEHT DIESUIBADIGHBER E LW, X127 ~<—L ¥ LTiE Shannon
DHEREITERETHA D,

Claude Elwood Shannon (1916 7 X U & I > M Gaylord IZAEF N, 2001 F7 XV A <4
F 2 —+t v VM Medford 12T T %) 1. BEEOKAVERR) ] & T (1948 4F), HHOT> b
n—, HWOBEMNTH Iy P REDWERZHRH L, 7V Y EHEZREA L (10494 — 2
AU OWTIEFRARR ORI T %) R L,

FFT

FFT (2% Fourier Z#2, fast Fourier transform) & (&, B#&X Fourier & ( [BF e X T 4 7
WHHTRED, ZOHEBRTHRTHNT S) OEEZLT7LTY XL T, 1965 4 Cooley-Tukey [6]
KXo THAINZ, I DZL OMENa Y ¥ 2 — &2 — ETHENRIECUHATREICZ D,
7 XA E IS TER VT2,

10



(REK) FEiX FFT &, BRI Gauss (Johann Carl Friedrich Gauss, 1777-1855) 12 & » THA I LTV
7273 (Heideman-Johnson-Burrus [7]). ‘SR 6Tz, Cooley-Tukey 12N & FMIL L FHFER L
WS ZXIWZRb, BB, HALEIBRT7LITV X LMD NED KOV T NS LW (BEIIFEHD
{), IR BHIENG Z 21272572 & 52D Cooley-Tukey DX [6] TH 2 DIFHEWR X Z S
TH 5,

EFIF: COBERD HE]

(2 ZxEE2)

EH G ORPEFE R DT, BANREHANPZ S Ro TV EIZES 2, HiXvwbw 25F D
FICTH2O0HDIERV, FHHLTWS 2, £, W, G50, BEER, - Fy 2%
UHhEZTWS (0b D), (BENTVEANIZIE, EZTUDEDoTWED, FExbhr izl {%&-
TVE0d LRV, ZORIIHRZ7ZTIEFEELELSI EEZTWS, )

WL LS T2, DIRIELPHATES, ZRTOVTIRL T2 DR TV
ROBVWEHREL TV,

7 — V) TR EARIIIEE ARG 2 o T0 b, $BAABFEOTTH RELREFEEDD 5,
FEE D DRIREE IR T 2 7= DICFIH SN2 720 TR L BRI R BEAES (B, By, DOR, %
A, ) DREBEL - BAZSI RV LEEID %,

IV D) (NADER, FHOMT) ARV, FAZIIEH LRV, £ % 72078
BMLTW2 e IA0H 5,

IR DWW T,

o Y5750, HWRBEHTYE DHATHMAT 2, L LEBEVE LAV (5E212F % DI HEE,
LTHFUHEW), BREShES, L2 AMFEET 3,

o HEOBETIR. MHr—HO TG %2 0BT, BER#He T 2 HE52 VA, 22
T % R DUCH (4 AU, —REI, L2 IR, BFS Y LCoIE) 12onT, KX
PEA A= D EFESTHS S L R AR LTz, 20D THBIN) ToH5 L. fak mECEm
ROBEICT B T Y RS HRT 2 L AHIKS L EZTVS (HEL TV ),

o W/ — M ORI, AASIEHO 7Y F T 4 V., BEHAND Y Y 7 DWW T kT E
RE21EEDS (L5 L0 FRTIEHERTOVIRW), AU TR 5 AT IERER
VOEREGEZ 2 VWIEKD DI, EARIEDPREIIR S, Fhir el RETEBELIN
XLEZEZDIDOHTH D, BRI, Lebesgue FE7 % . SNEIREAT 1T 72 3UREE L v,

11



\np

5152  Fourierfi&X (& + a)

BFEEXT 4 71 LVWORITT2EBREPHEINTHNT, ZZ T IETTH S0
5. Fourier B DEA, W5 DITEMT 5,

1.1 8 (FIF1EE) — 200FBELEEHS
A X T4 7) THARZE () EEoiRDiEDOD, ALEDZ ichih 3,

~
FIE 1.1.1 (RBETEDLCE) [ R — C I3 2r OB T, H2EEDEOLN I 2H
DETH, TDOL

(1.1) ap ::l/Tr f(x)cosnx dx (n=0,1,2,---),
T™J—n

(1.2) by ::l/7r f(x)sinnx dxr (n=1,2,3,---)
T™J-m

T {Cln}nzo, {bn}nZI %i@% Z\ %&@(

(1.3) % + Z (an cosnx + by, sinnz) := lim (% + Z (ay cos kx + by sin k:x)) (r € R)

n—00
n=1 k=1

&5 2 EHRTIOR L. f(z) ©&ELWV, $hbb

o0

_ % :
(1.4) f(z) = 5 +;(ancosnx+bnsmnx) (x € R).
N J
" HLEEEDEONE ). THDHEIRT) IZERZDT, BEIIIXEHL 2V TT X,

{a,}, {bn} % [ O Fourier R¥. %L (1.3) Z f @ Fourier k&, (1.4) Z f @ Fourier &
BRCWS,

ZOEHIX., Euler DA € = cosf +isind K hHESND,

610 + 6—29 ) 620 _ 6—26’
, sinf = , ,
2 21

ZhE cos(—0) = cosb, sin(—0) = —sinf ZEZFS &, RO LS HFEZZ 6N 5,

cosf =

12



N
T 1.1.2 (AYEEESCE) f: R - C 3G 2r OFYEIKT. b2REOHE S, S 5
DT LH, ZOL X

(1.5) Cp = % /: f(z)e ™ dx

T {cutnez ZED D & REX

(1.6) Z Cpe™ = nll_I)IOIO k; cre (x € R)

n=—oo

&5 2 EHRTIOR L. f(z) ©&ELWV, $hbb

o0

(1.7) fl@)= > ce™ (z€R).

- J
{c,} & f O (#8%F) Fourier 2. % (1.6) & f O (#8%K) Fourier &, (1.7) = f © (8
%) Fourier fFER L V5,
| D HZ B DG AT, B3 T Fourier f#%4, Fourier 8zt AT 2B ZRNTEZ 5, (18
HEXT 4T TR NFRBOHTEEICRIUIR WD, #10T Fourier #BUCfilL 25513, &
7L Eed 5,6 BT 2, Jl&, MEMEZHES % (http://nalab.mind.meiji.ac.jp/ "mk/
lecture/fourier-2019/fourier2019-ex.pdf), )

B 1. an, by, 0 & (1.1), (1.2), (1.5) TED D L X, KD & ZmRE,

Qo

- 1 , 1 ,
(1) FED ne NIZHLT, ¢, = 5 (a, —iby), c_p = 5 (an +1by). Tz o= 5
(2) FED n e NN LT ap =c¢p+cp, by =i (cy — ). F72 ag = 20,.
(3) EED n e N ITh LT,

n n

+ Y (agcoskx + bysinkzx) = Z e
k=1 k=—n

(4) f DEBUEREE R 5. a, & b, ZFEBETHD., ¢, =70, (FIT ¢ 3FEHTH ). £72a, =
2Rec,, b, = —2Imec,.

ao
2

COEHORDITTINTETZEIICLTEL I, AT RL, BORDICIELWEHE
EBrE-TE I3 X515 9,

o FA%E 21 & L7z, ZhE e v e s 270 T, AENKRZ 2 TERWV, EEDIEH
T ZE L § 5 FPBEB R T E % (cos (222), sin (227) R 7% 2{f5), €D

T

GEORBENTEETELXSCLTBLIEPEELWY (BibT5),
o WA BIBUIEAA 2 DEWIBIETH 2 DT, HIHIPHIIIED 27 THAUIMTH Ko

- cos nx aton cos
(Va € R) / f(z)Q sinnx p dr= / f(z) < sinnx p dx.
-7 e—inz & e—inx

[—7, 7] % [0,27] DMEDNDZ Z DLWV, 22T (BRI, TREBOFERET DL E0h
DRITVDT) FAIWZDOWTHIR [—7, 7] ZBAT,

13
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o BSCETEWIRE Y 35 2 2 1d, HHHOBE L W 5 DI TIEA . HIRKE (=, 7] TEEEA
7-BEE f 3B B & X,

f@):=fly) (eRXXLT, yldr=y (mod2r) Zii/d ye (—n, 7|

TERBINZME f (FF77TES L, f O I 7R2MREIQVRLEDDD f DT T 712k
%) ZJEH 21 DB TH 5 DT,

flz) = % + Z (a, cosnz + b, sinnx) (xr €R),

n=1

1 ("~

an:_/ f(x)cosnz dx (n=0,1,2,---),
T™J—n
L [T~ .

bn:_/ f(z)sinnz dx  (n=1,2,3,---)
T™J—m

YRETE S, (—m,7] T f i fIZ—HKTBDT. an, b, DROHD fiF fICBEHIT
B<.

o0

_ % ‘ _
flz) = 5 +nz:1 (a, cosnz + by sinnz) (z € (—m, 7))
DI D 3D,
o [ DMHEEED 2 WXFEBTH 255, Fourier fFEUIZNZF 1 cos, sin DATEEZRINS:

S - - 2 [T
[ DMEREL = Fourier ¥ = % + Z Ap COSNT, Ay = —/ f(z) cosnx dz,
T Jo
n=1

. " . = ) 2 [T .
[ DAEEIEL = Fourier #ifl = Z bpsinnz, b, = —/ f(z)sinnz dz.
T™Jo
n=1

ZAUR. TRREIE < MBI AR < A Y b IEIR. TR < I R
ZiY (BT HEATIZTO)

/ (AP o — 0, / (R o — 2 / (BB do
a —a 0

REDPOEZITET B,

o (ZOIHBIFEA DHIZH o TV L FE) Fourier FREBUIHESZREL T LEET 5, HlZIE.
[ ERTHIUR (X D —fRIT Lebesgue AITET T HAI)
(1.8) lim a, = lim b, =0

DL D LD (Riemann-Lebesgue DFEE, 2L X7 1 71 TRIWNICIHE & 272D %
RIRZ 7RI 7DICHWSNT:), Fourier iR E RIS 5 D THIUX, —f&IED 0 12X
WT25Zehb, (1.8) EIPND, DFED (1.8) IERIKRDIDDMBREZHTH S, X5
W e DBfR (iR (1.27) 2R 2 k.

fHACEH = lim n*a, = lim n*b, =0

DDA DZ DD %, TN 6., BIBDE HH7R1EE (M7 AIREZL B2 WE ). Fourier
B DINHB RN DB, ZOHTIXRWVD, ZRUSTVWHDE LT

> nF(lanl + [bal) <00 = f X CF R

n=1

PRI HHIKS,
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) 1.1.3 GBS D RBE. FESARBERICH T 3 Fourier IRBDEH =R D) i 2r OB f: R —
C,g:R—-C%

f(x) =22 g@)=22r (—7m<z<T)
TEDD, ZD f ¥ glIRD XK SIZ Fourier fIREVEMTZ 5 (EMEZ R K)o

:__42 o ICOSTL.’L':71'_2_4(0081'_COSQ(B+COS3J,‘_”.> (z €R).

3 12 22 32
_ysinnw sinz sin2x sin3x
— —4 — — ... R).
42 ( 12 s, oo ) (z€R)
¥3 forI 78, f D Fourier fIREBDE D s, DFF7 7% R TAL S,
e Mathematica Til3 ~
fOo[x_]:=x"2

f[x_]:=f0[Mod[x,2Pi,-Pi]]

Plot [f[x],{x,-3Pi,3Pi}]
sln_,x_]1:=Pi~2/3-4Sum[(-1) " (k-1)Cos [k x]/k~2,{k,1,n}]
Plot[s[10,x],{x,-3Pi,3Pi}]

Manipulate[Plot [{f [x],s[n,x]},{x,-3Pi,3Pi}],{n,1,20}]

(Mod[a,b,c] & a % b THElo/RD r (72720, ridce<r<c+bDHPETER) ZRDZBETH %, )

ZD fIREBR TR AINIE S TH 505, #aH s, DIELBEBENE fIT—HRIPERT 2, DI

8 8¢
K11 f 7o 7 X 1.2: 510 DT 7

n BT 2L BT, 5, DT T IN f DZ I 7ITEDNTHLETHRL 0%
R gDFZ 78, gD Fourier fRELDERTH] s, D F 7% HATHK I,
e N

g0[x_]:=2x
glx_1:=g0[Mod[x,2Pi,-Pi]]

Plot[g[x],{x,-3Pi,3Pi}]
sgln_,x_]:=4Sum[(-1) "~ (k-1)Sin[k x]/k,{k,1,n}]
Plot[sg[10,x],{x,-3Pi,3Pi}]

Manipulate[

Plot [{g[x],sg[n,x]},{x,-3Pi,3Pi},PlotPoints->200,PlotRange->{-8,8}],
{n,1,50,1}]

15



in[12):= Manipulate[Plot[{f[x], s[n, x]}, {x, -3 Pi, 3Pi}],
BRE 7Oy k AEX AERXR
{n, 1, 20}]
n D = ’
s SEINPIE
10
Out[12}= 65
- : :
e & 3 [}
150% » 4

1.3:n ZZRLSERHE, [ s, DI TERENS

6} B
1.4: g 0)7\‘37 1.5: S10 0)7\\57

16



in29)= Manipulate[Plot[{g[x], sg[n, x]}, {x, -3 Pi, 3Pi},

PlotRange -» {-4, 4}, PlotPoints » 500], {n, 1, 160, 1}]

5 = r|+[[RI¥]| =
4r
/ / /
/ / /
/ 2r / /
Out[29]= / / /
/ / /
/ / /
/ -5 / 5 /
4 4 4
/ / /
/ /-2 /
/ / /
/ / /

In[24]:=

1.6: n ZZLXERDD, g & s, DT T 72 HLENRS

(KtE, L FRIBETH 205, g B ARHEF D28, Fourier FEXDIBHFNC D BBICELT 203D
%, £D7=® , PlotPoints->500 & LT, BBUEZEIHE T 2 ROMEKEZHEPLL TW5, )

D g RN CHRTEH 20, @H TRV, D= {2k — 1)1 | k € Z} 2% g DAHEHER
DT, g lE R\ D TE C' |TH 2, HoT. 2R\ D ICBVWTIE, EHANE g(z) 133E5<

5. e D iesutid, wadmg 1Y) ;9(”“" —0) _2r +§‘2”) _ 0155,

FEDNT. n DMEINT 2 & & HIT, BRICBWTEHDHID g DMEIED K BT R 20, ZDik
NEFHD f OBELITRBR TV D05, Pl (v = 2k — V), k € Z) Dix< T,
MDD T ZIEIKRERY T ITHRHY, glx+0), glx—0) 2HDXL (HEZHl-T) 25 n BE
DoTHFE—TETH 2, /. V7FZLTWAEHOREIEE n 2T 3122080 0 1355,
Wb b Gibbs DIRROEXNTH %, =

Rk 1.1.4 (Mathematica TDIX) Mathematica 121&, 7 %51 3 % Integrate[] DB3H 2D
T. Fourier RO EICHHTE THENTDH %,

Simplify[Integrate[f[x]Cos[n x],{x,-Pi,Pi}]/Pi,Assumptions->Element[n,Integers]]
Simplify[Integrate[f[x],{x,-Pi,Pi}]/Pi]
Simplify[Integrate[f[x]Sin[n x],{x,-Pi,Pi}]/Pi,Assumptions->Element[n,Integers]]

DX SIZFTHIUIRY (Assumptions->Element [n, Integers] & WO RER L THiHEILT 2 Z2.n=0
DEEFIHRNTEHET 5 Z & (IREIRE 5 &. FAld Mathematica DD HET Z 2 WDHIT T
BWIFNEMABRTERW), U E202VNER 7 ony),

& Z AT, Mathrematica 2% Fourier ZH#BRDEED 4 FHHE XN TV 5, KT Fourier #L
2K B 72D

e FourierCoefficient[f(x),x,n] — ¢, ZalE T 3,
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e FourierCosCoefficient[] — Fourier RIGHELDIREL. O F DEBIE f 1T LT a, ZFH
35,

e FourierSinCoefficient[] — Fourier IEFZAE DRI, O F D &HFEAE f 1T LT b, ZFTE
T 5,

EWI BN D B, ¢, IX, FourierCoefficient[] TI CIZRKRDONB, [ HMEREKD 5 WIFHE
BTHB5EE. ay, by DT SRDONZ, [ BEBEBTH A TLRWGEL, a, & b, ZE
IR TRDZDDHEE 125,

~ k1 N

ot ompnsy LT o pouier szt b, 1 £ oamgnsy 10 S0
@ Fourier IEFRELTH % DT,

FourierCosCoefficient [(f[x]+f[-x])/2,x,n]
FourierCosCoefficient [(f[x]+f[-x])/2,x,0]
FourierSinCoefficient [(f[x]-f[-x])/2,x,n]

Ktﬁ”h&i‘ﬂ?&b 5%,

J
~ ik 2 N
NN
an=cp+c, (MEN), ag=2cg (n=0), b,=1(c,—c_y)

ZHWS (Lcosne = 5 (7™ +€7), Lsinnw =i- 5= (e — ™)), BIZIE

c[n_] := FourierCoefficient[f[x], x, n]

Simplify[c[n] + c[-n], Assumptions -> n > 0]

2c¢[0]

Simplify[I(c[n]-c[-n]), Assumptions -> n > O] )

Mathematica 23 a,,, b, Zet BT 2B EHEL TLANUEREVWDIZ, EESP, ¥k 5k
RIS o TWEDEA S, BT HFBEBTHRWEEICEER FELDILWEEZTWSED
7259507 (RAMCITFEZ, ) m

1.2 Fourier f%&X (FA%%]) DUNR

Fourier i EUI IR TH D, FOHDOMBRTH 5, 2% D

n

Sp(x) == % + kz:; (ay cos kx + by sin kx) = k;n ek
Y LU TERSINLEBA {s,} OMRTH 2, ZOMREDPFET 20, FELLELTDH DO
FIZ—ET 50, DLE280MEE 725,
Fourier #iF3. Z# z ZEZATWVWS, WOW 3BBUENETH - T, AL RIEIBEZ 5151,
KM E - T,

fABEDRIZY (XD Z L OEEM R ZIZY) MOBKOIRE T %, (§1.5)

LA RIS, TREAENT ) CHo 72 mBOIRIZSEE 17272 1 DOIER L 22780, Z0EWE, RY BHERK
TLTHZDIT, BRDET D oG (BIRZER) BERXITTTH 2 Z L ITERT 2,
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B, RAIDINHRIE, FHEIN AL 2720 H5,

BESIDINRICIFE L ZBEND B,

ZZTIE3ODPRZHENT
ZDRNC—D2TFE: [ b s, %H,HH 2r TH 2056, & 2r D[, FIZX [—7, 7] THANAUX, R
ERTHANEZZ IR 5,

(1) (BRINR) (BHINRE D)
(Vo € [-m,7])  lim s,(z) = f(x)

n—oo

DD DOE E, {5, 1F f XBRIERT 2205, ((FREIC 2 2D B L {s,(2)} FBENHK
B 2N f(r) LWSEICINET 5. L WNS L THD, )

(2) (LP WR) (pRFHUNERE WD) ZTZTpld 1 <p<oo il TEETH 3,

lim 18 (z) — f(x)[Pdz =0

DDV DE &, {s,} & fITLP IET B W05,

BB ZEKRT s, & f OO EH->TW2E () THs, 2000 RT3, &
L\j b}:‘(%é

BCEATZ L2 JAA |, (I, b B Zedb2) 2AVB L,

—T

/_ 5(x) — F(@)Pdi = s — 12

TH5DT,
Tim fls, = fl[, =0
EEoTH X,
p = 1 OHEER. / |5 (2 )P de 1Z. ZODBBDI 77 y = flx) & y = su(z)

(-7 <z <m7) TIEIENLH @ﬁﬁf@%
p=2 DFENRICREONS (KETTHNT 2N L OHEMEZRW),

(3) (—HRINR)
lim sup |s,(z) — f(z)]=0

=00 pel—m,n]
DD E, {5, 1% fI—RINEKT 2 205,
sup X ERZ RIS TH 2 ( BEEMT) CTHELZ), ERZASRWERIZ(EDHZT)
RAREDOXS72bD) LHET 5 RBU,
—HRR T 272 HIXB RN T 5,0 EBE FEED z € [—m, 7] LT

[sn(w0) = f(wo)| < sup |sn(z) = f(x)] =0 (n = o0).

z€[—m,7]

7 (-7, 7] DX BRAERLGHHTEZZMD), —FRICRZRHIE. ((FEED p € [1,00) IZDWVWT)
LP RS %, 5B

/|% |ﬂm<(su)h%m—ﬂ@0 /Zm:w<sm>pw@—ﬂ@0 50 (n— o0).

z€[—,m] - x€[—m,m]
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EDBHZT TR —H/H N ERZ D LRV,

Kiﬁ 1.2.1 (EHEHD DX TR C #k7%: 51F Fourier fEUIE—RRINEK) f: R — C 23F M 27 “C\\
R DX THNC C {35, ZDEE f O Fourier B DHE T FIDIE 2 BEEA {s,} 1X. f
WZ—FRINR T %

lim sup |f(z)— su(x)] =0.

=0 pe|—m,n]

KU%SH%%%QWT%é#Q\}mﬂT#ﬁW%T%E%@\Ré%f#%ﬂ%?éo)

SRR FRETEHITERY (FE 155 2R E), =

4 M
FEIE 1.2.2 f: R — C pEAHI2r T, ROWICC e 32, 2D X f O Fourier Dk
FDVEZ BB {s,} &, I L2 GRS %:

ti [ 15(@) = s de =0

. - J
ZDEBMDIGE TXZHNT C # 1E. TLebesgue T DEKRT EAFED?] LiEDH B Z e HH

Kb, L? PORIZ—HRPCR X D 55WIRTH 503, 20D (7) 588 F X 5 L5 RiEamd

¥ %, Lebesgue AR EFIDIIKRZE (D7 bl 2 a~, FHDEERINE) THDH., D

BRCXHALHATL2DIE (RED) FARETH 5, LI L §1.3,§1.4 T (REREDDL) L2 TERD
DI AT Bo

4 N
FEE 1.23 f: R CHEH2r T, KON C e 5%, ZOL ELED r e RIIX LT,

f(z) (z 2 f DEHHRD L X)
lim s,(z) = _
25, 5n(2) f@+m;ﬂx O (25 f oFsEsEEO L %)
7272 L
flz+0)= lim f(y), f(z—0)= lim f(y).
y—x+0 y—az—0
\ )

KM CL 4T 5 2 A REEEAA B 2 B A%, 2 D MOERT Gibbs OB (Gibbs 8, [9]) 295
Z %o WRIT—RRIPORIZ LW,

fOIEAES TR TH, BEAKL AR TE 355813, MEAKOERT Fourier FZERDH
KT AREROATREIC L B, — ZHUE. ZOHEBFETITIHHT X200,

Rk 1.2.4 (EREHGREOLLR ? ) —fRITHFENREL Zan(z — )" IR OWERTIER] (- T

n=0
fIEITCHMAATEE — 2 THIEHD) THSD, (1.3) DIEOHEOHNX, 2D L5 RBEorI%2—
IR 72w, ETHHLZ X 91, MNEFRBEEICR2580H 5, ZHUEHIZES &, Bk
BB (Taylor FBRA) (X, MIEITHMATX 2 X 57%, 2 THEL2RBEEIC L 2HEH RV,

220k, XDIEMHICES . ARLHEHTERZ TV 25TH S, BIZIER O X5 2IFFRZHFTIE, —HRIX
RLTH, LPPORT 2 L IER 5730,

3 f 73 Lebesgue AJHIT, /7T |f(2))Pde < co. T3 ORbHIC THRS 322 bH 3,

12828, b L RIGH L7 6. MIROBEIZERICZ D . FToB—8F 213 T4 0T, FEHSD 5 2
ZYWIFET B,

SEBIMOREEN S HINL, B 1o b MESETES, TRLTHITER bANEES 25, HCERICID 5 0
. FACIERIDSERE N,
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Fourier fEUI T HGREE D X 57, 7B\ BRI L CHEHATE 5. oF b LHHEIED
FTolEW, LWVWHIZLEERLTWVWS, n

AR 125 BWNKZT 2 2. BWVEEZROD, ZD7DIZ3TtoBREFPRWEHEZR > T
VARV EWITRY, 5B ROMEEZRODOICRET 2 &, JOAEFHIL 25 2 8ITHER
L&o, ETICRIZBEILT 3 DOEHEMN Lch, COTEMEATVLI LN 23R (&
NHRBEZIZER DD Db D TREHRKZV), =

1.3 EXM (REZEM)
ZABBCROERZMEIZOWTIE BFEe AT 4 7 THHENSINTEEBSI B, PLEFELLIATA
X9,
WNIEZZfE & Z DERROWE&R L. Fourier fREDVE % 2 5B (M 1.3.13) Z Lo D EELTH
SAAVARN
RDZEFFARETTH 5,
m,n € Ly, m#n = / cosmz cosnx dr = 0,

(1.9) m,neN, m#n = /sinmx sinnx dr = 0,

s
m € Zsy, neN = /cosma: sinnz dx = 0.
—

(1.10) m,n€Z, m#n = /eimxeimdx:().

( BHEEERE LT, BIZIE T+2i = 1-2i. e = cos(nx) + isin(nz) = cos(nz) —isin(nz) =
et THD, )
M 2. chooXEM»D X,

i 3. rm,neZ,msén:/ cosmax cosnz dr =0 IXIEL KRV, Z2E0?
ZDEIRMHEZEL BRI T 272012, BBAETLORBL WS bDOEERL XS,
EZ5BBOHME. ZZTEEDHRT

(1.11) Xor i={f| f: R— C XOHNHESH T, JAM 21 OFHIBIEG

3%
Xop OHEE ZH 5 — (5% BRICED 5 L6, Xy, 1& C DR R V2R ($RI220) 12725,
fag € X27r c:jﬂ‘bf\

(1.12) (f.9) = (frg)iz = / f(2)9(@) de
EBE, fL gD L2 RBEERITHICHE L FEX,

6f g€ Xor EFT2LE (f+9)(x):=Ff(2)+g() (zeR) T f+9g:R—-C 2EDD L., f+g€ Xor. T2
FEXom AEC EFBEE, (M) @)=\ f(z) THELAF: R —C BEDSH L. Af € Xon.
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F72 f € Xop ITRLT,

(1.13) wwzumm;:¢quznjfvuwdx

EBEfFO L2 JILLERFHEIZ VL RS,
Bl 1.3.1 mn€Zsg,m#n 55 E

(cosmz,cosnzx) = 0.

meN &FTBHE X,

cosmz| = cos? mx dx = S Feosame dx = /7,
2

|sinmz|| = \// sin? mx dr = \// ww: =/,

||cos(0x)|| = \// cos?(0x) dx = \// der =+27.m

*ﬁ 8 1.3.2 (RBOREBZH/BLITL) X = Xop & (1.12) TERIND (,+) = (+,-)2 1DV
« RD (i), (i), (iii) 23K D LD,

() EED fe X IZXHULT (f,f)>0. EEVPHLT 572012 f =0 PR EFSTH 5,

~

(i) FEED f,ge X XL T (g.f) = (. 9).

(111) 'E'[L:Ei@ fl,fg,g € X, c,c9 € CizrLT

K (cifi+cafo,9) =c1(f1,9) +c2(f2,9). )

SIERA
(1) EEOEZE 2 1T LT, 22=2° THBILIITEET B L.

(f.f) = /f :/|f|dx>0

E7(f, ) =051 |f(@))=0&D fz) =0. (ZAEALIIMECT, S5 NEk
o] B2V NFEAEITRTD 2] WHLT fla) =0 TH b, HIZIX NEFLAYTART
D) XL TOIWRFELVEEE, EHRER O LRA—RIT 200N EE2 T2 2BV, 20l
l&. Lebesgue T 2R E Xy FVERT 20, T ZTEFHAZEKLTHL, )

(i)
T = | s de= [ @@ o= [ T g o= [ g)F@) do = (0.1).
(ii) WHW 2T DMIEEZ DB DTDH 5,
(qﬁ+@ﬁ,)=/wwﬁﬂ)+@ﬁﬁnﬂadw

/ file dxm/ fole

=c1(f1,9) + c2(fa,9)m
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4 ™
E#E 1.3.3 (R, WFEZM) C LoRZ MVEM X &, X x X TEZRINZBE () 25, X
D (i), (ii), (i) ZWieT e Z, X 2ARBZEM. () Z X OR\EE MR,

(i) EED fe X TMNLT (f,f)>0. FEVRILT 272D12F f=0DBRETITTH 5,
(il) EED f, g€ X HLT (9, f) = (f,9)

(111) 'EE%E:O) fl,fg,g S X, C1,Co € C GZiﬂLL“C

(cifi+cafa,9) =i (f1,9) +e2(f2,9).

M (1), (i), (i) ZABEDORIE & A,
NS J

NFEZER & W0 D DIE. RT FLVZESRRE, IR, R Z 5 THZ LI, HE—EDFRN (RZ7 b
2 DN NEORH) 21725 b DD TH %,

Rty a (fg) L frgEFREHELLLDT, 7FAMIEoTIE, (f,g9) DES7%
Ay AZLTzD. (flg) DEIIIKKRLIZD T 5,

() DRRED L=, |fl =/, ) £BL e, JILLOREEIHINSRD 3 5D D 70,
(i) FED fe X ITHLT, ||f]| >0 HEPRILT 272010, f=0BBETSTH 3,

(ii) ERD fe X, Ae CITHLT, |Af] = [ALIf]-
(iii) EED f,ge X LT, ||f+gll < I+ llgl-
A 4. (ii), (iii) 25RDZ e BEIPNB Z & ZHERE &
(a) FEED f,91,90€ X EEED ¢1,¢0 € CITHLT
(fic191 + cago) =T (f, 1) + 2 (f, g2) -
(b) fEED f,ge X ITHRLT

1F + gl = [IFII* + 2Re (f,9) + llglI*-
(Re I3BEHRBDFE 2K T, HIZIX Re(l +2i) =1.)

R 1.3.4 (/ILLZER. BEEEZER]) K EONZ bLVZER] X & X TERINEEE ||| 25, XD
(i), (i), (iii) ZWMzFT e &, (X, |- DX Z/ILLZEE. ||| 2 X O/ ILEFER, LIZLE (|| -
FEILT) X HEZ /LLAEREWS 2 bbb,

(i) FED fe X IHLT |f]| >0 FENWMILT 270121F f=0DBRBETTTH S,
(i) FED fe X, ce KIZHMUT |lcf|l = | If]-

(iii) fEED f,ge X ML T
1f + gl < LfI+ llgll -

ZMF (1), (i), (iii) 2/ ILLDRIBE MR,

(X, (-,) PRBEEETHZ &, ||fl =/ f) (feX) B, (X,|-]) &/ vazEmcT
bH5,

ETHVES X b, B d: X x X = RPXRD (i), (i), (iil) 232 &, (X, d) % EBEEZeR,
d%Z X OEREzVI, LELIE (dzEF02ERLT) X BEZEMZER VWS v H 5,
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(i) ERD f, g€ X ITRHLTd(f,g) >0. FEEPBLT 272D f = g BREFITH 3,
(ii) EED f,ge X WXL T d(f,g9) =d(g, ).
(iil) {EED f,g,h € X 1L T d(f,h) <d(f,g) +d(g,h) (ZARELX).

(X,d) DHEEZERTH 2 &, X OEEHI S5 85 {2, ey DICEBERHIK S,

. def. .
limz,=a & lim d(z,,a)=0.
n—oo n—oo

X BHIT X DIRNT MLVZERTHIUE, FEBDOPERNERTEK 5,
an = lim Zxk
n=1 nee k=1

WREZEHE (X, () D%, ||fll=V(f,f) £Be. (X, ] -|) &/ VLaZEHTD 5,

Fio. JVLZER (X ) DB EE d(f,9) = |f -9l (f,g € X) &BL &, (X,d) \ZHEHE
ZEETH 5,

feifm. WAZERIE LV AZER e AT e KL L. BHREZER e AR T I HHK L, »

FDESICED Xy, 12 C LORNBZEMTH 20, FNLINTEZEE N Kot 7 v ro4
B CN  C LONBEZERTH S, CV NI

) @y) = o

VG%@ z) 0)“625 D 71:—:0

FTRE Xy, OBERE UTHEHBREUEREBZE 2 7205, FREHEBEBOAZEZ S Z e bHIKD (em
TkAL . cosnz, sinne 2T TRZ220H D26, ZRHRVHIEH LIARWV), ZDHEIEERDOFEE
EffDAEEZZZ2ICkED, N () &

Umzfﬂmmm

TED. (i), (i), (i) 1FRODDOTEEZHZ 2 ((i), (iii) BPED>TWVWd, )
/R o7 b AZERONFED N ™

(i) EED fe X ITHULT (f,f) >0. FHEPHLT 27012 f=0PREFITH S,
(i) EED f,ge X LT (9. f) = (f.,9)-

(iii) fEED f1, fo,9 € X, A, A e R I LT

L (AMrfr + Xafa, 9) = A (f1,9) + A2 (fa, 9) - )

4 N
E#& 1.3.5 (R LORFEZERM, AFE) R Lo~ MrZEf X ©, (i), (i), (i) 2823 () %
FobDhdHse %, X # R LORBZER. (,) 2 X OWNE, LR, F75&MF (1), (i), (i)

K%W%ﬁ@ﬁﬁtgo

J

RY X R FONEZEMTH 5,
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£ 1.3.6 (ADPEEDEEEDR>T) HABKEEDE, C OWEE (1) O L 5I1CEDZ0
i IR B U i A - TV B, WL S o725

0) @y) = au

THHNETIFRVD (L ERFORIIEZ), DLESTL2, NEORHE (i) (x,2) > 01X D IL
723, ZRERDILEZ2HI2E. (1) DEIICTRILBHMIAFLALRD X570 H - Th,
BN L 7 BPURII R PRI B 0720 Z VO MPUERDI ZNVICHA -5 o T, #
BEFTIEIRNEOEAELD S, R O) PWAEDHTRT, ZhzHicolrs L3Il tniz
Mo, BAOW 0) ITHEL TWDE 2100, HDOEHDOBEDFICHIBEZITE>TLNTD
EICITNEHR 2D 2 72 KD BADIT 5, ZNTHE > THEL,

AELRDIEEZEORIMUTVB L THL . £S5 VWSHEERBONDOS (AE) TH3. n

ST UTTIELIESL X & Xy, KIREET. C £ R Lo—koNHEZERE T5, (flZ
WBEX=C"®X=R"2W0W52rsHhHx3,)
NP EFoTOARIEPHEMTES, WO ERHELTDH S5V,

-~
e 1.3.7 (E2JdSXDEE) X INEZEHRT, a,be X £ 52, a b bEE (DD
(a,b) =0) 72 HIE,

la+b]* = [lal|* + [[b]|*.

\Jﬁmzﬁ%fu\ﬂmhﬂﬁf+ﬁm?@amu‘%ﬁ%fﬂﬁﬁ%4W+ﬁm

AERR  HAIZRETET
la+b|”> = (a +b,a+b)

= (a,a) + (a,b) + (b,a) + (b, b)

= (a,a) + (a,b) + (a,b) + (b, b)

= |lalI* +0+0+ b]*

= [la|* + ||b]|* =
M 5. RDZ e zmnt, NEZER X OHEFE o, (n=1,--- ,N) DMHELR2 2 DDERINVITNHE
RT3 2751 (n#£m = (pn, om) = 0)s

N

> n
n=1
DK D D (ERITT ZADFEHD—EAL),
R™ % C" Tl

2

N
= llenll?
n=1

(@, y)| < [lz[ [yl

WV AEX (Schwarz DAER) 2FHTH 505, EiZ ZHUI TR TONRICOWTHILY 2 155
XTH 3,

a N
fid 1.3.8 (Schwarz DAFER) X 2 C £4IF R LONEZEME T2 FED f,ge X
WAL T

(L)l <A gl -

| (EBARDIOI, f £ g HUKHRTHE S EAREIHTHS, )
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BB (RAARICHEH > TV BGIHZENTEL, ) f L g B 1IXWETH 2856, —HHBMAGDRH
”—mtbfﬁﬁ\ﬁ%?«%?%ﬁwmkﬁ%b<ﬁé BTN B, FZTUFTIE f
L gWITKMNTHEGEEEZ S, TREDNECIZHNLT, \Mf+9g#0TH205,

0 < IAf+gl> = APIFIP +2ReA(f, 9) + 9]l

(f,9) = 1(f,9)|€? iz 0 e R DIMFET %, t BERDOFERE LT A=te? &BIE, A\f,9) =
t1(f,9)l, ReA(f,9) =t|(f,g)| ®RIZ

0 < |fI*+2t1(f, )l +lgl*  (t€R).

EIZDOVWTD 2 XA DRICIEL 722 DT, HHIRZETH 5,

(F9)l” = A% Nlgl” < o.

BHTL (Lol </l gl 252, m

(R _EOWNBEZEROBE, FEHE»RD S Y TR DZDED (- TAHAR e 2HD 2 — HidE
DEARZ MV DFEI, ERBETHHNEINZ Z D %), C LONBEEROLE DK, £
THREXIWCDAEHTDHZ, A=t L BLDEFSRVERBRDPBRPLADTBRNTHA S, )
B 6. (M WVEEZITNER > T3 LEIEER]) NEORED S5 (1) ofRb DI

(i) EED fe X MLT (f,f)>0

LD DS WE S BIRI (DFD (f,f)=0TH->Th f=0 2IZRSZWV) BLIZLIZHEN
%, FOWEIT Schwarz DARERDFHHT = 3 2,

4 N
& 1.3.9 (EXR, ERERR) X & C £/1F R _LONEZEM. {p.} & X OBEZDELEL
3%,

(1) {pn} D X ODERRTH S &id. RDOSEM (i), (i) BEHIIDZ 2N,

(i) (Vn,m) n#m = (¢n, Pm) = 0.
() (V1) (purip) #01
(2) {on} D X DERERRTH 5 L IX,

R RVAS R AR

({on} PERREE, FE (1) 720 T. () BEFHE LRV, Zo#RTIE (i) 258 Dhi>Z
\Z%E%L1£<o)

J

Z 2T O &V I EEFIE

TEDHNS Kronecker DTILRTH 5, MMIERBUCH TR Eb a2, ZO#ETHHD
HTHH 9,

(1.14) S = {
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5] 1.3.10 X = CV, e, = Enlimh 1 T, FNLHDOETIEZTRTO THS N KITRZ b,
Y35 E {e,)) 13 X OIEHBELZRTH%,

Z DT, Gram-Schmidt OERLEZEE L TEL EVWEE IR, ZREFZBE TS Z
LIZLT, FEELICED 5,

IEHERZRDPERZRRTH 2 3T o020, EXRBD o7 TITIEHERZRZES Z e
k2.

-
&8 1.3.11 (EXRICHI BHRESDRE) X ENRZEMT, () 220N T3,

(1) {p,} & X DERXRT, fe XN
N
f=Y cupn
n=1

EREINDZHIX
(fa¢n)

(©ns n)
FIFHERAMTHRD LD, ThHDD

Cp = (n=1,2,--- ,N).

N

f - chgpn

n=1

lim =0
N—oo

BERDIDOZ L% f= cupy, DERET B L,
n=1

(f> 9071)
(@ns on)”

Cp =
(2) {n}1d X DIEMBERLRT, fe X M

N
f=2_cnn
n=1

LRINZZHIF

Cn:<f780n) (n:17277N)
- /
(1) RO (2) BHEDHT (PEA LR EDE). (1) ERT
RTERIXTEEZT, f= Zcmgom EEFELTHRVL (WL L),
=1

7

FED n (1<n < N)IHRLT,

N
f7 (Pn = (Z CmPms 9071) = Z Cm (me: Qpn) = Cn ((Pna Qpn) .
m=1

Wz Iz

(fv Spn)

(@ma @n)'

M3 D, FED n ISR LT, N >n &3 NI L T,

N
(f7 §0n> - Cn(@na Son f Qon (Z CmPm, @n) = <f - Z CmPm, @n) .
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N 00 &T 5L, — 0 ERELTWVWBDT, Schwarz DAERZHAWT

N
f - Zcmsom

m=1
N N
m=1 m=1
Wz e, = (£, n) .o
(¢n, ©n)
) 1.3.12 (E8D Fourier fiFICIRN I BERR)
{1, cos x,sinz, cos 2x,sin 2z, - - - , cos kx,sinkzx, - - - }

XX =X, DEXRTH 3,

(Vk € N) |[coskz| =/, |sinkz| =/

EY
leos(0) || = [|1]} = V2.
lob it
1 cosz sinx cos2z sin2x . coskx sin kx
{m kv S S e
13 Xor DIERERZRTH 5,
[FIBRIC
{1’6117671:1?762117672233’ L }

& Xy DEIZRTH D,
{ 1 1 iT 1 —iz 1 2ix 1 —2ix 1 ikx 1 —ikx }
1; e, (& , —F—€ , ——€ y e , e R
V2r T V2m T V2m Ver o V2w Ver o 2w
=% Xgﬂ @IE%EIE;E%VG% 60 |
ROMEETP > TLERREHHTH 20, FEICEETH S, HDHEiZeELoNd k51

tﬁofjb<k_ o

4 N
el 1.3.13 (BRRICEZEBHICE T 2FREORE) X ZHAMEZER. f= ch@n 5%,

(1) {gn} PEXHRTH 57513,
(f, on)
v y = ——.
( n) ¢ (SOmSOn)

(2) {pn} DIEHBEZRTH 5% 513,

vn) ¢, = (f,on)
L (Vn) (f,en) )

SEER ERFIDBA. IUKOBEMABEIR DT, I TIFERM f = E)W%@% (2 FEFRA

3%, EEMOGEDOFEX, 8% C.1 OmEC.1.2 THZ %,
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(1) FEED n 1L T ((om, on) E m=n OHFEZFRVT 0 TH S Z LITHEER)

N
fv Spn = <Z CmPm, §0n> = Z Cm, (SOm,SOn) = Cp (@na 9071)-

m=1

(Qpnagpn) (7"é O) Tﬁiﬂ.%%ﬂ’)f
{Frm)

(n, @n)
(2) (fv Spn) =Cn (Qpnvgpn) LTI (1) R T, (Spnﬂpn) =1 TH2D6. ¢, = (fv Spn)' u

Cp =

1 1.3.14 (Fourier fREFDHRBDREL)

+ Z (an cosnx + b, sin nx)

n=1

%
2
EFHEE neNIIMLTIE

T 1 [ 1
(cosnz, cosnx) = / cos’ nx dr = 5/ (1 + cos2nz)dx = 3 2r =T

-7 -7

ThHIH75H,

(f,cosnz)

() ap = / f(z)cosnz dv = / f(x) cosnx dx.

(cos nz, cosnx) _

by BFEFRITRE B,
—7i ao/2 1% cos(0z) =1 DR TH 505

ap  (f,cos(0z))
2 (cos(0z), cos(0x T on /_ﬂf cos(0z)dz.
W 21T _
= %/_W f(z)cos(0z) dz.m

5l 1.3.15 (8% Fourier fREDBRBDREL) X = Xo,, ¢ou(r) = ™ (n € Z) T 5L &,
(Pnrpn) =27 THEDT, f= Y cupn THIUZ

n=—oo

Cp = fgon = /f emxdac— /f(x)emxdx.l
(@nyon) 27

1 1.3.16 (FHA T @ Fourier K DRE) EIA T DBEEL f @ Fourier fEi
flx) = % + ; (an Cos 277;”6 + by, sin _27;7;:17)

EWVWIEEL TV, ZOZZE@BDLET. a,, b, ZRDTAHLI, neN T HLE,|

nmwx Inmwx T/2 5 2nTX T/2 1 + cos 4”7’,”“" T
cos cos = cos? dr = —+ dx =

T T 12 T2 2 S 2

2 2 T/2 2 T/2 1 — cog dnme T
(sin mm,sin mrx) :/ sin? mmd:c :/ — T dx=—.
T T —7/2 ~T/2 2 2
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2nmx T/2
2 2
w— D) 2 / F(2) cos L ay,
(Cos 7, CoS 7?”“) T J 1) T
2nmx T/2
2 2
b, = (]; Sin T2) = —/ f(zx)sin nm;dm,
(sm 7, sin 7;1“) T J 1) T
—H.n=00Dk %
9 9 T/2
(cos mm,cos nww) =(1,1) :/ de =T
THEDH
aw _ (f1) l/m F(x)da
2 1a ]') T -T/2
lob it
o T/2
ap = — (x)dz.m
T J 7

1.4 “RfEHH < EE” (RER=EXHF) OFRIE

Z 2T LRI (—RIVIZ) NREZE T ORI Z 3 %, Fourier fREDE T MINERS R
WHBHDIZIE->TWBZ e, ZHUT (NELOEE S/ VLA THEERZH 25 k)wﬁ@ﬁUkto
TW3 2, 2B REXRROMRZEEL TH 50w,

BIETCABEZEA LD, 2w & Fourier fIEBUTIZIHE R KERIA X —I D30 o, £
Ay (Bodirs? ) RIUDZeZRATH B0,

D7D DX 2 2152 T, RTEBNLTVWRVWE 22T (R 2FHANS72DI2) HHT
2% LAVRWAY, JEER - TZE L THBNA X =22 D0 A TR,

NIR () DB BZERT, /vn (RE) ||f| bWEZHAWT. ||[fIl = ([, f) LED %,
R TEREZNS Span(py, -+ ,on) &y 01, ..., oy TIHRONDZER/M & MFEXR:

cl,...,cNEK}.

N
(1.15) Span{py, -+ ,on) = “p1,...,on DEIEHE RN = {Z Cn'Pn

CZTK=R%ZEK=C.

1.4.1 TR < BEE) OREBrEaxxH=
1> r0O

“o0k (IFMT 202 SIE5 TS ),
BV EChuiE f,V ECh2—BDr g, f 25 VITTALIERE V 2D h.
SV RSV f,V EiCHEZ RO g, f O VITTALRERE V 2O h.

fg 272X AT Lz mbIEWVWR W B3RO 207 )

RERZ e EZRIZEWTS &,
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X 1.7. V=14

X 1.8 V=r

FRRED IR < TEIE

REZIREhE, BERNIZZN (RDILVE L) ZEHIFEHRT 0 ? HPHETH 2, BEDOHR
2RI LTEL,

N
h= Z:%”nw” (EHELEETHIUS h = }:fwn%)

n=1 n=1

hDZeZ, fOV NDERHE (H25VIIESHNT) LIER, (EOWERATIE. f 7256 VITT
ALEEBROREMATT, NI KEFERE WS RDED, FREFZEOHRED SIS h
T2RBIEDT, 72060 0H 5, )

MEEEERAE & EH)

EVWWItZELEWIS  THEERE < BE) TH 50, EMHEICHENS EROEHITK S,
~

/Eﬁ141%KL®WﬁWWX®% TEMV & feX, heV XLT
hid f OV AOEZHE < h b [0k

DEDRD2ODBED IO, FEL || || BHEISEEZSE ) AVLTH S,

(Df—hLVZ&%heVﬁ%h@JU—W=ﬁ$W—my

(2) ||f—h| = 1161‘{; \f—gll&7%5% h (E"’i%ﬂﬁ%ﬁ%%ﬁi?% h) MWHIE f—-h LV,

g
\ Y,
(HAE (FIET 32513 LV 0E. BHEDNH 50 LAKV, BAOEE 143 %R X,
SFER

(1) (EfA=AF AFGH ORZE# 2, ) EED ge VITHLT, ¥XIT 7 2DEMEDS

1f = gl* =11F =2l* + llg — Al

DI D LD, WA
1f =gl > 1f=nAl.
UL ||f — bl PEBRIMETH 2 Z 2 ERLTWVW S,

TgheV THENbg—heV THY, KEPD (f—h) L (g—h) HME»NS 2 LICHEET 2.
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(2) BREDCMIBRT 7=y 725, REDFRMIX.
Igl:=|lf —gI” (geV)
TEDONDIHEL [ 3 g=h TRIMEZIS, EWH L THb,

vV OFEBEDOILL T3, COLEEEDLte KICHNLT, h+tveV TH3, [REICE->
T I[h+tv] > I[h] DS D LD, ZTHIZ

Ft):=Ih+t] (teK)
TEDEMF 29t =0 TRNIRZ ZZEKT %,
F(t) = Ih+t] = ||f = (h+t0)||* = | (f = h) — to]|”
= |[f = hlI* = 2Re[t (f = h,0)] + [t]* [Jo]|”
THH, Fldt=0 TRMEZES Z &5
(f—h,v)=0
MENPN S,

ZhzermTdll, K=R2AK=ChrTHEZ2D T2 #HKRTIEK=R OHELITHHT 2
7B LI,

(i) K=R O%FE (ZDHEE Re BZRBERL, [t =3 Tdb., f{iHicns), EEHD2X
SR
F(t) = |If = nll* = 2t (f = h,v) + £ ||v]|?
Mt=0 CTHRIMEZEZ DT, 1 ROBFEZ 0 TH 3,
(f —h,v)=0.
(i) K=C DHBEE. (f—h,v)=|(f —h,v)|e? (A ER) ¥ LT, t=se (seR) B ¥,
F(t)=|f = hl* = 2s[(f — h,v)| + s* [[o]|*.

INERER s OB A% . s =0 TRAMEZEZ DT, |(f — h,v)| = 0. ®ZIZ
(f —h,v)=0.

DET (f—h) LV 2R&ENTz m

EXHTZRD B
~
% 1.4.2 A K FONEZEME X OFD2EM V ERR {p,} TRONTWVWS, DFD
V' = Span(p1, @2, -+, oN) = {Z CnPn | C1,° " ,CN € K}
THIUE, TED fe X ITHLT, fIERBEWV RV IF (—EMNHEELT)
N
h =
; SOn,%Dn
\(Foumer‘f‘&ﬁ’i’ WP T BY) o 72858080 b 1. ZOHEHPNTH &b f IV, ) )
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A heV THE206. D5 cr,--- ,on DIFAELT

N
h = Z Cn'Pn-
n=1

TRz o, f-hIEZV EEXRTEDT

(f=h,on) =0 (n=1,2,---,N).

N

(fson) = (h,pn) = (ch%,%) = Cp(ipn, on) (3 DD DFESIIHIER o 7o RETE & [FIBE).

i=1

(fa QOTL>
(¥n, ¢n)

AR 1.4.3 (B BDHENVER) Lo V IZERITTH 206, ERGHZIEORICTFEET 505, V
DR ITTDH AL BRI ORITHEET % LIRS0, SElHRNFEZER (Hilbert Z2[H) O
PR 2 22 D E13. ERSHZIEDRAICHETS 2 L WO EH (G EM, i D.1 2Z2HE X) »1d
%o ARITTDLG G, BUTIZEHT % & 5 IR 5, m

Cp = u

1.4.2 Fourier RO AMIIERHFEZTHD . (HIEKRT) REBIAUTH S

Fourier fX#U21%, EFIFEFICZLL DY 7 V-2 a3 V2D 5 (Z DFEZETIIRMHERR VDK
RIZH ) ZENHTRTH, ERFR {pn} WK&D, ERICHGEZONEE [ &,

— (f.on)
Z (©ns ©n)

n

n=1

EWVWH TR (ZDHE%Z [ D Fourier AL EMER), WO HDTH 5,
Z DRI DER 7 A

. BIEHD h IZ—H T 2%, D% D f D Fourier IREXDTEHNZ. f D

V= Span“pl? P2, a90N>
NOEZHFETHD, WEPLEE DS/ VA ol =/ (p, ) IZDWVT
If —swll = mf |If —gll ERESNORE)

P73, WO e holebiTH B,
Fourier fRENTEERRE Zn DT, IR, BIRETH Bl 7z ZDiRENMEICKR %, ODF HE

N
(ﬂ) SN = ch(pn

MN 00 DEE fFIPIRTZ20E 0, 172 f—sy DREZIZFENLS SV, EWVWS 22 TH
25, FofERIZ. BEORAD 1 ODBRWEIZK > T\,
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] 1.4.4 f O Fourier FIELDE A

N
= EO + ; a, cos nx + b, sin nx)

. f D

V' = Span(cos 0z, cos x, sin z, cos 2z, sin 2z, - - - , cos Nz, sin Nz)
NDEZHHTH 5,

[ @ Fourier fEDHE7HI
N
sny(z) = Z cne™
n=—N
. f D
V = Span(eio‘r, eix’ efix7 621'1’ 6721‘:)3’ . ’eiNx’ ef'iNx>

NDEZHFHETHZ, =

1.4.3 Bessel DAZE,, Parseval DED, TLIERERF

Fourier #ZZUIZDWT, Bessel DARFILE W IH IEFICHEH/BRAFERDLDH D, Fourier I DR
D XD BFEARNLMEETIEREST 2, ZOHEETIE. DCROMEICIEDEDEAD LEWHETTH S
D, OIS, T2 THHT2DOBHARTHSEFEL 2 (MR TBFEE X T4 7 TSN
F3FRDT, BEE WS Z LT D),

a N
fied 1.4.5 (Bessel DAFE) WHEZEH X OERR {p,} EEED fe X ITHLT
N
Eﬂﬁwﬁ < I
n=1 ¥Yn
DD LD, FERMEDSE 1 (FRR 2 B> )
Zﬂﬁ”ﬁ <A (Bessel DFHR).
n=1 Pn
FHZ {¢, ) DIERBERROEGE I
N 00
SIS < IR SIG el < 1P
\ n=1 n=1 j

AERR 0, h, f ZTHRE T2 EA=AFLOKZH, EXIT7ADEHNPS

IRI* 4+ 1Lf = Bl = 1 A1

W Z 1T
R7 < I1F112.
EAZREHhERas2A0EHLD
Yo | o) | Uw (2 0n)]
h 2: y ¥'n . _ y ¥'n . n n n
Il ;«omm“‘) H || Comrom)” ;< lol Z leonll®
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N 2

2
i el

= ABAECR {cos M ez, U {Sinnafnen 4 BRFEEECR {e"} ez ITOWVWTIE HEE DB
[ @ Fourier fREDFNE fIZFE LWV THODKD LD K 5 REAERIZTESR (complete) TH 3 & \W\ib
Nd, ZIZTIE. RDOXS MBI TERLTHL,

N
E& 1.4.6 (RER) X ZHEZEM. {pu}weny Z X OERXRRE T 5, {o,} DFTE (complete)
TH3 LI,

(1.16) (Vf€X)  Jim |f —sn(H] =0

DD DI ®WVWS, TIZT

= (frn)
(1.17) sv(f) =3 "‘Z)@n (N € N).
N J
ETRULEEE ST, —#ic

Isn (O + 1f = sn(DOIF = I1£1°
BRDGTODT, {pn) BERTHZ L b,

(1.18) Jim [lsn ()] = I

DD T EFMETH 5, 1RE DFRMFIX

(1.19) (Vf € X) Z'ﬁ%ﬁ P (EER0BE),
n=1 Pn

(1.20) VfeX) > IS vl =IfIF (EHRERLROBAE)
n=1

EbFHITS (DFD Bessel DAFEXTESVRILT %), FRX (1.19), (1.20) 1 Parseval DFEH &
X5,

LB, Fourier #fd L? ffﬁ FOXDOHTHB, THbALLBITIE. Lebesgue D imH BT 72
273, L HEmoH & R REln w7z & S,

(LT, T=HEH)

Bessel DAEFERXDIL D VD7 51X, Fourier 1R% ¢, = M Z. n— 00 DEEOIWIIEET S

(n> ¥n)
e nhb, Fourier RO KRKEXICEH LT, RN 22 FeHTHEL,
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~
fid 1.4.7 (Fourier REDEFRM, BEM, Parseval DFR) f: R — R IFFEAM2r T, f &
(—m,7) THHDTH D LT %,

:%/Wf(x)cosnxdx (n=0,1,---),
:%/_ f(z)sinnx dx (n=1,2,---),
cn:%/_ﬂf(x)eimdx (nez)

rBLEE, (1), (2), (3) DD LD,

(1) o
|an\,\bn|s-/ \F ()| dz.

rcn|<—/ f (@) d.

RS |f(2)] < M AR DILDE =i
lan| <2M (n=0,1,--), || <2M (n=1,2,---),
leol <M (n€Z).
(2) (Riemann-Lebesgue DEIE)

lim a, = lim b, =0, lim ¢, =0.
n—00 n— 00 n—+oo

(3) (Parseval ®FER) f 3 (—7,m) THRAHEITTD 2 (|f|? AEITDH %) HE
’%’2 - 2 2 _ " 2
d e Mgl By UCTE
2 Z lca|? —/ |f(z)* dem

n=—0o0

AlEBA

™ 1 T
B |f(x) cosna|dx < ;/W f(z)] de.

|an|:‘— f(z)cosnx dx| < —
7r

|b,| OFHilli B FFET D 2,

1 [7 4 1 [ 4 1 (7
_ —inx < —ine < .
e \—QW | st dx\ <o [ M@elde < o [ if@)as

T |f(2)] < M %5l

/_:|f(x)|dx§/_:de:27rM.

(2) HUEEEYXF 47 TRo7 (5LW), TITREKT 2, DLEFEEML LT, |f] »HES
AIREZR &, Bessel DAER (H 2 WVIERD (3) »260 —MIH — 0 H3EIT 5,
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(3) =ABEECR. 1R EIECR DT ZRD 5 £ Parseval DI

HW—Z‘WWAA!Ejﬁﬁ

n=1
&
/|Cosnx|2d$:{7r (REN /|Slnnx| dr=m (n€N),
o 21 (n=0) o
/ !em‘”‘zdx:ZW (n€Z),
X2, =

1.5 W9 DA%

f: R — CIXFEH 2r OFHABEBT, H2REDFELLSIZRDOE T 5 ., Fourier VR H
k2,

(1.21) f(z) = —I—Z (a,, cosnz + by, sin nx) Z ce™ (x eR).
n=1 n=-—00

Z 2T ay, by, 1& f @ Fourier {2, ¢, & f DEZR Fourier (R TH 5, T oidnwind f Ik
FET25DT, ZNZEN a,(f), bu(f), cu(f) EDHEL ZEITT 5,

an = a,(f) := %/W f(z)cosnx dx (n € Zso), by, ="0,(f):= %/W f(z)sinnz dx (n € N),
cn = cu(f) = %/ f(x)e ™ dz (n € 7).

ZorE, (1.21) OREOBIER M UTHK 2 B8 (CEIMD L8 X3 &, f(a) 3%
LWES 57

(1.22) ?: Z —nay, sinnz + nb, cosnzx) = Z inc,e™ (v € R).

G (1.21) IR LT H. (1.22) BI0HT 2 IZR SRV, KO X 512, D LIWEKTIIE
LW,

MWD PIEER f @ Fourier K&z IERM D L1=fl#iE. f @ Fourier K TH 3

(1.23) f(z) ~ Z (—nay, sinnx + nb,, cosnz) = Z inc,e™.

n=1 n=-—o0o

FKEE. ROEBDE D LD,
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e N
fid 1.5.1 (B D Fourier f2%) f: R — C 3EAM 2r OFHAREE T, #¥idD [—7, 7] T

XHNC C ke 35 & &,

(1.24) %gq:{?wﬁ gf@, ba(f') = —nan(f) (n€N),
(1.25) cn(f') =inc,(f) (neZ).

TbB, f O Fourier fEUE (ICRT 2 L IFR & 72 0A)

Z (—na, sinnx + nb, cosnx) = Z inc,e™.

n=1

N J
co(f) ZRITHITR S Fourier ZHDEESDOEMZ LT F[fl(n) RT3 &, (1.25) 1IX

DESIEZMZONS,

(1.26) F[f'(n) = inF[f](n).

ZAUE, BTHTRS Fourier ZH#1OHEDNK F [f](€) = iF[f](€) LR, £EZABND,
keN LT, f25k WO TE 2558

(1.27) FfP](n) = (in)* F[f(n).

DED, YfR)1IEWMSTE2Z8"=“FfIZ)inZ1EPTEZIL", THb, 2D Fourier f4
Bewore 0Bk I2& D, MO IBERANDICHN S 726 2 (HZRGEE. W iR
HRERCE;EINDG), ZHUTOVWTIE, BAR TS TFETH S (FEIRBIDIUL ),

SR 9 f 2 O oSG E DRI EE <
( ) cos nx]” / f(z)(—nsinnx dx)
n
0

bu(f) (n €N)
(n=0)

a,(f') = %/_ﬂ f'(z) cosnx dx =

L
m
1 [" )
= n—/ f(z)sinnx dx = {
™ —T
1

bo(f') = %/_ﬂ f'(z)sinnx dx = - ([f(x) sin nx]” / flz ncosmc)dm)
- —n% /7r f(z) cosnz de = —na,(f),

Cn(f’) — %/ f’(x)e_infﬁ dr = % < —mﬂJ —71— / f —ine m:c )

=in - —/ f(x)e ™ dx = inc,(f) (n€Z).

Y

f DNEHET D [~ 1] TR CLD Y 2 &, 55 {2}, BEEL T,

— T =<1 <---<ITNy=T,
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f‘[afk—1,$k] = Cl f‘f‘\&f% 5, J;{J:yb)fo\

Cn( 27r/f - Olzzc—z:27r f(:z:)e_ dx

Tp—1

1 N

— % 2 ( fmx xk 1 / f —ine znz) .l’)
1 —mac —inx . —inx
=5 ( N — f(xg)e 0 —|—m/ f(z)e dx)

=in - %/ f(z)e ™ dx = inc,(f)m

Bl 1.5.2 BERRDZ e RLTH B, f(r) =12 (—7 <z <7) D Fourier EEHMIZ

w2 coslex cos2x  cos3x
_ 1y )
f(x) 3 ( Tt 22 + )

g(z) =2z (—7 < x < m) O Fourier BRI

sinlz sin2x sin3zx
g(x):4< —i—)

1+2+2

flixbEomE1.5.1 OIRERMZ L, f =g TH 5, Fourier (REUIHEITMBED FIRT S X1
oTW5, nm

ZOfim#E 1.5.1 £ Riemann-Lebesgue OEHEHAGDOE S ., X%E1F5,

~
3?\ 1.5.3 (7= TAMI RS & Fourier REITESHRTS) f: R — C 25 CF D JEH
2m 251X

N . )
AERE MR 3R Fourier RO 7213 E LS, @il 1.5.1 205 ¢,(f®) = (in)*e,(f) DD 31D,
A W RERETH DS, Tim e, (fU) =0. WRITn - too DL E

1

n—Fk
IT2bb5 ¢, (f)=o0 (n_k) (n — +c0). m
B 7. a,(f®), b(f*) & f D Fourier f2%% FWTEY,

£ 1.5.4 R, [ PEBEBOHED LD (1.24), (1.25) EBILT 3 (b5 A AMHIZED 35,
HEZERTIEFRLCLEDFERS), LORAUF, FEELORITHDIID2EEZTI, n

[T TEZE, n— oo DEE, Fourler REUGERET 2 Z D3m0/, ZDRERE
L C. Fourier fREB B WK Z 52 Z e EIT 5, fle LTROEHZ HIT 5,

8eint ) k FEEBIBUZ. (in)ke™®. ZAUTH L T cosne & sinnkr OEBEBIX, fEEZATRLIZ W, (cosz) =
k k
—sinz = cos(z + 7/2), (sinz) = cosz = sin(x + 7/2) KKK &, (i) cosx = cos(z + km/2), (i) sinx =
sin(z + kr/2) WO RRE[ 5, BTINZHMHLZAEHZITI,

39



EE 1.5.5 (EHH DX DI O DD Fourier #iE) f: R — C 2EH 2 DR
T, HEL DX C iz 51, f @ Fourier #8UI—RRIR LT, ANZ f IZF LW,

FEBH  HID. f @ Fourier B —HRINK T 2, £ WVWH & TARIFEHT %2, 2O fIZFEL
W2 OFFIEAERICENS (EH C.4.1 Tf O Fourier fED—RRICR 34U fic—8 3T 5] |
p. 146),

83 Fourier fIREU DG ENTEHEHT %, inc, 1& ' D Fourier (REITH 2005, did 1.4.7 ZFHW B &,

27 Z linc,|” —/ | (z) | de.

n=—0oo
o0

1 ™
> el =5 [ 1@ d

n=—oo

lc,e™| = |c,| TH D,

1 1 1 [" 2
Sled =3 (niel 1) € [Swte S L (L i[5 <o
n#0 n#0 n n#0 n;é()n TJx

Weierstrass @ M test 12X D Z Cre™ WF—REIGR T %, =

COBBEEMT L. kDM, keN L LT, f 25 C* fchiug
o0 9 1 ™ )

DENND DD D n— too DL ZZFHICHEART 2 02 20T THIETZ VWS Z 2Iid,
cp DB FEET LI ZEKRLTWS

BBIC, TNETEIRRMNC, f D Fourier fidinsidi< WET 22 513, f I3E W) ATREN: & +5
DI EEIRE D,

4 N
o 1.5.6 f: R — C I&#EKer O 2r T, Z® Fourier 2% a,,, b, 2. 2 BAREL k 12xf

LT
an (lan| + 1bn]) < o0

\%ﬁ(ﬁﬁ?ﬁ.?‘&?‘%o COeE fIXCFRTHD,. f D Fourier FEUZ k [FIEBIM D AIRETH %,

SR (L) IRED S Z (|an| + [bn|) < 00 TH 37126, Weierstrass M test 12X D, f D Fourier
e ’

% + Z (a, cosnz + b, sinnx) (x € R)

E—REIR L. AN f(2) IC—BF %

+ Y (apcosnx +b,sinnz) (z € R).
1

n=

ao
2
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1<t(<k LT, AU ERRINC ¢ FIEBIMS 32 &

(1.29) f:ne (a,, cos(nz + € /2) + by, sin(nx + (r/2)) .

n=1
ZZT

In* (a, cos(na + (m/2) + by sin(na + (7/2))| < 0’ (Jan| + [ba]) < 0* (Jan| + |ba])

S (fanl + [bal) < o0
n=1

TH 5D 5. Weierstrass M test I KD, (1.29) I Z—HRIRT 5, WA ICHEBIMTOSIES L5,
]

1.6 CDEDFXE®

Fourier f%%3. R TEFRIN/-FAMHBEEZ R 35, BEIXMTH BV, T T 2r D
BIWHHT %,

R TEFEIXN=. HHEEE ST, B 2r 2B 2% X, B, f,9 € Xop X
LT,

mm:[ﬂmmm

TEED (f.9) 2 [ & g DABEIER, IhEMAT Xon (& (WEO N2 D T) WIEZEH

TH2, fOINVA|fIZ |f =/ (f.f) TEDS,
{cosma}, o, U{sinna} o {e™}, o & Xop DIERERRTH D, DX DEHIIEEEZ AN

BAT {pntnen EELEE,
(i) (Vm,n) m#n = (om,pn) =0

(i) (Vn) (¢, en) #0

f— ch%

k=1

(f, )

=0, ¢ :=-—""T""=

(i) (7 € Xor) Jig, e

£ 3ODMEZERD,
D ZNNERD f € Xon IS LT, HOM%E

N ' (f eikx) 1 ™ )
(o) = Y et o= B - [ f@ea (e

TEDDE, N =00 DEE sy X fIZPHT %:

T [If = svl =0 FHbB fa)= 3 el (Vh || E BIROREET).

n=—oo

ZDHELDIZE f D Fourier fkEL, ¢, % f D Fourier fRE & FERDTH 5,

O THBIREW O 1IED LB WA, ZOMETHNCH TRINIIZE A LD T, 7] TR C # T
HH. TOHGEFEMHEERT T, Fid. Lebesgue AT 2R HFTE %, [Lebesgue AJHIT ZEAFES (|f]? 2SAIFE
BV EWVISEENR L 572D T, 25 LEBHER Xop & L2 (—7,7) &FENL. TR AREZER (Hilbert Z2H) 1272 %,
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BIEL f @ n THH D Fourier fR#% F[f](n) £ KT L Z
Ffn) =inF[f](n) (n€Z).

D DILD, Thds fHZL OEFEMITE 213Y., Fourier FEDOICRD R (#) b2k
Bbhh b,

Fourier f%#13 (JEFRXTTZEM O DFEIRDT) 1 Ax REKROIREDE X 5 b,

Bz, f PEH TR O HTHIUR, Fourier L f 12 R E—FHIRS %,

lim sup |sy(z) — f(z)] = 0.

N—oo zeR

AUCH LT, f A8 [, 7] TRAMNC CL ChH B723T. Rl T 2 5815

f(x) (z 23 f OHEHLR)
]\}1_{1;0 sy(z) = f(z+0) —;— f(z—0) (2 7 f D)

DI D LB Fourier HEUIR L T—HRICR L 72\ (Gibbs DBRVAET %),

1.7 HFlF: ZDED Fourier HRE D fhsR
WL OLDFMMEDNE Z 5N 5,

b b L Fourier tEZ. WD HERXEMEL-DDEEL LTHRELLZZEHD D, RETH
FEXANDICHDIFFICEDNTH 5, £ 2T, WD /i DMIR%Z LU T Fourier fAXDFE T ITEH A
T5. EWVIDOPHHAD I DODFRZRXTH 2, HEWEE o EIRVICHARZZTIUE, 7vF—
[10] ZFDOAE L V2D LA (B4 <4 FROTIEET LA F— AR HHUSEZD 555
B, WIRZEL TN L RVOEZTE ),

—J7. Lebesgue f77, Hilbert 22 (BIENT O EFERX = 2 —TH %) 22U, Fourier #i @D L* #
TR, LWVWIHHMBEZ NG, ZDHE, Lebesgue FE7 DEBITIZR VKD 222022 DT (It
X Fourier FEHTIC L ¥ X 672 0WD T, ZNZ2ERMEZ T 2712 H 2 2%) IEFZ 1% LT Hilbert
ZER O fhTR (BIRUEN AFT) 26D 5. L WnWH D8 H 5 B,

(GRERY R IERT IS § 5 &, Lebesgue #877 — BIRU#EMNT (AFT) — Fourier f#tfy, £ 725 TH 5
o BIRAHHERIZ, BN OWIH — Lebesgue f877 — BIE#EANT (Bl 5L <) — Fourier
fekir (RIRFEMCHEREEL), E WO THBERTHIR L 72 BOLWVWHDEZEND DPmRICKE o7 X 515K
MLBWTHR, )

2019 F 8 BEH Bfit FICZOEOERMDFHZHH < U /2 ANIZid. Hilbert 2% D #15R %z £
TAREW, 2EZBE91TKo72, S L722ehs, TOWVWIGEEZHHELSELIZAD WS ZeH
Dot=-DT, EDY Z A, FAEE. FERRIC Th<of] OT, 2505 ADNWEZ 2IERE
HMICE LRV ( TBEHZ5TIT2) ) RAXFH3TFEDKICE S WO MRE LD hy, 21
X7 DRDOIERRLIIRD /TR CiE 4 (FRAERU L 2I2D) 1T, KREREEELE 2T (LRI
o TROVE), BEZL LTE, FiFIBATLOSWA, BEH - B - 55 [11] 2815 TH <,
ZN T A B EB O Z D L ELEREN Z 2270,
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= 2E  Fourier Tz

\np

2.0 1>k0O

BDIRLIZR 2D, ZOEFEDHINIE, Fourier Rt OEIEHIHZ (55U % EMI2) i3 2
T Thb, B Fourier #E % i U7=23, Fourier AT 7 » I UV —I12lE

1. Fourier f%% (Fourier $R% — JE MBI RIR)
2. (D) Fourier 244 (BIEDINTSR)
3. BRI Fourier 245 (AIHARFIDS M)
4. BERURFRE Fourier 2848 (BAIDINIR)

Kl’\5 4}\753‘14\50 ?ﬁ“@fiﬁ@“@% 673)3‘\ :@4}\’6—%6‘,\211\5 Z Z c:f; %20 %ﬁﬁoD{ﬂ'Cj'ﬁf)fZ:fﬁ
~RECTHCEL SRR e b LRy, BRAGEETHT IR,
DT, 7= Z Fourier xﬁ%@%@%@b@m

BE%L f @ Fourier 21

FF(E) = % / " f(@)e = da

(¥, Riemann O OHEHMATEZ LS5 ToL. LBETTH S, 2F0 (HHOLD f 1T R 2K
Tt e L70)

1 R

FfE) == lm f(@)e =€ du

271 R1,Ry—00 Ry

D ko2, AROEHPATHET L TBWTHrS, MRZES 22125 (LD f O ERRGEE
X 57 BRI EDNENT T2 B )

Z DIAFETE, AT LR W (Fourier ZHUIFEL R W), HIZIE f(x) = 1 (EXE
B) THoTH, RFEDIFINCRL W IFERL &5 (BRI T 1 @ Fourier £#1%2%& 2 %
ZCEHRE D, TITREDZILIRIIBALR), IWRETZINRT 272D, ©— +oo DL
X, f(z) D “HREL 0ITIEDL 2 WD XA TOEMEEHRT Z e B2 W03,

%7z, Fourier ZHUCEH T 2A DA ZIHAL Ko $5 | fIZOWT, EHITEMTSES
PRI RBENETTD T3, Lebesgue WS &, a2 DIEHICKR 20, ZRTH 0L
DOAREN L EEDE 5,

ZOER EEIHEE 7V 228 Tld, ZOHOFHAZ TV HEHHEILIILTVWS
(ZOEWE, WHOFHMFZ H LIREEICELGE DD 50, #ETIE. TWZFEITRBID X
DRV, ZOROEGRZANIC L THHEINRZIZ DR SIADD, £V Z L ITERZH TS,
EWVWS FTETCHEET 5,

1773 —DEDX =34, [Fourler ] LMENZZ03H2DT EHED) ZOF3HDBRVH1D
2 RS 7201k T8 T2@bh, ALY S T2, 2x2=4#D
3hovd, grﬁ f(2)=0TRSTH, LFBEIDVICLTZ 0D 5,
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ZIWVWIH DT, FfK, Fourier 1% 5 NlE. Lebesgue F77 7R ¥R AZRIC, FEHLET
Tz,

Lebesgue F77 2 D312, BERFmTRAL T I A NS DB OFET 5. HlZIXHEH [12]
EHIFTBL, ZORZZNLINCDFHED D 2 DT, FREOBIRIICANTBL 2 2 BEHD
T5,

2.1 Fourier Z#:DE A, Fourier O RKEAT

EOOFHHE., HMODFHHZHE L, (ARTREBREZMES X 51Tk o7, Wi 3BT
ETABEoTWVD, )

2.1.1 FLB®DHA

(2018 FELANE. AR TUTOELSI BRI e ZFHHAL TV, 2019FEFIX, EL x D7 RoT
Ztr. bt Fourier . Fourier ZH#UL BFHE X T 1 7] THoLIETHROT, EA (A
YRR a ) FFEATVSIET., ERAOVEEVWLH- T, 2.1.2 DNELZHHAT S X 512Y]
D;lgle%_f:o )

Fourier #EUERZBEAE LT, ZOMIR & LT Fourier Z#%ZEA L, B4R KREELTL (inversion
formula) ZE Z 5,

TR CRERDIBEHEESNET D, [IZFEAMEETIEIR, 202D DIC, f(z) & 2 — £oo
D ETDHELBET 2 (0 ZIHRT2) T 5,

AT AT 4T AERBD (> 01 LT, f 2B [0, IZHIR L TE X T, Fourier f%&E
ZLTorb, (-0 T 5,

Fourier fiEUCDOWT o> TWAZ o, HEEDIER ¢ 12 LT,

o0

1 ¢ — 2y > _ L
(%;ﬁllf@k dr (nez) vBr ﬂ@_%gé%e (z € (=0,0)).
(M NTER: f(—0) = f(0) RO LD RSB VDT, z = £0 3 PAEREIRNITIR S, )
WZIT (¢, ZZD V2l ETEEZ D)

/. \/ﬁﬁ 1 ¢ —i 2 >
Cn =~ cn—E/ef(m)e dr Bk

T

flx) = ot n:Z:OO et (x e (=L,0)).

l [e's)
M—MQ@Z%MQH%OZﬁiLT@5®T\5ﬁ+ﬁﬁ%ht%‘/Gi/ WEWTH B
-/ —00
54 TRbbH .
fie) = = | f@ea cem)

rBL L
c;;f(n%) (n € Z).

{— 00

¥/ [e%e)
4mn/:5/ B D OB B
—L —oo
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RDD: |, —f ’ fx)e " Fdx / Ndz — 0 -+ HIAZ n &
( Vo T = O M)
ﬁf%ﬁm®f\nkomf BRIERUC T2 5> TW B DT, )

ZOFEPUZ X - T

o0 o0

f<x):\/%€n_zjce —2 ZZ (nm/0)e' T "

3

_ L [T R eeae (we (-
"m/_m“@ de (x € (~0,0)).

(220HD = 1%, A > 0039 ¢émt%k/wﬂaﬁiA§E:FWAQﬁ&DﬁOCZ%ﬁ

- n=-—00

W7z, )
DExedse

£ '—L h x)e €% dy eitr T
f(f)-—m/_mf() dr (E€R) ¥HY f(x F/ Fe)etde (x e (—,0)).

ZOBITENTEL &, REI { EAZVDT, 2 € R THRH IO L TRWL,
20D ((i) [—¢,¢] TOfD% R TOEAZTEMT 5. (i) oM EBEATEMT %) Z L
THEERTH 20, Fid f ICHT2EURNEDD L TERDBED IO oo TWS, T
bbb

(2.1)

~

‘—L b 2)e %% dy it T
f<s>.—m/_wf<> ir (E€R) ¥ [ F/ Fe)ede (zeR).

% Fourier OREANT & M3,
— I BEIEL f TR LT

(2.2) 76 = % / Zf(x)fix&dx (EecR)

T fOEEBLE. 2k f O Fourier Tt (the Fourier transform of f) MR, B f — F
D Z ¢ % Fourier & (Fourier transform, Fourier transformation) ¥ FECN, F TRT Z & 32,
Ff= f TH 5%,

FIRRICEEE g: R — C IR LT,

(23) )= o= [ s @em

TogDEED L E, TN% g DHIR Fourier LI, F* TRIT I BV, Frg=9 TH 5,
ZOREEZHVW L, 2.1) IFXRD LI ICHEEZHZI OIS,

~ Fourier DRERTC 2

Z <L DA, KA D o,

(2.4) FF) = .

TR L TR BELN S,

(25 5 () =g
- _J
DE D, f % Fourier Z#L T 5, H% Fourier 13 % L ITITRE % ([AFkIZ, ¢ %% Fourier
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ZHLTHh 6. Fourier B2 ¢ g ITR ), 2D D5, Hi% Fourier Z#10 Z ¥ %1% Fourier
T L HIES,

Lo, WOWBRHERNEZ L WS DT, KIEARDIPATE DI TRV E2FEER
LTBIZIS5, ¥ 20/RIIEEETHEDIODOITTIELL., BYLRIRELIDETH 3, ZDHES
T, %h%@n%nﬁﬂ@uOL\T@i(*)\ D LiznwzZ e &;3‘%0

R 2.1.1 (Fourier EHDERDME (1)) Fourier IHBMDERNIX, 7FAMTEIDEHLEHET
»H3,

(2.6) fo-o [ " f@)e e, o) = / " g©)eds
ETAEHD,
(2.7) &= /_ " fa)emr, o) = /_ " gt

Y5330, 2ofitir bz, (EAICIE. (2.7) OFEDS. B x2 RARDERICH T TIHFATH
00, 2 BT SAFELIRBEDYH 72D LT, 5&EflF 2503 Rz, )

By X574 7)) ZHEIRTWEIELEER (2.2), (23) ZHVWARERALTWS (5T
H53),

WINORBOGE S, KIEAN FFf=f, FFg=gl3RHUD2ES51CLTH3 (L), =

Rk 2.1.2 (Fourier BHDEHRDME (2)) Fourier ZHMOEROAXIF LTS, MO E I WD
BEIRIZE 2022 WS TBOEWVDDH 5,

R
(a) f(f) = 1}1{1;&00 \/ﬂ/ e dx T, . f(2)e™™ dr 1X Riemann f&% (Riemann FI1oD
M) & LTED %,
(b) f e L'R) DHEIZHEZ 5, Lebesgue D & AT,

(c) f € L2(R) DBEITHATEZ 2, HIZIE F(E) = émf——/ f(z)e ™ do (FRRIE L2 IR,
00 1/2
Frbb. L2 AL |, = (/ ](p(x)|2dx> 2B IR CE Z 3)

(d) B TEZ %,

ZO#RTIE, ZORIFE->ZTDIEROVTHERT %, DL T¥S5LTHIE-ZHIETHY &
SOz 5, Riemann T DILRET & W I (a) EBEZTEH L (Lebesgue FEITRREBEBUI RN,
DFEEDPH SR NNETEDP D) — ZDEIRMPVILIEEDLRVDOD D TH-72D7EH, 2016
FEEORFELZ LTV X2, #ELSHEMPH T, P ULHHT 20BN EL /DT, 2 ZIZHFD
TELIRETHZ (A% L TREZZEIENEES), =

Rk 2.1.3 (Fourier fi# & Fourier Z#% BRLENR3D) KEiI LI, Fourier ZH#2DFAAZ i lT 5 23,
Z DEFET Fourier B ZIRD B> THZ 5,
JEHH 2 DBAEL f: R — C T LT, f D Fourier {28 {c,}nez %
1

Cn 1= 5 f( Ye "™ dx  (n € Z)

SHIE. 5D Wikipedia DREFETH H 5, ZDRICOWTITBHEI VW EE S,
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TEDEN, ZhD f O Fourier ZH f(¢ \/_/ f(x)e ™ dr (€ € R) ITHHT 3,
Z LT (BT C) Fourier #EERH

= i cn€™  (z €R)

n=—0oo

ARD LB, ZApS Fourier RIRI () 'éffmﬂﬂﬁwéweR)mM§?6o-
T J—o00

Rk 2.1.4 (F ! TH F* LELER) #5BRLLX F ! LEFRERIZHLEH F* LTV
BARDBZ N, « 13EE, HRIEARZRTOICHW IS TH L7, FEE ERHEZRD T, Z0OfHE
W2 EbALHEM ST DL, HERICRLRWZ DD, HHERIZTR 55 Z DA
WRREE DTS, 5V DT, WEHREIZHEDFVW LR BEbhid, Eﬁ&i&i

A% Fourier ZHLEMATEWT, FEIESTWE & ZiE, 27D Fourier ZHEDME L (i
) 127, L1052 b TH,

B 21X, Lebesgue 7T OEK T HEAED RO 2MK L*(R) TEZ S L. F: L*(R) — L*(R)
EEHH 725 (EHIZHERT., WOW5S unitary B2 723), 5 WHZ % & HXEARIPIER
E AR

—Ji. BETEZ S . INVHEIP § (FREIEREE O 2E) TN L T, F: 8 — & 2EFEERK
T F BT OHEBRTHL I HRIATES, ThdLTHT-Z D LTWED, MR
Z3 203 BEDIEN .

2.1.2 BRHDEHA
(2019 L. §§2.1.1 RO DITRD &5 REiHZ L7, )
%3 Fourier = 1HE T %, HEEERDOLIZ f: R — C EM T 72513,
1 (T2

(2:8) =[O =51© =7 | @ (neZ)

rBeE (TR, OZ% f(n) R Ffln) ELZEHEZW, )

(2.9) f(z) = Z €T (x € R)

DD DD TH - 7=,

AR f: R — C I LT, BAHPIEFICKEWGETEZ T, HYRKREDD & T
ToRET 3,

(2.10) fie) =716 = o= / f(@)e®dz (¢ € R)
el
.11) fa) = o= [ Floeta wer)

6f @ Fourier (88 ¢, % f(n) t BL DD 2, TOEXSFE2THL. & bﬂ){fhéfﬁtﬁéo
HIZE, BIERECTIE, 175 A = (a;;) @ Hermite 2% (aj;) & A* tFHLDTH o7, SOHAR. 1751TRL.
BIE =D FOREFRETH D ZOHBMEARDERZ BN 21213, %’%’?Fﬂﬁiﬁﬁ)f))%@’@ I TIRAET 5,
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(2.10) TREZX 3 f(: Ff) % f © Fourier L MER, BIR F: [ — ]?ODC ¥ % Fourier ¥
I3, f O Fourier Z4%, F[f(x)](€) LW IRBTRT I dH 5 (T SR TEHIZ M- THM
T5),

(2.10), (2.11) OEHAOFELIEICHFEHL L 5,
—f&iz. BAE g: R — C TR LT, g DA% Fourier £ g (= F*g) %
i) = 70(w) = o= [ gl (@eR)

TEDD, BIR F*: g g DT & DI Fourier 212 FEXR,
ZOREETHVWA . (2.11) &
(2.12) FGFhH=f

CEXRZO6N5,
(2.11) % (2.12) % Fourier RENTL & FER,

SEBVWHELESTWVWEDT, 02 hiclwhd Likndg

Fourier {2#Z1& Fourier Z#H% 5 L. Fourier S BBICIEREAXHFIET B0
(2.8) & (2.10) 1T, (2.9) 1& (2.11) WXHET %,

WL &0 T
(2.13) F(GFfH=f F(Fg) =g

DI D LD,

EDVDHRAT F =F 1 eEITEN, 2D, H& Fourier 21D Z & %3¥ Fourier Y &
MR, ARYE, HEB{REZEZ S XX, BIROERE, BBEZIZ-2hIET, £2HHTHL L
ZEBALTERT 2RBEDDH DD, ZZTREZENEHRoTWVWE I ZERLTEL,

Rk 2.1.5 (EEEWCOVT, 1TAITHTRSERZRVH L THRT %) HERECT, IE/7175

U 2% unitaty 1781213, U @ Hermite 1% U* = (uj;) 23 U™ £72oTWd, W5 Z ¥, Fourier
ZHUI unitary B IMHIN D DIZKR>TWVW5D, m

2.2 EEN  RER[AIANSRFONZEFN BRI
BN R BAPIE R OORE, ZOFREOLDICBH > TEWEABENARERN T2

a )
g 2.2.1 (BEERN « RELHDSFTESNDI L) (AHIE. Fourier 2R ZIDBEET 5 72
DD EELNETH M)

(1) F*f(z) = Ff(—x), Ff(&) = F"[(=9).
[ @ Fourier 242, f O$E4% Fourier ZH#uX, HWIIMAZ “rDRLZ” dDIZFEL L,
(2) g=Ff & f=5"g.
(B) g=Ff = Fg(&) = f(=9).
\ J
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B EE iR eRIAY, REALLZSROTW - DEAT 2,
(1) A% Fourier Z#IDEED S (BB g tFEL D% f £EX)

* _ L OO €
?f@)wﬁ/;f@k d (z€R).
Fourier ZHADERD O (B, BT OER L v, BHOER T ¢ t ELDEANEZB)
— L = —ix§
?ﬂ@—\@;/;f@k & (v €R).

ZD2o0XE RIS P
Ff(x) =F f(—n).
H9 1ODFIE TRKISRENS] Lo THRWVL, 218 - ZRALTH RV,

2) (=) REAR 7 (Ff)=ficg=9f 2RAT B L. f=TF.
(<) 85 2ORIERK F(Fg) =g f=Fg2RAT 2L, Ff=y

B) g=Ff 3L, (2) &Y f=Tg ®WRIZ f(=§) = Fg(=£). (1) &b F*g(=¢&) = Fg().
AT f(—€) = Fg(c). m

2.3 BN O Fourier £t

2.3.1 Fourier B DOTHULAH
Fourier ZH#aDFTEITEHE L W,
HRPOATEAZ RBEMC. —EEHDTEROOWEED Fourier Z#i%, B TRDZ2Z L %
MLTAES (v a—X—2EX2581F a3V Ea—X—TKkD2IdilA L),
HATEZTHHWREWDT, stEX# L K R2HAHDHHIZID 2 TEHEIKS %,
ZDRITDWTIE, Fourier #% (Fourier fRE)) Z5tHE T 255 LIE. REREVDD B,

NEE, BERSIZE T 5D T, FEEFIIZE L RBEBO Fourier ZH#03KD 5N TW5, LA
FEERFNIIZ EADLIDT, —AHIADIDIIRETH L, BREBBGROBEGEZHWTEHE
TE550bH20, ZOHESHRBECTIEMICEHAET 2 DIXZARICHETIE RV, —EHR-
725D, RENPICEZATBWT, BRELAEEEIZ, ZhE7LEERDOVWT, / — FER%E EKR
T, BT EL 5VHAENENTHAS S (FAMEZES LTVET),

AMBRO L 3. (2720 T) EH 232 DRRDPET L X5ITHE L THEL D7 LAR
W ZAUEBERR,

HrDH D #A TV 2 BIEICHN 2B D Fourier Z2H#203F1 D 7. Wi &R, BEULHR (B 21
Mathematica) 1254225 DHIFEFEHY & A5,

C TR HEEHICHETE T, ERXD2ICHO D 2. BP L WhlZiENd 5, flEHEKS Z
NEDICERETH LD, ZNODFBEIEDONLE T 7=y 7DEEIEREDH 2L EZ T VD,

£ 2.3.1 BOIRLICKR B, EAARREIED Fourier 2412 RO 3 DIFEE L W L B2 W0H, &
DFOMRIZEEICEHEINTVWS, 2L T, ZzhorfEniz TRAE MESHA TV, Fourier
ZH DG E. MEFTIEAD - FHI - —4 [13], 75 TiX Churchill [14], Bateman [15], [16] 72 &3
Hb, LENE. DR FNIINODRAEZMEL L5 ITEONLbDTH S, Al BED
BRNIA T 4 - a7 0EEbo72E51, A REDBIaVPa—X— VYT 727
TEEXDLITHAS (BEZHDLDIDODOHB), LEZ TV,
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2.3.2 HZAIRNZTT—)ILH:

flifi7e 7 — ) 200 % 5 DTS . MorDBTHICANTE I S (A TEHTE S, IE
MWL S 2. REDIEZR A TBVWTHTRELAZRAUZRWE 705, F4),

4 N
FIE 2.3.2 (VRAA—FARE Fourier B#) U T a>02r7 %,

W7l @)= s
(2) 7 {ﬁ} (&) = %\/geam_
1 (—a<z<a)

(3) f:= ix(_a,a), IbB f(x) = { 2a EBLEE Ff(E =

1
2 0 (BhLU) Var

sincx =

Sizx EHOVB L. F(E) = \/12_
([l < a)
(1] > a)
(€ = xa).

sinc(ag).

—~
S
S~—
| — |
wn
@.
=
—
)
S
N—
| I
—~
o
SN—
Il
§
S
X
=~ SN
@|" @|H

k J
(ZOXEOH TS, COEHDISHPE-R D2, FIZITHIFEER X, )

E%233(E%@ﬁ%)u)@\ﬂ@::awﬂt?ét%fﬂ@):vggfjgfﬁézt%i
RLTWD, DFD Ff(2)](€) TFfFE) BRLTVWS, ZORREEIRLIFbhTwsDT, Hh
TBLZE,

M7= & 5 21X, Laplace B L2 d H 5, HIZIX

1
s—a

L [e"] (s) =

a IXEBTHY, | | NOBBOEREZRIXFIZ 2t THHZ % BRI L TR TH D
DEWV] WO DITT, DEVFHDOE -5 X E 272, Mathematica Tl

FourierTransform[Exp[-a Abs[x]],x,xi,FourierParameters->{0,-1}]

FourierTransform[If[-1 < x < 1, 1/2, 0], x, xi, FourierParameters -> {0, -1}]

DESWMPEBTH 20 (ZOHEE x) FEETZ (£ TRVE IV E 2 —X—IZWMHTERV),

|

COREICENTS 55 DIl —DOMEZ RN TA XD,
B —fBc
(2.14) Ff(=0)l(§) = F (=)

(ER LT 5 Fourier £ L 72 % DIE. Fourier ZHIL T L HERLd D —HT %)
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DD DO 2, (ZOFEROELE GAZRIERT 2 A2 WDT, ML b TR AAE
AEHT 222 T, BOVWEEMELTHLES. LWHMETH S, )
(fRE) EED E e RIIHLT

Ff(~))(€) = %27 / " ),

BRER Ly = -2 Z1T5. do = —dy. v — —00 12y — 00 D, 7 — 00 Iy — —00 BIIHTZDT

1 [~ ity — [T e ) = [ e
= / Sl = /OO F)e (i) = —— / Iy
_ % / F)e M Ody = Ff(~¢).

WZIZ (2.14) 2D ILD, =
BRIEHE R, EIEBER e =AM TEZE L TGIHET 2 APV s idhe, EREHEEHRD
FFARET I 2D 5,
a N
##rE 2.3.4 (BBHEROWED) (1) acC T2 E () = ae™.

(2) acC\{0} L F2L %

/eaxdx — % —+ C (C Li*ﬁﬁj\iﬁ)

(3) a>0,beC\{0} tIBE=E

‘o 2sin(ab
/ e dy = sn;)(a ) = 2a sinc(ab).

sin x

7272 L sincx := )
x

- J

8 2.3.4 DEIERA

(1) AT 2 (ERERERE LD XS ICERLTH I, X B8,
(2) (1) 2T TH 5,

(3)

a ibx ] L= iab —iab :
ae s e B 2 e —e B 2 ) _, sin(ab) .
/_a e™dr = { = L:a =y % =3} sin(ab) = 2a e 2asinc(ab).m

EH 2.3.2 DA
(1) R>0&35%¢
R ) R ' —(a+i&)z 1B 1 — ¢~ (@t+i§)R 1
/ e~ lele=imE g0 — / e @tz g0 — { ¢ : } c : — — (R — +).
0 0 —(a+i&)], a+i a+ i€
BBIZIE e 1Y = e®(cos y+isiny) DVEFTHIUR a = a+if (o, B € R) & LT e® = e*® [cos(Bx) + isin(Bz)] THS

DB, (e*®) = ae®®-(cos(Bx)+isin(Bx))+e®-(—Bsin(Bx)+if cos(Bx) = e*®(a+iB)(cos(fz)+isin(fz)) = aeletiH)z,
— WP CEMEZ TS
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(ZZT, |eeHOR| =R — 0 (R — +o0) £725 Z b &fliof? )
BOHPIE v = —y EEREHRL T (EBEHETICXA L2 MHBELTHRWINY)

0 R
, , 1
/ el gy — / e~ Welldy — — (R — +0).
R/ 0 a — 'Lé-

1 _ _ 1 1 1 1 2 a
— e~alTle=iw8 gy — — + — | = =\/—=.
Vo J_o Vor \a+i€  a—1i€ V2or &2 + a? TE2 4+ a?
Thbb
*a\l“l
\/752—1—@2

1 —zx§
7[x2+a2] \/ﬁ/ x2+a2
FRKBN S, ZOMFREDBEBOFEBREEIEI K E & v, EREBEEGZH > COIVUIEEEHE %
FHWTEEGHHETE % (§§2.3.4),

FIZZD (2) 1 (1) DERLTH S, 2D ik &, fifH22.1 D (3) ZHWT, #Hamd
wohd,

221 D (3) 1F, AL T2DDTHRVDT, ZITEDI —ERL->TALI,
Ff=g THNI Frg=fTH206. —fRITKD LD Fg(§) = Frg(—¢) ZRAWT

(2) EFRITHES L.

Fg(€) = Frg(=¢) = f(=¢

2 a
WANE N -, 517 — ,—alz] = - ZZ
(1) THd»olz&oC, f(z)=e¢ &I E Ff(E \/;f2 o Wz

2 a
F 2%
[\/;ﬁ + a?

Il \ﬁarf [%] € THEDE, BDELT
s v+ a

F {ﬁ} (&) = é\/ge—alé.
(lz] < a)

@)ﬂ@z{éa(%huﬂ)}tﬁéké

(§) = (=) = e I8 = e77ldl,

—zx§ 1 ‘1 —z§3: 1 . : _ —
Ff(& \/ﬂ/ f(x dx—\/z_/ 25 dx_Q\/%a 2asinc(a(=§)) = N

Y2=z+iy (z,y€R) LT BLE |e*| =[] = [e” (cosy + isiny)| = /(e cosy)? + (e*siny)? = e®. ThbDDH
|€ | — eRez
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(4) THBRHEICIE TFf =g RBI1E, Fg(€) = (=€) DD D) ZRHOVIUI IV, EFE (3) T
RLzE DI

7 [ oo (6) = = sinc(ag

THHH0H . ) ]
F {\/ﬂ sinc(ax)} &) = %X(fa,a)(_g) = %X(—a,a)(g).

Wz 12 X
F [sinc(ax)] (€) = V27 =X (-0.0)(€).

() X(—a0) ERTINC CHRTHERET D 5, XITINC C HCAERE R BIRL f D Fourier )
éﬁwﬁmi

F(=€+0) —; FEE=0) (¢ s 1 oot

WO TEHEDLD - 720 FEiX Fourier ZHUZOWT ., N RIBEOEHENKIT A0, koT.
IEREICIERD X 51272 %

B { f(=¢) (6 % f O3B

£ (—a<&<a)
F [sinc(ax)] () = V2m x ¢ L (€ = +a)
0 (¢ > a)
(5) ZAUIPRHEL VWOTHKIE (2.3.3) IZ[EF, m

R 2.3.5 (sinc DA )T >) sinc ([sipk], the sinc function, the cardinal sine function) (&, Woodward-
Davies [18] (1952 £F) 128 W\T

sin(mx)

2.15 i =
(2.15) sinc x p—

CBAXINTz, ZOXETIE BEATTOEE (Mathematica d 25 & 28H) 12> T, sincr :
sin @ CERLTHDD, (2.15) DEIITERT 5 D% “the normalized sinc function” & FER (fﬁ
BRI BV TR Z B HDHARA T v — 5 L),

(18] PHBALTWAL D %5H ~

Sampling analysis rests on a well-known mathematical theorem that if a function of time f(¢)

contains no frequencies greater than W, then

EZf(r/2W)sinc(2Wt—r) o (29)

where sinc z is an abbreviation for the function (sin7z)/mz. This function occurs so often in

Fourier analysis and its applications that it does seem to merit some notation of its own.

J

ZAUTH| EHEE sine DHEEIZOWTHARTWS,

1R A0, T - NI [17) (CEEAS B 5 7= & 5 RN B 5, HRLTHL 2L,
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~

Its most important properties are that it is zero when x is a whole number but unity when z is

/ sincx dr =1

o 1, r=s)
. . . . d — 9
/OO sinc(x — r) sinc(z — s) dx { 0. rts

zero, and that

and

r and s both being integers.

J

“abbreviation” (3EMEIE, ML VWIEKRTH 2 (RD®),
“whole number” 1. HHOMEDARTEHIZH D25 Z 23V 0n, B WO IEKRTH S, D
FD =00 & sincer=1 225N, 2 DD YL Tl sincer =0 TH 5], BEEGEHDEMR

SEHEFTHBERLAHD By sincz dr = 1 HVET 3,

—o X —o0
sinc WIXEBUHLINC S 4 72)BHD D % (Stenger [19] DIEH LK), =

%%2&6Mmmmmwm;MJ@%%%v@f%nm_@;wm@+ﬂ)gﬁjo—%ma<5
725 F B o, fITRLT

&
sign (§ — a) +sign (8 —¢&) (1) Eiigf;; §>0)
2 ] .
s E=a,p)

DEDIIODT, a=—a,B=a ETIUIXELVWZ X005,

2.3.3 ¢ %" @ Fourier Z i

e™ %" (a FEDER) OROBEBEH IS TV AN VS, ZOMBUIMEH L CEETH 5,

2 ]. > 2 .
—axr o —az® —i€x — ~ia
(2.16) g [e } (&) = Nr /_Ooe e “dx —\/_e
ERTEDVHEHETDH D, V7 2D Fourier BTV 70, WS Z ik,

R 2.3.7 (EZZMFICAEZIDNDHLNAENIL) a=1/2 DL ED, FICEARBHRT, LML
BRI %
T [675}32/2] (&) =e €2
SWVZ B, f(x)=e 2R, Ff=f &7 F, f13 Fourier Z#t F o, FAME 1 BT 3
BHBEKTHZ., LWVWHZiZhd, 2D flid FH0, i 1 OIEFRDMY (BRHEIER ) O
SRR %e—m DERIET B %, HRAEN TS ML, —HEOBADORT. S8k
T
LI2b00FN 1 L HZADZERBVWTHAS, =

VSIS, 538K 02 O TERISME ORI BB mpgvﬂw)fbaom:qulw%émaﬁﬁao

202

1
V2to

o4



SRR (EE) 2 KADFHFER
. o 2
—az® —ir = —a (xZ—I—Ex) =—a (x—i—E) —ﬁ
a 2a 4a

2 1 o i \2 2 1 o 2
F [e’“mQ] (&) = ¢ ia e o(e38) gy — e % e " dux.
Vorm J_wo Vor J -

HEBDOHFESIIFBGERD Cauchy O EMIC XD (FiHIIC? )FEATEZ %, 22 TREDHZA TR
HBHZIZTE (D LEBETIHHEZENTELD., ZOBROZHEEVLZNEEHE TS 2IFERL
AQAY

X5

VNN

/ e dy = NZs

oo

ZEROIUL (ZHUIMED TE - 7213 312), BREN: Var =y ZHWT
* 2 o 2 1 LS
—ax — -y _ V-
/_ooe dx /_Ooe \/Edy NGk

(2.17) F {e—aﬂ (€) = ——¢ a.

Wz

(BIA) TR / e (#+55) 4y — / e dy BT B,

RO X >0 LT, MEFEET, 44 X, X, X + KX+ L X RIECHRS THRA
7ZEARER Cx JBIZEATE) 122V T, Cauchy OFETTEMD S

O:/ e dy
Cx

:/ e_“Zde—f—/ e_az2dz+/ e_“Zde—f—/ e dy
[—X,X] [X, X +ix] [Xtige, —X+ig] [-X+ig,—X]

20 2a’

X 2 2 X i€ \2 2
= / e dx +/ e dz —/ e_“<x+%) dx +/ e " dz.
-X [X,X+i L] -X [-X+ig,—X]

X —oo Lz &, AUF 2, HATHD 0 ITPHKRT 5 2 & Z2REFRWV,
z=z+iy (r,y eR) & T D& &,

2| 6Re(faz2) _ e—a(:vz—yQ)‘

-
BIZIEHRSY [X, X +is] T 2= X, [y < & TH 225,

2
< @%a@_aXZ (Z < |:X,X +Z£:|)
2a

2

e

<
[X,Xﬂ%]
o0 ) oo
/ ea(”;ifdx:/ e dr.m
—00 —00

o0 2 o0 o0
12 (/ e””2d:v> = / / e~ @) dy dy = // e~ r drdd = © OEBAD L — b FEB O HEEUER 72 5E

—az2

£ _x? ‘§|
e |dz| < edae™ -2——>O (| X| — o0).
a

/ e dy
[X,Xﬂ%]

r>0
0€[0,27]
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AEERR AT O D DB L WS b DDBRRET 72 B D5,

ZZIWCHZDSLB ., (BFR
BEGHZ 53 &l & flHLAHTH 51,

_ - —az? —iz€
9(5) - \/ﬂ/ooe € dx
eBlk,
L —a:c —wf
\/_/ dx
- —az? zzfd
B W e
_ S —az —ix€
- 2a Vor / d“”
RS
= —%g(f)

(PO DIELLIZHEL < v, )
£=0 D ZFEFMEHICKRE 3,

R N
g(O)—%/we dx = NG

W R, Y = g(§) EM iR O ERE

y ¢

— =Y, Y(0

¢ 2 (0) = V2a
DIRTH B, TNERNTRKRDS L

I &
9(6) o
P dy § N £
(RDD: — =—=Y &b / / dé. C ZRAERE LTlogY = ——+C. 2O
) d& 2a 4a
s
5Y = \/Q—ae ).
1
2.3.4 HZFlF:

S~ ®D Fourier B DEXRBHGRZFE - -EH

C OMBERHEIZ, EREBERONFEZ AR & LT\,

3% B RGEm D SR 72 HE A C &
DT, bR L THEL,

~
i 2.3.8 (BAEGED S DRIIBMN) P(2),Q(2) € Clz], deg P(z) > degQ(z) + 1, Vo € R

P(x )#0,p>07b§ﬁibﬁot% f(z) = Z; rBlr

/ f(z)e'? dx = 2mi Z Res e’ )

Imc>0
N

J

(f COWTORER, BETEEZET L, TR FHZHENXT, DHORBB T FOREED B

BTN [20] 1ICH > TOWAEHA B EE L2 DTH %,
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1Tl EREL, E ETHRPB 0ROV, WS I ThHb, :Fp>037A%EE NPT L,
EE)EQ%ETZDZ\.%O )
SERR  BFFHIE THEZBEEY oiEFR». #R/ — . DAVIEBEEGRO T XA M E2R X, =

N g Wi N5

(2.18) /ooei&dx:maél (€ €R)

oo X2+ a? a
Bohsd (FRIE DB E LT =0 THMIARETARVWI CIEEL & 5, [RFEBT ORI
ﬁT@ﬁ NIRFEBLBETH 5, )o

(2.18) MFEEA € >0, =0, <0 WRHERBITLTEET %, £<0DHAE. >0 THdHp
5. fied 2.3.8 ELEATE T,

o0 p—ilx ei(—ﬁ)z ez
———dr =2miRes | 5——=1ia ) =2m :
x? + a? 22+ a? z+1ia

e

—o0 z=1a a

£E=0 DEE @Eﬁ%ﬁﬁumﬁxf%ﬁf\%%# THDHZ XTI a» 5, £>0 DGEX
r=—y CEBEWT D L.

o0 e_ixé oo eigy 7"-60'(_6) We_ag
/ :c2+a2dx:/ y2+a2dy: a  a
—0o0 — 0o

—al]
ui%wtiz@mﬂﬂl rEES, m
W 1 ’
1 T 1 /7o
_ LT e
—QW/OO$2+a2dx a\/ge .
Thbb

1 1/ _,
¥ [T] @:a\ge g

2.3.5 Mathematica OFH

Mathematica 121%. FourierTransform[] & % DHfZH4 InverseFourierTransform[] DR X
NTWws, LHrL, ThEZ0FEHoTd, LITER LK Ff] OFFEITHFKLR W,

5213 Fourier ZDEFRITIZ, LA RTED D D (AEMNTIIF T S DIROED, firne A0
5272 %), Mathematica D7 7 + —/L ME, LEDER (BEDOTFAFTRERLAPITIZHDT, N
FTAEDEETHHRASINATVS) &ITF—HL TWiw,

THEIIAN S22V, Mathematica IZ1&, Z 95 WO TRBEDREWE IR T 272D DBENEENIPHE
ENTVT, ZOHWBFEDTMMBICHE > T Fourier B EFHHE X & 21213,
[FourierPara.meters—>{O,—1} ]

YWIHF T arrEEz UL v,
DF D, R fx] TRINZHEMD Fourier B2 RIN (ERE y £ $5%) 2RDBIIEFRD &
2123 %,

“Mathematica (&, 47> a YEEELRZVE \/%/ f(x)e™de ZFHT %, izy DL ZADFEEEZ T, —ixy
T J—c0
WL TLKANUIRWDIIEN, £ 5 S 5 7-DIEED FourierParameters->{0,-1} TH 5,

o7



FourierTransform[f [x],x,y,FourierParameters->{0,-1}]

)1 (=5<x<)) 2 sin 5¢
f(x)_{o (Z AN } %ﬁ\/;s

5 7% A2 Mathematica Tl j

FIf(2)](y) ZRD 3121 ]

flx_]:=If[-5<x<5,1,0]
FourierTransform[f [x],x,y,FourierParameters->{0,-1}]

72 2 AD Fourier Z#i% 51 H T 255, 0] ,FourierParameters—>{0,-1}] Z&H < DI
DT, FhiZ

CBBER LT,
[myF [f[x],x,y]

ELTW%,

[myF [fx_,x_,y_]:=FourierTransform[fx,x,y,FourierParameters->{0,-1}] )

2.4 Fourier ZHDME (EHIAHLUN)

BAHIAA (ERIFZA) & DREfRSC. Paresval DEFI, MO T TEXANDISHZ ¥ O EEIZGFHED D
50, FNHIFREILICLT, 22T, HIRNEHREIZ D 2 HE 2T %, LU Tld. Fourier
ZIADINR T 2 72D DMz Y. ML WREIZEDL T IR O TIBN B 1,

2.4.1 IR

(2.19) F(fi+ o) =F i +F ),
(2.20) F(Af)=XFf.

CHUIX T D THEIKT 5,

2.4.2 Fourier Z#2 ¥ ¥ Fourier Z#: DRI %
T TR TVWERINTH 20, KD,
(2.21) Ff(&) = F f(=E).

Fgla) = # / " ge)etde

PHDES FOMDMBHRS. M0 LS Fourier ZHATRE, HMNIH L 72BI%d Fourier ZHAIRE, BT B
ks, FL4, LBEEDTHE00, TNRY DFMEPBEIZZZTE, Z25V50FMOBAIMWET TS5, 20T
WAL LB DITERL, R2e00oTd 52BN, FIZOFREXZLELDH 5,
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ThHoleh b, . .
Ff(E) = \/_2_7r/_ fla)e ™ d.

Ff(—E) = % / " fa)e € dr = F ().

W Z1Z

2.4.3 1728

(2.22) Fflz = a)(€) = e Ff(©),
(2.23) F [f@)e ] (&) = Ff(€ — a).

FER, BiEE, v —a=y CERT I L. (—00,00) 1T (—00,00) MG L. v =y +a,dr =dy T
HBHH

F[f(z—a)] (€) = \/LQ_W /_oo Flz — a)eEde = \/%7 /_°° ety

_ —ta€ 1 OO —iy€ — —ia€
=t /_OO fy)e ™ dy = e F f(&).
BEDFRKTDH 5,

2.4.4 R—1)>45
a0 T HLE

(2:24) Ao = o7 (£).

EE, y=ar BT E L. (—00,0) I (—00,00) DBMIE L. dy = |a|dx, z = % THE0 56,

F [f(ax)] (€) = J% / " flaz)eda = %_ / N f(y)e—fifﬁdy

—iy(&/a) - §
= v | Sy =y (3]

(BxomP DT WHR? a DFSTHAEDT LR TRDRTVHNR? )

2.4.5 BB D Fourier 2

(2.25) F L (@)] (&) = (@)Ff(E).

(2.26) (Vk eN) F [fP(2)] (&) = (1) F f(9).
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J2pE, BREEDFERSRC L b f(z) — 0 (jz] = +o0) ZRDH B &

1 R )
S Je " dr = lim —/ "(z)e ™ dx
\ 2T / R—o0 /27 f

[
Flrm e
)

><—zs>e-wfdx)

F L (@)](6)

= lim
R—o0

_ b
\/_
= /Oof x)e” " dr = it F f(£).

2.4.6 Fourier Z#2DERGK

d

(2.27) LI 1E) = i o ()] (©).
ORI .
ey () 5O =" [1@) ©,
KR, B 5 TOMO 2D s L,
52 dfx/ﬁ%t/m fle)e e = ][ é%(f(x)€Mf)dx
= E/_oo —iz) f(z)e " dx

= —1 1 oox x)e " dy
- m/_m fla)e™d
= —iF [z f(x)] (&)

2.5 HFIT: FALIEHETOAEZEOXCD

RELAROFEIZEE L WA, ANBREREARTVTH S 5,

ZDMDRIZ, T DOFE (POR) ZFRIHE, IR T E 2, ARXNBEREZAEL T %
I, B TAKXEZEITFZ L5 LTBLLZL2HD 5,

(Fourier ZH#DERICIF O A LTEL D D B EITAROMERDERR 2, —DDHED NI
ZIEMICHEZ 2 LD b, ZOHTARZEHRTEZS2L5ICLTEBLDPREY, )

COEOIBAEEEZT I, FLHTEI I,
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Eibari=a)

b b
/ F(@)g(e) de = [f@)g(0)=" — / f(2)d(x) de

- @ﬁﬁ?)‘av& Ci@ i D ffz")?otb\i)i\ n E/E/ﬁ@iﬁ{:\@
J << .
_xj (.’L‘)g(ﬂ?) n] do — / f 9;17] dx (1 == n)

“C ONE Q DT, do FHFEZER, n; 13 Q OHER LORICET 250 = BATERRZ bl n
iR ERT,

BD OEHEH (BRRERD)
() ¢: [0, B > RIE CHR, a=p(a), b=p(B) £T 2L

[ @ = [ e a

(i) ¢: D — R™ & C* DB, Q= (D) £ T 5L

/f dx—/f ) |det ' (u)] du.

FRZ, a, b ZEBE LT oe=au+b &$d&. (i) &D. a>0 DHE

/Zf@ﬁ@ﬁ:/ifmu+@-QML

/_Zf($) da::/oo_oof(au—i—b)-adu.

RDESIELS L a DFFZI LSRRV (ZHD (i) IHRIET 2 ),

/_:f(a:) da::/_Zf(au+b)|a| du.

WD B DIRFHR (ROES FOMD)

0 0
o /Q f(2,€) do = /ﬂ S @) da

F2iR [21] X Lebesgue 7T DEAR L D

a<0 DGHE

26 HFIT: BEOHT (= MO AN CEFTORREDOER
(ZZRFBVWTHE I EZH#BETHLEZZEERVWL, SEEDZNHEIBRVEES Thy-)
Fourier fE CtHH L 72D MU X5 Z DD LD, THDB

Fourier Z#C X o T, WO S (= Morlaelt) e EZ T TOREEITHWITS DD E I,
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DO RRTBI S,

OO RFIZZRICLENWIIZT 2, EE5-oTHED, §24 THRNALEEHET, EbALIRE
AELL YR, RETEL,
(1) |f] 3 R CILEEAATHER 512, Ff 3R oM. |17 <Ifl.

7272 U |1l = sup | £@), 1], = / (@) de
r€ER —00

(2) |f] & |zf(x)| 28 R TIREEDAIREL HIX, Ff & CT H|T d%f}”f(f) = F[(—iz) f(x)](€).

(RANET) EED ke NI L. |f] & |2°f(2)] 3 R CIAREBEDAIRER 51, Ff 1 CF T

i k = —ixk T 00
(ds) FHE) = F [(~in)*f(2)] (€) (€ = %00).

®) If] £ 171 FEREHTEDD T f(a) =0 &SI, FIFIE) = 6750, 550 =0 15 )
(& = +o0).

(RANET) ERED ke NN LT, f 28 CH T, [fY| (7 =0,1,...,k) 2% R TILFZMEIAIHE

E%@\9U“ﬂ@%4ﬁf7ﬂﬁﬂﬂﬂ9=0<;%>@&+iw)

FIRIZEE T 72912, (2), (3) Z2fElgb L THL &

<i)k:7 =F [(—iz)x ], & (i)k = (i§)*7F.

da d

Zhbr b,
e doo DX ED flx) DFWENHENMEY, Ff XX DZL DEBMD RS
o fREDZLDEFEMAHRZIZE, £ = oo DEED Ff(€) DIREIH

WS e nb, ZiUE Fourier fIREMTH R L5 e hnd -7z,

A, 2D 5 BAFRICE S LA, B A& #2i [22] (Riemann D [AFRE T OH
PHCatEm L TV 5) . Fk [23] (Lebesgue 7 OHIFATHML TW2) REZ R 2 L BV, (21t
fle LTHILZED, EB5THHENEDSRL, )

DL E% &I, EH2.3.2 DFEREBIKLTAL D,

(i) f(z) :=e X 2 =0 TWHFIRE TR VD GEBT TR AINS C #). 2 — +oo DL ED f(x)
@M%Mﬁm%Iﬂ@}:ﬁﬁxéliﬁ@g—hmo®tg®ﬁﬁﬁﬁmﬂfﬂﬁm%ﬁﬁ
AIRETH 2205, [EF f(€)]| WFIAFBEATATRETIZR WIS 25, Ff X C° ®TH 5,

BEDFELCED L. f 7K SAMOTERIFZY. Ff OEFTORMEIEG, T/ [ OESTORBEIEIE
Y. Ff R SAMNTE %,
ITHER A D RE T HE W,

BIEFF()] ~ 1k THBH LROARETR L,
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(el <@ yporariecrmnss (2hy 2 20 RlfcDd 2, KM C' 1

1
(i) /(@) = { 2a
0 (Jz| > a)
TEDBD). - +oo DL ZXOREIZH (L0532, < OHTIRIFZINC 0 125 LW,

FF(€) = EH x “%@)@g—hmowtgwﬂﬁmfwwbaobfouWﬁiéﬁwqﬂ
HEEREO AR TIZR VYY), F(€) 13 O %TH 3,

(i) f(z) = 9" 1& C° FTHYD. 7 — +oo DY XOWELHEG, FFE) = T x b D
£ — +oo DEZXDOMBEITHL, FfIFC®HTH 5,

RBIEY. RBIEY, BEBIEL 5 DB OIESE (K.

ME: 9—A. AL L L TEHEEBALIBRZ ZETRATRZ DD - T, Zh%E

XIEZDEF, KERDDOEE>ZL L TWAREUNT 2, EZETHHT 20D DI MME LW,
., BEOOICROBERICER TOWRWEEICH 2 NEICZIOWIHERHEIEZ 2, N5 &
EINBEIRENT S,

2.7 $HFIF: Fourier ZHiA = D EZER

(RLUTED»TODHDIIEFRVDT, LITIFVTHS Z e 2HEICH D S LIELRWVT IV, )

A (BFEIFTRVWE ZA) T, Fowrler DREARDBDHZDT, tHWDHAT F =F1DLH7%
BOEN(? ) FRF DEFEBRLKBREZEZ>EDEDTVARVDT, ZRODNLHETH 2 H
EIDHEMT OTERV, W0 X5, REKTNADEWEWELZ L7,

Fix, 3 ODOHHLBEEZEME LA(R), S(R), S'(R) 23 D, Fourier Z#2, H1% Fourier Z#U3.,

F: L*(R) —>L2(R), F*: L*(R) — L*(R),

F: S(R) = S(R), SR) — S(R),

F: 8'(R) = S'(R), Tism) S'(R)
PERTE, WThd LRIk D, 7 =5 B 7o,
JEFITT o E D LR D LD, MUT. BB ZHEAL X 5,

271 ZE (BE)IBEIBEHRODZEM L*(R) & Sobolev ZEfE H™(R)
Fourier fiZD & & D X 512, Z3EAIET D ZER DTN 50,
R _BERXN-ZRAESBEBRO2MAEE L2(R) ¥ T5, TS

(2.28) L*(R) {f ’ f: R — C Lebesgue AJ#l, / o) dx < +oo}

BEEICIE, ZOEBET, IZLAYEZ AT 2BBIFAE—HT 2, RT3,
f,9€ LAR) T LT

(2.29) (ﬁ@m?Z/ff@m%de

w$%¢)ﬁwﬁfaﬁ VATHEC 2 3 75,

sin(af)
£

WFIABESARETIZ AW (ke 25),
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rBLe, 2 LA(R) oW D, L3(R) & Hilbert ZEfIC72 5,

Fourier 241, $£4% Fourier Z#1. F: L*(R) — L*(R), 7*: L*(R) — L*(R) %35 L TEH
R 275, RIFBHEHTHD. F*=F 1 DD LD,

ALV R, Bz, P 24) 2R K (Z4UE Lebesgue DT F X N TH B0, LP(Q) O
H= LP(R) (p=1,2) T Fourier ZHUIDOWTFH L L FHEI N TV 3),

W TR Z WS HEE. Sobolev ZE[H
H"(R) = {f € I*(R) | l¢I" J(¢) € I*(R)}

YWISHDBHEICID (2T m € Zsg)o
ZhUZoWTIE, BIZIXRE 7 48 [25) 2 R X,

2.7.2 AH/NEROZEE SR) LEEIBEKOEE S (R)

L. Schwartz (1915/3/5-2002/7/4, 7 > A® Paris IZAEF N, Paris IZTET 5) X, Sobolev ®
IRFRERA OB S Z b > Mz, AR (distribution) XN E DD ZEZH L7z,

FHTHRIEIIEERIR & WS D DEERT 2720, ITITHENT 2 2B OZE/M S(R) Z2EAL
Too TAUR/PNSZRBIBEZEMT. IOH BN BT I ZWCET 25012 R0, fIZIE X3
N & Fourier £2#AD & T A THIF B D 5 B,

1 1
x2+a?’ 2a

e~alel, X(-aa), sinc(azx) (a>0)
FVTFRD SR) WIBEX RV, E—DH T 7Y e DAMN SR) BT 5,
INZVBIEZEM 2SN AN WIEE . DUT ORREINEREE D2 M $'(R) 2K E <%

2PHTH 5%,

4 M
EE 2.7.1 (RANBEE, SR) R LOERSINEK R - C PRABNTHZ 1, f 5
CoMTHY ., EED n € Zog, [FED k € Zsp WK LT
| 1|im 2F () =0
MEOILDZ LRV,

L R _EERSNEBNERDO2EE S(R) &R, )

feSR) T 5L E, fOD Fourier Bt F f, f DA Fourier 2 F*f 13 1T S(R) ITET
DT, F:S(R) = S(R), F*: S(R) = S(R) & AREZH, HELHEHTHD, F =F 1 K
YRVASN

Bz 03, F23R [22] D VII§6 (pp. 136-) 1T S(R) BT % Fourier ZH#2DME D W 22 AL, -
TWad,

(ZORIZ, HIBRFEFENA Yy b7 =065t %, https://elib.maruzen.co.jp/elib/html/
BookDetail/Id/300004684478 127 27 A LT, PDF O 148 R—Y HLIKE, )

(k,n) & (kpyny) (m=1,2,---) EFEFZDT6NE,
S(R) 1

sup |z {0 (z) |

d = N g-m_ €k
(f7 g) mZ::I 1+ sup |{Ekmf(nm)($)’
z€R
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https://elib.maruzen.co.jp/elib/html/BookDetail/Id/3000046844?8
https://elib.maruzen.co.jp/elib/html/BookDetail/Id/3000046844?8

Z PRRE L 5 2 PRREZEENC 2R D L AIEREZERNCIR 5 (S(R) DINE. A 7 —FREGERFRITR D).
S(R) Lo 2 A\ 2 g e s, £ ozekz

S'(R) == {T | T: S(R) — C iE#fh o5}

B,
F:8'(R) = S'(R) & F*: S'(R) = S'(R) IZL2HHTH %,
(T.ZEH)

LIELERN (BLED)

Fourier Z2#IZ DWW TIE, BAAA (FLHHL TOWZRWHEE) L OBfR W IEEICEHERFHE
DS TWABD, Z 2 T—F Fourier ZHDEEEZF I H Y- T, FCICEESL Fourier 2242, BEBURFRE]
Fourier Z2H4DEN %35 2 2I1TT 5,

(J ROV DIEH, RE THER Fourier 24 Tl EBEOGEIMHERZ X 512, RILEH,
EEH D Y B 20TV, ZOBETHZITHIeHEILND, EE. 7FA b
WEoTWEZIVI Z e RR=VZENTWVWE, S0 DZ 5T KUKV DIE, FAIEFR
NA T AP oTWBDELIn? )
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F£3E HEFourier B2

JoH _EEZREERL Fourier ZH#10DER & HRMEE 2N T 2. HW 2 HEAIZER & #IARL
TH5 (BRED T — & DFET. PCRDOGE () 13ER W, ZOEKRTIX, €L A Fourier 28
PEDBEHEERZ 2, T9%o7kDE VYTV VT LARDI LT ZRMLETVEI2H0B L
R0, ),

BIERY Fourier 241213, B2 713V X LT % & Fourier 248 (Fast Fourier Transform, FFT)
DB BH, FEMIZET 2,

BEFL Fourier Z#1%. Fourier {2%(. Fourier REVEF DBEERLE 5 2 5.

RBEDOFTE AU f b2 &, WELTELNS (L5 7%) BEBNZERT -2 Z2HWT, ik
LUV Fourier ikEERMZ T2 2L 2E X %5, BHLRBEARB N ZHWT, APXHEZ N Fo L.

T
N ZF R EOBEUE {f;} 225 Fourier fR¥ ¢, = %/ f(x)e ™" duy OELUE C, ZRD B Z ¥
0

2750, 2B ZBIRAITEM T 2003 RV, 25 L TR {C,} 3 N oI
HTH5, 5%

fo Co
cV s h — G eCV
fy-1 Cn-1
. BEBL Fourier 2L XN 5, ZHUIRRIEB G T, ZORIITINZ
1 1 1 . 1
1 ol wl2 L (N
W= 1 1 2! w22 .. 2N
| o-(N-D1 m(N=12 L~ (N-D(N-1)

(W1 (n, ) A7 %m"wn <% 3 {75)

72720 w=e2mN y B\, 7

1 1 1 e 1

1 Wl wl2 . Wl (N=1)
w-t= 1|1 w21 w22 o W2 (N-1)

1 w(N_l)'l w(N_l)'Q e w(N_l)(N_l)

(W=1& (4, n) 5 W=D & 2175)

U = VNW X unitary 175 CH % ($72bHBEERL Fourier #2113, FEMIC (EBAT % HE S
AUX) unitary ZHETH %),

FEH314Z2E B TVWETFZAMIBLLRD LA,
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3.1 BE#EX Fourier R — BHEEDLSICERT S H

% 1 B TlX. Fourier %% 2 2 BB A 2r & L72d, 22 CTE—RDOIEDE T 2
HADGETHHT %,

fiR—=CHPRET T, BYIECIBVEEL T2 (ZOHIOFTICROMEIZE X B VWI &I
T579),

T
(3.1) Cp = l/ f(x)e_""%ﬁx de (ne€Z)
T Jo
EBLEE (INET[-T/2,T/2] THALZD, [0,T] THEZLTHREUCMEIESND),

(3.2) f(z) = Z €™ T (z €R).

(3.3) hi=—. z=jh (jeZ)
rBE, 2z, TOMH
(3.4) fi=f(x;) (je€Z)

D55, VEAMD {35 ZHWTL {c} OEL{C,} 2RD XS,

EEUMOTE T B (65) oEZHE T 2/ L O Z 29> ) U ERR (BEALEH,
sampling period), % D% % DZ YT T EIEE (BEAEEL, sampling rate, sample
rate) EMER, ERMELT {f;} /{2222 TV (BEAL) LK,

JEBIE D X E oty 0B EFFRICE. aFAZHVWSDPRRVWE IS (RoThHD L

BN, LIXUIREENLSHBENME LN, BIED XS REETEANIIEKRIF XD TH %0,
RREZSRBE. I TIEHHEEKT %, ).

R 3.1.1 ERRRKICKIZD, AV a—X—PHRTENLOOH->EHO T rF7 IV 7D
fRanE (AR FEEPIEEIEL > TWeDTH B H+) 12, Fourier (REDFEES VTV~
HITEIET 2 70277 08> TV, BWiZehdd? (RTINS 20, ZrudHiv (TFL
ZR)RDTTHB), HEAL Fourier 215 5 X HA LRI N TV oTcE NS 2 n? &iZh
L, DV ZRNAKEHRTSH, AIFRIDHETITH S, ERATBOTHRLL, »

BRAIOHR (RICAREBOEE) —HRICEED

I:/:F(t) dt

T2 AR {1 & [a,b] D N FoRELT, [ %

Iy Zl F(tj—1>2+ F(tj)h _ (F(;o) CF(B) 4+ Flin) + F(;N)) b= b;{a

Lf D3 2 TH DTy {f}nez & fion = Iy (j € Z) Zilil=F. ThbLEY N ORI TH 5, EoT.
{fitiez WO, ML N IH, fI2E {f;}15) 2O +9TH 5,

HEEOAZIEHEST L, Z5VSHERAEZ LD LET,
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THEBT2HDTH L. FHEM b—a THII,. F(ty) = F(a) = F(b) = F(tn) TDH 25,

D &5 R NIRE SN S:
N-1
(3.5) Iy =hY_F(t;) (FHBEERS 2B

J=0

(3.1) ZzBEAITELLZDDE C, BT 5:

1 N-1
C, = Th flxj)e ™
j=0
. . 2 2 T 2
(36) wim o (2 2 T
e,
e—m%’:p] _ e—in%jh _ w—nj
THE0H6,
N-1
1T
Co=m > fw™
TN
ERZ3 PR/ MONL /N W ARTASN
1 N-1
(37) On = N fjw_"j.
j=0

Iz [ OB Fourier {RE L FEIS,

K

4 N
#iRE 3.1.2 (1D N FTROME) N e NITHLT
W = eQm'/N
EBLEE RD (1), (2) DD LD,
(1) wix 1 OJFEG N FEiR, T4hbb
i) 1<m<N-1 = w'r#l
(i) w™ =1
it 725
(2) Vm € Z 2 LT, KA D 31D,
szlwmj: N (m=0 (mod N))
o 0 (L.
N J
AEEA
(1) meZ TR LT
W = ei%m

TH505, m=0 (mod N) DX, ZOLEDA W™ =12HDID, FAIZ1<m<N-1

e TEREDO m ML T, wm#£ 1L, wN =1 TH2ILIERT %,
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N-1

(2) m=0 (mod N) D ZE, wm=1TH5H,5, FED jIZHLTw™ =1. WRIZ Zwmﬂ‘ =

=

j=0
I1=N. Z5TRVWEE, w41 TH215, FHBINOMDNKRLD
j=0
N-1 N-1 N N\™
. . — (™ 1—
=Yy = T,
, , 1—wm 1—wm

DUF, ZOfiTIE 280, m DB BIEHTHD., (=m (mod N) THE2ILeZHIZl=m
HELEMRT 2, ZOH#FE/ — bD PDF 25ileha, HABERER 7+ ¥ b 2bRnE, =

M2 DHES = ITHRATLES ZDDHE2DTHEETS I (ZHHLTE, ZZXTEEZD
*’C?‘J:L\...)O

ABE

iR 3.1.3 (BEEX Fourier (REOME) B T OB f: R —-C & N e NI LT,

T . |
h = —, w::eTh:e2m/N,

THERL Fourier {28 {Cp}nez BED D L Z, DITD (1), (2) 23D LD,
(1) {Cp}nez FRAMI N OB TH 2: Cpiny =C, (n € Z).

(2) D leal < 0o BRDIORSIE, ERD n € Z ITHLT,

n=—oo

(3.8) Co=> Cm.
2L Z F. m =n (mod N) 23T ITRNTD m € Z WL THZIS Z &% EK
Tro
\_ J
FlERA

(1) w= NI = iy =™Ni = ™ TH B0 5,

—
i
i

ey 1 o
Cntn = I fio™ I = N fiw™™ = ca.
j=0 Jj=0
(2) f(@)= D e T THEDD,
fi=1)= Y] ead™ T =37 e Fh = 7w
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DRED (1) 2By {Colnez BRD X, LERI N &, LA N IH, fI2E {000
T (ZRLLER 2 Z 2138V 2 EH9H 3,

:Zcm:CO+CN+C,N+CQN+C,2N+"',

m=0
Cy = E Cm=C+tcC_N+Cign T Clony+Crpony+ -+,
m=1
.= E Cm=C1+CayN+C i N+ CapoNF+CqgoN+ -,
m=—1

Cy = E Cpm =C+Co N+ Coyn T Coon +Copon+ -+,

m=2

C_y= E Cm = Cg+ Cooyn +Coo_ N+ Coopon +Cogony + -,

m=—2

BV
Cn =Cp+ Z (Cn+pN + Cn—pN) .
p=1
ROMZEEZ XD,

Cp 13 ¢ DRWIELUCIR > TS ?

(Bbedbl ¢, OELMEZRD LS5 LT, ZOEEAXDES 2. BRI WS Bl 7 23t
Lizb0h C, THEDIEM, KHIZ C, 23 ¢, [TENIE, [ D 2 0EHD 5, )

B EET Yes TH 5, IEFEICIE,

EED neZ ZEET % & &,

lim C, = ¢,.
N—oo " "

TR by xy, fij,w, Cp ld N IIKIELTWS Z 2 IWERER Ko AR, 208N hy, 2N, fiN, wi,

Con ETHEIRZHDTH S, 2575 Lo th Con =0, THB, §HBDE, e&-N T

—00
=X
(Vn e N)(Ve > 0)(3In' e N)(YN eN: N>n') [Con—cul <e.

KIZEZTH HWIWDIE,
0_1’]\[ = ON—LN =c_1+ C_1+N +c_1_nN+ C_1+2N +cCc_ 1o+ - T%éb”’f:ﬁ\ Cﬁ&i C_1,
cn_1, W DD ?
Cyno1 13 ey DERUTHE > TWBH, ey DIETIER,

lim (coqyn +co1-n +Cc1qon +Ccoq1oy+---) =0

N—o0

Tzééi))g\ ﬁﬁﬁ)&: ]\llm O—I,N = C_1q.
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FER. Co (In| < N/2) & ¢, DEMTH 2, LEDHENZTHA5, |n|=N/2 DL Zid, K
B3 A7 b L 2 B

4 N
EIE 3.1.4 (BEEX Fourier ZHICEAT 2 > FU VI ERE) AW T OB v: R — C 25, AR
Fourier &%

M 2
u(t) = Z cnem%t
n=—M
TREDZ L Z, 7205 u @ Fourier (25 {c,} ITDWT
In|>M = ¢,=0
MDD L &, N > 2M %Eifi7zd NI LT, N IHBERL Fourier fREL {C, 1) 13,

Cn=c, (0<n<M),
() Cyn=c, (1<n<M),
C,=0 (M<n<N-—M)

Ri7T. (FH2. £To (0 TR Fourier 35K {c, )M, (&, BES Fourier (854 {C,}) ) 2»
L 5RE S, )

/

COEME S BEOFEMS1.1 (BEEOY T Y ERM) LHRTAS LRV,

5l 3.1.5 M =1, N =10 DIFA.

Co=cotcotcntcagtept - -=c+t0+0+ - =co,
Ci=c+cot+ci+cpot+en+--=c+04+0+4+-=cy,
Co=cot+caitcagtcnteytent ~=0+c1+0+0+--=cy,
Co=cp+cgteptcegt - -=0+0+---=0,
Cg=cg+cotcgtcpt---=0+0+---=0,

FIRICLT2<n<8IIMLT, C,=0.
—J. M =5 N=10 D&

Co=cotcorotcptcantept--=ct0+0+-=cp,
Ci=a+cotentceagten+--=c+0+0+-=qc,
Co=co+c1+cgtceqyn+cgt+cecoag+-=04+c 1 +0+0+--=c_y,
Co=co+cg+cpotc_ig+--=0+04+--=co,
Cs=cg+cotcig+c_ia+---=04+04+---=c_o,
Ci=catcet+cutcigt - =ca+0+04+---=cy,
Co=co+cutcgtcout - =0+ca+0+--=c_y,

ZZETIEFFAFPRV, & 2AD
Cs=cs+csteste s+ =c+cs5+0+0+--=c5+cs.
05205 B C5:C,5 %}ﬁbﬁf:tﬁb\o
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DPLEZZE, M =5THoTH, N> 10 THIUI. 5 F AT (k) DK DILD) Z &dn
%,
HWHEBVWTEZD L, N >2M THIUR (k) BEDILD, =

FEB ITCIWRLAE LS
Cn = Z Cm = Cp + Z (Cn+pN + Cnpr> .
m=n p=1

0<n<MThHu,
e n+pN>N>2M>M THEH 5., cppy = 0.
e n—pN<M-N<-MTDHE23H»25, ¢, pn =0.

Wz C,=c,.
B HERRICUTCAFATE %, =

3.2 BiEY Fourier &2

(HE: FEFI2E. ZOHICEWTH S Z e BIFFICHEV, ELWV, LI RZELCTWVWS, L
HELTHHWEWE BTV, GEDMEAEBEBIEL TV, ZTXT, SEEENL 50D
PoTHHZXBTLED, )

ZIZhBIE N ZIERY bILVOEHDEE T, EEANIESGE T, ARG 5,

Jo
fi .o . RS R S VR
F=|" | €CYiHLT, Ml Fourier RBONC, = L) w™f; TE#RIND C =
: fo
Iy
Co
C
,1 e CN %, f OB Fourier B MR, £7EB{R CY > f— C € CN HB#EL Fourier
Cn-1

B ER, TR BEGRTHD., DD N REH{THEPTE L TRETE %, 20150
HEZFELLBRE S,

IEARETIX, XZ PLRITHIDOETIE 1 2 HBEDT 2 ((TRFDOEZZ 1 0 540D %) D
WD, ZZTIE0DBERDZ I LITT 5,

FRT MDD D "R T DIE i Ko, (THD—RDEITZRT DIT (i,)) R EHEET
52 ENZ0H, i WFERHEMAER TS LTHWZWODT, 22Tk, X7 MLro—os %
KT DIZH 7. TTHDO— DT %2 RS DI (4, k) D EIEET %,

Zo Qoo Qo1 ce Qo,N—1
x1 10 11 T a1 N—-1
x=(z;) = : . A= (aj,) =
ITN-1 aGN-10 AaN-11 aGN—-1,N—1
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-z ™
Rl 3.2.1 (BEBY Fourier BB DRIITH L £ DHTF]) N € NI LT w:= >/,
0 W0 W0 W0
CL)O wil wiZ . e wf(Nfl)
L o 2 4 —a(N-1) L
— w w w —— J
T | | ~ @)
WO (N — (V=12 - (N=D)(N=1)
EBLEE,
Jo Co
C
f fi o= .1
vt Cn-1
WX LT
=
§=0
W ZIERIT,
wt W wO wO
U w2 WwN-1
Wfl _ CUO w2 (.U4 2(N-1) (w]k)
WO N1 (V12 (N=1)(N-1)
bbb
=
C,L:Nwa—"j (n=01,---,N—-1) & fi= chﬂn (j=0,...,N—1).
§=0
\ J
p@ﬁ@®£%®t®r¢bﬁﬁiéo
\
ﬁ%322(@§¢ﬁ%ﬁ@ HERME) NeNIHLT w:= 2/,
wn-O
A n-1
Lpn::(wn]): . (7120717,]\[—1)
wn~(N—1)

Bl
(ij7cpk):N5jk (Jak:07]-77N_1)
DD LD, FHT {p;} 1) 13 CY OERRTH %,
N J
BB 0<j<N—-1,0<k<N-1TH325j=k (mod N) & j=kDRHIIDILIIHEER
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ER R

N—-1

(@), Pr) Zwmw”k = Zw —nk — Zw”(j’k) = Njj,.m

n=0

RS — a2 < S L . in <%
AR 3.2.3 (BEREHEHROERERGCMERIER) L >0, h = N = jh, @n(z) = T ¥
Bl

in2t z] . e27rm]/N

on(z;) =€ W

DFD @, 1. B @, DEERE zo, 21, -+, 2n_1 TOMEENANREZRTZ ML THS:

¢n(Z0)

(T
O = @<_1) (n=0,1,---,N —1).

Spn(fol)

{on} W& (@), 00) = Loj (j,k € Z) BT TELBEBRTH - 7208, ZOEAL {p,} BRIZHE
2R o TWaDIE, (FEHIWR) AHELON S, =

% 3.2.4 (W OHRT MLOERME) N e NIZHLT N XKEFFH W % w =2 /N W .=
(;f —J’f) TEDD, WDHEEkINE w, eBLZ (K=0,1,--- ,N—1)

(wj,wy) = Ndj

\ﬁi\ﬁ Djoo #%&: Wop, W1, *-+, WN_1 &ilﬁi%‘f%%o

J
SIERA
w0k
1 w Lk 1 ;
wy = N = NCP;; (%E?—fi/\ a4 ]‘/I/)
- (N=1)k
THHDNH

(wj, wy) = (Ncpg, Nsok) N2 (P Pr) m'N(sjk = Néjkl

fAE 3.2.1 DFERA1  (FIRZ FADEISRTH 2175 0HATHIDRD T — H e FH4) W D Hermite
W v W ofEIE

w
w; 1 1
W*W = 1 (’11]1 wo - - wal) = (w;‘wk) = <N§jk) = N[
wy_y
W2 NWW =1 THdhr6, NW*IZ W OFfT5ITH %,
T . .
Wl = NW = N ( LI ) (W) = () m
L. ZTTOWE (f.9) = [1]), f(2)g(x) do TEHS 2 BMFATLONMTH 5 (FHHH b LLAIE

im\’GTém)
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WEE3.2.1DiFA2 C e CN EE IG5z oz LT

c=WwWf
Zlil-S feCVN 2k ko,
C &i {wn} @/%ﬁgrﬂnrl/:l\vczé%o %B%‘E
Jo
C=Wf=(w wy - wy_1) jjl =wfi twafo+ -+ wy_1fna
fyo1
N-1
= fiw;
7=0
W2 (BEXRRIZE 2 EHADBREZ KD 202 L T)
N-1
( ) Z C’fiwikj N-1
C;wj k=0 ik
— = = w C
fj (w]’w]) N k=0 *
N g
W = ()

THHZeZRmLTW5, n

RE 3.2.1 DFEEA 3 (FH\WEERH) ATE O (3.9) IMTHIOBEDER,P ST a0 5
W o (n.5) PE: l i T %,
D Wz, (4, )W\#w%fﬁéﬁﬂaﬂu%E#B#Htﬁﬂ®0uoﬁ%@
N-—1

l —nj jk_lN_l hemyj _ L J N (k=n=0) _ ] 1 (k=n) -
k:ON ’ _Ngw SN0 (FRBSYH ] 0 (ALY = Okn.

AUV HRATHITH D Z e 2R T, bbb W= (wh). =

H BATHNDWATHITD 5 Z & DFEHICIE. 2N THAITINCIE 2 Z & ZiE»DIUIR WV,
HHERT—HFHHEZDED TToZ2D LRV WS ANEZL, A3 OFFHDRRL B o72D
T, #EFH 1, 2 2E W TAT=,

N-1

REX 3.2.5 HiffiokeI T, B f OFEE L TWB5ES mfw;ﬂ_zpwmfﬁézzmﬁ
n=0
LTH2DT, MPERZRETIUX, RDNEFZ L T

N-1 N-1
= g E cpw™ = E E Cpw™ = E w’” E Cm, = E wvC,
n=0

n=0 m=n n=0 m=n

YHRT, 2hde W O W™ TH2 e ah20, W OWEIEK f L 38%RRVwDT, E
DO DREBWTH A5, m
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EE 3.2.6 (W 5 &2 YEBIET S L unitary {THICHB) U= VNW 2BL &,

1 , 1 1 ,
3.10 U= —(w™), Ul=—W'l=— (¥
(310 7x & Vi,
Y5, w=w N ITEET S L. U D Hermite L% U* 1
1 1 )
* - —jn | — nj\ _ —1
U —\/N<w9> —\/N(w) U—.

F205 U X unitary 174 TH 5,
(AT IR H X Fourier MR X

O A CED SR
LIERSND D ,
Cn = \/%/0 Ff(:z:)e_im dr, f(z)= \/ﬂn;)o
LR LELC (SAUKERIESR { o | TRILE S LIR 5), AUSES W THER Fourier

%ﬁ%ﬁ@%t ZHDITH e LT U EILNS,
MEDISIWCERBLELEWVWIHEEDS D2 INY, BELT2ADRHTKRZ LB SO TRHTEL,
ROESWHMELLTELDTBLILICT S, n

% 3.2.7 ME321OfFHE W 352 %, U:=VNW =
BTHsd (DFD U =U"' 2il=7),

(w™") 1&. MR unitary 17

2=

ROBHRONEZT EICEEBELZDT, 2D HHIRT %,

Rk 3.2.8 (B Fourier R DIGALOEN T ZAICLTH. BEANICHRAWERL 3 & T 3) Fourier
ISR BA

o0

1 T —ine o nT
=g | @ dn f@)= 3 e

n=—oo

¢ . Fourier 224 & R¥r/NF (Fourier 224 % 1% Fourier Z#23 % L JLITK %)

Iy 1 - —iT. _ i R i
fio)= o= [ f@etan g = o [ e

DRI DWTREZEE L TH 203, BRI Fourier 21 & Z O /3 (BEAL Fourier 21 7% Wi RERK
Fourier 2413 % L JLITR %)

1 )
Cn= g 2 1™ Zan

HRAXIELTWS, T LA, Fourier f(REEK D B NF Y RO RWEHITT: o TWT (f SRR
T {c,} BHERBAIITH 25, {f;} & {C.} FEWEINCIL2). €& LA Fourier £ TVW53 &
bEZ D

F 1% Fourier Z#1, ¥ Fourier 243, L*(R) IZB1} % unitary L WS B DIZKR->TW5 (%
TEITUTHB LKL 3),
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fi w™t
f = f2 5 Pn = an
In-a wvN-1)

b SEQR N
N-—1
f = Z CnPn
n=0

ZhuE. CY oEXRR {go PiCkD f ORI TVWS, FERE

N-1 N-1 N (n=m)
nj, mj nj, ,—mj _ (n—m)j _ o
(Pn, Pm) Zw w jz:;w w jz::w {O (n % m)

T%%#E(ph@ﬁ%3L2@ﬁkbf%(N%#ﬁ){%}@ﬁ CRTH2B, £LT, f =

N-1
> Copn LIEBILT: X EOMEE, EISRIC & 5 BHOHRKO AT LU

n=0

o e TS 3
" (@nr ) N Nj:() ’ .

BOPEDPDENVNVCHRTVWEHDTHS, n

3.3 FFT ([CDOWT

3.3.1 H¥MH

BER Fourier #1213, JEEICHIROE T L2 Y X LADFET %, ZhZ2E&R Fourier i
(the fast Fourier transform) &PFN, LIXUIE FFT B&GELT %,

B2 7T ) X L0 EET 5 (K0l [26], 27 ez 7 X).

FH LOFEERFZERRTEL,

o FFT [T EZ L TWAB DO TIER L, 5TRE XN S DIZEER Fourier (REZ Db DTH 5,
FFRCEHRE D E VDT, bR VDIFETH 3,

o JHEI N 7% “7K SA” ORFEBOBITHRELKZ v %, E#EbTZ 3,
BRI 72 DIE N 232 OFFE N = 2™ (m 1ZEARE) 0BETH 5 (%@i% L 2o figdit L Tunign
AKHZWL, ZOHEL2HL ROV 7 V27 b5 5), ZOHE. 5THEEIX O(NlogN)
TH 5,

o DY 7+ = 7T, BRI Fourier 2113 2 ¥ FFT 23Hbn 2 LHAFL TRV, JER N
DFERICIFFREITANETH 5,
HIRAIL, B CD TELATWAEY > 7Y ¥ ZREFERI 44.1 kHz TH 25, 44100 = 22 -
32527 (brotEX),
44100 + 1 1XZRET, BRI DIXT,
1N 272 AP RTIUI, 44100 & D B 21 = 65536 DHTHE,

o (JEHICHEE) BERL Fourier Z#213 Fourier fRECZITLIANIIKD T 225, Fourier f2%02 5
Fo0 R L OBIBUEZ KD % DIXHHERL Fourier ZH#TH D, ZNHFE L 71TV X L TEEt
INDZLITFEET 5,
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3.3.2 Mathematica TE#EI Fourier 22
Mathematica DBIEL Fourier [f] &, BUEDV X & f={fo, f1,.- ., [n_1} AL T

N-1

1 .

o X bt (=01 N =)
n=0

(AT A M) ZEHHET % (24D Mathematica DBEEL Fourier ZH#IDERTH 5 )o

WZHUL InverseFourier [C] TITRR 9,

AJREZR & E SR Fourier 242 (FFT) 2o CEHA SN2 DT, MERVPRL KRS FhERE2H T
W EE N DHEHIEREITRETH D),

Z DR DAL Fourier ZHDERIC—H T 2R 2/ 2ITE XD K5 ATy a Y 2HET %,

[Fourier [f,FourierParameters—->{-1,-1}] }

3.4 HFIF: REHOHZE. BERERER. BERUEXER

(LHH, SERLTH 2 ZIEFRETIEIHAT 2REIRBIE RV E S0, ISHEERRO T, &
ZDIDIENMLTHEL, )

FERO KE 2563 121%. 38 Fourier DG &2 28T U T 2 E X TEHER L TV B,
HED T — X Z T 2355120, FEBED cos, sin ZAWERNEERIGELRD 5,

3.4.1 Zfm: BfEX Fourier 3% C,, A,,, B, OEFE{&R

[: R — Cl3E 2r OFIHREE L %, ¢, DERRZ (BEOXEZ N 7HIL7z) BEAKXTIE
BL7ZbD% C, £ L2LIIZ. ap, b, DEBXEZBELAXTOMULLbDEENEN A, B, &
BL:

o N1 N-
(3.11) A, = N fjcos(nxj), By : Z sin(nz;).
j=0 i=0
7272l )
m .
h = N, .ij = ]h, f]’ = f(x])

A, by, ¢, DEAREFIRRIC, DIT D Z 223D 32D,
(Vk‘ € N) Cp = (Ak — ZBk) /2, C_, = (Ak; + ZBk) /2, Co= AO/Q,

(Vk S N) A, =0C, + ka, 1B, =C_; — Ck, Ay = 200,

Ao

5 + Z (Ay cos kx + By sin kx) Z Cre®.

k=1 k=—n
(A}, {B,} £ H M N OEWEEITH 3,
[ MEREBTHIIIE. B, =0THOH. C_ =C, Ap =20,
fOSREBECTHIE, A, =0 THD. C = —Cy, By = 2iCy.

(Vn € N)
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3.4.2 SRR DBEEN Fourier 2

fi R — RIGEH 2 OFEHABREEE 55, f DWEBETH 205, BHSLNIZ Ay, B, € R TH 55,
N THBEER Fourier 223 335813, Oy_p = C_p = Cp EWO BRI 5.

ANy = Ay, By = —bBy.
W Z AN 7 AR B

N 75;‘{%5!;5(@ ¥ =% A07A1, B]_’A27 BQ, < ,AN/2—1, BN/Q—la AN/27
N 755‘%‘%&@ & % A07 A17 Bl7A27 BQ? e ’A(Nfl)/z’ B(Nil)/Q

TH2 (N DPEBOLE, f M THoTD Byp=0TH2IZLIFEE).

Z ZC. N TEBEE Fourier Z#2RXD X 5 ICEFRT 5,
N DMEE D L =,

RN > (anflv'” 7fN—1) = (A(]?Al?Bla"' 7A%_17B%_17A )7

o[z

2 2mnyg N
An:NjE_lijOS N (TLZO,].,“‘7?)7
N-1 .
2 . 2mnyg N
Bn:N ijlHT (n:1;27 7?_1)
Jj=1
Z DY
N/2—1 )
A 2 2
fi = 70 + S (Ancos 7;\7;‘7 + B, sin > + Anp(-1) (j=0,1,--- N —1)
n=1

N-1 )
2 2mnj N -1
AnZNjZOfJCS N (n—O,l, ’T)’
N—-1 )
2 2mng N -1
Bn:Nj:O f] s N (n:1727 )T)
Z DM
(N—1)/2 . .
A 2 2
fj:70+ (Ancos 7;\7;‘7+an11& 7;\;”) (j=0,1,--- /N —1).

n=1

(CTTur I 22EIGE NORD int THIURX, N 0FHRO L &, N/2 DI L TH B, N
PMERD & FIMED DRI 0T D . X'V DEEBKIC 5 T & ZHRHAT, By ZillET 228z AR
T2 TUE. N OEFICE ST, for (n=0;n<=N/2;n++) H S WX for (n=1;n<=N/2;n++)
EWVHL—FTUHTIUIRL . HFETITEIAETH 5, )
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3.4.3 BHEIRREHE

RKFEDICEHL RN S,
(fos frio-, fv) ERNFI EZ s h/- v &

(3.12) A, = % (fo +2Z_1fj cos%j + (—1)"fN> (n=0,1,--- ,N)

eBE. COXTEX SEHR

(fo, f1, -+ In) = (Ao, AL, AN)

T B R b T,
TR RV 2n g RV ADEHSHC, WEHIZ

(3.13) fi= <A0+22A COSTJ-F( )jAN) (7=0,1,...,N).

(3.13) WA TH 2 Z b %, EIEMWEET 2 Z & bARETH 525, Hilfli % TIZHA L 728X Fourier
e OB IANRT, T oMRZEN T2 12T %,

Fix A, & f & [—w,w] WEBEBGRR L 2RI, AR 2r OB LT R 2R L 72
BE%® oN JHEES Fourier ZH#1 L7235 0 ¢V v

A, =20%N) (n=0,1,--- ,N)

WD BIfRICH B,
0,71 = RBEGERZONIE Z, RICHBRIZ K512 R FRICHRT 2 &, f 3B 2 O JEHRE
. oMK TH B, 2N JEEERL Fourier Z2#1L X 5,

2T T

h=s5=75 =ik fi=fl)

B,
2N JEDBERY Fourier 128X C,,, A,,, B, 12Xt LT
Bn - 07 An - 20717 An—|—2N — Ana A2N—n - An
D DANLE, MR DX Ay, Ay, -+ ANy 72T TH 5,
wi=exp ¥ D, fonoj=fj=f;, w "N =W THENH,

2N—-1

Z Sy~

N-1
= % Jo+ Z fiw™ + fnw™™ + Zl f2NjW_n(2N_j)>
=
:% f0+zf1 W) (—1)an>
1
=¥ f0+2jz:;fjcos7rjvﬂ + (—1)”fN> .

80



CDOWEENL, i 3.2.1 ZFHWT

2N -1 N—-1 N—1
fi=) Cuw =Co+ Y Cow™ +Cn+ > Coypw 7
§j=0 n=1 n=1

1 V-1 . . ‘

n=1

N-1 :
=3 (Ao +2 ;:1 A, cos - (—1)]AN> :

3.4.4 BEBUEREHA

RBRANIKT DITERE BB,
(fi, fvo1) ERNIMNBZ Sl &

1 .
(3.14) B,=-—-Y fisin—> (n=1,2--- N-1)

rBxE, COXTEZ 254

(fi, far -+ fno1) = (B1, Ba, -+, By_1)

T BERUE X R L TP,
ZAUE RV g RV-L ADLHGHC, WA HU
= ™mj
(3.15) j}:;;mejv-(jzlﬂ,~,N—1)

S03 B, R % [ ] CATRIRUEEE Ui, S 2r MBI Y LT R RIS L
BE%% 2N THEES Fourier Z#1 L 72580 oY) v

B, = 2iC,

WO BIRIZH B,
f0)=f(r) =0%7=T f:[0,7] = RBGEZ NI &, RN X 512 R £FICHRET 5
. f A 2r OFIHHEEEL. oFEETH B, Tk 2N JHEERL Fourier 2L X 5,

27 ™

=oN =N Li=dh fi= )
¥ B<, 2N HEER Fourier 123X C,,, A,,, B, IZH LT
An - 07 Bn - 2ZCn7 Bn+2N — BTL7 BQN—n - _Bn

DD LD, EHIT Cy =4 XD By=0, Boy-y = —By &) By =0 2381F 5, i, Bk
%)O)Cj: Bl, BQ, ety BN,1 712”,./(-25%)0 fo == fN - 0, f2ij = f*j == _fj7 w—n(QN—j) = wnj Tjé%)
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. 2N-1

. i i
Bn = QZCn = N ZO fj(JJ J
j:

i N-1 N-1
(S e S )
j=1 j=1

N 4
7j=1
2= £ sin ™
= N : ]sm N .
7=1
ZOMEHNL, i 3.2.1 ZHWT
2N —1 N—-1 N—-1
fi=> Cuw =Co+ Y Cow™ +Cy+ Y Coypw®N™
7=0 n=1 n=1
1 N—-1
=5 Z (an”j - an_”j)
1
n=1
Nl ™j
= B, sin —.
2 S1 N
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F4E GRES ORI RN SR

(T &, BT Mathematica 2> TR LD oL Z e ZREL THMAL TH 2, ST
FATH, B bRk \WEBbh3, )

\np

4.1 FIP-o>THELD
4.1.1 %1

(1) TOED WWW A4 M 2o, FEX—DFDOEHED WAVE 7 7 4 )L guitar-5-3.wav Z AF
L2, EZDBYREIAH (TRIZ My TR —LT 4 L7 MU 4 2D) IXRET 55

—IFATAFLT (BHLIR) TAZ by FI2a—

curl -0 http://nalab.mind.meiji.ac.jp/ “mk/fourier/guitar-5-3.wav
cp guitar-5-3.wav ~/Desktop

(2) Mathematica Z#EEIL T, ALY+ TA4LZ7 M) 4% (1) DT 4L 27 MY 41235 (Fh—»A4
T4 L7 MU 4 WRF LG EIIRED TR0,

Bifyza<y FiE BIZIETRZ by TR EFELGEIR

[SetDirectory ["~/Desktop"] ]

FileNames[] ¥\WH A< Y F T, ALY b T4 LI M) 4 ZHDBT7 7 ANZ—ELFRRIND,

4.1.2 guitar-5-3.wav DE Z B8 Fourier £#9 3%
DTFoEBOAFI BBUOQRMDOLKR— b (Kl [28]) 1Ic&Eo <,

[snd=lmport ["guitar-5-3.wav","Sound"] ]

ZNTT 7 4L guitar-5-3.wav ZZ snd IZFHAIAL (snd & sound DO D), KX ZHT
CENPHETE S,

sl = Import[fname,"SampledSoundList"];
samples=s1[[1,1]];
rsamples=s1[[1,2]];

P IN e F—=R% sl ITRAL. ZD5BEF ¥ Y IIVOEDBIET — X % samples ITfAA L7z

'http://nalab.mind.meiji.ac.jp/ “mk/fourier/

2RIIF LR Th.snd = Import["http://nalab.mind.meiji.ac.jp/ mk/fourier/guitar-5-3.wav","Sound"]
DX 51T URL ZFEE LT Import HiK 225, FETHRIC K v MERDRLERDT, BINRIFEL TEL OHBMEFTDH 5,

3 Z13. Safari TI3. EHLAAS 2V v 7 LT, (VY 2%D7 7 4 LR TEY va— k| %8R
LT, 7AZ by 72ERTAUIRW,
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G5 v ANV DEDPRUITIUL rsamples=s1[[1,2]] & 2D, H 5V {samples,rsamples}=s1[[1]]
ELTRKHITRAT %, BARAIIZ s1I[2]] EH > 7V Y T TH %,

[sr=sl [[2]] )

ZAUE 44100 £ 72213 FTH S (sr id Sample Rate DOH D), FHA CD 2F L. 44.1 kHz &\
IV TV T =P THRELLEZEEZRLTWVWS,

s3 = Take[samples, {1, 3*sr}];
g = ListPlot[s3, PlotRange -> All]

samples 2*5H 3T DF—&XZWOHH LT ey b LTh,
(B> ) > TREEED st kHz 72D T, 1 225 3xstr T, 3BWPDT =X WS Z il b, Takel]
WYV RA M6, FBELLHEHFO T —X 2D HIBEKTH S, )

Take[tbl, {62800+1, 62800+sr}];
ListPlot[x, Joined -> True, PlotRange -> {{1, 1600}, {-0.3, 0.3}}]

BN DR 2 DIF 62800 HEHAD D HLDT, 2056 1877 (st x 1s = 44100 fHD 7 — & %) B
b H LT, 1600 77 (1600/44100 = 0.036 #77) vy F L TAL, ZZIdELALTAS LRV,

[ListPlay [x, SampleRate->sr] ]

E3Be MOHLET—% tb OBZRLT I e HIKS,

¢ = Fourier[x];

ListPlot[Abs[c], Joined->True, PlotRange->All]

tb DAL Fourier 2 ¢ 2K, #ixHEZ 7oy + L7z, T8 5 BB D 713w A 2

(E3),
Abs[] DfKHDIZRe[], Im[] & LTALD (G2 WIhe, C, = Cy_, DEFRNPHEZ 2 ? ),
~
(* n1~n2 OHPFT |clnlll Z7vy bT 5, *)
graph[c_, nl_, n2_] := ListPlot[Abs([c], Joined -> True,
PlotRange -> {{n1, n2}, {0, Max[Abs[c]]}}]

graph[c, 1, 1600]
graph[c, 120, 140]
Manipulate[graph[c,n1,n2],

{n1,1,Min[Length[c],2000],20}, {n2,1,Min[Length[c],2000],20}] )

HiPHE XY > TRRT BT, Y= 2EL TAL (EEWFROTEMZTTHEY), £
HTRTELEDY, 7ur722F0TCHILT2 2L RVWTHA S,

E—2713 130 RETDH 2, DFD [Clo| DBRREVWSI ZETHS, (VAP c D1IFHDERE
cll111 X Cy THDH, VA MDEZEDFES L Fourier (REDA T v 7 AMN 1 ITNTWB I LIZHE
B35, )

ZHUIZ DX X —DE DA WIS 129 Hz ( K DJEPFEL 131 Hz 1238 — Ko7z D TRV,
BEE LN (MIEEDHE) OF 2 —= v IBEDEDHE o072 5%, ) THEILEEKT 3,
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FEDOEROET (¥7/, Va—&X—, ) HPTRELHERZ ANE. HLTAHA LI,
3t Fourier Z#2 L CTITITR 3 D0 ?

x2=Re[InverseFourier[c]l];

Norm[x-x2]

Fourier[] L7:7 — &% InverseFourier[] 35 &. IZITLICEZIE T TH 3203, NDHIEEIC X
DERIIE—HLBRVOPFETH 5, FHIHHMT — R RSZRVDT, LR BNEEIET 5
Db, MRICERT —XITT 272D, x2=Re[InverseFourier[cl]; € LTH 3%,

R HAIUX . http://nalab.mind.meiji.ac.jp/ “mk/fourier/mathematica-memo/node9.html
BHTALD (BVEBBOEZD Y bT2EE — Z05BRETRLIITNY),

Mathematica XE
(T.5H)
o In[¥] = LE57/RYFMIHLT, a~wy FEAS LT, Ri%IC [shift +enter]
o ?HRE THYFA Y - NLTDIEUHIE B,

e Mathematica TEFRFADBEE - EBDOHARNE [KXXFTHES ] EWVWIIL—IL%5F> Tk
BHTH%, Pi, Plot[], Fourier[] R¥ 7Y, EIBMOHEED SR 2 HANI. &4 DHEEDILIHE
DX FHRKXFITT b, InverseFourier[], ListPlot[] ¥R Y, 2 —V —DHPTEE -
B2 ERT 2 L X, HARIDOLHEDO T2 /NTFIZT 5 . ARIDOEZEDIT 5,

N=1 & L76EBLLYV, = KXFEFRHT n=1 DLII/NLFIZT 5%, (FE: vED T
AR THOLPUEZ KD 2R N[] & HHEITPEEL TWVW5, )

o ZH% = Import["Wave 7 7 £ )L44", "Sound"] T Wave 7 7 4 L ZFiAIAA TEBUIZIA
TZ 5%,

e Mathematica Tl&, N7 MLR{TFNEY X b TERT, x={1,2} &b a={{1,2},{3,4}} & ¥,
x DO 1HITIE x[[1]] T, a O (2,1) B7id all2,1]] THRE %,

e UZ b list O n1~n2 BHRZIWD HFITIX, Take[list, {n1,n2}] &5 5,

e c := Fourier[x] T.RZ ML (BEDV X 1) x ZHERL Fourier ZH#A L 72X 27 bL (BED VY R
M) 23 cici§ohd, ZOHMEOTURICEDYE 51213 ¢ = Fourier[x, FourierParameters->{-1,-1}
3%

e x = InverseFourier[c] T, X7 ML (BUEDV X ) ¢ ZWHHERL Fourier ZH2 L 7R 2 L
(BEDOV R ) 23 x IZBEoN 5, ZOMEBEDOTBRICEDOE 5I12IE. ¢ = InverseFourier[x,
FourierParameters->{-1,-1}] &9 %,

o ListPlot [FXfEHV A }]
WL Fourier ZHA TS 72 8UEY 2 P 2S5 L &, AHIREICL D, AREHTH 2D DHA
DIRFAICE D (BEOMIHED /NI V) BB > T FLMBETER Y, ZOE EX

[ x = Rel[InverseFourier([c]] ]

DEIWHEEZIS (BEZ 01227V T755) & B,
o ListPlay[#(fV A I, SampleRate->¥% > 7'V ¥ JJEEH] THAETZ %,
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4.2 PCM IC&BEDTRILESKIR

B3P 2T MK TH 5, BHDH DL & JEDXED RV E ZDFET) 2 BEAEICKFHZ(b
T3, BEEENDOOEMZBE LS, BEOKMZLEZLIRT 2 2 & TEZaiek (8H) K5,

PCM (pulse code modulation, »OVAFFSZEGH) i, 7 v 755 (EHRZBOMY) 272 %
NES (BB OREE — BY) TRIHT 270D 120 HFETHH, HEFEHCD, avva—&—
DT IRV F—=F 4 F, 7T RVESFCTIRENZERE Lo Tnd, BT, RDZDI12H
<5,

(a) —EDKHHERTESOEZFMT 2 (VT IV2ITT5, )

(b) EEDOMHEITBERMTOMTRIAT 2 (EFLTS. &)
FREDE S 2 XEZFBMRICXT > T, %o & HIEWHICAD 5 Z & TEHT % & 2, LPCM
(linear PCM) &\ 95,

RV A TEZLER (BE) $5581F EXNRESCEBIhEFE 2 EILLT(TFu s
BEIPLT I RIEEIT? Tﬁ“ﬁ—é DT AD Z#E (analog-to-digital conversion) &\ 95), H{E%Z Flix
TH5ILITKD,

BTV IR E LBEIAAEY VY YT e EKRL TWS, Y U IEIK
BHREWNEE, KD EVEARBOEDI I TZ S X512k 5,

B CD (1980412 SONY & Phillips 12 & b #ikgfb X n7z?) Tl > 7Y > ZREEE 44.1 kHz
DR E e,

T2 T TREPED 4.1kHz £iE. 1 FHNC 44100 MO F— X 2GR T2 05 2 LiThk 5,
AR SN HEIEEIROEHIZ X 5,

(a) ANFI2VEERM < Z & 23 HIR 2 B DJEEENE 20 Hz ~ 20 kHz £ E TV S

(b) F> 7V ¥ ZREBENE, FELZVRDEWEORBEO 2 5 LIC T 5 BEH B (T
THAT 54> T VU (R 5.1.1) R 5. LAMHENSH, EH 314 THAT
5 HHEBES S, )

DFED, AP E@EICH K Z e PRS2 E LR - HAEHKRSZ-DICE, > 7Y ¥ FREBEE
2x20kHz =40kHz XD &L T HAMEDND 5,

AV a—X—TUHT 2 2EZ 5L, GRNTOE &, REEDOERNTOB tWvwH
W2, ZDRROMHE (B y M) ZE2FLE Y FIEIESR,

St v bDEEIX 28 =256 BXFE. 16 By FDIEEIX 216 = 65536 BB TRIAT 5 Z itk b,
MH CD Tk, Tty 2 LT, 16 £y "DEAXI=,

Yo7 IRBERE B LE y MIODENRKEWVITY, TOEEICL D BELR T —X1ELR
B0, bHAAT—ROBRIFFNIFHAT 3,

K% 4.2.1 (CD 7L —V—HEFTIRO/NY I UEMNOES) EHH CD TE. X714 (2ch) 2
@R DOT, 1 DD,

441k x 16 b x 2 =1411.2 kb = 176.4 kB = 172.266 KB

DT —=ZBND Zeilkhd, 17HTIE. 2D 605D 10.0937 MB (Z 2T 1 MB = 1024 KB &
WO ERR) DN DS Z eI D, 1982 FLRHICE K LTV ) A= NTIVRANERGIREATH 2 7
By l—- T4 A7DERIZ12MB BEL DT, 1 7OEFREESELRT 2012, 10 BOLW

1D CD L —FY =D THRFTEINLEDIT 1982 FFTH 3, UK LS5 16 ¥y b CPU Z2HWVWE Y a
UHTHIRENZETH o7z, EEEEEE LTIE. 1.2MB OBABED 70y ¥— « F 4 XAZAELFbh T\,
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TRy E— - T4 RIPREIE 572818k b, ZTNTREERFEHANTIEZ Y, CD 2V H LWL
AT 47 (T4 DFEEGSRHR 2 X512 T 3729, 740 MB OFE L K- 72) DB - 72D1FY
RDOZLTH5,
ZRUZLTH, 016 FEHE, 7uv¥—T 4 X7 BAA. BRHACD X2 hHICLAR
7o TLE o, ZOROEIMDOUIDEDLD DESIFE LW,
@%%&LkN@3Tﬁ\E%Kiof\?—&@%4%%i%ﬁ£if$é(?%lkﬁﬁ

KBEIWHKRo7%, m

4.3 FERODR

4.3.1 —RERDEST

(ZNFEFTHVERZ v £ EL D Eh o720 BEFEEEEZ S &, M ZBUIRAZ D
T, ZZTEteELZRIZT S,

BEEOEZDODBDIF 2 THEVWTH L, 2EDESZ 2(t) LLTWVEIANZVNDT, TITHZ
AUTHES o

JEHEA T D FEIHAREEL 2: R — C 13RD & 51T Fourier AEUERIHIK 5,

oo

(4.1) w(t) = Y e (teR),

n=—oo

T
(4.2) CW:—/‘ﬂwam?uu (neZ)
To

FH ORI FBOWE f = — “CZ’D% £ n IEO)}—JEE@ —, JEENE |n|f. no fEE D

L no f WTHHIET 2 DIE. n = Eng ODIE"C}')E)O "

—EHIXE [0,T] & N BE (> TV ) Tre, YTV IEMT, =T/N, 3> 7Y >~
JRBE fo =Y TH TV ITE LIRS,

XM [0,7] D N DRt :=jT, TD x DfH z; = z(t;) ZHV 2, DL ZHEERL Fourier fRE(
C, IxXch5Ezxzohsd,

(4.3) Cn=— Z zjw™ (n€Z), w=emN,

MR 7 — VU TREL{C, ) WANEGITH B DT, #EiiT 5 N H {0, Bk iuit+anTth B,
HER 7 — U R B {C N

C, = Z Cp
p=n
Zitifz s
{Ch} 225 {z;} KD 51213, HEERL Fourier 223 AUIR W
N-1
(4.4) E:nw” i =0,1,...,N—1).

4.3.2 SEDOFEFTIE

YOI TREEE fs =441 kHz TH Y TV Y I LT =206, T =1s 7DES (N = f,T =
44100 EOEUMHE) ZHED HL T, BRI 7 —V &L 7=,
FIHI T =1s OFIES £ A7 LT Fourier B L2 2 ick %,
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4.3.3 |0, (1 <n< N —1) (EAXTHR
u DIFERMEBIER DT, & = ey BIRD D, REC [ey| = |en| FBE

?T—"l/@x@kfm?tﬁ—=£/¢EGLfW?tﬁ—~l/qx@ﬁ4Fm?Mﬁ—c
T T/ T S

—~ -~

(Cf. FEHUERIRL f O Fourier Z5H f K LT, F(€) = F(—¢) BHD LD, )
[FERRICHERL 7 — U BT OV T,

C_n = C—n = CN—na |Cn| = |C—n| = |CN—n|

DI D LD,

Bl n (1 <n < N), #tl#h |C,) TFay b522, EAXMCREZDIEZDIDTH 5,

(P VWZEZWS &, EBIET — X% Fourier[] THER Y —V ZZ&H#3 2 D13, MEKR1E¥%
LTW2 ZeidBmdian, TNEET 570 DFK (R Fourier RIXZEIRZ L) 13H 2035, Z DiE
B CRRERFENDPIUITZENATRY, EWIHEHZOT, 2505 FEEITEK T %, )

4.3.4 5 n HORKEHIZE |n|/T

@U@%nﬁ®%%m%%§mﬁiétﬁﬁﬁm%hqmHm@%éHEASZLfﬁézk
ZEOVWHZ ),

c1, c_1 W& 1 Hz O3

Co, C_2 Ci 2 Hz @}ﬁﬁj\

|Clag| = [Cn_iag] DIERARE WD T A&, JABEDS 129 Hz DRI DBERKRE WD T Z2BKRLTW5

ZDRIZKEZE VDI |Cgss| = |Cn_oss] TH o720 258 Hz DRI EDRIZKEWNT Z%’:EHJ'EL
TWd, —HEW 129 Hz OBBUFICHR > TV EDIE, FX =D 1 RICORFHARTH 5 Z e h b,
Hot ?E)“C@Z)o

B 4.3.1 (1 RTDZOIERE) B L OLD (#rhiz) IREN, RoPEE7 o g ESE S ER
HEETFMICHED,

(2, t) = ug(x,t) (0<z<L,t>0)

1
_2
w(0,t) =u(L,t) =0 (t>0)
u(z,0) = d(x), w(z,0)=v(z) (0<z<L).
u=u(z,t) & BIDEVONE 2 125 - 7 ORI t 2B 220 REDMED 5D Fh) 28T,

T ZiRSI. p ZHEE (BRI DHZDDHER) E LT, cldc=+/T/p THZOLNED, ZhiZ
%m&%ﬁbéﬁwﬁém%bmoﬁ74ﬁuy%$&—aaf@\%ﬁ%%ié:tf%@%é

ZARET 5 Z e kS,
ZOREDIIRATEA 6%,
(%) (z,t) = 3 in ™ (a, co et + b, sin et
u ) - nils L n S L n S L ’
o (L 9 [L
@ =7 i (x) sin? dz, b, = o . () Sin? dz.



(@@%nﬁ@%$%%m%é%®%ﬁﬁmg%:mbm—%ﬁmﬁﬁﬁi%mzlmﬂm?@
DEMETH 5, m

REX 4.3.1 (BFE) 1 A7 2—T8VEORBEBIZ2MHETH 5, PHHFEOERTIX, 147X —71%,
B 12 HICHE T 5 (C, C#, D, D#, E, F, F#, G, G#, A, A#, B), FHETEKE DK
BPELEINCIZ 2 (L WS &b, 25 T30 FEHHETHB), ko T, FHFEVE FEEEZ

212 = 1.05046 - - fEICH B, ET ) ORBORRMECHS A () OFE. Wil 440 Hy 1T
ENZOT. 2OTFTD C () 0F (B 9 HHEV) oI

440

507 = 201.6255653 - Ha.

L@%%@?&—@%u\:mib1ﬁ7&—7ﬁm\%%gzmu&n-%aﬂmﬁﬁbtwf%

29, EBHT |Crao| BRKRICEST-DIF, $HEHDF 2 —=V TR o7DTHA5,? (FFZ
DBHDFHELLBZVDTHo>TWVWBRAEFHEZITTIWD, )m

4.3.5 &£DOEHIC

(FEDM VDT, FEEHIZIZ A Y FT 5, )

FRRICIE, BEEGIERBUCR SN2 DI TIER V. ZOHEE T =15 k. ZOEBORIC
BOIRCATRENED B B

DD, BB f DES ult) = 2EZ %, 0<t<T Tidsx LT, (A T 0
e LTOD) Fourier fREZ KD % &,

~

I 2n L (T i I 1 ar
Cn = T/ u(t)e ™Tldt = ?/ il =n/Di gt — —/ et dt = AT (et —1).
0 0 0 n

72U A, =2n(f—n/T). 2ODrH

e, | = sinc 5

T=1s, f=130813Hz D& X, n =125, 135 OHFAT sinc(A,T/2) 2R3 &,

10¢
oaf \
06|
04
oo
Pt | 1 h"”T‘\l 1 1 1 1 1 1 1 I/{:\L 1 |.-r"'-|-
126~ 128 N/ 130 1\ty “raq”
_:]2-

4.1: 125 ~ 135 Hz O#IFT sinc(A4,7/2)
(Bor, BENIE, )
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4.4 Mathematica TOEDED KL
213 Mathematica @ Fourier[ ] 237 7 # —/L M TEtBET 2D (C, TWE%K)

| N
C = i jgo zw™
ThH?s, O, ZilH XH %1213, FourierParameters—>{-1,-1} ¥ WA 7> a &5 2 UIE WL,
[c=Fourier [tb, FourierParameters->{-1,1}]; J
EIAT, BEPEBETHL b,
1 —
C, = o cr

2S5 BRDR D VLD, WRITRT — AR FAZDWTE, (G2 = L[ TH B2 6. JAl
BeRDZD T 25813 (O —ART PADPKELRS n i3 I#NE), 77+—NLFDEZE
o THREW,

BEDAY 2 —X—ZHWTET =X 2D 2D DEHRITOVTIE, (DR DHETIED %03)
HEOM DN T 2 X0 232Z Ik b L b5, Import[], ListPlay[], Fourier[] 72 ¥
DENTZFHAL TH 2,

Sriwnd =T W = g;w™ TH B I LITHERE K.
Shttp://nalab.mind.meiji.ac.jp/ mk/labo/text/memo-sound/
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558 YT VI EE

\np

HHHEEZY > 7Y 7 UTHE S 2 3 2 ick b, mofEs (BE) ofFmirrhl s
WEDLNEDH, EDOL HBWEFEINTWE D), THUIKRELRMETDH 5, BEE Fourier Z2#4T
DE XD (B 3.1.4), Z ZTIEEMBEETR Y f: R — C @ Fourier ZHUCBT 2, FH LY~
TV Y TEEERNT .

fiamE REPICIENZ & DB EORABEE T OEENTWIRWESIE, 245 (ML) 0¥
TV TRERTYH IV L (B TV T ) TR LEETES, EWOINAETH 5,

BAINCIE, HEPICEHETH S (IELVWWRETH %) 25, JSHT 212H72-5 T, 2RO TFERRZN
BTH2d HAELDEHIKRETES) LBoTW3,

5.1 EIECEEA

DTV 7y v rEMoE b e iERE. KiY [29] 22F1C L (FMZ 2 04D OFEEICIEEE
LLWIhe, otz Rz 25, Sl EENLHHO LS TH D),

4 N

EIE 5.1.1 (> 7 > JEE, Nyquist, Shannon, &) Bi% 2: R — C @ Fourier Z#4

X@%:V%ilwﬂﬂémﬁ
a2
(AW >0)(VweR: |jw>W) X(w)=0
Zii7- 320 TOXIR W Z2ERIZ—2OH->T
m
EBLE, RADRD D,
L« sinm(n —t/T) _ B
(VteR) z(t) = nzzoox(nT) T —T) nzzoox(nT) sinc [r(n —t/T)].

N /

oD, 1 LU EOREERAE B E RS, 52T Y SR = 4 = (=2 x 1)
THY TV VI LIBRES 2 T TE 2, SWkZ 5, [ U LEOABBT Z2E& R WMES

X, 2f ULEDY > 7Y U ZRBETY Y SV S LT — Z B EITTE B,
SERA  Fourier 210D i/ Z2 B VWHZ 5,

X(w) = \/% /_00 z(t)e ™ dt (w€R)
B eE, AP IO,
x@):;%;/ffm@xwww (t €R).
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RE |w >W = X(w)=0&D, HAXHE R Z [-W,W] TEZ#Z T

(5.1) Mﬂ:;%ifZprmm;ﬁeR)
ZORITEH 2W DB Fourier RO YT N2, ZhrEI S (£ LTHRTFTEIRE).,
I o 1w |
(-2 im g [ X = o [ et
LB E
(5.3) mwjiww_inMMmq

(X EHIBIRTIZ VA, AR 2W ORI 2 X510, [-W, W] DA TIRIERTERLEL
T, Fourier fEEH L7z, &€& X 5, )
(5.1) & (5.2) ZRHEXT,

v 2 1 /°° ~ 1
Cp = —— — X(w)e gy = 220 (nT) = —Tx(nT).
oW v ) (w) o - (nT) or (nT)

ik (5.1) IKKRAT3L

1 v T - —tnwT twt
x(t) = \/_2_71'/_1/[/ <—27T Z x(nT)e e dw)

T & ow (W
_ 2 : T iw(t—nT)
27T n:_oox(n )2W _We dw
= E x(nT) sinc [W(t —nT)] .

Wt —nWt = ”Tt —nT =" (% —n) THAIDPLIEMORES S, n

R 5.1.2 (AARNLBRE) EELD ZRAL EOEVEFERTIEEE RV WS REZR. ZDF
ST (EFRD L L CHRBBUBFTTRE L WO EIK) ThH 2 Z 2 8L, G503 BAEGH O ~F i i B
WET 5, EEARL bRV, TFET Fourier D, Bl HRTENTWE AKX, HEDIE
STRVER, PEGBEMXZ D/ Z2I21IHZ] LWV LSS TWBEDT, D a2 EM
SRBICkRD, BEUHEEZLTVWENEIZ., EDXIRCEZTVWEIDESIH», FAEHIZ. 7
VBB, bBAABERMETH DH, ERICHDOED TRETWSIHR L OFE#INR D K
WV, CELETWS, m

5.2 Fixk: ERLPEZECRE
5.2.1 FEHREZ

2505 (MUTF#HT) L. H3EW TR H2b0ROTL KRB HIUIHIHT 2 DI13E
BHRTHA5,

LRED D 25E0F, ZIEFARICES SADADREZ S, v 7 AN ELL—FDOHT (. ny 7 OMED

FeA L TOWBIGEDDR 20 H, 1S DFEBIFEANED DITK VD TEI WD Z IR 5 AN, JHHD SRR
T, BB T o LMENCH I TV 3 2 e biERED 5,
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BT Y IEBIZOWTIE, 74 F X (Harry Nyquist, 1889-1976, A7 = —7 ) 25 1928 4F
WPRELZe?%, ¥y /¥ (Calude Elwood Shannon, 1916-2001) 23 v / > [5]3(1948 £ [31],

ZHRVEB

[5]) DT, BeA B DA [32] (1949 4F) T, JNAICEEFA L 7223, HEid v > 7 D Kotel'nikov (&
1933 FFIZ ZDAERZ[F TV, VWS ZERRLAFLATVW S,

THHIIECEDH T, b o> L3 2 L DHKT, MIEOAK E LT, E. T. Whittaker (18731956,
BSH

JEREE DR, Whittaker-Watson [33] £ W5 FEEHEHH) 2% 1915 12, /NEBRZBI (1885-1962,
BeEsh - BEBE T CTREBR BN TDH 20, 2O VISR EZ LTV ! ) 231920 125
T\ (Butzer fi [34] — ZAUIMEFT R ZFHC0 D LIV, Whittaker DIIMFIET. /MNEDIZ
ELH YTV ITEBTHS, LEoTVEEIZHDE, A4 Y« AMY—AIZERLED -
TR BCRIZEE D720, 5 A2V OREITHR Y Whittaker IZLTH/NEICLTH, LT
<4 F—BATIRERNDT (BEFIEZL EAVES R, KOvhRhol b 2D L5 I A
BERE)P, BEZIAATLE D, )

—H T, EEPRED XS AN Z00E, EHERRLZAD BB, ZOEEBINEZRAN
BICHION RN e HDE, LW DBIEHDRRVELED %, REICHER KT 72 NFEPHITICH
HU. Zh A TE2RHT 2 L 3ERLEETH S5, EFEGERRERR [EFIFREREY
RAINZ 100 FFEGLLRY A VR b —b— 100 FOREZIRD IR D ARKICE ) 35 2R &, HBED
TET, RAOEFIIEFITECFHEINATWS Z AR TH 5,

5.2.2 /NE2DFEIE

B g2 RO 2 7212 e Bbh s 0T, D ULBRHEZIEBL X9,

(HEfirh)

sinc (XXEORHERIED Fourier ZHETH 2 DT, EANTH S, W5 ZLIZHRETZLTHA
9o sinc DJGHIZDOWVTIE, “Sinc numerical methods” W5 DD % (Stenger [19] BEHFA),

27 Certain topics in telegraph transmission theory” OHTHIRIE W OEEEET 512k, v 7V v 7%
1 . X . -
W DT 20885, LR/ Z 5TH 2 (Nyquist [30])o
3“Communication in the presence of noise” O TEEEE LT 2 NNEEH L 7=,
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F6E R Fourier Z#2 Y Fourier
-7 E l) —_—

6.1 EEEEFE Fourier i

IEEER & I W2 IR A ISR ORI {[.},,c, ZHERBUES & 3,

HEEUES {fudnez & fu=f(n) T2 T, B f: Z - C L ARE3, BRES2EADE
“% CF TR,

[ OBEENERE Fourier Z# (discrete-time Fourier transform, DTFT) & &,

o0
-~

(6.1) Ffw)=flw) =Y fln)e™ (weR)

TEZINZER fFozrrnS,
fid, FXEH 2r OTH 5, KRR,

w—|-27T Z f —m(w+27r): i f(n)e—inw—i2n7r_ Z f —znw: )

n=—oo n=—0oo n=—oo

R w e [0,21] (BBVIE w e [-m,7]) TERNZ T TH %,
f(n) WBEL [ OF (—n) Fourier (¥ AME 2 DT (Zhudb A LHRT 5L),

(6.2) f(n) = % /Tf Fw)e™ dw (n€)

#&Diﬁo;hﬁﬁﬁﬁﬁEmmﬂxﬁwﬁ% YHTH B,
RDEIIWTDEZOND, m#n T DL X,

. . ™ T 6i(mfn)ou 7T
(e e7"m) :/ e e—imuw :/ M=, = {—( )] =0
- o ilm—mn)]__

THEME {e ™)} BERRZRTHD., (6.1) ZELXRICLS f OEMTH 3,

iy ™
(e_mw,e_m”) :/ e~ p—inw —/ dw =27
—T -7

THHDH, e ™ DRI f(n) X

f(n) - (e—inw7 e—inw

N J
TERAN72 20 IR DB 72 253, B 2L DR H 5 N e MR HRICMN THL &,
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o {f(M}uez 12OVT, HRTFIAVF—ZME Y [f(n)]* < oo (DED {f(n)} € (Z) L5

ZY) RBLEEA. feLX0,2n) THH, (6.1) & L2 2B 2ER BRI IUTEL,

-{ﬂMh@Komf\fiumn<mzm5%#¢oiog@neg@)@ﬂyz)%ﬁ

T, (6.1) OEII—FRICHOIER U, AN GERE LB L 72 5 (Weierstrass @D M-test % {#f
I, HloTWwa AT ->TE TR B 55w )o

6.2 Fourier 773 —0D—&

INFTITHTHA, Fourier ZH8, Fourier #%E (Fourier fRE0). BERUREE Fourier 2244, HfERK
Fourier ZH#D—ERKZFo TEH L TA X D,

B RBERI DAY F 2 5 L Cld. Fourier 244, Fourier f2E( (Fourier #i2) 12D\ THERD,
HiEEY Fourier 242 (discrete Fourier transform) %°. BRI Fourier Z2#2 (discrete-time Fourier
transform) [ ZFIXRN T EBZ W,

PER BED AT ZHRDEFRI SR/
; o Foy_ L7 —ixg :L/OOA 3
R Rk Fourier Z5 f(&) = Vﬂ[m f(x)e™®dz (€ €R) | f(x) ) F(&)et e de
2m oS}
R Lo JE IR Fourier 2%k Cn = % /0 fx)e ™ dx (n€7) flz) = n;oo cpe™®
o0 2m

7 L oBI% (BEEC | BEEBRIERE Fourier | f(w) = Z fn)e™™  (welo,2n]) | f(n)= ZL Flw)e™ duw
159) 2 n=—oo ™Jo

| N2 ‘ N-1 .
Z J:O)J%,H;ﬁﬁgééﬁ‘( %ﬁﬁﬁ( Fourier ﬁ?ﬁ& C, = N Z fjw—n] (0 <n<N-— 1), fj _ Z C,w™
(BB BERUE ) =0 n=0

o (27

w 1= exp ( N >

LiIXs S BlE,

APRABTVWE ZERFEHLE S, (FOXKUTRHRIUL, do B2 Z b HIRIITINE, 21
FRHRVWTEW, )

b wbws 1 THh, zheh (FlZE) LH(R) - L*(R), L*(0,2r) — (*(Z), (*(Z) —
12(0,27), C¥ - CV @ H%%%xé(l%>1%ﬁmmﬁmﬁéz\WE%ﬁoiﬁmméo%

HEEN Fourier 21113, Fourier 1—{‘&5(75:?}2@ %) nfﬁ@%ﬁﬁﬁﬂﬁ CAHRRTIENTE S, 2T (ERELG

DFAfE TIURX) CV Lo =& VWU R > TWT, HEFIIIESOZEE L B M2 DIck 3
(ZDH7=Dix, EBEOHREZ T L2(R) LOoa=% V) E#UZR %, Fourier B LITHK 2D
EARERTH B),

—77. BEEURFRE Fourier 2803, BN Fourier ZH#1X D 3 & o L HIA LR WD, BENTIX, BE
2% D Fourier ﬁ\%ﬁl%ﬂmé%ég@@ﬁﬁg@Z%ﬁﬂikﬁi% DT (LOERT21THE 31TTHDE
BHRNERIENKOE D272 ZRTTE2005). EFH-oTWE I LITRkR5,

ShOHFEEEZ D Z EIEAARES S iP Bz TEESURRS Fourier 2248 | THERL Fourier
i ki Fi TBEE Fourier 241 |, THERY Fourier (2% 2 T I DRTho/z/255 8
A5,

R EoREAREEIE. R LOBETH 2505, Fourier Z2H#i1%2 325 2 bEZHNED, TN D

CREADPFERLTLES, @EEGRETH VW2 2, TIAXBEKTRIT Z ek,
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STE BHIAH

\np

7.1 EC®HIC

B4 2 BEE (ERUE S, BERUES) IS LT, BAIAH (BFE, convolution) f* g DIEFET X 5,
Z DEFRIFERIRT 5 D3,

(7.1) frg=g%f (A HaiA)
(7.2) (f*g)xh=fx(g*h), (h5 A EAD)
(7.3) (fitf)*xg=fixg+ foxg, (DELERD 2 N IFEBE D —E)
(7.4) (cf)xg=c(f*g) (MDD )
(7.5) f#0 AN fxg=fxh] = g=h (BRFDIEFTE)

7Y, RMEORIZS RMEEZED (Zs b&kb),
Fourier fi#fT & OBARTIZ. XOEETDH 5,
B AIAAD Fourier 243, Fourier Z2HDEICHE 5,

(7.6) F[f *xg] = EB x FfFg.
(EBDENT T2 2 1F. B AAAR Fourier ZHADERDTRMEIC L %, )
BAAMIE, HATE (2 ) “FAR § 03D 3,

(7.7) fxo=Ff

FEROBEEIIH LT, § 1374 7 v 7 DTN XEEE 5 EOBEB OB % 13AH ), T8
ﬁ@%mﬁufu\5m$m4yﬂ»x5=QMh@={~waa1Juy~}f@50

FILZR § @ Fourier ZH#UTERBEE 1 TH 5, FEBEE 1 © Fourier Z#4% § TH %,
(7.8) F6=EB =1, Fl=EBx.

RNX D EEDMANZ 72 5 D E. B AIAAR Fourier ZHADEFRDOMBIC L b, BRI T 29, R
TERINTZBEED Fourier BH#%2EZ 52135 L,

Fo(E) = ——. FLE) = Vamb(€)

V2’
#WDLO EBE, RUIOERIZ, TED fITHLT, Ff=F[f*x6] = V2rFfFS TH 200

/T3, Z2hds F1(z) = V2ré(z) BESNDZ DT, ¥ Fourier Z#1537r 224UX, Fourier 2
ﬁ*iéjZm5%®%%%bf?ﬂ@=¢%ﬂ-@=%ﬁ&) Eeh s,
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7.2 BHMAAOEANEE

DToEhZNDGEIL, fxg % [ & g DEHFAH (EFE, the convolution of f and g) &
/vs_‘:o

—ODGERRE, [RFED D2 WVIZERTH 205, [CRT 20 LW MEICK 20, %
I D HZTRFILRNTEL,

fLg: R—=CIZXLT, f¥xg: R—-C%

(7.9) f*ﬂ@ﬁz/mf@—wﬂwdy(wew

WX DED D,
JEHH 2 DFEHAREE f,g: R > C I LT, f*xg: R—-C %

(7.10) f*ﬂ@rzé%/?f@%—wg@%w (z €R)

WEDEDD, ZHUIEA 2r TH B Z e300 5,
f,0:Z —-CIiTWHLT, fxg:Z—C%

(7.11) fregm)y= 3 fln—kyg(k) (ne)
k=—0o0

WWEDED D,

AN @ f,g: Z - CIZNLT, fxg:Z—-C%
N-1

(7.12) frgn) =Y fn—kjgk) (neZ)
k=0

WEDEDS, THFHEM N TH2Z e mh 5,

7.3 BHFAHDE

BEUHETOH (TR 74 VR=)IZZDHBRAL Y THAT 20T, 2RI DHIE N L
DM,

7.3.1 Fourier #H# D Dirichlet
JEAHA 2 DB f- R — C ® 7 — V) ZRED n THE TOHM

sp(x) = % + Z (a, cosnz + b, sinnx) = Z cpe't®
k=1

= k=—n
lZ. Dirichlet #&% ¥ FEIXIL
(7.13) D, (x) := Z ek

ZHWS 2, XD LS IEKSI N5,

(7.14) $n = Dy, * f.



eSS

= lﬂ /_7r f(x)e ™ dy

zzfjl; Wf@ﬁ4@mwmf § MV f(y)dy = Dy * f(x).
27
k=—n - -

Tk=—n

ThHhIHbH,

@78 7.3.1 (Dirichlet %X 3) nc N, 0 c R\ {2n7 |n € Z} £ T3 & &,

sin [(n + 1/2)0]

Dnl8) = sin(6/2)
ZIFRR
D,(0) = Z M—H—Z k0 | ko) —1+2Rez o
e k=1
RED 5 6197&1'(25571))6 %tté&ﬁu@ﬂ]@ AR E o
n ko — ‘96 —1 elnt1/2)8 _ ci9/2 et(n+1/2)0 _ i6/2
Zel Z - i L - ..
—1 ei0/2 _ o—if/2 2% SlH(Q/Q)

k=1

—f&Iz Re% =Imz THBHL1H

B Im (e /20 — ¢i0/2) B sin[(n +1/2)0] —sin(0/2)  sin[(n + 1/2)0]
Dn(0) = 1+2 2sin(6/2) B sin(6/2) ~ sin(6/2)
~ Mathematica "C Dirichlet OB E (REHIHNAT) N

Di[n_,x_]:=Sin[(n+1/2)x]/Sin[x/2];
Di2[n_,x_]:=Sum[Exp[I k x],{k,-n,n}];
g=Plot [{Di[4_,x_],Di2[4,x]},{x,-3Pi,3Pi}]

\fmmma&mﬁ%QWK@f\[wwyt777%#ww+ TIEDH ) )

fﬁﬁﬁ&@%#é%%OZ%\@?&ﬁq%ﬁ%&%%f)ﬁﬁbjozkﬁg“ﬁ@?%%”
;5K\ﬁ%ﬁ®%%flyl%:5ﬁmbjoo

7.3.2 BEHEZH S DA

(EAANCIE Z DB —F DD D FHu, )

7—aYDiEANC Xk 2, ZEEADIRAICERE 1 ORER (BAAER) 2555 & X, ZOEM
DMEZESE. YRR T

1 «x
Eﬂ@—gﬁgﬁ
(STHTRTI, BZOABR % 2o b LT Eylr) = ﬁwtié%jto)
0T

107 .
leg = E SoTe T, ¢ =299792458 m/s. ThD 5 g5 = 8.854 x 10712 F/m.
s
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nE7)= Did[n_, x ] :=8in[(n+1/2) x] /8in[x/2]
Inf28]:= Di2[n_, x_ ] := Sum[Exp[I k x], {k, -&n, a}]

Infze= Plet[{Di[4, =], Di2[4, =]}, {=, -3 Pi, 3Pi}]

Out[28]=

]
T
i

7.1: Dirichlet #% D,, D275 7 (n=4 OBFH) 2 0E K-> TIOR3

COBBDORT v b (KT YTyl ZxF— DBV I) X
11
DU &
—gradU = Ey

iz S, INEF TR, UTOITRTOGET, B5G E 2ELHORT VY vl u DN
—gradu=F

WS BRI D SO,
O (B REROENM) U ZHWS &, X DEMLER DM OEND D552,

o FAICEM (B) Q D& X ulxr) =QU(x).
o My IZEM Q D& = ulx)=QU(z —y).

o Myya Yy WCEM QL Qs ,Qn DEE u(z ZQ] (z — yj).
o BRIDEFIVICHEE q(y) THHLTVR L &
(7.15) @) = [ Ule=s)atu) dy
R CTERINEE f,9: R? - C DBEAIAAL fxg &
frg(z) = Wf@*—wgw)@/

TERINLZDT, (7.15) 1
u="Uxq

LETL (UIRENEZFROOT, EHbALRSDIRMETIERWA, ZZIEHZ2L5%),
27272 Ly THURMEE L LTOHMTH - T BFENRHER TR,
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EE ¢ THfmLTWSEBROEZORT VI vILIE Uxqg THD
(72720 U B REROEZEHDORT ¥ v L)

ZOHERKRIZ. W ORI EL Lo TWADT, D ULEAAATHAS,
BRERFD Gauss DIERP (DMATE)

divE =gq
W2 E=—gradu ZfRAL T, 2" divgrad=A ZHW3 &
—Au=q.

INDEESZDORT V> v LOWMH FiERX e L THA Poisson AR TH % (BRACEIDL
XHE O AERICTR D),

BN HEMRDGER? BAEEROEBEMEERATEZSNS ? Dirac DT VX § ZHW
ZOMNRWV, EiT

(7.16) — AU =4.
2% b

TILRERIBAREROERTEETHS
(JFRIC 1 DPEVTHS & WHIRMERT)

((7.16) DIz %, U IZ —A OEABRTHZ) L0, )
Wor & BihdH e DR

9] _of . 0y
aa(f*g)—zﬁj*g——f*axf

J

R LT
A(f*g)=(Af)*g.
AEFHE. FERNICIZ E THRE T, MO L B DIEFRRI—RTH 5,

G0 = 5 [ =t dy = [ S =)o) do

81‘]‘ ZEj
S, MAEED qIZ LT qgxd=q 2ifilz32e, —AU=006, u=Uxq TuXkEDdL
—Nu==—ANU=xq)=—(AU)xq=5xq=q.

BN EEROBHZORT Vvl U b, —fROBRIOSHDORT > v ADELNBHHAD 11T
TRATHHW (o2 d, ThEEbALRHEOTEE DT, AEHERZ ST 2Dk,
KZ),

C DREEEIZ RN E N, KEDT RN« 74 NV Z—TRIPLFEERZ 2175,

FRIEER 7 4 V& F I LT, B4 YoV RIS b= F[§] a0, — ko A
THER 2 TN T 20 Flz] 1E hxax TH 5.

475 Maxwell DFERDOHE 1 Z divE = £ THD, p BEMEEEZRT, CZOMMTIE co=1RDE5
REMPTRHIATVWE Z L ICHEET 3,
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7.3.3 BULIEAR=ER
(HEfE )

7.3.4 BEREHL
(MG
7.4 BAAADOEKRRLEE DR

EFEDBE f: R — C DFAIIT, NITUDIZ) THRNLIEBAAADREARNLZEERED L 512

AEAHE N2, To e ATAK D,
IO Z I T35 %o,
Fourier Z#UI 4D D . ZNZAUTAEHDNETH 205, BEBE LR KR 2D T, EWHIZ (H

RS 2 o\, RS G R SR L TR T

7.4.1 KRR
BAHIAB fxg D fIZOWTHIETHEZ L, OFD

(7.17) (fi+fa)xg=(frxg)+ (faxg),
(cf)xg=c(f*g) (c€C)

(7.18)
D DALDZ 2E, Wy [ M Y. OB 6o TH %,

7.4.2 KIER frg=gx*f

YFHDEE f- R—C,g: R—-C D
f*g(x)Z/ flxz —y)g(y) dy.

T.u=o—-y B, du=—-dy,y= -0 DX u=00,y=00 DEXu=—-00,y=z—u T

L=

g —w) f(u) du= g% f(2).

BDHAEMS.
Frata) = [ gt —u-an = [

JAEH N OFHIRE f: 7 — C, g: Z — C DFEIX.
-1
f(n—k)g(k).

=

fxgn) =

=0

Eod

CZTUli=n—k B (kDo XEBEEHTZL). 0<k<N-11&n>{>n—(N-1)

n

DRSS %,
Frgn)= > gln—10)g(0).

l=n—(N-1)
MFE21 YRR TR0, BEBOEE

> N
- HO

EHOBR OB EICY S R A 01E. R0 77 Hi, KR
TRBILWHRBEL o KETH B,
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gn =0 f() F IOV TREMI N THY, > 138k T 2 N HOMTH 2056

2

-1

fxgn)=> gn—~0g)=gx*f(n)

0

~
Il

7.4.3 FEEER (frg)xh=fx(gxh)
7 DIER 2 (Fubini OEH) 12X D

(g% f) * hiz) = / (g% F)l — 9)h(y)dy

= [ ([ ot~ ) au) niy
-/ (/Zg«x—u)—y)h(y) dy) £ du

:/Oog*h(x—u)f(u)du
= (g*h)* f(z).
TRDE (gx f)xh=(gxh)* f. ®IIKEGERZ FHWT

(fxg)xh=(gxf)xh=(gxh)xf=fx(gxh).

7.4.4 ERFDIEEE (the Titchmarsh convolution theorem)

(7.19) fxg=0 = [f=0%FkiFg=0.

W TERXOVIEMEZ B 0 DERFEAZEM T2 L 212, A s odsEH
TH 55

AEFIEEA LY (D FVWHIERDZDE o756, BOBZXTFXW), Yosida [36] (FEE), &

H - figE [17] (HAEE) I2id#E - Tw 5,

7.5 B~AIAHD Fourier 2|3 Fourier 2D &

HEEZ, 42D LT, BAIAA fxg & “Fourier B Ff DWERTEZ 20, IXRTOD
Hac

Flfxgl=FBx (Ff Fg) (BAABLD Fourier Z#2d. Fourier ZH#EDFH)

MDD Z L ZMENPD B,
(f,g & f*glZORICFABDODHLDTHZM, f & FfITESHEDODDICRIGED DD, )

VWAL

SESED BB DO FUCHAITCH 2 TH, BRTIBEFELRZVDR SR, R0 2EZ 2 ZeRHKT, 0 TRV f
Iz, ;%%iét\fmm%ﬁm%®KED\%m%ﬂﬁiﬁﬁmtéo%ﬂ%ék%%bii\tm5%¥f
Hihe BT 5.
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BONZ Z LOBBY 2822 2EELTEL B B0 ([} D22 [ & f())
YEFIE, BB fZ3 > [, €C LAREZIEDBDHETHSS,
EHBARTFDHEBA LRI 2D, Fourier £, BIAADERRE ZDHOEEL ZLIZT 5,

COHEHIFEELRDT, L TH 55 I IREERIC FEAE X)) WO REEZHEL
2hH EHBRRC LB LTRSS ¥ENE D572 (2505 DB TOHN 5 50 B 5
D3, SR YOBREL. B (H20IE YY) OIEFREL ThLERERET S, L1

ZEeROT, BALOREEELES AREITY,

7.5.1 “EBOEE” D Fourier B DIZE
FRERRERBETIEM R C T2 %, f O Fourier £ Ff (f L L) 1F

~

FE) =€) - m/ f@)e"dz (€ € R)

fiﬁ%éméo <9ff R — C VC:\%%O
ZOETIX, 2052 HEH AL LT, B “Fourier ¥ Ot 5%2 ZHUCELITEL ZIZT %,
fLg R—=CIZWHLT, f&gDEAAL fxg %

f (o / f@—y) (z € R)
TEDS, fxg:R—-C TH53,
ESe
(7.20) Ff % g)(€) = V2rF f(£)Fg(€)
DD 31D,
ZIEBH =fxg Bk

=/ e

(——
- [ ([ - y)g(y)e—zxﬁdx) dy
= \/% /: (/_: flz - y)e‘mfd:ﬂ) 9(y)dy.

HGAD () NDOILRED % lim TRLTH O, BREHR T2, u=0—y Bk, dr = du,
r=u+y, e = e UtVE = o~ TH B D,

FIf*

ﬁ\ ﬁ\

R—y

/ flz —y)e ™ de = hm / f(z —1y)e ™ dr = lim / fu)e ™e™ e dy

00 R—o0 “R—y

— Wt hm/ f(u)e ™™ du

R—o0

— ¢ WE / f(u e duy.
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(7O k. T y 23BN 210 hed, REEHATLES DR RELRLZIATHS, ) Th

"o
ﬂf[f*g]@):%%/m(zyﬁ/ e widu) 9(y)dy

- / Flw)e " du / gy
= V21T f(£)Fg(¢)m

AR 7.5.1 (BRERICIENSEEV) ERZ BDEFZ L Tr 6. WRIOR D &2 Z 825
51 2W0Wo b0, TRNEZFEHE L) & WVWH R E’Eﬁﬂifiaﬁ,‘%ﬁkﬂjﬂﬁiét 7 Ilﬁf“%)dﬁﬁﬁ“
2. WERD 2 —y=22 LT, 2% 2 ITEHEHL T

[ ([ e =atme i) as= [~ ([~ sty ) a:

tmﬁﬁi%%?ékﬁm o THUIDE R B BRDED, 7557125507 NHOESTDE
TH3 y . IMIOHETOEREBROR v —y =2 KHAZDEBH,» LWV, THUITIE 7.5.2 D
BB 9 #b@?m#%bmﬁm

[ reoswieaa (] s

D&Y, WO ZERD MU DR D B, TimicHn s, =

7.5.2 [FEHIEA®D “Fourier Z#2” — Fourier R¥DIGS

fiR—C ZJEH 2r OB T2 %, ¢, ::—/ f(z)e ™ dx (n € Z) % f ® Fourier f7%X

CREFR LD, Zhe (EHBEE) f @ “Fourier Y YIERZ &IZL T, it Ff HDEWVIE fc
RITZLRLED (TORFREIERICRIHEDIATVWS), T4

~

7 = Foi= 5 [ f@e e e

gf: Z%CT%%O
JERA 2 DBAEL f, g R > C I LT, f & g DEAAA f*xg &

= % /_7; flz—y)gly)dy (z € R)

TEDD, fxg:R— CIIEH 2r TH 3,

F
(7.21) Flf xgl(n) =F f(n)Fg(n).
GERH hi=fxg &BL &




GAD () NOER R EREE T 5, u=2—y B, dr=du, 2= -1 DX u=—7—y,
T=mTDEF u=—y, x=u+y, e " = utyn — pminue=iny CFH B M5

[ ta-geran= [ e e qu—em [ pupe du
- Ty —m—y

BAEL w— f(uw)e ™ 3 2r TH 205, [-m—y,m —y] TOEDIZ [—7, 7] TORETIZFEL,

NGIET du) o(9) dy
= / Flu)e ™ dus- / eI dy

=Ff(n)Fg(n)m

FLf *gl(n) =

7.5.3 [FEEIGID “Fourier Z#2” — B8 Fourier D5 S

N eNIZHLT w:=eN 2B, AN OEHEE {fi}jez CNLT. C, = Zw—"ﬂf]

(n € Z) & {f;}jcz DHERL Fourier R EFE L7205, THzAHIEHID “Fourier Aljﬁ” ZH':S\ Z
iZL &5,
[:Z—C ZE N oBE (A N ORI ¢35 & =,

Ff(n) = Fn): NZf ™ (ner)

TEES Ff Z. (AL f O “Fourier Z4#8” WX, Ff: Z — CI3EW N TH 5,
JE N oBaEL (A N OIS f,9: Z - CIZH LT, f& g DEAAA fxg %

fxgn Zf n— (nez)
TEDD, fxg: Z— CIUXER N OBETH %,
Fix

(7.22) F(f xgl(n) = NF f(n)Fg(n).
ZIERA =fxg B

1 N-1

Flfxgl(n) = 5 ) h(j)™
=0
1 ;71 N-1

N
k=0 7=0
D (YD Y. 2B (F) T 5, (=j-k&BLE, j=0D&E(=—k j=N-1
DEEL=N-1—k, j=L+k w™ =w ™tk — =l "k THLN 5,
N-1 N-1-k N-1-k
fU=Rw™ =3 fOw™w ™ =w* 3 f(Ow.
=0 (=—k =k
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BH 0 f(Oe™ 3B N ORI THE 00, =~k —k+1,--- N —1— kX328
(=0,1,--- ,N—11ZRFTBRTFELW,

N—-1—k N-—1
Y fOwT =D f(Ow ™,
l=—k /=0
Wz Iz
1 N—-1 N—-1-k 1 N-1 N-1
Flfxgl(n) =+ (w”’“ dof <€>w’”> g(k) = S FOwTY " glk)w
k= =—Fk =0 k=0

7.5.4 FH|D “Fourier B — BHENEFR] Fourier 22 DIEES

BN {z, ez LT, X(w Z e ™ (w € R) & {2, }nez DBERRE Fourier 212 & &
LD, ThEBHID “Fourier 28 Zi?f&; EMERZEIZL &S,
f:Z— CIiTRLT,

Ff Z fme ™ (€€R)
TEZE 5 ?f:f% (BH) f D “Fourier £ MR, Ff: R — CI3H 27 TH 5,
f,0:Z —CITHNLT, f&gDEAAA fxg: Z—C%

frgn)= > f(n—kyg(k) (neZ)
TED D,
Eix
(7.23) Flf *gl(§) = T f(£)Fg(§).

GERH hi=fxg &BL &

Ffal€)= 3 hlmje = 3 (Z f(n—k)g(/f)) et

= > (Z f(n—k) 5) Z (Zf e ““f) g(k)
(5 s0) (£ o)
— FFE)Fg(¢)m

7.5.5 (HFXF) HZ Fourier B

A% Fourier ZH#UZDOWT B
F*f xg) = BT fFg
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DI D LD,
DTEMESTIRELTHIHMORNTHA S,
A% f: R — C @ Fourier £

THE = o= / Z f(r)e s (€ €R)
RIS B HA% Fourier Z2#U3, BE g: R — C 12Xt LT

Fg(z) = % / o) weR)
TEREINDG F*g TH5, ZHIZOVWTIX

(7.24) F*[f * gl(x) = V2R F(0)F " g(x)

DD LD, ARERNC (7.20) E[ELTH %,
JE A 2 DJEEABIEL f: R — C D Fourier £ (Fourier f2%%)

27r/ f(x dx

WSS % HAR Fourier 24, B g = {g9(n)},,cp LT

o0

Tg@)= Y gme™ (z€R)

n=—oo

TERINDG F*g TH3, ZHIZOVTIX
(7.25) F[f*gl(x) =F"f(x)Fg(z)

DI D N, AREHNT, BERLRFE Fourier ZH#IZOWT ORI (7.23) F [f x 9] (§) = Ff(§)
FLCTH 5,
JAEA N DS f = {f(n)},c; D Fourier 2545 (BfERY Fourier ZE462)

2

1 -
N f(])w

Ffn) =
RIS % HA% Fourier Z#1. RS g = {g(n)},,cp LT
(7.26) F9(j) = ) g™ (j €Z)

TERINDG FgTHb, ZHUIOVWTIX

(7.27) F*(f g = FfFg

DD LD, AERNT, BERL Fourier Z#IZDOWTORR (7.22) F [fxg] (n) = NF f(n)Fyg

CTH%,
B f = {f(n)},ep D Fourier 24 (BERRIRFIE] Fourier Z24)

= > flr)e™

n=—oo
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XIS % A% Fourier 283, JAHA 2 OB g: R — C iZX LT

1 [ ,
F*g(n) = %/ g(x)e™ dx

TERINDG FgTHb, ZHUTODVWTIX
Frfxgl=5F"fF"g

DD LD, AEINZ, Fourier REBUZDOWT ORI (7.21) F* [f * g] (n) = F*f(n)F*g(n) LRLT
HB,

7.6 o ORER

(el — R L-OZTNE, ZOXEDOAEZ I ZIZELDZSIE>TVET, TAEEA, )

d df ., dg
9 =oxg=Fx o

[*g(zr) = /_ [z —y)g(y) dy
WU TCHEDEEES TR TE 3513,
o0 a o0
(1U*ﬂ@)=/:——ﬂz—wmwdy: (o~ y)gly) dy = (f) * g(x).

dx ox o

BAIABDENZ, 9 F [Fourier ZHRDMY T TEANDICH ) THID EiF 5,
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58E TUAI e TJallA—

\np

EEUHTEHELRKEER2TTIZNL « 74 VZ—ITOWTHHAT %,

sCB DHEES
BREEROEAL Z TRT, BRABEHOESEZ N & RT,
N={neZ|n>1}={1,23,}.

£E ADPSHES BANOEREFEOESE B tRT (HlE BRAFEDONZEE).

8.1 BHRES

WEBI a = {a}neny 213 N 225 CAD (120D)BERTHZ (0FD, a, ZacCVITL?
neN DB aln) THZ, tWnH k) AT, CV IEZEBINOLEOEETDH %,

FEkIC, BTEER R 2E (ADBBOBRTHIF L) B {a, e OEWIE CF TH 2,

§:=Cl B (I ZEFDFE T, signal BIRDES L WS KFFE TXFEEAR),

(8.1) S =Cl = BHEIRZAFL T 2EFRTNOL2EKOES.

(S X S D calligraphy 74+ > FTH 5, )
r,y €S, c€ CITHLT,

(x+y)(n):=z(n)+yn), (cx)(n):=cx(n) (ne€Z)

Tao+ycesS ZEDDE. §iF C LOMBIITORRIZEM (X2 PLZER]) TH 2,
S DEZD Z & ZBEEES (a discrete signal, a discrete-time signal) & PR Z 2125 %,

8.2 BIAHLEBHIAVNILR
T,YyESIWIMNLT, 2 &y DEAAH zxyc S %

o0

rxym) = 3 a(n—ky(k) (nel)

k=—o00

TED (PR T 2 EREL T),
RHEGERI FEEIERL SBELERR AR D 31O,
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Bll. zxy=yx*x, (x*xy)*xz=ax(yx2) DRHILDI &2t
§={0n} e €S %&

0 (neZ\{0})

TEDD, ZOD § ZBfIA>/V)LRA (the unit impulse) & FEXR,
EFED xS LT

(8.2) O 1= Opo = { L (n=0) (0no & Kronecker D7 LK)

(8.3) rxd=0*%xx =1

DD LD, EBE EED neZ ITHLT

[e.9] oo o0

M DINLDODT §*xx = .

8.3 HHEEEI«ILE— (LTI7+I/LR—)

SHhH S NDERETIAI » TAILA— IS,
TIORNL TA4NR=F: 8 S IC&kdresS OBk Flo) eELZIZT 3L
FORL T4 LR —F: 8 -8 BIFHTH 3 it

(Ve,ye S8) Fle+y|=Flz]|+ Fly], (VxeS8)(ceC) Flex]=cF[z]

iR RYAS D AN
t=A{xn},cz €S, ke ZITRLT,
yn) =z, r=x(n—k) (nez)

TEFED yeS D% a(-—k) DE2W0IE {1y ptnez EHFLZLICT 5, BT RIC k 2. T
(KF) 255 LD TH 5,
L3 NA

METI RN« TANE—F: 8§ - 8D, BF (FBFAZE, time-invariant) TH % & 13,
(8.4) (Ve e S)(Vk € Z) Flz(-—k)| = Flz](- — k)
DD, BVRZIDE {yn},eq = Fl{an},op) EBLEE

(Vk € Z) F [{In—k}] = {yn—k}

MEDWOZ L ENS,
(3o TH SR BD0ETE, FEZT5TER Sifz] =2(-—k) ZEALT, FoS,=S,0F &
E IS BMNDRL TRV ? )

BlZEEe 52, HLESRBDH D, 2 Z ANNEA, Flo] A=A —06HMNHEN2ER LT 55
By BPEPSEZ/NELEDLLRBRNT, WOTHELIIRIEFT L E, F BRAETDH 5,
W9,

T HEDEET. % o(n) LB DT, FREKAILTHS, LW5ZLTHS S,
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thiE 8.3.1 ML EERTIRIL - 74 VR —F: 8§ - SITHNLT, h:=F[§ £BL &,

Veed§ Flz|=hxux.

MEERRT IRV« 74 VR — FIMLT, h:= F[§] % F OBRAIA > /NILRIGE (the unit
impulse response) & FEI,
SR ET—ERAEXS Ve e S ITHLT

ThHhEIHN5H,

F O e E 8o

Flo] =F | > x(k)5(~—k>] = Y wB)FE(—k)] =Y 2(k)FP](-—k)
= > a(k)h(-— k)

X

o0

Flz](n) = Y z(k)h(n—k)=h*z(n) (n€Z)

k=—o0

ZERLTVWSDT Flz]=h*z. =

Rk 8.3.2 (BAME) BN RESLULOES (BIR) 122V TH, EEFRIRD Z & D IZD, &
LWZ 3 EWT 20, F—7V— F&fiioT, FRENICEVWTEL &,

W R OME DR S X E 2 G LT, EOBAM A VoV ZREICHYE T 2 DM
TTREROEARMREFER, EED f T 2 RO, EARY f OBIAAIZELYL, =

84 FIR71I)L&—

MMIEERRTI RN+ 74 VZ— F B FIR 74L& — (ARA > OLRIGE, a finite impulse
response filter) TH 2 & 1&k. F OHLA VoSOV RIGE h:= F[0] 3. TR RELRBERE J 1T LT

(#) (VYneZ:n<0Vn>J) h,=0

ZiilzT IR WVI, ZDEE hghy,-- hy (BHLFE-TOTRVERD) #7 F D71 IILZ—1%
S,
D&, Fla)=2xh TH2H0 56,

[eS) J

Flz)(n) = Y x(n—k)hy =Y z(n—kh, (n€Z)

k=—o00 k=0

DD 3D,
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8.5 EHEEBEEDODETEMZHY T HEER

Mathematica @/ — + 7 v 2 piano-cutoff.nb? ZHE L 7.

7/ TRIVONMEZIES LI-E%ZEkE L7 “piano-do-mi-so.wav’ %aiAiAA, Z L xBERL
Fourier Z#1L T, D H 2 & ZTA0 6 LOFREZ 012U THh o, HEEE Fourier £ LT, &

ZHELTHELERTAL, W TRT I LTHD,
e piano-cutoff.nb ~N

snd = Import["http://nalab.mind.meiji.ac.jp/ mk/fourier/piano-do-mi-so.wav","Sound"]
{left, right} = snd[[1, 11];
st = snd[[1, 2]]

take[tbl_, t1_, t2_] := Take[tbl, {Floor[til*sr], Floor[t2*sr]}]
takel[tbl_, t_] := Take[tbl, {Floor[t*sr], Floor[t*sr] + sr - 1}]

g = ListPlot[tbl = takel[left, 1.0], PlotRange -> All]

ListPlay[tbl]

ListPlay[tbl, SampleRate -> sr]
ListPlay[tbl, SampleRate -> sr/2]
ListPlay[tbl, SampleRate —-> sr*2]
ListPlay[tbl, SampleRate -> Floor[sr*1.5]]

Fourier[tbl, FourierParameters -> {-1, -1}];
ListPlot[Abs[c], Joined -> True, PlotRange -> All]

C

g

cutoff[f_] :=
Join[Table[1, {n, f + 1}], Table[0, {n, sr - 2*xf - 1}],
Table[1, {n, £}]];

440.0%x2~(-{9, 5, 2}/12)

c2

cxcutoff [500];

ListPlot[Abs[c2], Joined -> True, PlotRange -> All]

g3
Export["do-mi-so-cutoff500.eps", g3]

tbl2 = Re[InverseFourier[c2, FourierParameters -> {-1, -1}]];
ListPlay[tbl2, SampleRate -> sr]

do = Rel[InverseFourier[c*cutoff[300], FourierParameters -> {-1, -1}11;

domi = Rel[InverseFourier[c*cutoff[360], FourierParameters -> {-1, -1}11;
domiso = Rel[InverseFourier[c*cutoff[450], FourierParameters -> {-1, -1}]];
domiso2 = Re[InverseFourier[c*cutoff[900], FourierParameters -> {-1, -1}]];
original = Rel[InverseFourier([c, FourierParameters -> {-1, -1}]1];

ListPlay[do, SampleRate -> sr]
ListPlay[domi, SampleRate -> sr]
ListPlay[domiso, SampleRate -> sr]
ListPlay[domiso2, SampleRate -> sr]
ListPlay[original, SampleRate -> sr]

J

Zyra—FLT, FTLTALD,
Safari T7 7€ X5 5551F. 20RO WWW # A4 |k http://nalab.mind.meiji.ac.jp/ mk/
lecture/fourier-2019/ %[ =, piano-cutoff.nb® % Ctrl+Z7 Vv 7 LT, 'V Z%EDT7 74

’http://nalab.mind.meiji.ac.jp/ mk/lecture/fourier-2017/piano-cutoff.nb
3http://nalab.mind.meiji.ac.jp/ mk/lecture/fourier-2019/piano-cutoff.nb

112


http://nalab.mind.meiji.ac.jp/~mk/lecture/fourier-2019/
http://nalab.mind.meiji.ac.jp/~mk/lecture/fourier-2019/

AR TE Yy a— R 23EIRL., B2 ORIGANIRTE L. Mathematica TBi < .

8.5.1 BUIRMEI® T LOES

B EIC—>— | Shift [+ Enter | TFHMli3 % 22, [FHili] — [/ — b 7w 2 23] T—&Ic 2tk
ZEHIT 2.

(:snd = Import["http://nalab.mind.meiji.ac.jp/ "mk/fourier/piano-do-mi-so.wav","Sound"] :)

7 /TR - VONMEEZHNWDZEE L/ 7 1)L piano-do-mi-so.wav &1 ¥ K— kL,
ZY snd ITRAT %,

{left, right} = snd[[1, 1]];
sr = snd[[1, 2]]

BHRO PCM 7 — X OEIEY R + ZEH left, right WRAT 2 (FhTNEF v 30, AF ¥
VAN FlH TN v TP R R st ITARAT S (HIZ 44100 Hz TH %),

take[tbl_, ti1_, t2_] := Take[tbl, {Floor[ti*sr], Floor[t2*sr]}]

takel[tbl_, t_] := Take[tbl, {Floor[t*sr], Floor[t*sr] + sr - 1}]

t1 &2 S 12 BWRETOT— &2 MBI take [ (FHENIEDRV) & t RS 1 B9
D7 —XZHD IR takel [] ZEET 5,

(Take[] 13V R + DIEEHPH 2K = 3 BIEL Floor([] I3/ME T — & 2 D& TTREICT 2
HeHz, )

(:ListPlot[tbl = takel[left, 1.0], PlotRange -> All] :J

BOIDS 10O A5 1 TOEF ¥ > FNVDEST—X2ZEH tbl AL, o7 a vy
FLTAB,

81: ¥ /TF -

/11

- Y DRI %5 <

8.5.2 [ifE: TV VIR EEZZTCEYE

[ListPlay[tbl, SampleRate -> sr] ]
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BiET— &3 ListPlay[] BARCTHA (F2H)) $2 2 L2A[EETH 5, ZOFRIC, 7Y~
TR DIEEPDETH 5, (snd V> 7V Y ZRABEBD T —REEATWSH, tbl IXE5D
BIET =2 DAHLDPEATOVRNDT, HIRIEET 2R0EDND 5, )

SampleRate -> sr 3 4UX, IELSHAETEZ I, ZHEZEZ D ARODEDEI LITED &
XTH4AEINS,

o FRICT R, 1AV X-—TROETHAEAINS, FERMEIZ 2R S,
e 2f5ICT B L. 1AV X—THVETHEINS, FAEREIX1/212k5,

VYTV Y TRBIE AR TSR ~
ListPlay[tbl, SampleRate -> sr/2]

ListPlay[tbl, SampleRate -> Floor[1.5%sr]]
(JEEE % 1.5 5123 5, Mathematica Tld, > 7V ¥ VEERIIBEBTIEET 2 083D 5

\®T\ Floor[] ZHWTEEIZLTW3, ) )

8.5.3 BEfE{ Fourier £ L TARY MILZ KRR

(2 LT 572 2 2 0N EY)
BEBL Fourier Z#1 L TARY L& FIR

¢ = Fourier[tbl, FourierParameters -> {-1, -1}];

ListPlot[Abs[c], Joined -> True, PlotRange -> All]

0.015 -

0.010 |

0.005

— Lo I | | Ll

L L L L L L L L L | L L L L
10000 20000 30000 40000

BiEEN Fourier 281 L C. BEEL Fourier (REL C, #7v v b 55, B c I3BMED Y A T c[[:]] 23
Ci1 THA (1 <i< N =sr=144100),

1 B0 D55 ZHERL Fourier 248 (Fonurier fRE 2 LEHR) LD T, ¢, cop EEEE n Hz O
A TH 5, XHH3 2HERL Fourier 128 C,,, Cn_p &, Z0NFN c[[n+1]1], c[[N-n+1]] IZECIE X
NnTnsz,

VY7 /DK 2V 3O00FBENMNTHLEZETHEIDN, ©—2& 3070 TRATSEIAH
TWBZEDTDB, ZHE (BBAA) BERTEEATVEOTH 5,
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8.5.4 BULWEEZAYLTHSB

HEN 440Hz DT DTS TRHZ R« 2« VORZTOEX1E, 440 x 27912440 x 275/12 440 x
27212 Hy TH 3,

(i440.0*2”(-{9, 5, 2}/12) j)

DFERIE {261.626, 329.628, 391.995}, DF D N, I, VDAL 261.6, 329.6, 392.0 Hz T
5,

cutoff[f_] := Join[Table[l, {n, f + 1}], Table[0, {n, sr - 2xf - 1}],
Table[1, {n, f}]];

c2=cxcutoff [500] ;

ListPlot[Abs[c2], Joined -> True, PlotRange -> All]

cutoff [1 1&. fHz XD @EWVEKBSEA Y T 27-00BIBEKTH % (e8I f+ 1 HD 1,
KEIW f D1, ZOMIETRTO L WISEHED Y 2+ EIRT),

c2 1% 501 Hz LEDRAZEATOVREY, K+ 2« VOREDTHEDZ T LrEATVERY 2155
PEiEHy PLTH ),

0014 -
0.012
0.010
0.008
0.006
0.004

0.002 |

S S H S S S R
10000 20000 30000 40000

WHERK Fourier 22 L T (BEGEBICELT) B4
tbl2 = Re[InverseFourier([c2, FourierParameters -> {-1, -1}11;
ListPlay[tbl2, SampleRate -> sr]

500Hz Ab%Ay FLAEZHELTHWTAS, (FE  DHETO Mathematica Tl&, FEERZH S
72912 Re[] ZHETED LD o 7203, i ® Mathematica Tld, tbl2 IV L TH 0 TRWVEHD
M5, ListPlay[tbl2, -] DEFTI KR o7, )

Zofh, Fy M BB EOAEZ TR TS,
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do = Re[InverseFourier[c*xcutoff[300], FourierParameters -> {-1, -1}1];

domi = Re[InverseFourier[c*cutoff[360], FourierParameters -> {-1, -1}]1];
domiso = Re[InverseFourier [cxcutoff[450], FourierParameters -> {-1, -1}]1];
domiso2 = Re[InverseFourier[c*cutoff[900], FourierParameters -> {-1, -1}]];
original = Re[InverseFourier[c, FourierParameters -> {-1, -1}]];
ListPlay[do, SampleRate -> sr]

ListPlay[domi, SampleRate -> sr]

ListPlay[domiso, SampleRate -> sr]
ListPlay[domiso2, SampleRate -> sr]

ListPlay[original, SampleRate -> sr]

/

BAPEZIERTATE S5 9D
D WX FOEELILRDOTRFEHEIZB? o2 dfEELIEENTVERVDT, DEHEYT /5
L < 72u,

ALICY® 2 THD? FBELHFAORAKRBE D ZHEHIILICE>oT, IOFLIEHEL 728
WY S THER W,
hHe, ZFOHMA, ZOLTHREZIDBED 77 A NLD3IEET LD X,

8.6 TIUAI T4 ILE—%{ED

miEl, TY&XNL - T4 LR —DFHBAZED T, STI 7 4 L Z—0D, {EBAINIH T B H1H, H
PiA VNV RAINEE DBAIAATEREINDG, W EREHN LT
DYUBKINREE R T2 (BRI TR I LB REI LB oT0EDRETE ),

8.6.1 Z2EDMWIED®RN: H>TVVILTHST1ILRZ—ICAN

L XL OERHEE (7 Fr EG5) 23> 7Y v L THBUES (TY2UEE) 2Kk (2D
AD BHi% L7222l 3), $IEERERTY XL - 7 4 V& — (LTI 7 4 VX —) F AN LTH
N%E/EI,

PIZIXBEDHE. 25 L THRLONHBES 2 SEIX DA Z# L THRL 0%z EwT) Rz
D55,

54l PARIZ 794
pHEE Py 3 E
Tﬂzmmﬁﬁ wikiAs 2 | 8B
Xix) L= {2 Yt

HIEES X(1) | = |HEBUES v = {2}y | = |BEEUES v = {un ),y | — | 1ERES Y (0) |
YOIV TR T, £ LT

(8.5) r, = X(nTy) (n€Z)
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Tax={z,} ZED S,
LTI 7 4 V& — F QHNA VoV RIEE h = F[§) W3 &,

(8.6) y=Flx] =xxh.

ERAS9X5)

(8.7) Yn = Z Tpthy (n€Z).
k=—oc0

8.6.2 IEKRET>VT) VI TBEHELEBINESNS

EFEEz AN LIz 20 ZHARTA LS,
E? (FOaanly)  EREOEBRERBEOERSOETRYE, FIIRETHE05, IE
RiREAS LIz 2o hzEREDLEIVIHIINE LN S, (EE. FEDES 2(t) X 2(t) =

%?/1f@ﬁ@%tﬁﬁé@f\ﬂwmﬁﬁﬁé%@eR)@ﬁ%%éfﬁé\t%iéo
T J—c0

(t) = (QeR) T %,

T, = 2(nTy) = s = ™ (n € 7),
=72 L
w = QT%.
T, = ()" THDIDH, v :={x,},, BN e ODFELEIITH 2,
BRI > T VT B . FHHIICHE S,

BV TEBICKD . YTV TR T, TE L HICWZ 72121,

Q,
(8.8) 9 < 5

DD L5 TOWRIFIRERSLR VL, TOLE |w| <71 THD,
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10 < 2 AR SR EE — ERE ~

—D QI LTIE, w=QT, TEDZw X (—7,7) OHEEAMHTLES 22D 55,
W' =w (mod 27), w € (—m, 7] £7RD W D ZEDHKD, TDL

T, =™ (ne)

DD LD, TD W ZIERREARIRE L WA,
PUFTR " 2o THICw TIERLARBE R T, DD

(8.9) w=QTy (mod 27), w € (—m,7l.

CTDEIICw EBEERLTDH, R

(8.10) T, =™ (n€7Z)

DI D 3D,

EYN

(8.11) f:%%(fﬁwﬂﬂﬁ?%%ﬁﬁ)

TEES [ ZIERLERE L R,

kfﬁd)ﬁﬂi% (—m, 7] T [0,27) WOEIGE DD 5, )

—EXE . LIRUIR TRACLREBEY , TRALPAEREL BHTRE8, wob [7RAL
DA SR <2 = TR A L DAL TH B,

8.6.3 JTTDIEESDRIRE C IEFRRLERE DR
FiGi e > 7V > 27 UCTIESIL () BEECE R 7205, 7T (M) AR L ORI ?
(T () B = ERL (8) BRE x 4> 7 VIR

TCDIEZE DO F, 3> 7 Y R F, TYH > 7Y 7 U TE- 7-BEUEE TOIERLE
BE¥E fedde.

2rf =w, w=0QT,, Q=27F, TS:Fi
THEIND, i
=
N g5
(8.12) F=F,f,
(8.13) 0= Fu.

Ri2. HAEKKRZY YTV YR F, = 44100Hz TH > 7Y 7 L6, Bon-HEEE
O IFHLAEWRE w = % THhote b OIEMEOREEE F 23Kk X,

B QO=Fw Q=2rF TH>d1b,

Q F
_ 2 _hw AI00Hz o,
21 2 2 10
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8.6.4 BEFILLTICEXRZE T4 INR—ICANNTBDE — T+ ILX—DRKREEFE

TIRN T4 NE— F PREEETHLE05, h:=F[0] £BL &, EEOBRUES « 12X
LT

Flz] =z *h.
WZIZy:=Flz] £BLL
Yp = Z xn—kzhk: Z 6i(n k)wh — i Z e zkwh
k=—0o0 k=—o00 k=—oc0
Wz
(8.14) h(w) = Z e *p (w € [~ 7))
k=—o00

rBEL e, ZUIEE h OBERIRR 7 — VU Z&HT,
(8.15) Yn = em”ﬁ(w) (neZ).
IAES FE&% LW, HIEES y={y.} & (AES 2 ERTC L 57%) ERIKTH D, AETREBUI AT
BEDZREFRILTHZ, DF D, KD Lol
FREREEE 74 LA —ICAN TR . BLARBOEKENHIETN S,

h(w) &, “HEIER Y THIERIRNEZDDTH S, LAUIAFEIK w OBICR-o TV, ThE
7 4 VR — F OREFEISE (frequency response), BREEFY (frequency characteristic) & PR3,

/%%%ﬂiiw 33 ? ~
EENHDOT X X FTlE. COFERBISER. h D 7z ZHZHWTERBELTHEHDOHZ N, —
JEAENT L TEL s h={h,} D z B3,

(8.16) H(z) = Z % (Laurent f#T54)

k=—o00

TERINIEREKR H(2) T, Zhezfwse

(8.17) h(w) = H (™) .
H(z) %7 4 VR — F OERE (transfer function) & FEER,

| BBEOT 5 AT, BHERS TS SDIHIE 3] 55D (BxoLBLL). » J

JEEESOEE DAEIHE & WA I HET DOV T WS,
o Glw) = ]ﬁ(w)] — |H ()] %FI1E (gain) ¥ IEZ,

o O(w) = arg h(w) = arg H (¢™) 2 MBS 7 b (phase shift) & FER,
(BEUHDOARTIE, arg 2 L L FHL 22D 5, )
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8.6.5 O—/NRX -+ TJq)LR—

BEOEFITET2, BOEEIY T2, WHOWER—SR - T4 VR —2EFoTAHLI, (§8.5 D
HUE T2 74 VE—%{E5, )

r@ufﬂk%xé F>02Lf.FMT@H&ﬁ®mem%@ii BIH, F, XhEWE
%@H&ﬂﬁ}kﬁm?émﬁmﬁﬂﬁﬂwAi

=9 Fe
We := 2
% ZCRHEBIRED
~ 1 < w,
(8.18) h(w) = (o] < we)
0 (lw| > we)
EIB KI8T 4 N R =KD KD, BERUIRR Fourier Z2#2 0D KER/N T
1 [T~ .
hp, = — h(w)e™dw (n € Z)
2 ) .
Rl
(8.19) hn = L e dw = “ sinc nw
' 7 o “

Z 2T sinc I RATER I NS IEIEHIL sinc TH 54,

sinczx := Sizx (z €RA\{0})
1 (x =0).

3. (819) ZErrD K, (B> b: / e dx = 2asinc(ab) DK D LD, )
RODTH: DFED, TDLSIT h, ZEDDE

. —inw_/\ _ 1 (|w| Swe)
2 e ‘h("”‘{ 0 (ol > )

DD ALB

Ty, ZitE T2, F, IOBRVWEEBROESRZZOEZEL. F, X h)EWVEEBROESIZ5EEIC
Sy 7Y NI B,

LDl 74NV —=%2aYEa—&—FICERT 2%, BRIGIOHAELZ T2 Z 8 I3HFENT
X720, MO THRETITSYI2 Z 81257255,
0o J/2

ZZTETRINCHMAITBYID 2 EZ THS, JeNIHLT Y % ) THEXHEI,
k=—o00 k=—J/2
CHUZ F I GEW 23, F CIdRRZTIEN - T4 NVR— FI ZEZ TN I IR 5:

J/2

Z Lol (n € Z)

k=—J/2

4Mathematica @ Sinc[] » Z DIEIFEHIL Sinc TH 3,
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DLEE {h,} DB
e (nl < J/2)
"l 0 (In| > J/2).
TERIND {h)} ZHV, LW e THb,

ZD F7 ORI

N 0o J/2
h‘](w) _ Z h;{befinw _ Z hnefinw
n=-—00 n=—J/2

ThH2, 2D W (w) DFT7EHHATHES,
~~ Mathematica T W (w) DZ 57 %HL ~N

omega=0.5

h[n_] :=omega/Pi Sinc[n omegal

draw[J_]:=Plot[Sum[h[n]Exp[-I n t],{n,-J/2,J/2}],{t,-Pi,Pi},
PlotRange->Al11]

draw[100]

HiZlX
Plot [If [Abs[x]<omega,1,0],{x,-Pi,Pi}]

(FERIZK 8.2)
N\ J

PP EEZIDND B XD AREMNIEMETRZD D LRI U T, FEGEREE D Fourier fEXDER 57

10
0.8+
081 L

0.6

0.6

o4l 04

021 02
‘ ‘ “W ku ‘ ‘ :
\/ \/
-3 2 -1 1 2 3 P S S R B P P S SR O N
-3 -2 -1 1 2 3

8.2: hy(w) (J =100), ZH ¥ T 5 %o TRLWE h(w)

1%, Fourier XD KERRB-DDH 5. 2 \W\WS Gibbs DHRTH % |
&M (8.18) 3D 2HOMETH 200, NHEKEBTDH 206, HRFIDFHEIHRLWIRD |
MAOTRLABVWI BRI E, W5 Thb,

ZNTES T2 wo L, FBEUMTIE, windowing (BZH)5%) WS 77 =v 7 ZHW»
THLT %, hy, IR (BEE) LN S (E)T CTERIERNIZ 0 12a0<) B Z 2T, 0 ThRWVWIEE
BREDOAICT %, BEBUCITBEARDDNDH2H, 22 TEY Y 7V hann BZHWTAS,
ZE

B 1 — cos2mx

w(z) = 5 0<z<1)

TERSINHHEMTDH 5,
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hann o> CTY AR ?

wlx_]:=(1-Cos[2Pi x])/2
g=Plot [w[x],{x,0,1}]

(FERIZX 8.3)

ZDw EHWT,

T / \\
081 / \
06 /

041 / \

X 83: NoBw DI F7
Bl w(n/J —1/2)h, (In] < J/2)
" 0 (In] > J/2)

T{h"} ZED, {h,} DRDDIZ {B)"} ZHNZ ZEITT 2,
CHUE FITEWD, F QIRERZTIRNL - 74 0E— FIWERWSE Z Ik 5, ZDREIHEK
ST

00 J/2
hJ’w(CU) — § h;{,wef'mw — § h;{,wefznw.
n=—00 n=—J/2

D777 ERLTALD,

wlx_]:=(1-Cos[2 Pi x])/2
draw2[J_]:=Plot[Sum[w[n/J-1/2]h[n]Exp[-I n t],{n,-J/2,3/2}]1,{t,-Pi,Pi},
PlotRange->Al11]

0.8
0.6
04

021

| L

I I I I I I
-3 -2 -1 1 2 3

8.4: BEMDH b (w)

9] J/2
WD SRV S
k=—o0 k=—J/2

Yn @%I‘%*b: ZL’n,J/Q, ZEn,J/QJrl, e 7I'n+J/2 7534\4‘%0172 5 Z Z 0:@5% L/ J: 5 o
Z4N&—F/ F7WIEFIR 7 4 V& — (ARA Y SAVRRNET 4 VE—) EEZTRW,
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595  Fourier B DM BAIEXNADILH

\np

9.1 [FL®IC

WA HFERADILVEKD Fourier ZHOIGHIZ. EHICEEICH 20, INKOMEEZEBAL
S 2O LV, ZNTIOMRTIE, BEUHEZERICHE L (2056, il d
AODED DFREZIUZEH L < W), L L. M AREAANDICHICEE ZED>DIFHART
HAH506, HENERZE, B4RHlE 0 O0EDTRE, WETDH, ZO55D1D020%
HMNT 22598 TH5,

B R T 2D LVWO T, ZORIIHEOR>THLYL, & hH X ITREFRR
THREHATLDDFHELHLWVIEZ S LRV,

HEREEE L THE L, FHD Fourier 21Tl
Ffxgl=VorFfFg=\2rf§
DD D Z e 2BV ZES (R (7.20), THnrs

9.1) ?5:9[ 1

mf*gl

N A RYASN

9.2 FI[MELH — BHNEAAATRESLEAZRS

ROFNZ. RANTINRE ZA03H 305, Fourier B2 FHW T HEREZE v Enz vy Y
AMEEFNTWS,

B 9.2.1 (R ICEITZEMHDAENDOERERNE) (A R-R, k>00852607kt %,

(9.2) —u"(z) + k*u(z) = f(z) (z €R),
(9.3) u(z) >0 (r — +o0)

275 u Z2RKD X
W 7iREs (9.2) DA% Fourier 2183 %, X 3#EMEDL S

-~

—F [W"] (&) + k) = f(§) (EER).

"R (2.26)% &b
—(i€)*a(g) + K*u(¢) = f(€).

LZAEENHEBHAITRERI DRI LV WS Z e Tldil . ERAMLL THEBESIZILTLE BT L
Ham L LR WIEEDRZ W, WS Zehd Ltkw,
2F [fM] (€) = (&) Ful(g).
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e+ k>
Y ZATEH232 25,
g(z) = \/2%6’“'”
el )
9(§) = TR
TdH 5,
W22
u(§) = 9(&) f(€)
(9.1) 25

M D3 Fourier 2% 5 &

Trbb . -
wa) = o= [ ate—nsdy =gz [ m

—00

EE 9.2.2 £IAT (93) LWIHEMIE, —RL I TH-70%%5 2 FEECRET . Lo#k
T, f, o, u @ Fourier ZEMBFHET R I ZRELTWS I 2ICKDL . BEDNES T+
#H < JHE T UL Fourier ZHEDFIET %, iFflIIEMET 5, =

T RkOHRD L

EWVWSFEORBErNT L EIZ

9(&) = G(&)
b g ZRDI-DIFITH B0, g lFET 512 G O Fourier 2z 570, ZDe %
1
u = \/ﬁg*f

DDIALD, EWVSDOBHLTLTHS, UbzeFedTHBI I,

FIE 9.2.3 (Fourier ZMATER 5IFBAAALTRITS) 1= Gf 7513, ¢:=FG B L,
1
ar 9

u =

9.3 FFM@ICHFTS Laplace 53ZIND Dirichlet HEF{ERIE

(Z 2 TN T 2MRIEHES T, TZ250 20X (BEGH or R AERGRT) Ho7y BV
H3HEFEIIZ Ve G T 2100, 22850 2 412, Laplace FTER2 S LT, R UARE VLD
LW, #RTIEIANRAD»R? )
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Q:={(z,y) eR2|y>0}, [ RoR &3F3, Q CERINBL u T

(9.4) Uz (T, Y) + tUyy(z,y) =0 ((z,y) € Q)
(9.5) u(z,0) = f(z) (ze€R)
i3 b DERD K,

Z U Laplace /7#2D Dirichlet HEFHERE & FHIN LMETH D, LTOMRDIEHTDH %,
w(z,y) © y ZEBIEEL T, ¢ ZUOBEE (v — u(z,y)) & AT Fourier AL 7=H D%
u(ly) ERTILITT B

6.0 = o= [l an
y ZERIWICERE LT, (94), (9.5) & 2 1IZDWT Fourier £#13 % &

~ 0

(9.6) (i6)*u(&, y) + g &) =0 (EER),
(9.7) a€,0) = f(&) (€€R).
772Uy 3N (2.26) &, Mo & RS DIER AR

* 9? : 9* [ -

} a—yzu(x,y)e_”gdx = 0_3;2/_ u(z,y)e “dx
DI D XD EARGE L 7z

(9.6) i

0? g~
8—yQU(€,y) = &u(é, y)
rEXERS, SEITEREETE. B y OWTOBEBOEMD HERARE S, €40
THhuL
(&, y) = Ae®Y + Be ™ (A, B I IMEEER).

E>0DEEX, BEOFRETHZ72DI2 A=0. T2 %25 B = f(¢). ®ZI1

uE,y) = f(&)e .
FIRRIC € <0 D& =1, R
u(E,y) = f(E)e.
QIR
09 (e = Flg
WXz, EH923 25, € e v DI Fourier Z#1% g(z,y) £ T3 &
1 1 o
) = =) o) = 2= [ oo —ta)f) .

EM232TRLEEDIC, Ta>0 D& F ] (§) =1/Fe k) HRHIZODT,

2taZ
]2y
g(may> T \/;1'2 +y2
ek,
G&,y) = el
DI D LD,
W Z 12



9.4 BAFENOYHAERE
(12D BSBERARO 2 EECHIT 30K 513, CABRVESS2? )
2 (f58) FRXOVMENME: [ H52 5L 5, AREWET o 2R &,

(9.9) ur(z,t) = ug(x,t) (z€R, t>0),
(9.10) u(z,0) = f(z) (x €R)

— ApiciiR s e, ERICRW—RBBEORCEDOETATH 5 (BAITHEHITERE T 3),
u(z, t) FRX ¢, AIE « TOMORE, [ 3VIHRESfMTH 5,
u(z,t) 2 v 1IZ2WT Fourier £#AL 7 b D% (& t) £ T 5:

W&, t) = Flu(x,t)] (&) = \/% /00 u(x,t)e ™ dv (£ €R, t>0).

U = Uy, DML % Fourier 211 £ 95,

F ltge(,4)] (€) = (i€)* F [u(x,1)] () = —€70(&, 1),

CE . o 1 [ | 0
7 (e ) (€) = = /_ Gt et dr = S [ u@ne =t dr = Sate)

THEDNH 5
CHTEMDTTERTH 20085 12T 5,
a(E,t) = e a(e,0) = e f(¢).

d = -
(DFD %zay, y(0) =yo = y = yoe™ NI T ¥, )

) 1 e ) 1 e,
TN L AR F [e_‘” } (€) = ——e 5 BB F* [e“‘5 ] (2) = ——c @ HMELRBDT

\/% 2a
= L[] (o) = L%
G(z,t) == \/ﬂff [e }(x)—\/me
sl .
. 1 e
G(&,1) Nz
Wz .
uet) = [ Gl v 05wy
FeHbiHE
(9.11) ( 7f)_/OOG( -y, ) fy)dy (xeR, t>0), G(xt):= L%
: u(z,t) = n T —1, y)dy (x , , x, .—\/He .

DB EXOWIHMERE (9.9), (9.10) DO RARTH 2, HHBRRELT BV Z, 2D u b
fEDNZ (9.9), (9.10) DIRETH 2 Z &, EBO—RBMENRD DO Z L WFEHTE 2 (205 BT8Rk
WIS ),

G I3RS EX O YIHAERE D BEAREE (the fundamental solution to the heat equation), Green B
# (Green function), & 2 WIZEWX (heat kernel) & MM 2, IEFICTHERRBEKTH 5,
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T, G oHEZ WL Db 3,
FED t>01HLT N
G(z,t) > 0, / G(z,t)de =1

DD LD, Gld. 0, L 2t DIERI A ORERELREICEFE LW, ¢ (> 0) ZEE Lz & &,
z— Ga,t) DZZ 713 ¢ =0 TUIZR o TV, HFEROHRT, o #e O TH N 7ZH7 D
HEFEDY 112720 TW5 (FE, REORETIIART, WIIMELF > TWRENMRFESINL L %
BT 3),

ST LI LTINS 2 Z 8 ICHEREL £ 5, RO E & 12, BE2 > TV b
T,

t ZEEL T, 2 — Ga,t) DFZ 7 72T, KO EE e bITEADE S ZELT 50, A
X =Y RBEDOHFIHEEIT D Z L,

&Y 7 VU =7 TY T 78T B, Z ZTIE Mathematica & gnuplot % H\W7=6l% 7R3,
~~ Mathematica TETEROEARMRZ R 2 ~
Glx_, t_1 := Exp[-x"2/(4 t)1/(2%Sqrt [Pi*t])

g=Plot [Evaluate[Table[G[x,t], {t,0.1,1.0,0.1}]], {x,-5,5}, PlotRange -> All]

Manipulate[Plot [G[x, t], {x, -5, 5}, PlotRange -> {0, 3}], {t, 0.01, 2}]

-4
B 9.1: BAEXDEARM G(-,t) (1 =0.1,0.2,...,1.0)

gnuplot T7 =X —>a Y E{EoTA LS, ¥

anim.gp

s=sprintf ("Heat kernel: t=)5.2f", t)
plot [-10:10] [0:1] G(x,t) title s
t=t+dt

if (t<Tmax) reread

DEDI2T7 74 “anim.gp” ZHABE L TEBWT (emacs ® Atom DXIRTFAL - 74 X—T
EAUE R W), gnuplot T

N2
S m, S 0 DIEBSE N(m; 0?) OREREHREISIL, em(—“ m))fﬁéo

2 202

2ro
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gnuplot> G(x,t)=exp(-x*x/(4*t))/sqrt (4*pix*t)
gnuplot> t=0.1

gnuplot> Tmax=b

gnuplot> dt=0.01

gnuplot> load "anim.gp"

J

-

Y3258 t=01205001%ATt=5FT, Ht) DT I7I7WEHF7 =X —> a »THIT 5, Z
ZCUEFEr LTI,

0.3 T T T
H(x,1) —
H(x,2)
\ H(X,3) """"
/\ H(x,4)
0.25 A i
/ \
/ \
/ \
/ \
02 / \ .
: / \
// \\
/ \
/ \
/ \
;/ \
0.15 - \\ -
0.1 ]
0.05 | .
0 L 1
-10 5 10
X 9.2: BAERXOEARM H(-t) Dt=1,2,3,4 TDTF 7
7 =A—=¥a¥ GIF OfEb 75 ~N

gnuplot TRXD X 52T #UZ heatkernel.gif® DBHIK S,

G(x,t)=exp(-x*x/(4%t))/sqrt (4*pix*t)
t=0.1

Tmax=5

dt=0.01

set term gif animate delay 10

set output "heatkernel.gif"

load "anim.gp"

quit

“http://nalab.mind.meiji.ac.jp/ mk/fourier/heatkernel.gif

IR TH %,
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G BEBRTER i3
0 82

b%ﬂm@t%G@J%»OT%%#\ﬁ%+02bf%0uﬂ®ﬁfﬁ0ﬁﬂﬁ?%o%@\

lim G(z,t) = { 0 (z#0)

t—+0 +oo (z=0)

G(a:,t).

Fixt— +0 DL X, G(x,t) IX Dirac DTILZ (88) BEIICR T %:

tl_l}I_Ii_l G(z,t) = o(x).
A
lim u(z,t) = f(z) (BEKZTHE)

t—+0
DD 3D (D F D PIASEH: (9.10) 2z LTW3) EWHIEKTH 5,

(D LELBREFEE IR TINY) FRICE e HTEL &, G i& Dirac ® 7V X EBREEUE wIHAME &
T2 ERTTREXOVIINEMEDBETD 5

0 02
—G(z,t) = 52

YIIICIE, B 0 CRAUC BATBRASEALT, 2 OBDMEE (JE) LT < iR BT BIgC
»2 (BN TRAR LIHENZDIKAEbLVER->TWS),

—G(z,t), G(z,0)=0(x).

9.5 1XoEENAENDYIHRER

R 8. WK v: R > R 25260 &,

(9.12) %&%w gZ@w ((z,1) € R x (0,00)),
(9.13) u(z,0) =0, %(m,O) =¢(x) (z€R)

2723 u ZRDTW (?&iﬂﬁﬁﬁ@%ﬂﬁﬂ@lﬁ%)o

(1) u @ & KB % Fourier 2 (6. 1) = —— / w(, t)e = do DT WO HTRR O GIIER
ErEx ZNZRT,

(2) @ % Fourier #1532 Z 212k o T, u ZRD K,

(fRZ X p. 136)

(Z ORIEL, Fourier Z#2% b $ITHIHENRMAE T DA TG 5 (M8 H1 IZHF N TB W), Z

1 T+t

hmi%tm%ﬂzé V(y)dy &85, BEDLDICHWS & RV, #HZAEE LT, (9.13)

x—1

DD DIZ u(z,0) = ¢(z), %(m, 0) =0 (z € R) ZFR L 75 E1E Fourier ZHATHE DT L
WAL H.1 DR DT, ZDHEGEL T BHRS, )
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F10E 0H: CTOHIE

HE D Fourier 210D, MO HBERUNANDIGHEZ—DHRTA LS,
(KEBL2NRDBDIZELBEZZV. #EPEo TR VDD, RBINEFNCH, EHAY
ErNTBEREHAL TR LADLETF 2y 7 LV AN )

10.1 ZEfFm: ZEZHEHD Fourier i
INFETZDOHETIE, 1 ZHEEARD Fourier L H> TZ o720, CT DFETIE, 2Z
D Fourier BB/ 5 DT, S D Fourier B2 N T 5,

f,g:R" - C &35 %, f D Fourier £ F f, g D3 Fourier 244 (1% Fourier £#2) F*g %
1

= = — z)e " dy

O =10 = o [ @S
* ~ 1 iz

) =300 = [ o€

TEDD, 1272L x-E3 z & E DNETH 5:
-8 =1181 + 228 + -+ TR

1 RoeD & = L AR IR E DRI D 37D,
ZZT
efix-f — e*ixlélef’ixggg . e*iﬂ?nfn
THHIZeEBERLTEL, I Ffld f= f(z,29,...,7,) BBEK z; (j =1,2,...,n)
IZDWT Fourier Z# L7 DTHB L ARES,

10.2 (g

10.3 CT OB

BEDBERIZRDPT Z & OHRBRWEEH CT (computed tomography, 2 ¥ ¥ 2 — & —WiEk
521) 1X. G. N. Hounsfield ¥ A. M. Cormack 12 & » T 1972 fEICBHIF X /= (1979 ) — -~ E
M BREZE), X2 AMRCHE T 22, BEIET2H00, —#253E#E L TERAICE» N
MR THRETZ %, MRICX 222 6B LZGEI. ChRFRELL2ZHEL. 2D
WETF =& HET7T—2)2arsa—2—HT25ZickoT. AMEOWHKDGHEONS, T4
MNCTTH 3,

tomography (&, THIE#RE ) LIRINZFETH S, X EREICBIT 2 —Fik kD X #HRETIE. 2L O
EXEBEL T 1 OBEBRETERT 525, BN T23H70H2FIOWHADOADIGREET DD,
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‘II JI‘;:J; II:
A
| 2 |
%\
o 7
ey

" P f.r i
& -

g

- _ / ﬂx".,
G‘*D ’J/ |

X 10.1: XfRELSFEE LN X BEIANEEERT I ZEELTHREINS

TR T — 2o NMED “EE” 2EH T 250 OREEN 2 FHIX, 51X Johann Radon 12 X
D 1917 FICHER I N ([38]) 18— T 2 23 o7z, 2X5T Radon BHEDHE % KD
LHETH 5,

fRNEDBEYrIZE VESI 7497 - AF v DO LTHESNS Rf 1 f D Radon
ZHTH D, Radon BHEDHIE, ZOHET — A0 oHEZEITLT S L ZAREL T %,

Rf 1 “sinogram” & d I 52,

f:R?2 - RIEKT, BlEar 7t (DD H2EREEDTFAEL T, ZOMESTIZ 01
RoTW3) &35, RZNOEEDEM L 1L T,

zﬁwy:/f@HM|(LKM5ﬁﬁﬁ)
L
L B<,
B LIRSS OFEE s(>0) &, R MLz il 230 (€[0,27]) THETE %, L
X
x(t)\ [scosf —sin @
(y(t)) B (ssin9> i ( cos 0 > (teR)
ERTGR=R—FIFTEZ00, FETEIRDO LS ICEEOHETICEZIZI O5NS:

Rf(0,s) = /_00 flz(t),y(t))dt = /_OO f(scos® —tsind, ssin6 + t cos 0)dt.

(ZDOATHEPRLY., FEZONTHRVWRLRELIMDIAATEI S, ) Rf(0,s) 25 f(z,y) &
KD,

HETENERR [ R2 S RPGR oL X,

Rf(6,X) ::/ f(X cosf —Ysin®, Xsinf + Y cosf)dY (0 €10,2n], X € R)

TEZ? Rf % f ® Radon B L I3,

2(Dirac DTV XBEID Radon Z#uld, [F5LKD T 7 7B T2 00D W 4RI TH S, LHAIATNS
. EEHELFH LV I 2 IEAIS W,
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|
|
|
|
-
|

.
/ iI \ (acos8, A8 )
// |
e ! I| ) r
r'd | / |
AR
O l >C
,-=/5/
. i \

S —

L

r (1, (ﬂl‘;ﬁ.a ) ; :.'"- 5.1‘19 |
3 | \ b
A g;]c — \ |

: 9 59 /
dv |  Lasnw |

10.2:
- 2% n Xt Radon ZH#ADER

S =Se={reR £ (z—) =0},
s:|§|,a:é—| B, s>0,ac 8" €= sa.

Ye={rzeR"|a -z=s} =%,

Rf(a,s) = f(z) do(x).
N

Ea,s
f @ Fourier ZH#4 g 13,

f:R* = RIGHEHGTEIERE T 5, SIERNOEEDOBFHIE T2, 2IX0505 L ICTA
L7ZEMROE € TIRETE %,

~

1 ,
g(&,m) = 2—// fla,y)e M dedy - ((€,n) € R?).
m R2
(&,n) OMWPEEZ r.0 £ 558, E=rcosf, n=rsind THEIHH

g(rcosf,rsinf) = / f(z,y)e tr@eosbrysing) gy,
R2

R
gﬂg
R
=

X =xcosf + ysind
Y = —xsinf + ycosf

BEATZ (9(&,n) ZRT X 253 20B00%, ZREBVEBICRD Z5RY 2HAT ),
Z DAL

z=XcosH —Ysinf
y = Xsinf + Y cos6
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THDH, Yabr7rvid 1 THLEDT, dedy=dXdYy.
g(rcos@,rsinf) = /R2 f(z,y)etri@cosbrysing) o gy,
= /R2 f(Xcosh —Ysinf, Xsinh +Y cosf)e "XdXdY
= /R (/R f(X cos@ —Ysinf, X sinf + Ycos@)dY) e T XdX
= /RRf(G,X)e‘"XdX.

ZHUE. f D Radon Z#2 Rf(0,X) 1. X IZD2WT (1 £H) Fourier ZEZ ML 72d DI, f D
(2 Z#) Fourier Z#2 g ICFLWVWIZ 2 Z/RLTW5, Fourier RERAICTE D, f 23K ZE %,

1
(2m)?

00 27
flz,y) = —1 5 // g(f,n)ei<x5+y”)d§dn = / / g(rcos@,rsin 0)7“6"(“059+y5in9)d7“d0.
(2m)" J Jre 0o Jo
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(NE7

Z DfFRIE. Fourier ZHDFET & L TOIGRR, BHEOIRE (F77 OIEFAHE (Fubini O E ).
W LD DIEF R, FHAED ) DD ILODE I »RE, JEBICEHHELTWEH, 250
5%)0)0)77]‘1:1‘——7’;8%\?%<0

ZZEH 77 REZHITEW,
(KRB ddihE, ROEZHEBLFENT, HEEET, BRIICHENTOY5
. 1/3 K BVDREDARPHRDEDBZECTH 5, BANIEFENTHLHDIEERDDZD Z W, )
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1 8]A [EREES

(BARFNTRRW, )
RE 1.
(1) e ™ = cos(—nz) + isin(—nz) = cosnr — isinnz TH D 5.

cn / f(z)e ™ dx (f(x) cosnx — if(x)sinnz)dr = % (an —iby) .

c_n, DHEESFRRICIRZ %,
(2) (1) DHERD»PB. cp+cp=apn, cp—Cp=—ib,. BEDDS b, =i(c, —c_,).
(3)
ay cos kx + b sinkx = (¢ + c_g) coskx + i (¢ — c_g) sinkzx

= ¢y, (cos kx + isin kx) + c_y, (cos kx — isin kx)

— Ckeikz + C_ke—ikr
TH 505850,

(4) BARD KDEHBD. a, & b, DEHTHEZ X, a, & b, DEBRRDPSHLNTH A S,
(1) TRUZEBEFRRDL S, o, =5,

FRE 5
N 2 N N N N N
Z‘pn = (ZSOmZ‘:Om) :ZZ Spm@m _Z gOn,gOn ZH%H .
n=1 n=1 m=1 n=1 m=1 n=1

BRE 7. (BT, MELTWRWV, ) ao (fP) @RRIFNL T, ao(f?) = ao(f), ao(f¥) = 0
(keN). ITTIEneN &35,
an(f,) = nbn(f)a an(f”> - nbn(f/> =n- (_nan(f)) - _n2an(f)7
ba(f') = —nan(f), ba(f') = —nau(f') = —n- (nba(f)) = —n’bu(f),
THEDH

—1)*2nka,(f) (k DMEBD L %)

CD)ED2ky (1) (k DEEO Y %),

)

)

—1)R2nkb, () (k DMERO L F)
—1)ED 2k, (F) (k PEREOE E)m

/\/\ —~
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& . . d . ~
aﬁw@wz—@wam u(§,0) =0, EMQWZw@)
(—HEELZ5720) ERICE(A0) ZEDTEZ D, THUIHIRBIO HFEATH D, — BRI

u(&,t) = Acos(&t) + Bsin(ét) (A, B IXMEEER).
HIHHSHITRA L T ~

:ﬂ#%A:QBZK?a@iV

alet) = Si“f“ B(E) = tsine(1€)(e).

BB, =0 DEEE
u(0,t) = A+ Bt (A, B 3 MEEEX).

2B A=0,B=1¢(0) THodh5
(0, ) = t15(0) = tsinc(t)P(€)

=
WZIZTTRTD EITHLT
(%) (€, t) = tsine(t€)P(€).
(2) 22T
G2,1) = ——F* [sinc(te)] (x)
2w

EY-
V2rF [G(-,1)] (€) = tsinc(t€).

ZhE () IRAT B
U, t) = V2rF (G, 0] (E)P(E) = F [G(, 1) *¥] (€).

Fourier WA T 2L (x —y| <t ye€lr—t,x+t] KEFEELT)
T+t

ant) = Gt eva) = [ Gl =gty du=; [ vl dm
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T 8xB SZEXERN & WDE

2014 FE DEEFERI

I VWIS EKREZBENATHERVDD, BrotRoTW3,

ﬁﬁ%ﬂf \&. Fourier fEMTIZ D 2 FEE DUEfF (Lebesgue FE7T° BT 2SR TH ST SN S
OB TH 5, FI0HMS R HEANZ WV, ZOLDICHABRIN TV AR, BENICP
REET, ZORMEZSLUHICONWTEMASNTWARWEENRZ L, ZOWEOSEHL LT
I REYTH % e Ebiis,

MEFEFEDE & 2FEDELINCD o 1YY DOHED . BHIOD Fourier fE L O#EBET
Holzo DEDEEL LTTIERL, WYL LT, Fourier fRNTEEAT . TFHFOBHEL LT
RIHNT. T2V AR L TE L DIFARID LRV, ZIVIHIEZALLEDLNEZS
RAMEE LT, KA [39], Bk [40] 2 H T TE L, MEZISHIZOW TN [41] 255 0 B
WARTH S (7272 LABIED R D SETHIL IR 0Dd ),

EEUHOBEZELHNITNZ LA, CAPELAPRL 226720 (10ftb x ot HokA
) EIWXEVWTHLILZZDEFEHETHRADL Z 23D Rd o7,

ETGHEBESAECEDARR 20] . ISHBHOARTDH 25, Lonh e LT, a7 +T
(100 HFZE), o TV 2EED EHBOBFE X DIZ Z O#EMAITI T, RoykhrR0VeBEbhd,
ATZZEDS Thr DTV CWHBEHWZZ b H 5, BB HAFLHE L VD TH D
% Z 2R (HARHIE D 5D LEZTRLY ),

BHOMNETEBUIIONWTIARZ D DIEHF D RWAT, i [42] 3LV, ETHHIEHL
RKTHDHLESID, ZOHFHEDSEEL VI LDIE, 5B 1o @ERKUNT S, EHEELED
2ANEDHL > TAB I 2ED S,

2014 FEFERZHERT

PIMEED#RETH AT, Colx HEIZTREDPDHEZ TR,

TR LZ2ARN [29] 23, ICH DD b8 F O 2N AR 55 &, Tt [43] &, BFED T
SICHD T Z WA T, FAOHERLILBERTOZNATHZ LK U Tz, EEHIES DT DH
ROBEEFE LI R ORVD, BRI LEDNS, ZOHERTEDLRY AR T I FPCRDEE
DEEFNTVDIDE (BUEEL L) HRe LT, BEABAMPEEN TV 2 ROBNINTH S, F
TBRDBELMETHN IR TV EIRIZ, DPHELZWAPZLLEEATVS

7 — ) TR, IERICZEREER > TWEDT, ik A% FICH - T, %@h@ﬁ > DLT

CEIAREERERVE BN,

ZFZTWOLHIZOWEARAZENLTEL,
oV — [10] 1k, HEYR 7 — ) @ (BEUEOEEH E V) oL X LM%
EZTANZATH 5,
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7 — ) T DMEBRDE N AR A > & v AT [44] b 7 — V) T OREE D587 © DRI
DHELRR S R ENTVWT, HEHWVWT F A MR > TV,
RA [45] X LITHEN LIz DR b BEDREK S, EFICLI=—I RAHWATD 5,

2015 FEBEZTRZIT (TIIFHEDE)
B S 720 b

o HEMEEZREIVTASL, BHFED ZOREIX THEHANL Z e 2ETETEUX. —I0HEAZ
HS WO HEZDT, HEEEEX T2 Z2INEKFLRI e D, HERZ e HkK
2X3512h%) E5IHENAATBEND D 3,

o EEUHEHDERARS LW Oppenheim & Schafer, Discrete Time Signal Processing, Prentice
Hall ([46]) Z AF L TitA TH %o

o HEMEMEZATZNBNTIZ, RO mZE D= a YOitHEE L, RECeE T
FATENIZE o T, Fourier ST EHIIRWHEMETDH 5, ZOMEZHELTHIT S,
rWVnWoHIl,

Fourier iR ELDFRANEDFEZ ANT, BEXHA LS,

FFT O 713V X LDRHET %,

7z 2y . Wavelet & 2>, FREE] Fourier 22y 2o, PHEE R L D,

Schwartz IR DB OFMIEHEZ L LTH (ZNTHM2BEZFEZBN T2 VI FEH 3
72)y Lighthill fR & 2 & 22T, b 5D U & & 1TV XD DR VD,

7 — V) ZHTIIIE KIS Do

2016 FEBEZERZT

PEH L 72N, 2015 FFE Y REREBEZRDP > 12 (2D EDHEF 72 F225D0d), DT
HidMirnwe ZATREMONINWEELTD2b D TH 5,

FH, TH, AT AY MEERBEEER L D200 LARWS D%, FoOHETR 50
T, FHEDTTERELA 5. LI KbT 5, PRABROHKZA LEE2 22— HERICT
REDPH LRV, (ZOMH. BEEHLTWS TEZEB OLUZEREEL TWRL:)

T AR LR THAEHZEARE, LVOIKFBIEETETHLS B oD, 1T ACHRT
WAV, ZORIZOVWTIEARICRS ZLICT S, ko Tdr, BLOPEDHFET LI
T, BERNICED LS ITTREPBRZITL 2003 LKW,

R R CIREERNEEIEE > TWEN, TIXL - 740 R —D Tl T LAEEBITORTNE
BOMH LN, WAVE 77 4% C DTS5 A THAZE, CWVWIEEITAEBEDL S AWV
ZFI57 L, BREICHEMENZ? TH 300 5WVWTHH, WS DK 2 082 Bozidhy
HK 72 2 7=,

Mathematica I3EFTH 225, CEEDO IV T T 600, FFT 54 77V 1 ZHHT 5 X 5 724
HRINZRDH LIZV, £ D Python &0 ? ZNRHIXENHTHEELNS 2D LI
BV Z OIS

Oppenheim & Schafer [46] I ZRWAZ LK U7z, TH, FHERAELBEEICTI PN Z S KD T
% (HEFEZ L. TRV ),
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2019 FE OFMERE (RERDT-H DAREEEAR]) ICT

2017 4EFE, 2018 FEDHEB LKA T, ZEVTVARL, FIUIC LA 2720T (L FWVWiRE LT
A52)o ILLWVE DVDWEEDHIZHFE > TVARB LBV TH RV, ZORIFDPLKREL TV,

TIRkIE & LT Lebesgue fFEFIIERD L &5 dRVWDT, L? O TBiE 35 LrR0
D, ZZEBRICLAEETH, AEBLRAIIHEKS X5 LKA LTEL(1ED 1.3, 14 HiOH 7
D) BERFR, EREREVISEEZDLTHFEAELDDRRICE LWV,

BANICHITR S 22 ED VDR ATVWRDT, R ARETHEIRLLTH, T5WHI b5,
HIWEEE IO TICHEVWTEBL DIFEERE»D L2V, OETLTWS, ZNTHMD TR
ANDIGHEZD LERBICEH L TBWe, SRBILT LIV, EZHDTAHASL L, 232 THML
= BARRZ B O Fourier Z#HEHEEZH T, Z ZIXBEOEEOHANRBL B olzhd LK
W, ERE L, RED Wl CARIEIHZZDLET) BWEZASRRLE>TEBI Y,

IRDFEICONWT, SRR EE e ZDFFHE K T O ICRE 2 X bk, BfflE ReT, MELH
fRXBZZEHNEXZS, 2EUETW3, Fourier iU DWW TIXRAKROFIAIZH K 2 X 512k -
72iFfn e Fourier ZHUCOWTZNE T 2D ROEETH %, (ZDMZ. FH0 o OERITH
JELESELTWESBIZ, 29FXB LK1, ) EHNIRBEOHUMME L BSRETH 5,

AV a—ZX—HHOBHE WS Z 2T, REFWCAV a2 —X—%ffoTAET, EHIT 5K
M3 (2 Th) TXRhRALMo TVEDREITRE, FAEDRH DM ETFTRNL, LS,
IFELIFETETVARY, VI, ZHELR5X7-2 7L, tworrlEE%2, GINCTER
LT, WERRBAC TR0 TA LI ) EFEoRIEIKBDEATL VWL DEITIY (BIEZIZA
DY LEZT-MEEGZTHIDT, BRI IANEIRBEIDIEFFEELT, Bbolzb A7
TSI A BEZTFEITLTAS, ZNTiHEE o0 MT 2, Z5LTTFIVWELIERLTH S,
FRRDIZ), R -V EBRAED, YT Ta s a0EEE LD, HERI eSS 0%
EDH LD T2, KDL TH o0, ZOHFSHROBETDH 3,

BiRERL (2019/11/3) T, R/ — NCAER D ODEMD 2 KU TW5, BEDKETH 5,

2021 FEDEHEZRZAT

ZD2FIFY, COVIDIOEETILL L, ZOXFEEDHEDFrANTORN,

s iR E N7z B H [47] &, Lebesgue O Z DI, (ZOHBRTEHHZDZHDHDTLE -
72) MO OPORZER -T2, ERANBTZRESTREPDNUL, ZOTFA M ESEICLTIEHD
MAET 208 Lk, ZRLNC AL REFBH D, SEEL L THRETE 3,
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7 & C Fourierf&& (F1F) OfE

C.1 RNIRZEREDEERE & MR

X DNEZEHT, () 2 X ONETHDET5, ZOLE fge X ITHNLT

d(f,g) =If—gll=V({f -9, f—9)

TED A(f,g) Z. [ & g DINIED & ED - ERRE & 2,
d 1FRD (i), (i), (iii) (EHEE RN ED LWHE) 2z 3,

(i) (Vf,ge X)d(f,g) >0. FEMI < f=g.
(i) (Vf,g € X) d(f,g) = d(g, f)-
(iii) (Vf,g,h € X) d(f,g) < d(f,h)+d(h,g).

X NDEF {sybnen & f € X ITRLT, {s,} 2 fICTUNERT B index L w 5 Z < IR (FEREZ=M
DA Ll
lim d(s., f) =0 (F%DB lim [|s, — f]| = 0)

MDD L ED B,
(TP ReY—) ZEEL TR (X,d) ZEREZEFTH D, ZOHERCEL T {s,} 25 f 1TIX
RHI2ZeTHB D5, )

AR C.1.1 (RY DR, |5 OBRRE & OLEER) FEix RN 1B 28 Oty . mFIOICRIK, RY
DBEHEONEN S EZ 2R . Z O HES IRIC—ET 3%,
EEX, RN ND 2 55 7, 7 DFEREX

fﬁJE}%wV

J=1

LIERINBH, THUIRY ONED S E D IR RT3,
72, RY WO SF {7,) 25 @ IR 3 213

(Ve >0) AN eN)(VneN:n>N) |7,—d <e
DD DZ e THBH, BB {|Z, —al} PO WRNPERT 2L, $4bb
lim |Z, —dl =0

WS TH5, =
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el C.1.2 (1) {s,} 2% f XK T 245613 FED o e X ITHLT

lim (s, ») = (f, ).

n—o0

(2) {Pntnen 25 X DERR, {c,} HEIIL T2 L &,

f:gcngon = [(VnEN) cn:%.
N

AlEFH
(1) Schwarz DAFERIT K o T

(s, 0) = (fs )l = (50 = fr0)] < llsn = fll Il -
n—00 DEZE, s, —fIl 20 THE3D05. [(sn,p) — (f,)| = 0. THDH

lim (s,,, ) = (f, ¢).

n—o0

(2) neN T2, fEFED N eNIZHLT

N
SN = E CrPk
k=1

B, N>n &oid,
_ (SNngn)‘
(¢n, ¢n)

n

RE XD
Aim flsy = f] =0
THEPE, (1) £
dim (s, 0n) = (f,0n) -
Wz .00
(%”—Z’;).

n

C.2 Fourier R%#EL, Fourier IE5XikEX
IR DRI D2 HIZZE T BT nAIgED BV s, oA RIS L TEETH 5,
f:[0,7] = C 23R TXINC CT frTh X

oo 2 P
f(x):%‘F;GnCOS?m, an:%/o f(z) cosnz dx

& —RRINR S 2 BN EHIE K % (Fourier RIXHRE), FEEE. [ %



CEBEIRT 5 v, EH 1.1.1 2SR T

~ a _ 1 ["~ L [m~ .
f(x)zE—i—;(ancosnx—l—bnsmnx), an = — f(z)cosnzx dx, bn:;/ﬂf(x)smnxdx.

—T

FOMEESTH D, [0,7] T fIZELVOT
an:z/ f(z) cosna dm:z/ f(z)cosnz dx, b, =0.
7 Jo T ),

[FRIZL T, f(0) = f(r) = 0 &/ 32X 00 Ct #kdBIE f: [0,7] — C &
f(a:):ansinn:B, bn:%/ﬁf(x)sinn:vda:
n=1 0

L BRIk 5 (Fourier IESXHEN). 24U f 2w BIEdER L CAktilS %,
Fourier sREZAKEL. Fourier IEFLANE D IGH % —D,

fl C.2.1 (ARHENOYHIERFERR) AR OMHHEE ERE (BE575F3 Dirichlet 5i5%
Z&fF)

w(x,t) = uge(z,t)  ((x,t) € (0,7) x (0,00)),

u(0,t) = u(m,t) =0 (t € (0,00)),
u(z,0) = f(z) (z€[0,7])

\& Fourier D777E " Tl Z & AHIRT. BRI
N 2y 2 [T ,
u(z,t) = Z bye " 'sinnx, b,=— [ f(x)sinnzdz.
n=1 TJo

[ @ Fourier IE5EHREBURRIZ. T D u DFIHISEH: u(z,0) = f(z) (x € [0,7]) 27T I & ERLT
L\%O
FIC, BT O ESE FYERE (F5R5EAE Neumann Bi5R51F)

ut(l’,t) = uCECE($7t> (([L’,t) € (O,W) X (0,00))7
uz(0,t) = ug(m,t) =0 (t € (0,00)),
u(z,0) = f(z) (z€[0,7])

DfFIE.

2

o ™
u(z,t) = % + Zane_"2t cosnT, G, = %/o f(z) cosnz dx.
n=1

ZH 62 f @ Fourier RILHFEEFIBNT VS, =

YRG0 —i % . ZBOBHROMIAES L L TRDBHEDZ v, ZOMBEDE A M HER v = up,
EHFRSEME w(0,t) = u(l,t) = 0 B/ T EBTBERE u(z,t) = ((2)n(t) IOWT, " =X ¢0) =¢(1) =0, 7 = A\
EVWSHEADELNS, HiO 2 00AERIZVDOW 3 EHEMET. A= -n? (n €N), ((z) = Csinnz (C FEEE
B) LRI B, n b nt) =Cle ™t (O IEEER) LREZDT, u(z,t) =C"e " tsinna. LWV I LIXFEM A2
ROFF 2 M 2R &,
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C.3 HBZE: NEZRIDAFEN (Bessel DAFI, Schwarz DAF
I\, & RaLUE)

Z O, 2014 FEEDHEROBICHER L =NAE T KITANRICEBEWNIZVWEZEZ TV AIThE,
AR T ORI DFE T, 2015 FEICIIHFZXELL (20D 14 HiTH D), ZIHBEDLDIC
BRLTEL

WHEZERICHN A EELRARERIZFILAETRT, UTOEHPZDRTH 2, ROEHIIES

WKKIFEIIA X =Y DT 5, MERH 228025 (FRETERE L7225, (ERIPHEEZDTIZ 212
HWDALDIZXIE-oTWVWDS, TAXEEA. )

- N
FIE C.3.1 (Fourier BHMIIEREE; BB OME) X 2MA () 2> C Lopmze
B ()Y, B AR,

(C.1) Xy = Span(py, -+, @) = {Z CnPn | C1y...,CN € (C}
L. fEXITNLT
N
SN = Z(fa @n)
n=1

rBLEE, RD (1), (2), (3) DD LD,
(1) sy & f 25 Xy ICFALLERORE (BEXRFE, ERE) THS, ThbH

(a) sy € Xn.
(b) EED ge Xn WXt LT (f—SN,g) =0.

( ) SN 01 XN @g;ﬁo)i%\ f 0:%%3514\0 jfib%
Vge Xn) If=gll > If —snl-

HMOFEXHET DL
min || f =gl = [[f — s~
geXN

\(3) lsnll < [171-
AlEFH

(1) (a) IZD2WVWT: ¢, = (f,on) EBFIX VDT, sy € Xy.
(b) IZ2WT: fEED ne {l,..., N} TN LT,

N N N
SNaSpn :<Z f7<10m ¢ma§0n>_2(f790m Somason Zfagpm mn — f,gpn)
m=1 m=1 m=1
N
D5 (f —sy,0n) =0. EED g€ Xy I g:chgon *EREDLDT.
n=1
N N
SN,g <$N,ch§0n> —ZCn<SN;§0n):Z(aO>: .
n=1 n=1
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(2) g€ XN &5 %, g,sSNEXNTDHEDPD sy—g€ Xy THB, WZIZ (1)(b) & (f—sn,sny—
g9) =0.

1f = gl> = I(f = sn) + (sv — 9)II”
= ((f —snv)+(sv—9), (f —sn) + (sv —9))
=(f—snv.f—sv)+(f—snisn—9)+(sv—9, [ —sn) + (s8 — g, 5y — g)
= |If = snlI* +0+0+ sy —gll”
= |f = snll* + llsw — gll*.
UL f, g, sy D3EDEA=ZMAE (sy PEMADIER) T, EX23 7 XAOEHDORERHEKD 7 -

TVWBZZRLTWR, ZOD5 ||f —gll > ||f - snl| BEOSNZ (EA=ARTIEFHAD—
FRWV),

(3) (2) DAMAHD g L LT 0 ZW oL EZB L. [, 0, sy PEAZALT,
AP = 1F = swll® + sl
OB ] 2 fsn].

% C.3.2 (Bessel OAFRN) X ZNEZEML {on},cny & X OIERIELR, fe X £ TD L&,

o0

Dol < NP
n=1

G EEO NeNIMLT, EHC31D(3) 25

2 2
lsnll” < LA™

N N N
sl = > 10 en) 0all® = D10 0a) llnll® = Y 1(F, )
n=1 n=1 n=1

EHIDHEE. m£n = o Lo LERTTADEEIZ L B0 3ODDHEER [on]? = 60 = 1
&:J:%o )?/‘:EOVC

N
ZI Froal” < IIFIP
=1

FENE N IZOWTHFABEMT 25850T. Zhn bR ||f||° 2FooTINE L,

ST el < If)1 m
n=1
f AR 2 Ty [—7, 7] ToRATR T2 S,

1 [7 ™
= _/ f([[‘) cosnx dCE’, bn = _/ f(CU) sin nz dx
T Jr -
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EBLED)

1 - I
(©2) Slanl 43 (auf + ) < - [ If@)f* D
n=1 -

1 " —inx
Cr = Py /7T f(z)e dx
eBLlEE,

S 2 1 " 2
(©3) > lal <5 [ 1@l i

n=—oo

1 1 1 1 .
E<4 {—} U {—cosnx} U {—sinnw} < { e“”/’} BSERRZDT, (C.2
V2w ﬁ neN ﬁ neN V2w nez ( )
X (C.3) TIXESDIMD LD,

(e DE: EXFHEIREAEMZEZ 2. W05 DI, Ritz-Galerkin {KIRADICH TR S bIF
T. Fourier ff# & D bbb o & —RNARFHEICET 22 /e, EHZIMLILVWKEFELIHTERS, )

By X7 4 71 TROWNZIE S 2272 BED Fourier ‘f&@(@”ﬁﬁi’%nﬁﬁﬁﬁ’ 6 7212 Riemann-
Lebesgue DEMZH Wz, —DEGE2E. Lebesgue & ﬁ @%ﬂuﬁkﬁ” NETEDS. XTI & DB
Bo X1z, NEINERTE S X5 LHMATEZ 25513, ROBEOEM T2 1%5

7

% C.3.3 (NTRZEMMR Riemann-Lebesgue OE®E) X ZHNHEZEMH. {¢n},y & X OIEHRE
TR feEXTBeE,
lim (f,,) =0.

n—oo

SEBA Bessel ORERD B HE Y |(f, 00))? BT 20T, —RIHIE 0 1T 2, =
n=1

/%cmA(&mmm®$%ﬁ)X%W@%ﬁ\ﬁgextﬁét% h
[(F o)l < fI gl -

(FEBBOLIE f, g D1 TEBTH 2 Z e DREFTHTH %, ) )

sIEEA g =0 BOIWFEHITAREAEROMALE D 0 IR 2D TAFERIIHIIT %, g #0 261F

Q1 1= HHgZ%LT EMC.3.1 (3) Z@HT 5 L.

Il < fI fo= (f 1) o1

TS ENB |(fo) < If] 1€ o1 DEHEENRAT 2 AEXDELNS, =
RHiB->TAB L, EHC31(3) T. N=10DHEED Schwarz DAFRXT, N = 0o & L7
A7 Bessel DARERTH 2, 2o e EHC31 (2) DAFERE, WINDEA=ZATFOADEX
WZOWTORER (Fhlr—FRWV) TH 5,

Rk C.3.5 (HLEE) & C3.1ic k. WHEZEHR X OFRXITHEZ22/M Xy i LT, £
BOEZE f O Xy NOEXHEHBFLET S e0005 (Xy OEEKZED . Gram-Schmidt D&

2 Lebesgue AIFE7 72 B D Fourier 2% 0 12UH $ %, )
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ZibiEE A VIR, Xy OIEREREE {¢,...,on} PERZ DT, EEPEHATE 3), FEX
TCDERDZEM YIS LTI 55 ? NREZERMDEM (D% D Hilbert Z2f) T, #7%EM Y 23EA
EATHNL., ERFEDEET 2 ZePHISNT WS, 7D Hilbert 22NN 3 2 S FEET
»H5 (D1 B, THERHCTRAREREEZ Z 2K S, HlZIE F: X — C PMEEDREY
Bigpr 35 %, F(r) = (v,a) 2% a € X DA THEET % (Riesz DRITEIE), £ DAEBHIZ
Y ={reX|Fz)=0} ZFXT. Y TEBIRVILD Y "NOERFNEEZHW2D0H L 725,
(X=R*HE., F: X > RPBP LWV T 8IE. F(ay,02,73) = 121 + aoy + azzz EFT DT
YEMETH 2 Z 2T SOD30, a = (a1, as,a3) WEFH F(x) =0 DIERERZ ML TH B Z 2 IHF
BT52LRBV, )n

C.4 Fourier f# & —FRINE

JAH 2 OBIEL f: R — C 2580 DX 7R CF fT H AU,

S (laal + [bl) < 00, 3 Jeu] < o0

n=1 n=-—o00

DR D LD DT, Weierstrass D M-test 12X D, f D Fourier EII—HICHOSIR T 2 (ZUIA
ST BIE L),

ZOMD f THEZeZAAL L5, ROMEZIIHT 5, Z DI, BEH [48] 55 6 I &
5, BT TNEBEEINZIED 7 AT 4 7IEHEEW,

EIE C.4.1 AR 27 O#EHEAEL f D Fourier I —HIR T 272 51X, ZDRNI f 12—
‘j—éo

FLERA
pp— a/() + ]
S(x) = 5 E (an cosnx + by, sinnx)

n=1

B L EiBEBINO—RRICRMIRTH 2026, S IEGEKTH 5,

EBL, w) =0 ZRTIeHEETDH S,
Fouirer fREIDEFEDN 5.

(f,coskx) =mar, (k=0,1,2,---), (f,sinkz)=mnb, (keN).

S(x) ZERT 2 ENI—HRIDCRS 2 DT, HIRBEEL cos kx, sinka &5 THR B HRED —Hk
PR %, WX ICIHAMEDDATRETH 2525

(S,coskx) =mar (k=0,1,2,---), (f,sinkx)=mnby (k€ N).
W 21
(w,coskx) =ma —mar =0 (k=0,1,2,--+), (w,sinkzx)=7nb, —7wby =0 (k€ N).

ROMEEA UL w=0. WXIZS=f =

146



i C.4.2 A 27 OB w: R — C 2V T, 2D
(w,coskx) =ma, —map =0 (k=0,1,2,---), (w,sinkz)=nb, —nwby =0 (ke€N).

Ziii7z 372613, w=0.

FEER  IEDMEEL n X LT,
N () 1= cos” %, Yn = /_7r n(t) dt, Cu(z) = ?77;(:6)

LB, (FE oy = 0THD. {Gn W& “FARBEEICIGET 27 X5 BBEESITH 25, 2hUd
FITHTBIZIR, )

Step 1: [—7, 7] TEHA w IS LT lim / w(z)Cy(z)dr = w(0).

n—oo

THENH

‘/ ) o — w / () = w(0)| G ()da

COHEAOED %, JREDEL . ZRUUNDET D 2 D120 L TRt S %,
wlX 0 CHETH I, EED >0 LT, 5 6>0 7b>T?fL“C\

(Vo € [-m 7] : [z <0)  |w(z) —w(0)| <

5

€ c T -
/|z§5 [w(z) —w(0)] Cu(z)dr < 5 /m|§5 Go(x) do < : /_7r (@) do = :

—FH. d<|z| <7 IBVTIE

Wz Iz

() — w(O)] < ()] + [w(©0)] <2V, M= max_fu(e)],
THHIDNH
() — w(0)] Co(z)dz < 2MC, (6) / dx < 47 MCy(0)

0<|z|<

THH. n—00 DEZE () =cos"(0/2) >0 TH2056, (AN €N) (VneN: n> N)

/ () — w(0)] Gulx)de <
0<|z|<m
MEFE®H2Z2, n>N Zitlz3EED n 1K LT

[ wieratode -t
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Step 2: n=2m (m € N) D& &, n, € C, := Span{cosmz, cos(m — 1)x,--- ,cosx,1). FEE

m=10D&&
ng(x):COSQEZ cosx + 1
2 2

mDEXRHIIDOETBE, Jag,ar, - ,an s.t.

e (.

Com(x) = Z ay cos kx.
k=0

W 21T

7 (2) = Com(z) cos? L Z ay cos kx cos? i
2(m+1) 2m 5 2 5

TH2H.

5 T cosr+1 coskrcosx  coskw
cos kx cos® — = coskx - = +
2 2 2 2
cos(k 4+ 1)x 4 cos(k — 1)z coskzx
= ( ) 1 ( ) + 5 € Chi-

Wz N2(m+1) € C,,.

Step 3: [—7, 7] TEHL Ty coskr (k=0,1,--+) EERXTD w ICHL T, w(0)=0. Step2 &b
n=2m (meN) Dt E, n,cCh DI (om € Cpp. w X coskr LERT S EWVIRED D

/7r w(z)lom(z) de =0 (m € N).

™

Step 1 DAEFRZHWS &, w(0) = lim w(x)lom () dz = 0.

m—oo [__
Step 4: CDMMEDER “ERED a € [, 7] ICRLTw(a) =07 v(@)=wl@+a) B &, v
& 7, 7w THEFET, EED ke {0,1,2,---}ITHLT

(v,coskx) = /7r v(x)cos kx dx = / w(x + a) cos kx dx = / w(t) cos k(t — a)dt

—T —T —T
™

:cosk:a/ w(t)cosktdt—i—sinkoz/ w(t)sinkt dt = coska -0+ sinka -0 = 0.

—T —T

™

Step3 & D v(0)=0. TKDB w(a)=0. =
ROFEZ, 2016 FEEFASUIE T DT, I 6IHIBRT 2 TETH %,

% C.4.3 f: R — C 23 CEH 2 OJEIBIRT. XOHNC C #iTH 572 H1F. f D Fourier
WAL f AT —BRICHERIN R 3 5,

SRR ki, BEEL h @ Fourier /&% /f;(n) eHELZLIZT B

h(n) : ! /7r h(z)e ™ dx (n € 7).

T or

—T

Z ‘f(n)‘ DIPORT 5 Z & ZRBIXR V. FEFE, Z ’f(n)’ DR T 572 51X, Weierstrass D M-

neZ nez
test \I2X D, f @ Fourier & Z]?(n)emx F—RRICHOINR T %, W ZITEHD 5 Z OMRIE f
neZ
WZFELW,
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fAZEBEIP ORI C |TH 205, El{a]}NO st. - T=a < a1 < - <ay =m, &

Ge{l, - N}HUT fi = flia, 10y & C* 4 TH 2.
f]/ =8 [aj,l,aj] f@ﬁ?%éi))%\ f], S L1<Clj,1,aj> QLQ (aj,l,aj) T@%O @i@: g e

g9(x) = { fi(x) (= € (a1, 45))

0 (I’ c {CL(),CH,"' ,CI,N})

EHDBEE, ge LN —m,7)NLY(—7m,7) THb,
nezZ sbHE

27r /Trf —ma: dr — Z ’ fj(x)e—inx dr

31“71

1 e~inT a; e~ inx
o =1 <[f] } / e —n )

aj—

_ 1 [ flan)e ™™ — f(ag)e "m0 .
T on ( —in tn mn Z/ da:)

j=1-%-1

—in m ) _,

fEEA2r THB06 f(—7) = f(r) THBHDT,

Fny = oo [ gy de = —g(n).

m 2w J_

g€ L*(—m,m) THBH 5, Parseval DFEHXDK D 37D:

> —~ 2 1 /7r 2 o ”gHEQ

n=—oo

C.5 {msEr

Holder 3##BIEL. Lipschitz HHcBIEL, X oW & 2272 BIEL
Lipschitz BRI DWW TR, A [43] ICHEBRZR VR # > TV 3 o
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f #&#D Hilbert ZER

Hilbert ZZRDFHA, IRV 2 771213, Lebesgue AR B I W0, HRIZ, B L Lebesgue
Bz s 2, 2T50VWIZEHHRET. L WHFHHDMLGIED 200 LKW,

D.1 HETIE

TR DIFAE 2 RALS 2 ST 2 1N 5, (BIRZEME D & 5 LEERXTTZEM ZHTFITT 51
bi\ OIS I 2 REL DI, HENTHDHS L. XZONEFEAEIHH
BRCon2AlieMtrd 5, A, PERREABWEEUZEHERZ L « AV —IZAD Z 5 BE
HTH2, )

a N
E& D.1.1 X 2 K FoxXZ pL2ZEfr 5,

(1) VCX P X DBFEBREBMTH 2 L1E. RO2EHEDPHDILIDOZEEWVI,

(a) Ve,yeV)x+yeV.
(b) (VzeV)(VAeK) xxeV.

(2) CC X P X OOERESTDH S i,
(Ve,y e C)(VO € [0,1))(1 — )z + 0y € V
MEDITOZ L HE NS,

(3) X DS/ IVAMREZEM (/VAZEM), V C X T 5, V2 X OFFREERDZER (B2
M) TH2EE, V2 X OBBEEDZEMTHD. 2oV 2 X OB EATHLIIL %

Wi,
v

-
I D.1.2 (HEEE) X % Hilbert 22, V 2 X OB TRWHEHATHSES, fe X T3
=N

() heV. |If —hl = mf]lf - gl

k%ﬁtj— h DFIETS %,

NS

FHZ V 23 X OBEHZEMTH 2L %, h & [ OV NOESHE, EXHFL LR, V 25MEHE D
BEDLEEIHE LRI DD 5,
ZIEBH L::gg‘f/ﬂf—gH LB,
g €V neN), [|f =gl = L &725% {g,} DEN 5,
rE B
lz = ylI* + Il + ylI* = 2 (Jl=]I* + [|ly]1*)
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T.ox=f—gny=f—gm £BL &,
||gm_gn||2+ H2f_ (gn+gm)||2 :2(||f_gn||2+ ||f_gm||2) :

FE5 2 VX 4|f — (9o 4 9m)/2]° REL WG V BIHTHED 5. (g0 + gn)/2 € V. BRI
If = (gn + gm)/2|| = L. €2 C

2 (Hf - gn||2 + ||f - gm||2> = ”gm - gn||2 +4 ||f - (gn +gm)/QH L2 Z ||gm - gn||2 +4L2

W 212
“gn - gm”2 S 2 (Hf - gnH2 + Hf - gm||2) - 4L2

n,m—o00 £3d&, FHild — 2(L% + L?) —4L* = 0. WZIZ {g,} & Cauchy FITH %, X 13580
THEPS {g,)} BT 2, ZOMRE h &322, VIAHEATHEZe2E, heV THD,

IH—hHZHf—ggﬁn

T [ f = gnll inf[|f - gl m

-
2 D.1.3 X X Hilbert Z2f, V 13 X OZETHRWHEHDES, fe X T2, fOV AD

EASHY () ZH7=F) h 13

—~

£) heV, (VgeV) Re(f—hg—h)=0

K%ﬁtb\it(m%ﬁt?h@—%mfﬁéoTE@BhM%@T%@dH%ﬂéo )

B VAT HA0 L MEED g V, 00,11 1L T, (1-0)h+0g €V TH 53, F:[0,1] - R
%

F(0) := | f = [(1—0)h+ 6g]|?
TEDDE

F@O) =|f—h—0g—h|"=|f—hl>—20Re(f —h,g—h)+6*|lg—h|*.
FlZ0=0DLEH/NIRZDT
0< F'(0)=—Re(f—h,g—h).

Wz
Re(f —h,g—h) <0.
(—EMDRERR) b, e V 3

Re(f—h,g—h) <0, Re(f-H,g-1h)<0 (g€V)
BT 3%, g2 LT, W, h ZBBZEHTEZDT,
Re(f —h,h' —h) <0, Re(f—Hh,h—h)<O0.
%EDS Re( — f,h —h) <0. ®ZIZ
W' — k|| =Re (W — h,W —h) =Re(W — f,h —h)+Re(f —h,h —h) <0+0=0.
WZIZh="H.
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; N
faEd D.1.4 X & Hilbert Z2f, V id X OFEDZEM, f € X £ 52, [ OV NDERZHE h
=9

(5) heV, (WweV) Re(f—huv)=0

K%‘?ﬁﬁf:b\ 72 (4) RilT W B—ENTH 5, ThbB b () THEST SR, )

SEFH V IXEDEMTH 2006, RO veV, FED N KIIHNLT, h+ eV TH?,
If = (h+X0)|* = ||f —h — Mo|?
=|If = hl> = 2ReA(f — h,v) + |A]* ||v|?

THBD, (f—hov)=|(f—hv)|e? RbpecRZWD, t ZEEDOFERL LT, Ni=te @ &
Bl
1f = (B4 X0)||* = ||f = BI* = 2t |(f = h,0)| + ¢ ||v]|*
¢ FEELT, tcR OB ARTEE, ¢ =0 THRIMNIR S, WRIZ 1 ROFRE|(f — h,v)| &
0. W2z
(f —h,v)=0.
(—EMEDFERA) h,h' € V A3
(f—h,v)=0, (f—h,v)=0 (veV)

ZhiieT S5, TS (h—NW,v)=0(weV). FfiZ v=h—1" EHUI, |]h—h’|\2:0. Wz
WZh=Hh.nm

D.2 Riesz DFRIATIE
(M — FVAHZAWEDH2DT, BEL THR-> TAUZR Y, )

D.3 EZEZESH

(FEAEH)
Fourier fiitfrd Z 572 L. ARERIELD =D DFEMDOTEDHHAZ L=l

o Lax-Milgram DEH, Stampacchia DiEEE
Laplace /2D Dirichlet 35 FHERE D 5517

A] 5772 Hilbert ZEfE] D 5E R IFRER R DTEE

AT N VIHRE
compact HCHRIEAR D EHEH
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F #&XxE Fourier Z#:ICRAY 2FIEDH S
L #EZRI72ED KL

(KRR TE R, FLFLEDHEIBERIDPENTVEL, EATHRWVWIRTVEDH S, )

E.1 Lebesguef&sn iGN

E.1.1 E¥MH

Fourier 2425 Fourier B DINHKZ ¥ DRiE%E =5 A L HfiE S % 7291213, Lebesgue B %~
AR—=TFBREDRD 5,

Lebesgue FE77 ORERIZIZZE N D ORFED 22022 DT (WbWw 3 [—#—4 ) TIEHEHRWV). Z
ZTE o & D RBFIIHRZR WD, FHKIZTTHHAL X5,

SEEL LT, Pl 24) (A=Y Fy 7R TIHEEREBLAL LEHANIA TV 3 EEAR), 4£H
Rah [49] (LA E»LNIATE THEEL W), HH 0] TR H 27 F X P T, BER
CHAZRTWS), aH H1(ZNDFMIHIC TR D27 F A M), 1 [F2( D HRATIT MR
EWVWTRWE ZIZRVLOARRED D 2 AR) 2 HITFTHL,

e Lebesgue FE71E, PFED T2 Riemann f877 & 13, ERDE - TWD, BEIZIIHYITH %,

o Lebesgue fE571&. FARMIZIE Riemann 77 DILIRIZIZ o TW5, BRI ZESTDZ X,
Riemann #8677, Lebesgue 77, ¥B5 6 TEZTHRILETD 5,

o FEHIHIX. Lebesgue 77 Tld, f AETATREL | f| DD AIRED FHHIC IR 5 TR Z 8 TH
%o Bl ZIX / S X, Lebesgue #8577 & UL TIIHESAIRETR W,

X

e Lebesgue FTICDOWTIE, fERZRINAER CHABIRE Mo & A0 DIEFP R 72 Y it %
b5,

E.1.2 Z&&
el S O (KM [53)) THHLEZ Db, Zhikfio TLIUERVDON b,

E.1.3 GRIEZER. TR, i
E.1.4 Lebesgue |, Lebesgue AJHIBIEL
E1l5 [FEACWEBEZAELVLWEHOR—R

Q C RIZIFEDOHIE %D Lebesgue RJHIER L § 3,
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Q FOEFERUE Lebesgue AIHIBIRRAEDESEEZ M(Q) £EKT, f,ge M(Q) LT

s f=g (pae inQ)

& p({req|flx)#g(@)}) =0
TR ~ ZEKT D . ZhE M(Q) EOREREGZRTH 2 Z & DFFATE %,

LIZs L o, fe MQ) o2 REEE [f] £ £,
RAZ2f M(Q)/) ~ 2BV, Al [f] +[g], A T —Fik A[f] %\

[~y

(f+9)(z)=flz)+g(z) (z€), (Af)z)=Af(z) (ze€Q)
TEXS f+g, M\ € MQ) DEDZEEEL T %:
1+ 19l = [f +4gl. Alf]:=[Af].

Z N well-defined TH 2 Z 2 E/RTDIHETH 5,
M)/ ~ & C LoXRZ MLZEEE 25, FBtid. ELEEE 0 OFMERE [0) TH 5,
g€ M(Q) ISR LT,

f25Q TSy & g2 Q THIFES.

dr = d
/Qf(x) ! /Qg(x) !
N A RVASH

ZDZEns, M(Q)/ ~ DIE [f] XL T, %%-“:ﬁz\/[f](x) dx 73

Q
/ﬂ (@) de = / f(z) da
ko TEREHKS,

SRR, [f) D EHIC f v ELZRIRT S,

X, ZDOLE

E.1.6 Lebesgue ZE[]
f:Q— C % Lebesgue AJHIBIEL, 1 <p < oo T 5,

@ e < oc

DD DEE, fIEQTpRERAFED (p=1D& Z, BIZA[ED) THD LWV,
QO T p FBAEDREEO2EKE LP(Q) ERT,

v = {1 e M@/ | [ I do<oof.

1/p
1l = 1L = ( / | f(a:)\pda:) |

ZHUT LP(Q) DV aiZiz b, LP(Q) 1EZ D/ A LAIZEIL T Banach ZEfE & 72 5,
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E.2 Lebesguefan DIXNREE

E.2.1 IEjfERD
B {f,} 12D\,

(E.1) lim /fn(x) da::/f(:c) de(7z72 U f(z) := lim f,(x))
DD DOZ % NEFETDARETH S LI,

Bz Q BEFRT, {f} BD—HRICERS 2 & %, HHIED D AIRETH 5, T OEHIIMHHCHEF]
TH20 (B2 TERBEEU Tl EARNRFERZEL DI, KMRIZ Az 2IXR W), Fourier
ZHUIER TRV R TOMEATH 205, ZHUIRITIEIL R,

Lebesgue fETICOWTIX, ROBFHBEMDD 5, ZHUIIEFEITH VT 0,

FIE E.2.1 (Lebesugue DUNRTEIE (BUINKREE, dominated convergence theorem))
235 R @ Lebesgue AIAIEE T, {fo},on 28 LH(Q) ADHNT, KD 20D ZH-LTWD &
ERAE

() BB F 12, Q HIEL AL WL ZATIRLTWS, Thb5

li_{n fo(z) = f(z) (ae. in ).
(i) & % Lebesgue RIFIBEEL o T
W%eNmmeQ)|h@ﬂ§¢@%t/ﬂ@dx<m
Q

72T DBFEET S,
ZDr ERXADD D,

lim an(x) dr = /Qf(x) d.

n—o0

E.2.2 WMo B DIERIH:

d 9
oy x,§) dr = —f(x,§) dx.
% |t = [ S

QDR DAY MEET, [ ¥ L HEROBER, MBS LAV TROEEDD 5.

TIE E.2.2

d [* b9
%Lf@QM—lgymam

SEER  REFHIEFEICHEO L, =

Z DOEMIZ, Fourier Z#D X 5 RILFBEDNIIIME R R0, [RBEDITBWT, M L ED DIEF
RERAREE L T B EHICIE, —RRIGHD B ADEERRET 2D DB 555, Fourier ZHD 5
Bl ROEERFENR TV,
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-
EIE E.2.3 (Lebesgue BRICED <MD L RDDIEFZHE) Q 13 R @ Lebesgue AJHISE
F R DX, f: QxT— C I Lebesgue AJHIT, @& % Lebesgue RIFET R o DIFAE L'C

(i) (vz € Qv € 1) | % (@.6)| < p(a).

(@Lﬂ@m<m

WD D72 B

d 0
- dr =
\ & | e = [ S )

Bl E.2.4 |f| & |of(x)] 2 R TRSATRER 513,

9(&) =T [(&), (&) =T [~ixf(z)]
B L&, g ERM O AIRET

E.3 Lebesgue AITa73 7R D Fourier £
Fourier ZH#10D & XD 7 BIEL f(z)e ¢ 12DWVT,
|f(x)e™| = |f(x)

THEHD5., BHETBEED Lebesgue AIFETTH 5 720121%. f HE D Lebesgue AT THZ Z &
DB TH %,

Z DD 5. Lebesgue AJFED D Fourier Z#1%EZ X 2D1X, EHEDHHARTHD L EX
b b,

4 N
FIE E.3.1 (Lebesgue A& B D Fourier Z#2) f 1X R T Lebesgue A[fET 5, (Zh
X f 7 Lebesgue AJ 72 BT, .

| 1@< oc

DDV DZEZEKT 5, ) 2TDE E, f D Fourier £

FF(E) = % / T f@e i (€€ R)

. RTHAD»DHEKTH 5,
K(if: [ DA% Fourier 2423 R THADDHEHTDH 5, )
BERR FI(EED e RIIMLT

FF(E) |_‘vr_/P @ ﬂ%dr<i———/1 )| dx < 0o
BHED 0 (6 12 X BBWHRORTIZ BN 3) DT, Ff 13 R CHRTH 2,

EERD e R, he RITHLT,
a o — L = —iz({+h) _ —ixg L - —izh
i n) - 2501 =| = [ ) e - e ail <o [l 1]
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THBH,
e =1 <205, [ 21f@) do< oo
TH230 5, Lebesgue DINHER (EFHE2.1) IC&k > T (p(z) :=2|f(z)| & LTEHHAIT 3)
lim | £( + h) — F £(6)] = .
AU f D€ THBRZIEEZEKRLLTVWS, =

FE E32 AYHFT, a>0 33

_ sin(ax)
fla) = T
®D Fourier 2113 .
o (el <a)
FIE =V2mx 3 0 (¢ >a)
1
Ta (€ = +a)

THd, WO ZeZHNM Lz, ZOHITIE, f 23FEIX Lebesgue AIFE TR K. Ff I3 EKEIC
o TW5, [Lebesgue RIFE7 72 BEL D Fourier 24| O#FFNTH 2 Z e ZHREL X5,

Lebesgue fE7 AIBERBEEL f @D Fourier 281 F f 1. AR O REERTH 5 Z e 9 h -7z
3. Lebesgue FEITRIEET H 2% LIFR 57200,

(BLBZIROIIR f1F Ff OHE Fourier ZHUCHE LW Z EBHIFRFEND D, £5F 5L f I
EHHEMTH 2B DD, —MIZIE Lebesgue FE77 AIREZ BIENIA L h 0l | 13D L7270
DT, FEHPELZDOHTH 5, )

UEDzZ e, RENARREDHEZ 285 % ERH T 5121&, Lebesgue f877 AJRE/Z BIEL &\ 5 14
3 F D ERTRWZ EH DD 5,

E.4 Lebesgue OEKRTHEBEDREMD Fourier X2

Fourier Z#1D L? HERE WO DIE, IEWICF L E D DH 25T, FIRMEDE WV,
WO LT, fOEE 2 (DA5WIEMFEIERET Z 2720, |f|?) 23 Lebesgue 857 DR T
DARETH B B2EZ B,

o0

L*(R) :== {f ‘ f:R— R Lebesgue AJ#, /

—00

) o < oo

EVWOSERBIETS [ Z2NRICTTE, WO THD,
LYR) & #E2 D, Fourier ZHA L THRICHPHIE L T d. WO BEELWEDKD 7D, T
Db

M EA4.1 FED fe 2R ICHLT, Ff & Ff 13 L2(R) BT 3, j

f,g € L*(R) X LT, N
()= [ 1) do
YBE INE f g ONBEEER, ¥/
LfIl == v/ (f. f)
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EBE INE fDIIVLEIESR,

[EEEAQLWQM\Lfﬁ%btﬁ%@%tf\EMmgﬁH%ﬁtW%%ﬁy@@éo:}

SEER  JEEWICHETH BTN EEMKT 5, Lebesgue BRCHEBINO T F X Mo TWb Z ¥

DEZN, m

4 N
EE EA4.3 (1) TED fe L2R) KNLT, Ff, F*f € L*(R) TH 3,

(2) £E®D f,g € LA(R) I LT,
(f,9)=(Ff,Fg)
DAL D TD, FHC

[FS=NF"fI = 111
\_ J

E3c

(E.2) L*(R) ¢ L'(R), L'(R) ¢ L*(R)
THBERZLIEEL LI,

ofEL%R)ZLT%\fGL%)Eﬁﬂﬁ6tm®f f(x)e~™¢ 1% Lebesgue F53 AIRE £ 1XFR &
3. f @ Fourier Z#, HBEOETOEKRTIIHEE L RWEED D 5,

o ZTNH 5. Lebesgue T AIREL B DOHIC, L*(R) KBS RWH DD 572, f B3 Lebesgue
R TH 22, ZOHITHAT 2HEMIHEHTERL, EWS 2D 5,

9. LIFDZ & &2RE,
f(@) = A

| tarde=ce, [ty i

Thorirb. f&L\(R) D fel2(R). $7-

f(ac){ 0<z<1)
0 (Fhbs)

[ % on [ [

THBHIE. fe L(R), f ¢ LA(R).

Sl-

EIDLEE,
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F 8% F FourierZ#ICEHA T 3FIEDOH S
L BFRIGELD KLY (IBRR)

AHTIE, BB OIGRICOWTIEBEIC Lol 2ADZ N, BIALT-HDDE S
WOHOEBICETADICOVWTHEH LB o7z T2 TIEZDAED LIBRRTHS,

F.1 &E5X

Q% R @D Lebesgue AJIEES 35, 2720 Q LIF ACEZEL WEREHEBEIBUIFR —HR
T 5,

1<p<oolZRLTLPO) IZQTERINIAJHIBIE T, p BAIEDTH 2D DRMEOEEEE
T 5,

LP(Q) == {f ‘ f:Q— C, f X Lebesgue AJHI, / |f(x)]P do < oo}.
Q

111, = ([ 1 das)l/p.

£l := ess.sup[f(x)]
€

feLP(Q) et LT,

ATHIBEEL f: Q — C T LT,

72720 g: Q = RIIH LT, esssupg(r) &id. KA TERSND g ORENLERZERT,

e

ess.sup g(z) == inf{M | p({z € Q| g(x) > M})=0}.

e

L>*(Q) = {f ‘ f:Q— C, f & Lebesgue AIHI || f]l., < oo}

F.2 R EOBED Fourier B2 5iAH

F.2.1 LYR) ICBT3EHOVTDER
fiR—C LT,
(k1) &) =910 = —= [ fwertar (€<r)
TEES f:R— C % f ® Fourier Z# (the Fourier transform of f) LMY, F % Fourier 24
(the Fourier transformation) & PFE3,
F DM,

(¥ 7o) = <= [ atwreic
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TEREIND F* THb, 2D F*Z¥ Fourier B2, 2 WA Fourier Z# & FEEN 3,
feLl'R),ge LN(R) THD L Z, Ff, Fg lZZzhzet (F.1), (F2) IZX>T (LD Lebesgue
e L) ERIhs,
fEL'R) ¥ 3L,

(F.3) Fer=@nom. |7]_ <=
(F.4) Jim &) =

(F.4) % Riemann-Lebesgue DFEIE ¥ ML,

F.2.2 L[*R) ICBT3FEMCOVTDESRE

L*(R) ¢ L}(R) THZDT, feL*R) TH-oTd, (F.1) THFf ZERT S Z LIZHRZW,
FEL*)R) T DL E,

75 {futneny ZHLB & L*(R) ® Cauchy 42725, 22T

F=tim f, (in I3(R))

n—0o0

YLTFf=Fecl*R) 2EHET S, ({f,} DM ACESTIC Ff BEEZ I LDRES, )
g€ L*(R) M3 2 Frg bFRRICERT %,
F: L*(R) — L*(R), 7*: L*(R) — LA(R) iZ& b Ice2HGHH D, 51 =7,
F,FFEBETHD, THIRRDERTERTH S, EE f e LA(R) ITH LT,

| ita@ita= [ |7

DD LD, Z4% Parseval OF & FES,
FEARY 22 AERR X

INEREE N (% | f(f)emc%) Flade = [ - ( | =Fe )f(x)e"f”“dx) ¢
:/_Zf(g)(\/%/_(:f ’5xd:v> ¢ = / GG
LGS

Parseval %R L2 Rl () 2RIV Y. (f,f) = (f, f) L EF B (5B ||f]l, = H
ShDB fge [2(R) K LT

(f.9) = (ﬁﬁ)
HELNL, THZRTITE
1 , . , ,
(£.9) =7 (IF + gl = If = gl* +illf +igl’ =i |l f —igl)

ZRA TR,
32512, F: LX(R) — L*(R) iF Hilbert ZEf e LTORMEBRTH D, WHW S unitary ZH
Thb,
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F.2.3 ZFOMDZIEE TD Fourier 2

A D2 S(R) X, S(R) C LY(R) ZHi/zT DT, HEED fe S(R) XNLT Ff BE
RTELD, HiFFfeSR) THhH, IHIIE F: S — S FABESR (ZHF»OWEBRDIAD
CHEifE) 1278 5,

TR IERBI B D2 " ITR LT, F: 8 — &' BDERSIN., REHARERL &5,

F.2.4 Bi1AH

fLg R—-C Dt %, .
f*g(rv)z/_ flx—y)gly) dy (v € R)

TH fxg RoCHOPEEDEE, fxg% [ & g DEHFAH (FFE, the convolution of f and

g) W, IFERBEEICBI I TH 2006, fxg DARTHE20EIDIET—R « N4 - F—

ATH5,

a N
BEF.2.1 (1) f,gec L'R) ¥ $22 &, fxgec LY(R) T,

1 gl < Nl llgllp -
(2) (Minkowski DF%ER) 1 <p<oo, f€ LP(R),g€ LY(R) €T3 Z, fxgc LP(R) T,
1 % gl < 1F e llgll e -

(3) (Young DFFER) 1 <p<oo,1<g<o0,1<r<ocod
1 1 1
q p T

ZiilzL, feELP(R),ge L'(R) 352X, fxgec LI(R),

o 1 * gllpa < 17N gl )

(1) & (2) DRRBBETDH 5D, AR TVDOTHIZEVTE W,
G ZLOARIZH > TWB, HIZIE Grafakos [H4] FZH X, =

4. f(z)= { 0 (ZREH
(REGEAD) fxg DERTEL L X, g+ f DERTET

ETBEE, fxf BRD X

frg=gxT.
(%ﬁﬂz‘l\ﬁf) f1 *g t f2 * g 755%%/6% 6 X %Oi\ v01702 € C G:}TTJ‘ L/T (lel +02f2) * g %%%T%T

(crfi +cafe) x g = ci(f1 % g) + ca(fa * g).

(fxg)xh=fx(gxh).
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F.2.5 &iA#H ¢ Fourier Z#
f e g DEAAAD Fourier ZH2i%. f £ g @ Fourier ZROETH -
Ff xg] = V2rF fFg.
(ZOADBESVWSREDD & THDILOD, HANZ L, )

F.2.6 Fourier DR

Fourier ZH#1% ¥ 5 EFKT 20, 7TF A MK o THRA RIRED D 5,

WINDEE S, ¥ Fourier 2248 (4% Fourier Z#2) 13, REEARDVED LD LS ICER SN,

Parseval DER | F f|l, = ||f]l, . [EAAAD Fourier ZH#UL, ZHZND Fourier ZH#DFET
H25) VIR OVTE, TRBICE - T, BRZ2EBAFLEND Z 23D 5,

Z DEFTHHA L7z Fourier Z2#2, ¥ Fourier ZH#UIDWTIE,

17 flly =Nl FLf*g) = V2rF [Fg.
FRix F.2.2 f O Fourier Z2#1%
for = [ e
TED D (BEUHEORIIZNZERICHHAT 2 Z 220,
Ffxgl=FfFg

b, TRREFRZ . THELDOMBOIDBEHREISIICHZSD, 25T 5L

| t@rae=o [ |fo e 1= vaRiaL

£ 5DT, F: L*(R) = L*(R) & unitary ZHUTR SRV, [2BELZVTTSHE, HHOLIVTR
W EWHDITTH B,
mB. AL .
) =5 [ gl
TdH5, m
Rk F.2.3 f @ Fourier £#1%
for =o€ = [ faea

TERLTAHALD (ZOWMMET Fourler ZEZER L TWAARIZIE, P 24) REDDHZ), £D
L&

Ff*gl=FfFg
%5, ¥

JC RS G R R R

75D T, F: L*(R) — L*(R) & unitary Z¥#TH %,
WZEHRE

gmwzgwua:/fg@wmﬁﬁ

‘(\\%%O
COMBEE e 2N TH B e E5D7E0, AL TWAEARDBDIRNWE S TH S, BE 2ni &E
S OLHEBIEDLSEA5027 =
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F.2.7 ZOft
7€) ZBREANRY B, |F(O)] #THAF— « RRT P LR LDB 5.

f BERIETHIE. (&) = f(—) THB2o, S f(g)‘ - ]f(—g)\\ FhbbIILE— -

27 FOVIZFEBICE LU TR TH 3,

~
fnd F.2.4 (Poisson OMIARR) f e C(R) &L T,
> 1f(x+m)
MmEZ
2310, 1] T—HIBR L. >~ fn) 2HERIGRT 5 72 513
nez
> fm) =" fn).
K mEZ neE”L j

SERE Pk [23] @ pp. 227-228 ICH S, m

F.3 R FOAHE 27 OED Fourier T EHIAH
JEH 2 DOJEBEEL f: R — C I LT,

f(n) = % /” f(z)e ™ dx (n € 7Z)

TEED [ = {f(n)} ., % f @ Fourier RE ¥ FES,

ne

F:LA(—m,7) > f {f(n)} o € (A(Z) 3R AL BT, HEir O ER D ERTDH 5,

> lal =5 [ 1@ ds

n=—oo

f,9: R— CEM 2r OFIFBKTH 2 =, fxg &
1 s
f*g(x)Z%/ flx—y)g(y) dy (v €R)

TEZRINDIEE fxg: R — C 3B 2r OFEHIREETH 5,
B AHIAAD Fourier 1280%. Fourier (R DMEIZEHE L W

—_— o~ o~

fxgn)=f(n)g(n) (neZ).

ERSPX5)
Ff * 9= F[Fg.

F.4 7 EOBRROEEE Fourier £ BAIAH

z:Z — CITR LT,
Fr(w) = ane_mw (w e R)

neEL
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TERINZEH 2r OB Fo: R — C &, = OBEESURRE Fourier Z#2 ¥ FEIR,
x,y: Z— CIZDOWT, x*xy ik

wxy(n) =Y a(n—kyk) (neZ)

keZ

TEHRERINIE 2+y: Z - C TH 5,
f & g DEAIAADBEIRR Fourier 21X, f & ¢ OBEEURE Fourier Z#1DETH 5

F(f * gl = FFg.
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7 3]G B#EEY Fourier Z#ICDWTDAHT Y
¥

G.1 B Fourier Rz AU /-ilhE o

COHIONBIZZDIBHERL LD LT 2016 FEEHE LD T, iBE T 2AlREMIIKZ
S72DT, MERIZEITZEICLE L,

AN A2 bR % o

N
e G.1.1 {C,} %, A 2r OB f: R — C ® N HEHEA Fourier (38 T2, T72bb,

N—-1

27 . ; 1 i

(G.1) h=-— z=7jh  fi=[(z), w=e", (%ZQVEZﬁW g
7=0

ZDr &, NIEHETH Sy(x) &

(G2) SN(Jf) = ’

TEDS L

Sn(z;) = flz;) (J €Z)
DD LD, ThDE sy id f OB TH 2, £/, EARLETOME {Sy(x;)} KD 2
\K . {C,} ZWEERL Fourier 2423 AUTR W,

J

AR A BRIC, (G.2) L EHET B L HHEATHZ Z L 2HHT 3,

Fourier #%%
> , 1 [ ,
Z cpe™ (cp = —/ f(x)e ™™ dx)
n=-—o00 2 0
eS|
_Z Cpe™t = nll_I>Iolo sp(x),  Sp(x):= kz ce

LIRS N %, EHR s,(x) IZOWVWTIE, Fid

sp(x) = + Z ay, cos(kz) + by sin(kx)) ,

2m 2w
/ f(z) cos(kx)d / f(z)sin(kx)d
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DD ILDODT, ZOMRIZBRTHA S,
HEAL Fourier fR# Cy 3K E o TW0WB & &, ZhzH\WT Fourier 3 (OH) ZaLEHRET 2 Z
EWEZOND, BINIEZ DL, s,(x) KHbN S Fourier R¥ ¢, # C, TEEHZ /-

Su(x) = Y Cre™ (ZORFRA LW
k=—n
2S5 ZEBREOELID, 2n + 1 EOMIL L 72BEEL Fourier 23 C,, (|k] < n) 21551213,
N>2+13208P D5, N=2n+1832L NPFHIIR-oTLESH, N ZFHBUCKR
2L BODT (LA N=2" DX IEHBET2HADELALTHZ). RDOXSBTHK
Z o<,

(G.3) Sn(z) =Y Cret,

|kl< 5
B Uy Yeny BRD XS ITED 5,

(a) NHAHOLE 'R LOEED Y 3 5. |k < N/2 2738 k3 k= -2 -+
L... . (ZhTh 58 N ) TH2Hh6, BAEMITE

p=N-1
/ ik ik 2 ik
E Cre™ = E Cre™ = E Cre™.
k<% |k|<N/2 k=—N-1

(b) N BB %, N2 ZBRETH Y. |k| < N/2 2723 ki¥k=—-N/2,—-N/2+1,---  N/2
EN+1HBZ (12FWV), ZI Tk

, N/2-1
E : C«kezkx — § Ckezkx
k<5 k=—N/2

ERPRLTHBLY,

BB r =2, =jh DL E, M =k =Mh =W THH, THAE K IZOWTHEBI N TH 2 »
By Cret® = Gt b K ITOWTREM N TH2DT

( N/2—1
S oot (NpER) |
Sn(e) = § vy =) Ot =f; = f(z;)m
Yoo ot (NaEE) |
\ k=—(N—-1)/2 )
AT G.1.2 LORIAR SIS0 5 &K 51
N/2
SN(JI) = Z Ckeikx
k=—N/2+1
EERLTD,
N-1
Sn(x;) =)  Cu = f; = f(x)
k=0
IR DILD, =
, N/2
LZofRbbic > Cre*™ = Y Cre™ v LTH, UKD Z L AILT 525, 2 DDERES—BT
k1< k=—N/2+1

DI TIRRVDT, EEo0%ERT20ENDH 5,
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AR o; DALD 2 e RITH LT, Sy(z) ZRDZWVIHEICE I TREDLEZEZTALI, 1D
D z IZDWT Sy(z) BERELEWEEIER. EFRX (G.2) @D IHETIUIR WY, Pl ITEAR
OHFME 210 =2;+h/2 (j=0,1,--- ,N—1) TOMEZF LD TEHHELLWVEEIE. LTD kS
RILRDD % (Fourier ZHADIFE D §§2.4.3 D (2.23) 2B X)),

r=u;+Ar=jh+Ax 3 D,

Sn(z) = Z /C«keikaz _ Z /Ckeik(jh—i-Ax) _ Z ! (OkeikAz) hi

k<% k<& k<&

TH 500, AN Fourier (I Oy, 12 2% 203 TBIIR, WS Fourier Z2#25 % Z £ T Sy(z)
BKRDHND,
~ FFTPACK Z 07 Ca— K (205 % FFTW I EH2) N

// workN[] X zffti(N, workN); ¥ L THIHHLL TH BT 5,
// clk] (0 =k =N-1) I3EE 7 -V =F% c_k I TVd LT %,
// x=j h+dx (j=0,1,...,N-1) TOD f_N(x) ZEFHT 5,
for (k = 0; k < N/2; k++) {
d[k] CMPLX (cos (k*dx) ,sin(k*dx)) ;
d[N-k] = conj(d[k]);
¥
[/ NDEEIZ O N THEFIFATY S, NHBAEHEDOY 21Xd 5 — (1%
if (N % 2 ==0)
d[N/2] = CMPLX(cos(N*dx/2),-sin(N*xdx/2));
for (k = 0; k < N; k++)
rlk] = c[k] * d[k];
zfftb(N, r, workN);
// rlj] & £_N(x_j+dx) PRI NTVS,

G.2 #HEMIGA1 K177

N RIEFATH C = (¢;;) DKETH (circulant) TH 2 &idk. X N OB Lo, Ly, -+, Ly H
FIELT
Cij:Lg, é:(]—z) mod N

ERBIEEWVD, TRDH

Lo Ly .-+ Ly-a Ly
Ly-v Lo Ly Ly
C — . . .
Ly Lo L
Ly Ly Ly_1 Lo
COLE U= (w™)elT
%o
1 O =
U*CU = diag [po, o1, , pN-1] = y y Pp = Zw_ijj
. s
0 ¥N-1

DESITAILTE 2, C DEGHE. BEXRT SADBGhozDUF 70, Zahs O detC 72 ¥
HEICEHETE 2 (RIZEET 3),

167



1 &H MWoAiEN

ZHUIHIDFEE S, — b (3]) 22 H5l ok TE 7,

H.1 1XTZEf R ICHIT D KENATESR
H.1.1 d’Alembert Df#

BRORIDOMHMEZLDOIRENZEZ LS, BV DL

1 9%*u 0?u
(H.1) 2ap @t =55t (@) € RXR)

iz T u=u(r,t) BEZ %, (c ZIEEHTHD LRET %, )
fR=R gR—=REZEIED C? HOBEEE T2 L %,

(H.2) u(z,t) = f(z —ct) + g(z + ct)

TERIND ud (H1) Wi/l T I 2HETI2DEFBHTH S (THRTIEND), RZZowd

O, EEELTELHTEI S,

4 N

FE H.1.1 CEBAERO—MRER) (1) TR C? B f-R—-R, g: R-RIIHLT, u %
(H2) TERT 5. vk (H1) 3,

(2) C? BDBIL u: RxR — R A3 (H.1) iz 374 610%, (H.2) 273 C? OB f: R — R,

g: R — R DFEET %,
N J

AEER HICE B D M TEDICHTH 5, (1) &

u(z,t) = f'(x —ct) - (—c) + ¢'(x + ct) - c,
u(z,t) = f'(@ —ct) - (=)’ + ¢"(x + ct) - * = (f"(w — ct) + ¢"(z + ct)),
uy(x,t) = fllx —ct)+ ¢ (x + ct), ug(z,t)=f"(x—ct)+ ¢"(x + ct)

EODHLD, (2) IZOWTIE, BEBER (x,t) — (&) &
(H.3) E=x—ct, n=x+ct

TEDT, v(&n) =u(z,t) B, ¥F
g 9069 ono 0 0

o " otag oton . ‘o Con

VBT, f DMOTTRET, a & b ZERE T2 & (flax +1)) =af'(az +b) LWVWIRREHEAR, ZITHT
K2 u IZEBEBTH 2P, RMT OB 1 ZHEBOMA AL THEDT. ZOEBRBEONAIEHATE 3
CEREELL D,

168



THDHDI b5,
ou ov ov

=—C = +c—,

ot o€ " “om

oz _atot  \ “oc " “on oc " “on )~ \oez “acon o)

[FIFRIC
9 _0%0 omd 9 0
ox  0xd¢ Oxdn 0  On
LIR50 5.
ou Ov Ov
_:_+_7
oxr 0  On
&—2%— 2+£ @4_@ —8_21)4_2821} +@
0x2  Oxox \O¢ On) \o¢ 0On) 0 ocon  on?
Wz
1Pu  Pu O
2otz 0x2  0LOn

Y7 B, u HWEI R c%u N T

2
0“v _o
0&0n

N gV g—z KSRV, DD n RITORBTH L ehnhrd™

1R v _
3G € C'(R;R)  s.t. o G(n).
G DIFIEEAEL. T72bB ¢(n)=G(n) £ 238% g 2 1Dl 5 . ZHud C*(R;R) DILTH D,

(% (&) —g) = 22— am) =0,

D5 v n) —gn) EnIKSRW, DFD ERTOEBTH S Zehnhb:

Af € CH(R;R) st v(&n) — g(n) = f(&).
N g
u(z,t) =v(&n) = f(§) +9(n) = flz—ct) +g(z +ct)m
2% D (H2) & (H1) @ (Wbwd) ~fRfgzROLTVWSREZOLNS?, ZOEFEREIC

578 AT & Alembert OBRYIER, f(r—ct) 13 o BIOFEHINCES ¢ TEBI. glz +ct) 13 o
OB A TNCH X ¢ THEDRERD LTV,

2Tf=f(z,y) € CHR%LR) D f, =0 Zif7THROIE. f(z,y) = f(0,y) (Vy € R) DD LD ) & WD A
Kﬁ%f%éo%%\—%ﬁf@w)ZﬂQw+/nh@ﬂﬁ#ﬁ&bﬁoltﬁgﬁﬁfgéo@5@@\$%@®
0

ERZf - THAHTZE 5,
8 TR D —RIERIFTH O, WIHISRAL E DSR2 AW TREDRZ RS L5 FIH, HMo R
DRETIZ LR VX TRED, R0 TR ORETIRIEZ 2V, 20 (22H) 1 KuoEEEREAIN e EX %,
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RX H.1.2 (H2) 2. (H3) 2SR THDI2DH2? WS Ze2@ATARNE2B AN
P, ZITRIWEHLTHH I, —2DEFRE,

LAV (0N _ (19, 0\ (10 0
c2 \ Ot or) \cot Ox cOt Ox

ZV5WQWﬁi@E@%%ﬁm%T\%ﬂ%h@ﬁ@ﬁ2§;t2ﬁ

c\_;g‘g)\ Z:L ) \_Z: QZ)’E’)O
(95 ’ T
| ]

H.1.2 KEIARIOVIHIERRE, d’Alembert OKEAT

(H.1) Ziii7e 3 u = u(z, t) 1ZMENCHFEEL., BZ2 —DIRET 2 72DI12id, ikt zia
MUz sizn, RENZS DI, FFEDRL (ZZ2TiE t=0) IXBI2IREEEET 55
HTH s,

ou

(H4) U(ZL‘, O) = ¢(x)’ E(‘% 0) = ¢(I) ("E < R)

M (H1) & (H4) ZRFHICHI7ZT v = u(z,t) ZRKD X, LW MEZHHAERE (initial
value problem) ¥ 7z1% Cauchy & (Cauchy problem) ¥ ML, %7z (H.4) % #JHAZMH (initial
condition) &R, JHENAERIIRA] ¢ \ITOWT 2RETH S Z b, FIGRGEDON 21Tk -
TWAZEIWIEHL LS. Z2DBH ¢ & o ZHJHAME (initial values) & FE3,

AIETHRZ X ST, (H1) 2T v O— R (H2) M5 oNni, £ I T, FIHSEMNE (HA) 21
725 E51E. (H2) B f, g ZED SNAUIHIEREDL T 5 2 2127225, TAHHEBICARE
TH5 e zA TR, MM (H2) 2AT 5L

[@) +9(a) = 0() (x € )
A(~F'(@) + (@) = Uw) (@B
LB, BEDD )
1) +9le) = < [ =50 +90) (@ eR)

G52 DT, EAL 1 XGTERNZEHNT

@)= (00 L [ oty + 50) - 90).

o) = 5 (o0 [" vt s - 10) +40)
Ny g LR

x+ct

(HL5) Maﬂ:%@@—ﬁﬂ+dx+d»+—- vy

2c

I —Ci

Z iUk d Alembert OEBIATH 5\ i& Stokes DATL L I3 (Buler 12 & 5. 1750 FEEDRER),
LEREED 3 ROEREG S,

FIE H.1.3 (1 RuEBARERXOVBRERBEORBO—EEE) ¢ € C*(R), v € CYHR) R HIE,
B AR OWIAERE (H.1), (H4) © C?* OB —EINHFE L. Z4UE d’Alembert D
AR (H5) THZ 605,

Buler DE-MERLDIC, 72 d’Alembert 0 Stokes DEEZHINZDEA 507 b, HHETH 05 1750
VS BVRHICHR I 7207225 5, RS R ORIED Z A BRI DR D ISR 2 DIFFID X 5 25D
35,
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RN H > TeBP 2 TAHALD ROFZGEEIZ A’ Alembert DIRENARTHEEZEE L. ZAnE5 0
IWERDLIDPEZTCAL (AVE2—R=0FZ 255, 7=X—2a 2R RLTALI)S

(1) ¢(z) =sinz, P(z) =0.

B 1 (QJ = (—1, 1))
(2) o(x) { 0 (ZREH

(3) ¢(x) =0, ¥(x) =sinz.

f 10. ¢ € C*(R;R), v € CLR;R) & T 5 & &,

u(z,t) == % (p(x —ct) + oz +ct)) + % /iic P(y)dy ((z,t) € R x R)
TED u
éutt(x,t) = Ug(x,t) InRXR, u(x,0)=¢(x) (reR), wulzr,0)=1() (zeR)

iy Z L 2 EERITRTRYE,

SHiZ (2) DA, d’Alembert OIKENARUITHEMIVICIRAT 2 Z 210 K- T uw IFHHIC TRE 2 25, FEfEIEIC
HoTLED, TNEGEKE LI TP HEROBEEZ 200, HEUORLREBRLBNE IATHEH, 20
EERIIHINICZERZDICH o2 RHDITHR->TWVWE, ZOHAY OFEHEIZHKDT 2 BUE SRR 2 IZHEITH 3,
BREH ORI, RN TEGEEDH > T, TSRRIE O ->TLE 50, HEIHFEROFICB VTR,
AEBEITHEEE SR L Tn L, ERHE2S AT, HIHHGICBV X, HR8EO X 5%, NEk B TR
TRESIHALLAEURDDOEWSIDERD 2720, CHZEELEETH 3,
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&I [0,00) EDEEED Laplace B &
I

fi0,00) > CEtTBE [:R-C%

TEDT, f ORDDIZ f ZHWVT, Fourler ZHpBAAALERERT 2 2 & dHIK 2. Laplace
B e WO HIEBERHTH 5,
f:]0,00) > C T BEE,

Lf(s):= /000 f(x)e ™ dr (s \FEHEER)

TEES Lf % [ D Laplace Z# (the Laplace transform of f) & PR3,
g @ ¥ Laplace Z#2 (the inverse Laplace transform of g) &1

Lf=g

ZWiTREB f OBV, FHETIROIE—RBICEES PN TVWS, f=L1gE
ity 3,

Rk 1.0.1 (Laplace EEHDIEDRTR) g DRRFEZZERVWIEE {z € C|Rez > 7} BV,
g D Laplace W& L7g 1X. Bromwich &%

1 1 THi t
L7g(t) = lim — st
g(t) = lim —— %mg@k S

TROHOENS, m
f,9:[0,00) 2 CDEE, fxglX
f*g@%Z/‘ﬂx—wmwdy(xGDm@)
0
TERINDIE f*g:[0,00) > C TH B, Ei&
frgla)=f*g(z) (z>0)

TH206. 77 HIOHRNLH, THE5DEAAADEED NV O0EEL Z KRS,
f & g DEAAAD Laplace B, f & g @ Laplace ZH#DFETDH %:

L[fxgl=LfLyg.
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8 XE

J.1
JEHAREEL @ Fourier ZHU XA NENT T2 203, 25T 01Ch v b LT Fourier 2L 725
E2RBIEAD?
) sinz (2| < mm)
Jm(@) = { 0 (|z] > mm)
[FourierTransform[If [Abs[x] < Pi, Sin[x], 0], x, yl }
FERITR2I1ZETH 5,
f(gj) = ¢t T
Z LT\

f: R%(C 75§J§J/H\HT Zj—%o

2 (12 )
=7 - f(z)e T %dx
> SEQRaN
fx) = che T,
neL
_ ) f@) (lz| £mT/2)
fm(@) _{ 0 (BRLM
9%, . .
T - = —iéx
fio) === [ 1w
THHIPO,
. mT/2 .
" 77, [L'd
f \/ﬂ/mT/Q !
Rz
. mT/2 .
" —lnxd
F(m) = V2w mT/2 )
J.2 sinc

(ZZEAICENELLEL RO, Fxv 7 LTHIBRT %, )
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472 sine WO BEIIRATER XN S,
sin x
sincz := { T (z € R\ {0})

1 (x =0).

FNX ZAUTIEIERRE sine IR 5, EEUHOZETIX
sinmx

Tz e R {o0})
1 (x =0).

E#{t sincz = {

TEFR SN2 EHUL sinc BB HbN 5 ([55] B3E SR> TWB), AT D Mathematica @ Sinc[]
(ZIFIERUL sinc TH 2, ZOXETIE—E L TIFERIL sinc 25 Z 12T 2,

Mathematica T sinc D 2" Z 7 f#[H|
[g = Plot[Sinc[x], {x, -15, 15}, PlotRange -> Full] ]

1. \\ ‘!/ :\\\
/4-8:’ \\ \‘:’5'8} \‘
o :
Josk | /o_(,j
/ ? \ / ? Q\}\‘\
/ 04| / 04 \
| [ \ // / \ \
/' 02 \\ ] - ‘/ 02 \\
// \\ ~. | \
TR v S AN v,’ ™ S s
. sin x . 1 N
X J.1: /20X sinc o = DTI77 HI+t— OV 7%&ERT
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