EREAHEERERE No. 3

FEH #h52
201711 H 13 H

B DEER - 3B, IEAIM, Cauchy-Riemann DRI
8 48. [EHIBSEOERZ AR K,
PIEE 40. (MEHEBEIEE ooV — o (cosy+isiny) TEET B L &) f(2) = & (2 € C) RIEHITH D,
f(z) =e* &ifilz5 2 2Rt
fIRE 50. HEEBIBDIEEL - B & 13D, e X,
fIRE 51. Cauchy-Riemann /2R & &2, FHE Ko
PR 52. LIFO& f: Qo C LT, f OFH - M u, v BRD. u,, uy, v, 0, ZEEE L.

@) 1) = (€ Qi=C) () f(5) = s EQ=C\(H]) (0 f(2) = § (€ +0) (€ Q:=0)
(B> MTERSBEVH, () D f(z) BHEIE cosz THS I LHRTHDD, $R 2N D ICEETH 5, )
fIRE 53. » OB LT, Rez, Imz, |2|, 2 EIERITHRWZ & ZHED D X,

fRE 54. u, v BZENZNIEHIBIR f OFH - BEHTH DL TH L Z, u & v IJMRMIATRET, up = vy, uy = —v,
Ziiied 2 B,

(HEOEX: Tf HBIERl < u & v ZMDFEET Cauchy-Riemann AR ZEMZ 3 W5 EHOAEHIZD
LEEL WS, ZOfRERDOEH { 5 WA TAEADE T 27705 B W, )

fIRE 55. C OBEE QO L TERINAERIBIE f: Q — C OFEH u & EHE v A Laplace /712K
Ugy + Uyy =0, Vpg + 0y =0

Bz IR, ul v C?|THDZLIFFRD TRV,

(BT ERIBI BT ERBUBHR 2 Z 2T 2D T, ZORELTu L v i O /THEZ e
fB5N7 3%, Laplace HFER %72 3 BABUIFAFIREE (harmonic function) L FHEN 2 DT, Z Ok MEHIE
BOFEEBERITFMNBIETH 21 tHF L IR S, Hilke ShdmET, FEAE X BRCHEINS, )

PISE 56. Q 45 C OB (LA HIES). /:Q 5 C BENL T2 L E, FO (1)~(4) 2i8 X,
(1) QT f/ =0 BWD ok BIE, [ IERMCTD S,

(2) Q T |f| PEBEER SR, f 20D EHEKTH 5,

(3) QT f AIEIEL AT S 2 (V2 € Q) f(2) € R) BBID. [ IXEMIEKTH 3,

(4) QT f PHEERIE LB S W (V2 € Q) % F2) ER) BBIE. fIEERERCTH S,

(B> b IRTEMZ f OER - B v, v THWTERT, )

fIRE 57. f(x) =cosz +isinz (z € R) T2 Z, f(0)= f(2n), (Vz €R) f'(x) #0 DY ILDZ & ZHED
B X, (Thy o EREUERIETIE. FIEDEFIIRL D L7720, )



fIE 58. Q X R? DML 35, CL D u: Q =R BE5I5H-L &,
Up = Vy, Uy = —Vg

B TEGIE 0 12, b LEET 28018, EEERROT—EINCEL 2 (2 0HIUS. €ORIERE W
3H) 2R, (UTFEA2 MR 2B O NA) Z08E1 v % u 2AVTRRT3RERD X,

FRE 59. u ¥ R? OFRASTERINFAMBEBE T2 (uld C? T Uy + uyy =0 27T ) D u 1T}
LTy up = vy, uy = —v, Zii7cs v PFET S E, vl u OHREFHEKTHL2E 5, 2O E KD
(1), (2) IBA X

(1) v GTIRBRCH B 2 L 278, (2) uld v ORBTREICH 25 Y 5 HEZ X,

ﬁﬁ_m.mﬁﬁﬁf®£%'@%mvwﬂbf\f@y%:(%%%>Z£<t\ﬁﬁﬁﬁbﬁozt%%ﬁo

v(z,y

det f/(xay) = uz(z7y)2 + ’U,y(’l,”y)z = ’Um(IE,y)Q + Uy(xay)z = |f/(Z)|2

fRE 61. Q= {(z,y) € R? | 22 + ¢ < 1} T C? POBIRITH L T,
F(r,0) := f(rcosf,rsinf) (0<r<1,0eR)
TF Z2EDDEE,
F, = fycos0+ fysin@, Fy=—fyrsinf+ fyrcosf® (0<r<1,6eR),

Fysinf F 0
fz = F,cosf — o5 , fy=DF,sinf+ 0.C08
T T

(0<r<1,0eR),
1 1
fzz""‘fyy:Frr"‘;Fr‘f'ﬁF@e (0<T‘<179€R)
THsZzmnt,
B 62. n ZMEOARKE T 2, u,1: RZ =R %
u(rcosf,rsinf) =r"cosnf, wv(rsinf,rsinf) =r"sinnfd (0<r, 6 € R)

TEDDEE, u & v R THMTHD, v OHEFAMBEET v TH 2 Z 2R, T2, v OLAFARIBEEL
2R X,

feE 63. ARLED {a,nen, {bn}nen IR LT,

u(rcosf,rsinf) := Z r™ (ay, cosnf + by, sin nf)

n=1

EBCE, wid {(1y) ER? |22 +42 < 1} THNITHS 2 L &R, £ u ORERAMEE KD X,

misc. (No. 1 D% D))

F4 7% Hamilton 12 &% C DERDBAI D BT DFTHIDTAL I,
fIE 64. K :=R?>={(z,y) |z €R, ye R} I

(a,0) + (¢,d) = (a+¢,b+d), (a,b)-(c,d) = (ac — bd, ad + be)
THE +, L - ZER L & AMAD R Z7-3 2 L 2D D X,
fEE 65. REF DB YR T F A P2 L T, AR ZOMAKA 77 LVDOER. FERESHEALRE Rlz] 2O,
I={p(z) €Rz] | (Fq(z) € Rz]) p(z) = (2® + D)g(z)}  (EF 2T 2> + 1 DFEHDLAK)

# Rlz] ORiKA 77V CHB 2 &at, (375 LRIRE R2)/T FECKRB2, Zhk COEHRLTZILh
X2, — ZAIEZRBEEGRD? SN2 DT, HLETSETT, )



fRE

FRE 48. HRTH C OBRE Q 2ERB L T2 ERBERE f: Q —» C 25, ERBOKA 2 THIATRER &
. fREAITH D 0D, [z THIATREL 1, MR

i FE D) = )
h—0 h

DEETZIE 205, m

FRE 49. (HEfiE)

fR% 50. QCC, f:Q»CtTrLE,
Q:={(z,y) eR? | x+iy € Q},

u(z,y) = Re f(z +iy) ((z,y) € Q),
v(z,y) i=Im f(z +iy) ((z,y) € Q)

TEF BB u, v ZZIRZN f OFEH, BEHETESR, B
FRE 51. 2 DDELH (v,y) ITHT 2 2 00K v =u(x,y), v=v(z,y) BT 28 MIT X
(1) Uy = Vy, Uy = —TUg

% Cauchy-Riemann /2R & PR, (EREOIERIBAROEL « BE u, v X, ZOHERZmMIT e T
W5,

fRE 52.

(a)
fla+iy) = (z +iy)® = 2® + 322 iy + 3z - (iy)” + (iy)° = 2° — 3zy® + i(32%y — 1°)
THE05. ulr,y) =23 —3zy?, v(z,y) = 322y — y°.
(Mathematica TlX, ComplexExpand[(x+I y)~3] DX HIZT 2T LFHELTI NS, )

(b)

, 1 1 22 —y? +1 - 2ixy
f(x+zy)= 2 = 3 2 - = 2
(x+iy)?+1 22 —y?2 +142ivy (22 —y2 +1)° 4 4a2y?
TH25H156
2?2 —y?+1 —2xy
u(z,y) = v(z,y) =

(22 — y? + 1) + da2y?’ (22 — y2 + 1) + da2y?

. . ) ) 1 ) )
f((ﬂ + zy) _ (ez(m+zy) + efz(erzy)) _ 5 (efyez:c + eyefz:c)

(e7¥(cosx +isinz) + e (cosz — isinz))

N — N~

ey + efy . 67y — ey
+isinx

= COST

= cosx coshy — isinx sinh y.1A

fRE 53. (¥l



fRE 54.

f'(¢) = lim fleth) = fle) _ lim (u(a+ ha, b+ hy) +iv(a + he, b+ hy)) — (u(a,b) +iv(a,b))
h—0 h (ha by )—(0,0) ha + ihy

FRZ hy =0 WS R MA TR ZHS &\

(u(a + hy,b) +iv(a + hy, b)) — (u(a,b) + iv(a, b))

Lo
File)= hljglo hy
— lim (“(“ *heyb) —ula,b) | v(atheb) = vl b)> = ug(a,b) + iy (a,b).
he—0 hx hm

—F hy =0 EWVHFEAZMATHRZES &
m (u(av b+ hy) + iv(av b+ hy)) — (u(aa b) + iv(av b))

hy—0 thy
1 u(a,b+hy) —ula,b) = .v(a,b+hy,)—v(a,b)\ 1 )
=~ hlylglo < , +1i h =3 (uy(a,b) +ivy(a,b)).

F/(€) = (. ) + ive(0,5) = & (uy (3, 8) + vy (a, )

»5
ugz(a,b) =vy(a,b), wuy(a,b)=—vy(a,b)m

fRE 55. C* DD 2 BERERBIIRM T DIEFIC & 570D T,

Qu—ﬁv +g(_v)_32v_821} _0
oy Y ox Y oy Y 0xdy  Oyoxr
0 0 0 0%u 0%u

0
Var + gy = Grve g vy = o) g e = — 5t G =

L
8acux

0om

fRE 56. f OFEIEHE u, v T3, Thbb

Q= {(z,y) € R? | x+iy € N},
u(z,y) = Re f(z+iy) ((z,y) € D),
v(z,y) =Im f(x +iy) ((z,y) € ?2)

(1) FED 2€ QIIXMLT, z=a+iy (z,yeR) & T3 L,

0= F/(2) = wal,y) + iva () = 7 (g (9) + ity (2.3)

Zhps
Uw(flf,y) = Uy(l',y) = Uw<x7y) = Uy(x?y) =0.
Q IR CEREBHES) TH 205, u, 01X Q TEBCHELV. ORI f=u+iv d Q TEHCH LWL,

@) EED ACER) |f(2)|=C. LD C=0RBIE f(2) =0 THBDE, f(z) ZDbOIERTH S,
T C#£0t3 %, ulx,y)?+v(z,y)?=C? 2RI LT uuy +vv, =0 DD uuy, + vu, = 0.

HLBITHNAD 0 THVWASIEu=0v=0,C=0 LR DIREIITETSDT,
Uy Uy — Uglly = 0.
Cauchy-Riemann DB u, = vy, vy = —v, ZHWVWS &,

Uy = Vally = Uglly — (—Uy )ty = (ua)? + (uy)zv Uy = Vglly = VyUy — Vg (—0z) = (v:)” + (”y)2



THBEIH,
(us)? + (u)? =0, (vg)> + (v,)? = 0.
DD uy =uy =0, =0, =0. BT (1) EAEBRICLT, fITEBBERTDH 5,

(AIfR) 2uu, + 2vv, = 0, 2uuy + 200, = 0 ZELSDEF LEF T, 255 Cauchy-Riemann OFHEX %
ffioT

Uy — VU, = 0,  vuy, +uu, = 0.
) y

()=

W5 Z e T, ZoE 1 XGEROREBITIIOTHIFIZ

N gU %S

w-u— (—v)-v=u®+0*=C%

C=0%0Fu=v=0T, f=u+iv=0bE C#0 R FTHNEPIT)u, =u, =0T, B
U Cauchy-Riemann O/ ZES & v, =0, =0 DEDPN, v D v BEHTH S, WA f=u+tiv d
TR — ZOBOHMNRBELBRWE S REHNT %

B) REZFv=080SILTHEDH, v, =v,=0in Q. Cauchy-Riemann ® AR u, = Uy, Uy = —Uy D
B up =uy, =0. WA u IFERBEBTHD., f=ut+iv=u DEBEKTH %,

(4) REZu=00HI2LTHEPH, uy =u, =0in Q. Cauchy-Riemann ® A2 u, = Vy, Uy = —Vy D
B vy =0, =0. WRIZ 0 FZEBEILTHD. f=u+iv=riv bEHEKTH%, m

FRE 57. f(0) =cosO0+isin0=1+i-0=1, f(2m) = cos2n+isin2r = 1+i-0=1TH2H 5. f(0) = f(2n).
fl(z)=—sinz +icosz &D. |[f'(z)| = /(=sinz)2 +cos2x=V1=1#£0 TH205. f'(z)#0. A

7% 58.

Up =Vy = Vy, Uy =—Vp=—V,

T EGE 0, V b ot TR, wi=v -V IZ
Wy =0y — Vo= (—uy) — (—uy) =0, wy=v,—Vy=uz—uy, =0

i3 O MK TH S, wRIZ (3C € R) (V(z,y) € Q) w(z,y) = C. ®ZIT v(x,y) = V(z,y) +C

((z,y) € Q).
VX (vg,0y) EVIRT PABZDRT VT XY L THE056. Q NDIEEDR (a,b) ZEET 5 & &,

v(z,y) =v(a,b) + /C (vpdz + vy dy)

(z,9)

DIRD LD 7272 L. Clayy W& (a,b) ZHARL (2,y) 2R E T 2XTHNC Ct #D Q NOMIRTH 5. &It
Uy = Vy, Uy = =y ITK D
v(z,y) = v(a,b) + / (—uydx + uy,dy).
Cla.w)
I KRDZKTH 2, (1) TRAELIIC, bEBEEBLTDONEEZNDH S DT, v(a,d) IMEREEHE UL
Rwv, 37205

v(z,y) =C+ /C (—uydz + uzdy) B

(=,y)



FRE 59.
(1) Laplacian OEFRIC uy = vy, uy = —v, 2fRAT 2L

AV =g +vyy = (Va), + (Uy)y = (—uy), + (Ua), = —Uys + Usy.
uld C? TH DT, RMD DIEFIILDFTRET D 2025\ Uyy = Ugy. WAIZ Av=0.
(2) uld v OHEFABILTII RV, EBR U =0, V=u Bk,
u B v ORI < V 23 U O FAMBIEL
s U, = Vy, Uy =V,
Uy = Uy, Uy = —Uy.
AU v DS u DIRFIBIET H 250 uy = vy, uy = —v, ERTVEDES, TORMEDRFHTED IO L
THE Uy =vy = —Uy, Uy = —Vy = —Uy KD up =uy =0,v, =v, =0 BHRHENZDT, u & v DM
TR WO RRBIGE L2V, 53 ATHTHRWIHTHMBEBOMEITFEEST DT, v 5% u DIt
AAFIEE = w A% v OFRFFEEL 1F—RIZK DLz 0, ’

fRE 60. f'(v,y) = (uz uy> THBH B, det f/ = uyvy — uyv,. u DIREEABTRT &
Vg Uy
det f' = upuy — uy(—uy) = ul + ul.
v OIRER TR &
det f' = v v, — (—vg)vy = V] + v;.
f'(2) = ue(2,y) + iva(2,y) THEH D,

2
det f/(l',y) = UgUy — (*vm)vm = ui + ngc = |f/| u

BRE 61. AMBIROMDES, S
F. = foxr + fyyr, Fo= fzzo+ fyye.
ZAUT 2, = cosh, y, =sinf, xg = —rsinb, yp = rcosf ZRAT 2 ¥
F. = fycos0+ fysinf, Fy=—fyrsind+ f,rcosé.
INZ fu, f WTOWTOHEN 1 KGR LTHEL &,

-1

o\ cos sin 0 F, _} rcosf —sinf F,

fy ~ \—rsin® rcosd Fy ~r \rsin® cosd Fy )
Fysin 6 Fycosd

fz = Frcosf — pa— fy = Fpsinf + —
T (F T R OMO R FNT)

N gy oY

Frr = frn 0820 4 (fuy + fyz) cosOsind + f,, sin® 0,
Fg = foar?sin® 0 — (fuy + fyz)r?cosOsind + f,,r? cos® 0 — furcos® — f,rsind
THEHI b,
F.. + %F’r + T%Fee = fuw €087 0 + (fuy + fyz) cosOsind + f,, sin® 0
+ % (fzcosf + f,sinf)
+ %2 (foar?sin®0 — (foy + fya)r® cosOsind + fy,r? cos® 0 — furcosf — f,rsind)

= fa:x + .fyy~.



RE 62. u(x,y) = Re[(z +iy)"], v(z,y) = Im|[(z +iy)"] THH, 2" 1 C TIEHITH 205, u, v I R? T
HFAMTH 2, £ v id u OHEFANBIKTH 5, v OHEEFMBIIE —u+ C (C FEBTDH S, )N
(CAlf#E) U(r,0) := u(r cosf,rsin @) = r™" cosnb, V(r,0) := v(r cosf,rsin ) = r" sinnb 1,
Uns + U+ 50 =0, Vig + Vs 4 5V =0
r r2 T r2

2725 OT, u & viZ R?\ {(0,0)} THATD 3,
Cauchy-Riemann Q7R ZMEETRIAT % &

1 1
(ﬁ) Ur = ;%a ;UQ = 7‘/7‘ (T’ > Ov e ]R)
b, TR
sin 0
cosf —
r
sin 6 cos
r
t£<t\
Ug :MUT7 Vg :MVT
Uy U9 Uy ‘/9
THH25

1
1 —
e YA B P e T = W
Us -1 0 Vy Us o) \V
PN UT:%VQ o Uy =—rV,.

U(r,0) = r"cosnf, V(r,0) = r"sinnd i& r >0 DL Z (§) ZWMLFTOT, v & viE R?\ {(0,0)} T Cauchy-
Riemann R 272 3,

w ¥ v ld B2\ {(0,0)} CHAIT. (0,0) THETH S Lhb. R 2T C2 fChoMHITHS 2 L 1%
D5 (ZhZEbA LT 212E, D LERPBETDH D), 2D b, (0,0) TH Cauchy-Riemann OF5
Bz, -

fRE 64. (W&fR) AIHEUAD N L IRD  (1)~(ix) TH 5,

(i) Va,b,c€ K) (a+b)+c=a+(b+c)

(i) (g € K) (Vae K) a+0x=0x+a=a

(iii) Vae K) (Fd' € K) a+d =d+a=0g

(iv) (Va,be K) a+b=b+a

(v) (Va,b,ce K) (a-b)-c=a-(b-c)

(vi) Flg € K) (Vae K) a-lg=1g-a=a

(vii) (Vae K\{0x}) (3a" € K) a-a"=d" a=1k

(viii) (Va,b,c€ K) (a+b)-c=a-c+b-c,a-(b+c)=a-b+a-c
(ix) (Va,be K) a-b=b-a

(AR D NI (x) O # 1 DEDIGED D20, SOHEXIOFMMEL TVd, )
HAMNCHE L THRAT 27T TH 2, 3DOVTVEHDIE, ATHrEVTEL &,

e 0x = (0,0).

e d Fa=(z,y) D& d = (—x,—y).



o 1x =(1,0).

_ _ z Y
[ ] a” &ia—(fx,y) ODZ% a//— (M’M) |

FRE 65. (MEfEHT)



