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1 LI

Laplace HF Au =0 OBFHEREZ IRT Vv VBB & 9, IEHIEEO S - B
MBI (7 77 ATTRROM) TH 570, BEGROHE ZEDEELYM TR T v v )L
RENEY T 5, B2 IXBEEGR CHELREM D —>TdHh % Riemann D EMREH I 5 S
Gz RDLIOICH, KT vy v VEEVEIN S,

(2 RouidE L IEEMROME R 7 > > v )L ¢ 1E, Laplace 2D Neumann BT #E

Ap=0 1in £2, %:v-n on 02
on

DFTH B, ) T ERBITHENLED., 20 k) 2 EoMEICIEE S 2wn, Ewnw) 2
ERBHLTHE VAL, )
Z 2T LR L 72 Poisson FFE=N o 5 B R RE

(1.1) —Au=f in (2,
(1.2) u=g¢; inI7,

ou ,
(1.3) o, =% i Iy

FEZ5, 22T Q IFFHNOMHEIET, I & I 3Z08R 00 20 Lb0TH S
(ON=NULy, 1N =0 YD), n il EORICEITS, 2 O EBATERER Y
FVTHD, f, g1, 90 135G Z6NTBETH B,



Fix, TOMEIZIEFICHORVIEETH D, KL &"ﬁ(ﬂﬁﬁ%‘?ﬁﬁi@ﬁﬁ HXks, 22T,
(1) %ﬁfﬁ, (2) BRERE, 3) BXBOAEZHANT
ik, AIREZREL., R TR 52 ﬂ‘ﬁﬁﬁﬂf@ TRAF VY-V EEZDD
@T ZIC)FHBRTTEZMNERLDIARRLEEZ SN S, HWABRD T, WM
HEBDORE R IEARIED 3> T b v Laplace HFEADRHEZ I KRICEDNT HIET,
Laplace FTEADiEE L L TIRFIZENTWE L EZ 5,

2 R vIVEEICWT S Dirichlet DJR¥E & Poisson /5
ERICHIT 25EBDAE

COffiofH: AIREREDFEIL, AN L 23T 57210 e XAy —DFHIC >
TLEILHIARRY 2a—20H0, £ THHERHTHAMAHKRSE DT iﬁ?b)i]) FreeFem++
(ZRBEOEALZY) O/ 77 0% LEOBICLTLEbhwioiciz, #HEic
NEHDOL-onh) LR (BMOTE) 5525 2 L2 H->TRL G, k%z_f:o

90T, BROMmEM HRRGRICZ  TUE R 520 0T, ARMIEL L, v
2EbdH b,

2018/6/11 DIZFHEDHNFILH ) L) ICTHEHSHWZ L) LEZ T B (FLFRDIF ok,

2.1 RTFYIvILVEREICHT 28EDFEIA. Dirichlet DJRIE

G. F. B. Riemann (1826-1866) »%, 4 Tl Riemann DGR EM & FHIN 2 @M A2 FR L 7-
B% (1851 4F) 12, Laplace /723 Dirichlet SR

Au=0 (in9), u=g (ondfN)
D uw BHFAET 5 2 LGS 2 MEWHMAE L 72, B Z 02 I TICHT % "Dirichlet D
[RIB', 2T “GE” L7,
Riemann IC & BBDEFEMADH ST U B EMN u=g (on Q) 27T u DHET
= // (uZ +u2)dedy (2 J % Dirichlet 7y & IT-5)
0

ZER/AMNZTELDIX, Au=0 Zii7zd, ZDFHHEZ Dirichlet QRIB L IR, FEHEE. 0
v=0 (on 0Q) Z2Wi7z THEBEDOBE L T 5 & &,
f(t):=Ju+tv] (t€R)

Zt=0TRANERD (BEEGIX, utto SEIUERESEZHT O T, mMEDRED S
Ju+t] > Jul. Tz fTCEVZ S E, f(t) > f(0). T f 2 t=0 THRDCTEHESBZ
EEREW®RT S, ), £T2AT

+2t// Uy Uy =+ Uy Uy ) dxdy+t2// v 4+ v2) da dy

THH6, fFIF2XRBEETHD, t=0 TR/IhERB7-DIC

1 RDBE // (uyvy + uyvy) de dy =0
Q

172 A%, Dirihlet e DOHEBRICH THREDE L,
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DIAEAI7ThH 5, Green DFEDTAA? ZHAH L T

// (Uzz + Upy)v dz dy = 0.
Q

CUPMEED v IZOVTED LD DS, Au = Uy, +uy, = 0 (BEIIE, BOEDFEARH
EE W) EMATEHT 2).

DL Eoiian 6. Ju| ZHR/MZT 5 X9 % u 2 RN IEMEBIRT 2 2 L3005, J
FHEIZ T >0 2729 DT, JRTNCERTHY 52 LIFHST, #-57T J O NRVPEE
§ %, Riemann (X, (2O FRIZRIMETH 20°6) B/MEZ 52 % u DFET 5, Lafam L
7DD, Weierstrass 13 T MRIZIHRAMETH 5 T L ICBEEZ R L7 ( THEHNT) Z292A %K
ANIE, WIZd Weierstrass 23V v 2329 EZALRIDD), m

BB o# < LTEL o7 Riemann (&, Weierstrass DHLHNCE 2 5 2 L3R 02-
7oo T OEHEIC X B5E A iEE. §9 50 4EE2 (1900 4E6H) (2 D. Hilbert 23#R$ % £ TR 6
BN,

AM40%, Dirichlet DI, C. F. Gauss (1777-1855) 23V —> T, YHEOMETIZT T
ICHIS N TV E 2T T, 2% Riemann DIREAIIGH L 72072, L) /T2 35 A
bz

2.2 Poisson AERICW T D5E8EDAE

Dirichlet 3 %2 H\» 2 /57513, Laplace TN DL { oy A L CH IR
., 5TCI3 "H@|OAE LHEINs,

RO, BUERTE & ML L (. 2 ZIHREZE C W Ritz IZ X % Ritz DAEIL,
1%9@K%§§ﬂﬁ%\$%ﬁ%ﬁ%£®1m . 2D Ritz-Galerkin iEIZHREHEED
HEEL o TWn3,

2.2.1 1RTDBESDHEDSE

flHD7zD, 3 1R TIL % (FRILTORENZE DI RV),

Fx OHBEIZROMEDEZ kDB Z L TH B,

(%%Gﬂ ~

(2.1) —u'(z) = f(z) (z€(0,1)),

Rz RO BIDIMEDE M]ZET 5,

ZOBFHERE (P) Offid, PUTNICEHBIT 2 & (W), (V) D
F THERL (weak formulation) L 7z (W) b X 9,
ZDdIlET X, X 2HAT 5,

DETH H 5,

(2.4) X :={veH'(0,1)|v(0)=0}, X, :={veH'(0,1)]v(0)=a}.

2Green DTN L 1, / Auv dx dy = %U do — / Vu-Vvdrdy €59 bD, TIUIFEHER
Q Q

o dn
/ div f dz dy = / fndo i, f=ovVu ZRATIUERSN S, div(vVu) = Vu- Vv +vAu, Vu-n = 9%

ThHHZ Ll {fiﬁi‘%



(7z72L H'Y(0,1) 13 1 F§D SobolevZETH 5, £Z 6 COEZIEET 24 DAD TH)
H) 2, —BFHHL TE L &, BERDOERT1 Mg nlae T, Z OEEIEDS Lebesgue
BAOEKRTHRERMEDTTH 2 & 5 BEBRKROEATH 52— BASADARAPD Link
WIFNE, LDHZATRIICLEVTIED D), RD2OBPKETH 5,

(a) X & X, FEDIBEBDELATDH S,
(b) X & X, IZEd 288 v 3, HAEMAL L TZNZEN 0(0) =0, v(0) =a Zi7§

~ I (W) ~
BT % u T
(2.5) / dx—/ f@)v(z)de + pov(l) (veX)
27T H D2 KD X,
N J

(2.5) DSE (W) 1815 THREA LERIREDDTH 5208, ZNZ2FBER (weak form)
LRSS, [ (W) Off uw e X, ZILOREDTIRE (weak solution) &5,

(P) DD (W) Zlfcd e w2 (P) Z2ili7cdT&T%, fEEDve X & (2.1) IZ0FT
0,1] TR L. WoEDTT 5 L,

1 1
! 1 / / d _ d
W (@)@} + / (@ (z) da / f(@)o(a) de
X DEEDNPS v(0) =0, £7 (2.3) DD DD T,

[t (@)o(2)]y = ' (1)o(1) = ' (0)0(0) = Bu(1).

/ dx_/mf x) dz + pu(1).

?Eb%u@ﬁ%WW@%T%%ol
f 1. SR (W) offix, C? fichiud, (P) DETHH 2 L 2R,

w21

RNZZE53 ]33 (variational problem) 12 L7z b D %A 2,
o N
BT 2 uTJ2RNCTZHD, Tbb

Ju) = inf Jw] (inf FFEEIE min EFHOTHRWV)

weXg,

ZiiZesbozRD K, 72720

= / dx—/‘f 2) dz — Bu(1).

\_ Y,
J DN CcHAZ LIcERL LY,

SEERAS 25\ AND T DICH]: B (B2 L2 L § 288D 2 &) D/MEREZ 277 &5,
ZITIE, J: Xy, — R PERECT, uw i J mrdxfﬁ%%ié,ﬁk&oﬂ%o

bt



(W) & (V) RAEARECH D, #c—TEih e o o & oIS 55 5,
B 2. (W) & (V) BREARETH 2 2 L2, (B b,

JM%%M——JM]:t{/Kluﬂwa@—1ﬂxﬁ&QMMdy—5vﬂﬂ-+g{[é@ﬁ+v@dx@/

DR S0 T & A AR TE 3, )

M (V) Of (2413 (W) OfFCTHH2) B Th 2 L 2BD 5 L, (P), (W), (V) X
BwiZFfEZfIEE V) 28Ik 5, (W) = (P) I&, Dirichlet iDL TdH % (Laplace
JifEX D Dirichlet BEFEREDO S A, 2D J 1 Dirichlet F53 (D 1/2£%) 1tz 5 %0, ),

Z ZCh@E (P) 2 <Rl (W) 2wk (V) 2 2L 2HEKRT,

W By, BolEE R 2o, 2L iRolE2EE, 256%
e 2L TEDMEDOMREZS 2 DM TH 528, I 2 TlEMICHy A DRMEZ < 72
DI, ZNEESMBICHSHA, ZnzEERC, Lv) FIHOMERZ L TWw5, Jid,
BB OBEEE LTINS DLk TwS,

2.2.2 1RTDEESDERERE
{mi}ivzo%
O=zro<1 < - <ay=1

Ziife 8 E LT,

X = {ve C(0,1)) | v AR [z; — 1,2,] TI& 1RSHERE 5,

A

X::{UEJN(‘U(O):O}, X, ::{UE)N(‘U(O)ZQ}

EBLEE, X X T, X, & X, CEIMALWEEZELS, X 0OEEL2ES 1 REE
RD2ODOMEIZFEMETH D, WIC—BNEM o 28>, Z2hz2ibes L THRHAT %,

(W) N

Find @ € Xgl s.t.

Aauw@mzlf@mwwwm)@em.

J
(V)
Find @ € Xgl s.t.
J[u] = min J[w]
weXg,
¢ &, ¢ €X,
¢i(z;) = 0y

Zii7eTODET D (ZOFEMT ¢ F—ENICEE 2), FED 4 € X, I,



DIGIC BRI S, R ar,--- ,any ZEDIUTR VD, u 28 (W) (HD0iE (V) %
722 L, ay,...,ay D HEV 1 XGEROBETHL L LEETH 5 Z L3505,
Fi3 {z;} 30,1 DNETHRTH S & &, AREHEMR @ D o; TOMEIZ, ZDM U, &—
HT2, bHbAA, WOLZIRLDITTELEV(DLZI ARG, 2200 HEEZEZ 5EK
D320,

BIRERFIIIL T O ELH 5,

o FILHA D2 VT £ ¥ ThHIUL, BRERMOHE M~ DIK DR IZHHRIC L 5,
o ZXRILMBE DG IS, RGBT, 24U 8T 74 CDIRETH 5,
o 707 LADOHBAERS LT\,

2.2.3 2RITDIZEDEHEDAE

otk z., 20— TH 5 Green DETANICESHZ 27200 C, HBIF1RIGEI1ZIF
FRRDFERVB R TH 5, ZDREH, XD LX) R A»Eon s,

/2ﬁﬁWﬁ%Em0 ~
Find u € X, s.t.

(2.6) /gradu-gradv dx:/fvdx+/ gvds (veX).
Q Q Iz

ZZ7T
Xg i ={weH(Q)|w=g onli},
X ={weH Q) |w=0 onl}.

N J
~ Green DEFRT ~
(2.7) / Au v de = / @v ds — / grad u - grad v de.
Q o0 On Q
N . J

1
AXRAOBED, | u'(@)o(w) do = [ (@)o()], = / o (@) (z) do (HIL T 5, )
0 0

u

gradu = Vu = ( ’

0
> , gradu - grad v = ugyv, + uyvy, au_ gradu - n.
Uy on

n \3ER 00 LORICET 5, AREEMAERRIMVTH S,

3 HARERZEL FreeFem++

3.1 FreeFem++ 7O 5L (FZD1)

BRER R, 39O HEZFEME T8 EETH S, 22U 7077 MEB DD 7%
D EHELHERKZ 720, THOY 7 b7 2 7B ORI N T» 3,



ZD1OTH 5, FreeFem++* 1%, 78V 5 6 K% J. L. Lions 22T ®D Frédéric Hecht, Oliver
Pironneau, A. Le Hyaric, JABEER AR FORKFIE K S 235587 L 72, 2 RJG, 3 XothiiE%
ARERETHL 720D, —fD PSE (problem solving environment) Tdbh %, Y — A 21—
F, ==2 7V (#1400 =2 sg0HEX), F£% 77 v b A —2L4 (Windows, Mac, Linux) [A]1F
D FITHS Yy = BRI N TV 3,

Mo b g, DI (1] & W) RIARERTH 59 2 ElcT 3,

BIREZIEDEFRHBFRIEFD—D>TH % 51 [2] IZ# > T % Poisson TR D HIlE

(3.1) —Au=f in,

(3.2) u=gp inlh,
ou )

(33) % =g 1 Fg

(72721, Q= (0,1) x (0,1), Ty = {0} x [0,1] U [0,1] x {0}, Ty = {1} x (0,1] U (0,1] x {1},
f=1,9=0,gs=0) Z FreeFEM++ ZHW TS & &9 %20,

RDE ) %7075 LTHRT 5,
-~ Poisson2.edp ~

// Poisson2.edp
int Gammal=1, Gamma2=2;
border GammalO(t=0,1) {

X 1-t; label=Gammal; }
border Gammall(t=0,1) { x

X

X

A
; y=0; label=Gammal; }
border Gamma20(t=0,1) { ;Y=
border Gamma21(t=0,1) { ;
int m=10;
mesh Th = buildmesh(GammalO(m)+Gammall (m)+Gamma20 (m)+Gamma21(m)) ;
plot(Th, wait=1,ps="Th.eps");
savemesh(Th,"Th.msh"); // optional
fespace Vh(Th,P1);
Vh u,v;
func f=1;
func gl1=0;
func g2=0;
solve Poisson(u,v) =
int2d (Th) (dx (u) *dx (v) +dy (u) *dy (v) )
-int2d (Th) (f*v)
-int1d(Th,Gamma2) (g2*v)
+on(Gammal,u=gl); // on(GammalO,Gammall,u=gl)
plot(u,ps="contour.eps");

t; label=Gamma2; }
-t; y=1; label=Gamma2; }

0
t
1
1

J
TR LEFTFAL 2T 4 ¥ — (BREMHFF Mac Tlt, Cot Editor, 7¥ A - =
7 4 2 VS code, Atom, emacs 7 &) TEE L, ¥ —IF 05,

ARSI L THEST
[FreeFem++ Poisson2.edp j
LA T LTEITTE S, ¥—%IOTLICROKICHED, R ¥—%+-
THKTT %,

‘http://www.freefem.org/ff++/
PTXAL T4y bT TXRL - 77 ANEAT) - T BI0E, HTOREPBETH D, hetp://
nalab.mind.meiji.ac.jp/~mk/knowhow-2015/nodel.html 25l K,
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/NN
AAVA
N

LERE
Davi
EE

R
2N

N\
N\
SN

1: Poisson2.edp D — 7 & RO =R

3.2 FreeFem++ ZAJZ L (ZD2) FEDEERTVIvILEKDD
HRER T v v )Lz Ko 2 ERNE

(3.4) Ap=0 (in Q)
(3.5) S—i =v-n (on dN)

@%'%Oi\ F1:®,F2:8§2,f20,g2:'v-n.
i Q={(z,y) eR* |2 +y* < 1}, v = <;> DEZIE, (2,y) €00 ITBVT n = <$>

Y
TH D6,
2 Yy

~ HWERT > v )L %2KD D potential2d-v0.edp’® <« ZNZRHFET S ~

// potential2d-v0.edp

//  http://nalab.mind.meiji.ac.jp/ mk/complex2/potential2d-v0.edp
/7 2 RIEERMER T ¥ > v Vi

// HERT > b, HEZRD, FEXRT V2 v U, dEE 2 i<

border Gamma(t=0,2*%pi) { x = cos(t); y = sin(t); } // FIEERHIK
int m=40;

mesh Th=buildmesh(Gamma(m)) ;

plot(Th, wait=1, ps="Th.eps");

/] RD2FFIEX I 1 REEAZM S &) Fk

fespace Vh(Th,P1);

Vh phi, v, vl, v2;

/! BERFADFGE

func Vn=x+2*y; // QHPHNT, v=(1,2) DL Z V- n=x+2y

/] BERT v vv RO, ZOFEREM CERT VY v 2]
solve Laplace(phi,v) =

int2d (Th) (dx (phi)*dx (v)+dy (phi)*dy (v)) -int1d(Th,Gamma) (Vn*v);
plot (phi,ps="contourpotential.eps",wait=1);

/] X7 MY (vi,v2)=V ¢ ZHEL (b xo LML DA
v1=dx(phi); v2=dy(phi);
plot([vl,v2] ,ps="vectorfield.eps",wait=1);

/] FERT Vv E R POV % IR <
plot([vl,v2],phi,ps="both.eps", wait=1);




J

7a 77 8T XA 274 % — (Cot Editor, 7¥ Ak« 7 4 7, Visual Studio Code,
Vim, emacs 7% &) TIEEL L., ¥ — I F U956,
A5 9 1T LTEST
[FreeFem++ potential2d-v0.edp ]
EZATLTHEITTES, VI —v - =2 DT LICRDMIHEAR, f2 (N7 P L%

F—IFNTIH)ILTATTES
curl -0 http://nalab.mind.meiji.ac.jp/ mk/complex2/potential2d-v0.edp

BT vy v Uz IO TERKW) 1F Escape ¥ — 2§ > THKR T T %,

M 3: —RRIRDEER T v v ILHR, His, X7 oL
Zo7a 77 L%, KD PostScript 7—7% “counterpotential.eps”, “vectorfield.eps”,
“both.eps” ZHTL T3,
(i, LO5ERIEHO—ZWEL %D T (00 22T Neumann RS20 6), 2D

777 L3P LEIETARDH D, )

3.3 I
(2022/8/12 J&3L, 2023 FFEDEETH 570, LIES { THEH, )
MR E ED X H 12K 57>, Jordan fHIE TH UL, B EOFRNBIEDMEDS
(x) = / v-nds

LS TROSN DT (O ZBER LICH - 2 ERZ MM E LT, BFUCih>Ca $T#
5 H#TdH %), Dirichlet BEFUEMEZ i TRD 5115,
g—z:—'v-t Th 5,

&2 AT, FEiF Neumann BEHRT—F HRD SN S,
TFXALZTAY FT, TXAL - 774 NZ AT - RET 2 IC3HETOREVLIETH %, http://nalab.

mind.meiji.ac.jp/~mk/knowhow-2015/nodel.html % Wl X,
10
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WERT V¥ 2L EERIC L TRNBEEDS ko o s 2 Lick b, DLREIZEIZINE TR
WTWLEDPo (B xo EIRT L), 210 S CTEIT BRI R0, BoRT 2 LT
WDT, EDHATEOEAETZIIICBLTEL,

Ebodrivd & TERBEE RIS IcHS ek ?

e 2RILEIISRITOMEL, v T RTF v v L 2O OICIE, iz L Th
528, Thbb

rotv =20

DLEETH YD, FZOFRMEBED LD L &, BUlFSTIR TIEER T > v )L ¢ 3F
£ %, FEEE RO 2 QI LT, a6 x ICEHI#R C, Z2HD

(b(az):/mfv-dr

WDHERTF Y vy LD,
2RIT3IRTTTCORBIBZVDRNTIIEERT YV VILDEET DI EHEFTES
=18

o HEH v DMERT VS vl ¢ BEET S [N =S

A¢ =dive in Q, %:v-n (on 0N)
on

Zii7z T, FHIMNDSIEHEAEDO GG, ¢ (ZFMBIBTH 2 DT, 00 LTD v-n 23BEAI
9% &, ZUZ Laplace 52D Neumann HFUERETH 5,

/ %ds—/ v-nds:/divvdw:/Od:c:O
a0 On a0 Q )

THEDPOMRPBFEL, EBEZROCT-BINICEE %,
o ¢ D2 RILEEY v DN TH % & 1%
Yo =—v, Yy=u
IR VDT ELEEREIND, FIETH70ITIF

—v ou Ov
mt<u>:8_x+8v_dwv_0

ThHharZ L, THOLLIFEMAMNTDH 2 I LVBRETH 5, ZOFMEmTILT W
T, HUHFSHIR T H UL

() w(:c)iz/m<_uv)~dr:/wv~nds

TERINT  FRNBEETH S, EEITNEFHEETRCTH, 2ok ¢
S well-defined 1272 3560358 % C kf%% Bl Z X H AR D 5 22 WAHRED Jordan

ﬁﬁ[h~nlhﬁ%b\Q—R“&JDk&&oTWT\%%ﬁaadlgkgmci
k=1

/ v-nds=0
Dy

E) DR Y o7 51, (O) IZRNBIBEED 5,

B> TORETD0:

11



2 RIFEMBFRN TRFNBEBDEET 3 EHMFTES

WO o BFEET 55618
A = —rotw

DR D VD, BT KT VS v LT HIUSHA L TH 06, ¢ BARIBHTS 5.

e ) 2% Jordan fHITH 2854, 00 EDKi a ZHEEL T, fLED « € 0Q 1IN L T, a
N6 x IR C, ZHLD

EBVTU: 00 - RDPIERTE 3,
Ap=—rotv inQ, Y=V ondf)

&9 Dirichlet BiFHEREZ R 1F1E o MF 515 2 THERA LOGEICR-7 0§
5775,

e 00 LT o ZHI->TwiuX, Neumann BEFEFTEDOEE L THRDOD SN B 07 ?

oy v\ (0 -1 —v\ (0 -1 L
N T N
A =0 1in €, a—1/}:—'u~t on Of).

on
fEDFIET 570121

/ v-tds=0
Ble)

TH D EDWNE? Stokes DEBL? ZHUIR T v ¥ v VBIEFET UL - I 5,
e Bolt., BOOANEIEAT,
o i m/2, IKIRGEHRI D DR[iE%Z R LT 5:

R= (O _1) :
1 0
Iz w3 & Cauchy-Riemann TR u, = v, u, = —v, 13
Vv = RVu
oY

%sz~n:RV¢~n:V¢-R*1n:V¢~(—t):—’U-t.

o 2JOUIFEMEMR TIX, MNPARL ¢ FFEL £ 9 T, 2 DA

—AY =rotv in (), a—wz—vi on Of).

on
v DRT VY Y VBEET DEG1E, rotv=0THH, £/
8_¢d3:_/ v-tds=— Vo-tds=0
aq ON o0 o0
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4 FAERR, Riemann OEKRERE (ITEH)

(T DXEFIZ, 2018/6/18 DFEFED 720 D X E 08-20180618 i I KBIH . pdf D EHEH Y
EFTLIALE LD TH S, KO LHLICY—YT 5, )
[ R
EEA41 (1) U COFILT, f: U - C ET2LZ, fDPEMEH (conformal mapping)
THB LI, [ HIFAIT, 2O

(Ve lU) [f(z)#0
Rl T LRV,

(2) U, VI COMT, f:U—->V £T5LZ, fHBIEH] (biholomorphic) ThH % &
. f DIERHAT, f E L BIEHITHS I EER VT,

J
2€U TEROLLBODE 2 C, Oy, DB EE, O L Oy D’ TMAIE, O L C, % f
THLZ 2RO ZTMIZEL Y, EEt=0 7T Z#H#E ¢: (—e,6) > U 1T LT,

GO = I = F()50)
THDHP5 ;
arg — f(o(t)) T f'(2) + arg '(0).
HERRDTTIAIE D41
[ﬁiiﬁ 4.2 WiEHI % 6135 HTH 5, ]

B w = f(2) DBEMIZ S 13, fU(f(2) = 2. mAEBE LT, (V) (w)f'(z) = 1.
0D f(2)£0.m

EE 4.3 LomEOMITE TR (FAGRIILT L HIUEHITIEZ W) 25, TFIx%fM, &
EoTwAHE, BA TV U T fIFHEHFTHY, Vi=fU) EBLE, [ U=V I
WIEHI E 2> Tw b 2 EB% v, 252 TUEAL Lw ) SEFEAFDNTIHIZ LA LB
NBZVDT, Z2H90IH) ZE2B0O0R00rd Litky, =

Bl 4.4 (BAUPBOEATR) 20c D), ccC, |g|=1¢T5LE,

Z— 20

90(2)251_2_02 (z € D1)

TEED p1: D — Dy IBIEAITH 2, ZHUIBGIHED» O 6N 5 D3, W EE DMK
;&Q@ D1 — D1 OCWLVC\

zZ— 20

(Jz0 € D1)(Fe € C: el =1)(Vz € Dy) ¢(z) =e——
1—"2z

DK ST (REFIICIE, Schwarz OHfIE &V ) EFEZ V5, FEL W Z EIIfFERICEIT), =
Bl 4.5 H:={2 € C|Imz >0} Z LV &S,

zZ—1
p(z) = o (z € H)
EBREE, |p()| <1 DD ILD, 2T p: H— Dy DYEFRIK S DY, TIUIIOEAITH

5, 2D ¢ % Cayley LIS, m
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Bl 4.6 (Schwarz-Cristoffel DAT) (#fiH) m

Bt D% OpEc THBIEG ) &WIEN25803% %55, IEREGGRIIERBEEGRIC B T
ZRAMEHRES>TROWTHAI, f:U =V 2IBIEHITH % L &, EREBEBGRIIZIZ U &
VIEEIL., E\WH I ETH B,

ZHRIGH ESERRH B Z LT, BIZIE U (V) BT 2 LIREMRIZ. £ (FY) I
XoTV (U) KBV 2 LIEEMERIC) 2%, U &V O—J CHRADEEDRT UL, fib
HTHRTI-Ztickhs, %4,

ARG E V) b DEEZ S E, EHERL S DICBT 2 & DB 50, HEBEGT
X, ROEBEPILENTH 5,

EEDB\NA EFRTHOKE AL, R 1 OM#EEZ D, T©&$: D, =D(0;1) ={we C||w| < 1}.

EE 4.7 (Riemann OBREE) U 13 C NOFHFHIKT, C L3R4 2bD LT 5,
oL ZE, U D»oHAME Dy ~OBIERIER ¢: U — Dy FET %,

e DI E% U DEAEBMHR, UDEBREAKEFESI VDS, (BT 212, TU DFEAGH
L, U 25 Dy ~NOBIEHIZBB D Z L Th 5, )

ER 4.8 (1) &&F U £C 3HETH 5, EBE, C226 Dy ~OBIEHIER o: C — Dy 137
FELRV, bLEFELLZET S E, |p(2)| <1 DD IEODT, ¢ FERZEREETHY,
Liouville DEBIC X > T, EHEBIKTH 5, C LOEBEIFUIIHH Tld w6, FIET
H 5,

(2) HERECRWEAICS ., HIBOR R D 2D, n BEHEKHIR (EBIICIE, n—1HDR
DAECTFIR) 225, b HEEHER L n B RIS OBIEMGE B EET 5, B 2L,
RO 2 HESEEE U 1SN LT, U 26 MBS A(0; p, 1) ~DBUEHIGEBR LT %,
plF U DPSEE S 1IRMDIEETH 5 (U D modulus & FEENS), =

FOEBOBRED D & T BUEAIGE o Z—BWITIIEE 5200, ROEHDIIK D 37D,

4 N
MR 4.9 (ZFATKROERILEYE) U 13 C NoBEREFE T, C LI3® A2 LT3, C
DEE,MEED € QLT

(4.1) ©(20) =0 D ¢'(z)>0

K’E?ﬁfz?‘ﬂﬁﬁﬂﬁ@ 0: U— Dy D—HIICTHET %, )

Gt (5.1) ZIERIESRM & W5,

BEFR V- C NOMEE O HAIEAAR (Jordan HhiR) C X, H 2 ERM U 2 THT, 23,
U 3HEETH L, 299 U % Jordan FEIEWS, ZOEAIE, EEOBUEHIERE
0: U — Dy SN LT, AMHESRTH S &I RIEE ¢6: U — Dy BMFEET 5 2 Lo NTW»
% (Carathéodry DFEE),

ZOHGIE. FT vy v VIEZBS 2T WREAZEZFHL L9,

0(z0) =0 &% % € Q ZWB L, BB f(2) := % 1% (20 BEREVRER RN TH S D
T) U TIEHITH 5, ’

THBIEICERT B L. f(2) £0. U FHHERTTH 5526 log £ 0 —fliE I 2% 53E 037

14



£3%, ZOFEE - BH%Z u,v ELEXD:

142);:fhnog;ffjo, zmz);zlnuog;ffgd
AP DO TH 5 2 &0 5
(4.2) Au=0 (nU).
Il
(4.3) u(z) = —log |z — 2| (2 €U

DIRD LD, EBE, 2€0U DEZE, ¢o(z) €Dy, THODL |p(2)|=1 THEDH

u(z):RelogM:bg #(2) = log = —log|z — 2|
z— 2 z— 2o |z — zo|
bbb
(4.4) u(z) = —loglz — z| (2 € 90U).

CNERT VYUY VREETH D, BB —EBNICHEET S, ZILTuDBEEED, v it u
DIIGTAIMBIE L L TEBEZIRZEE 5, FFIC v(zg) =0 Zii7z T H D 2ES,
ZDEE
©(2) == (2 — z0) exp [u(z) + iv(2)]
X U6 D ~OBIEHIBIETH 5,

5 fEIEBOFEAER, Riemann DEHRER, RV vILREEE
DER

(FAEBROERL EOFHLRER, 2017/6/28 DifEFED X €, NLHERRE &/ —
D6 72 &% BCHESRICEM T2 L, )

51 [FU®IC

BGm I 12, PEIBDEATR (BREE) L) HEELMERH 5, 52 o5 Q 1okt
L C. M#EE D X 9 e agisegmik D (ICAAEANCE T IR Z2BE% . Q — D DHFET
2LE,. O % QDHEMELR, H5HOCITEAREIE L WS,

ZIZTP:Q— DOMEHITH % &id, IEHITH b, WRIBSEFEL, HRE o D - Q
HIEAITH B Z 2V,

"C N FEETEE Q T, C L I3RAR2 D DI LT, Q OGBS & BHFEET S, v
9 Riemann OEMREHZHNT 5,

KFiZ Q 2% Jordan PARKR CH 72 fHIR DG EIC, ® 1X3H DR T v > ¥ ILRED R % -
TERELZLEZMNT 5, X7 v v VITEOEERE L &b 2 &, BEREBOBERHIE
PELND,
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5.2 Riemann QB{RKEE

GEETZENLDICHNT 226D Z2DUHAZ I L5 ICE L)

UV %COHEIEKET S, p: U—V DBREATH S Lid, o BIEAITHROEHHT, o7}
HIEHITH B 2 L&V,

O % C OHEFEHIRT, C L3R A2bDL T2 L&, WEAIEH

0: Q2 — Dy =D(0;1)

DFET % (Riemann OEHERE, 1851 4F),

D oD I Lz QO DFEATR, H5\0ITEREE L TRS,

M & 72 2D EMERIE LIE L IRTRICIED, 2070, ZOFMHEARIFEEHAI N, &
ORI NTE R, ZAHEROEED Schwarz-Christoffel mapping 7% £, Kt
DOBfRT, THEFEEEL ., DEHEEREL TIEANL—L Tw3 2, HEBEGHRDOEFED A =2 —
EEZX5,

5.3 HEEEEDSEOFAEROIERLEML

O % C OHGEFEGEIR T, C E13E L 2H D E T3, Riemann OEREMHIC LD, Q DEMA
BAR
0: Q— D; =D(0;1)
DEET S, ZOBBRIZT—BMNITIZEE S0, XD 7o,

fhRE 5.1 QO % C L1372 C OHGEETEI T, 20 2 Q DIEEORET S, ZDEE

(5.1) p(20) =0, ¢'(20) >0

E ) Gl TRIERI B o Q — Dy 1Z, FAETHIE—EINTH %,

SEEE o1, o DIEDEM RN T ET S, Y=ot LB E, ¢ D — Dy EBIEHIE
BchHhs, 2L T,
Y(0) = o (901_1(0)) = 9(20) =0

THEHN5, 0
(FeeC:le| =1)(Vz € Dy) w(z)zez__ = ez.
1-0z
&2 AD, .
e=9¢'(0) = >0
¢<) 802(20)90/1(20)

THEIDH, e=1. WA Y(z) =2 WAIT pa=¢;. 1

5.4 Jordan HEODFATRZRHZI7ZILTYZ LA
BRI 72 HOERS IS Jordan $EIRASS 5.

SPIEGRICE WTHEAGMREE, W25 ¢ #0 2 TIEAEEO Z L 2T, —N—0FEAGH
0 U—>ChhHsrLE, iz V .=pU) CEEMMAT, ¢: 2 ¢(z) € V IFBIEAITH 5 (§(2) # 0 DfEH
D), LIFLIE, FAEEHRE W) e, SIEHZEBORRICHE) 2 L2352, d
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Jordan BHIREIE

C N®D Jordan EARRE C 1ot LT, C @ “BHTe” fHIK Q 2YE F 0. Q 3F DBk
T, ZOHERIF C DBRITE L \»,

CDEMTHAEDMEEI NS {HEEZ ., C DED S Jordan FHIE & FEL, Jordan FEIEL Q XL
MG TH 50> 5, Riemann OEHEBIC X 5T, Q DEAER o FFET 203, DITI
ARTEIC, pld, HE2XRT Uy v VREZMBES 2 LIk >TRD B EDHIKS,

ZDEE, p: Q— D PRIEAIE/RT, (5.1) 2T EL LD, Q DB &M~
FIMHER o: Q — Dy ICHERTE % (Carathéodory DEM), IF g DT &b o FHL T LI
T 5,

BA%L o) X Q TIEAITH D, 2D 0 EWIHEZIS 2, Q PHERTHZ056,

Z— 20
| f< ) ER A AN B, 2 D, RHE 2T w0 LB
— 20
u(z) +iv(z) := log #(2)
Z— 20
A DEFZ IS & | (2]
_ p\e
u(z) = log 2~ )

2€0NDEZ, p(z) €0Dy, DL |p(2)|=1THBH 56,

(5.2) u(z) = —loglz — 20| (2 €00Q).
—J7
(5.3) Au(z) =0 (z2€Q).

(5.3), (5.2) 1&. Laplace J5#23\® Dirichlet BiFHERETH 2, ZNZ2ET uz2RKD, v
Z u DIBFARBIE T, v(z) =0 2 TODETIE, o FRDXHITKF 2,

p(z) = (= — 20) exp [u(2) + iv(2)] .

X 4:
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5.5 (#IDWEE) ZEEFEWREDEZS

Q PHGHEEE TR W E F3? D, BHEESTH 205, ¢ Q — Dy IWERITIEH D 220,

C D Q13 C\Q 25 n— 1 HOMERELS D 5742 L&, n EEEEHTHZ L), f
ZIXC\{0} > C\ D, ZIZE&#EHE. C\{0,1} Z=FEHECTH 2, (HERHIZ, 1HF5ICHY
LT, #WiEA C\Q 3 1 HOEHRI 5% DF DEiETH 2, )

Q32 EHFTHHNTH 254, 1 K D/IMSwvr & QDS HERFE A0;r, 1) ={w e C|r < |w| <1}
DENOBIERI B ¢ Q — A(0;7,1) DEET %,

—HHEFEM EOEE S, iRNsNTw 5,

6 Laplace AERICH T 2EEXBEDGE

v, BIREEEIZ., s TR T 28 FOEMEMEETH 505, KT vy vl
HOBEIZ, 20240 L EBEFHLRERVL O9H 5, I TREREERBOEEZEN
T35,

6.1 ¥t
6.1.1 BEXEEEE
3 RLDGE E(x) = i% 2 XLDE E(x) = —%mgm % —/N\ DEXRE (the

fundamental solutionn) & P55,
F 3ERDACIIFANBEETH 2 2 L 3R ARG TO2 5.

AE(z)=0 (zeR"\{0}).
o, BEBOEETE) & (HAFTADTQ)
(6.1) ~AE =6
DD LD, T T IE Dirac DTIIVYBEETH %,

PIBRI e AR SR RIS E D N AL DIE 2 LD R T o v Vs E(x) TH %,

6.1.2 Poisson AERX DR

}. is < k ~N
~AU = f
DL D SED (REFEAEHEEE L ), DX D U 13 Poisson TRADFMHETH 5,
vi=u—U EBLE, Av=0DDILDODT, f=0 DEEDORED—BIHEIT UL R W
eI 5, (FBICR U ZEtETE 2 LB L VI L%, BUEFHREA S TR v b L
Nz, )
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6.1.3 Green OBESAN (RE)
Green D 2 fE A

ou ov
/aQ (v% - u%) do = /Q (vAu — ul\v) dx

ZRH LT, XD Green D 3TN %21G 25 (REHDFEMIINE S 203, BIEGHD Cauchy ©
BAAADAHD X 512, 2z Z2Hul & T 2RZ R 72HHIE T Green OARZEH L T2 6, 5K
D% 0 1TEDT 5, FELCIFHEH[3) 0§35 2 X, ).

~ [ Ba-psutay+ | Be—y) o, [ aly)geBa—y)in, = bul@) (z €00
Q o0 Y [2/9) Y 0 (.%’ c R™ \ﬁ)

(x € 0Q DGEIX/NE 3IHEIZTMHEETTH 5, )

(a) uD¥ Au=0%ZH7TH6I1E, veQITRLT,

u@%:l;Euwgwggw&@—L;Mwé%E@—ym%.

Thbb, u PN TH 2 L E, u, du/on D OQ TOMEHTPIUR, u(z) DIEDIIZ D
ATRES 2 LTk 2 (IEHIBIED Cauchy DFEFAXIBTHT, fivTDd 548K,
BERGMED & B350 > T 20T, b ) PmROIUIR I LIck S,

DA M WERIC 2 2% BIZIE Ty =0 DL &,

300 = [ B —n) 5o, [ a5 Bw )i,

N6 90 LT ou/on 2 KD B EDBHIKS,

(b) u 23 00 DFELHFT 0 % 61X, v e QITHL T,

- / B(x — y)Muly)dy = u(x).

COREEBEBIRIRT 2L —AE(z—)=06(-—z) L7553,

6.2 BEAXBEDOHE
D7D, Ty =0 DEAED Laplace ez 5 FHE R

Au(x)

=0 (ze€),
u(x) = gi(

z) (zelp=0Q)

2D B3,

QO DS R BER 2 ORI OY &I, Z OREAERNES BN 2Rz > 2 L I3H
5T\ 5,

QD (ML, BAED) BlAEE LCo2EaIC, R u 2k 22830 < Dhal
SNTVEH, T I TIRE K DEEIHZ 2BUEfRE 2N T 5, —RAENTHE2, £<D
LA RIF TR %252 2 L3RS,
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QORI 2 TH X1y K {ye}d, ZHD .
N
M) = QuE(x — )
k=1
LB (bBAA. EE Laplacian DEARMBETH %), TIT Q1,Qa,...,Qn FRERKTH
5, TNHBAITH>TH

AuM(z) =0 (z € R"\ {y1,92,---,yn})

DD, B L u™N () = gi(z) (v € 0Q) DD ZTEu™N) BETH S, ITVICZAR
HEDRWI EZD-IIEB I oR0H, 04, BR 0O ECEALR o1,...,25 I
XL T

uNM ;) = gi(z;) (G=1,2,---,N)
i’z LI Q BZIRDDZEDRHRE, ZDEE

DI D Z EDWFEFTE 5, ZDERIEEZ ., the method of fundamental solutions (E4<EF
D 7%, fundamental solution method), & % U EAE (charge simulation method)
LIRS,

RD &) MDD 5,

o LIFLIFREDIEHBEHHRL
(3C eR)(Fp € (0,1)) (VN eN)  |lu—u™M| < Cp"

DR D VT (2 DB EIE, EEOAREEE & IR L T, RS E O AR
“E5ND),

W) B & 25N CcH b, K

N
1 T — Y _
——3q y9|2 (2 RIEDBHE)
y.

x —
gradu™(z) = X = | ’
T =Y PN
- Qj 3 (3 ’J\Tﬁa)iﬁm)
dm ; |z — ;1

D& )T grad DEEZFHHETE S (KT V¥ v VD grad BDRERGEDR L DT, FEH
%{%iﬁjf%%)o

HARMOTTEDINC, HARZ AT 575 L LT, BRERE (boundary element method,
BEM) #3% %,

6.3 ELIEFEABREKDZHDKREBFODAE

KEFEIE, §5.4 TR EAGHRORD I & HEARED /e ladberz, %57
LY XA L7 (4]). ZNEMHT S,
§5.4 THLA L 723055 % I\ 2

Y2 DMHIX. yi, ..., yv TNFIUCEMR Q1, ..., Qn DEMEE VL EE, ZNSEMDIELELH DR
Ty AR ulN) ThB, L) RFEICHD L,
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u DI ™) ZEERBROFETRD LI, Ne NI LT, {1, 2 TQ Z2Hh T X
9T (C\ﬁ D 5IEN,

N
(6.2) u™M(z) =" Qxlog|z — G

k=1
LB, TITTQ WRADHERTHS (k=1,...,N), {7}, & 9Q 53, collocation
equation
(6.3) u™M(z;) = —loglz; — 2| (j=1,...,N)

T {Qs} BED B,
KEDITR B,

— Gk
— Gk

EBL, TTTLlog l3FEMEEETETS (C\ (—00,0] ZERHETS),

(6.4) () = Qo+ Z Qr Log

N
Qo= Qilog|z — Gl
k=1

Re fO Zleogm Gl +2leog

N
= ZQk log |z — G| = u™M)(2)
C i
ThY,

gk—QO‘FZO—QoGR

F™ (z0) QO+ZQkLog

BVIZZE ImfMN(2)=0. 2D fM X, f=u+iv DRERITHZ LEZ SN,
~ REOT7IITIV XL ~

(1) (6.2), (6.3) T{Qw} ZED S,
(2) (6.4) T fMN) ZED 2,

(3) M (2) := (2 — z) exp fN)(2) TEREIND V) % FHEHR 0. Q — D, DFERLE
LTERHT %,

/

6.4 Python IC& % Jordan EBDEABROHETOIF L

Q=D DHFEAGBREZEZL), QL D PWELVDT, Q»56 D ~OMEHIEGHRE L
T, EHER id(2) = 2 PHN L DITAHTH 5,

IERMEEEIC X > TE, 2NN DRSNS, FEBE, 2 € Q & LT, Q ODEREE%
©: Q= Dy D95 IERLEAT

Zii7c g o DI, FId 1 RITBE

Z— 20

(65) o) = T

THHIEDPHAONT VS, 20=0DEE, p=id LB HRTH 5,
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22T, BIEHTHA L 2RO T Q OERSEAGGSRE RO T, BOEMER (6.5) &
RTHBZEI2T 3,
(BEZDTFP>TOBMEEZES ZLICk>T, 7TV AL 707 LDIEL I %2 F oy
73%, L) LIELIEbNE T 7= 7, )

KEOTETE, {Ghiy, {2}, ZEYNGERBIELD 205, 5 OB Q MR T
BBD6, (Gl ELT

Ck:Reszzr\jk (k=1,---,N) (RIZ1 XHhREVE,
{z}L, ELT
2mi)
2j = exp — (j=1,---,N).

ZERAT20PHATHA). RELT, EDHAT R=2 TithLL TAH %,
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(—conformalmap.py

import numpy as np
import matplotlib.pyplot as plt

def amanomap(z,z0,n,Q0,Q,zeta):
s=Q0
for k in range(n):
s += Q[k]*np.log((z-zetalk])/(z0-zetalk]))
return (z-z0) * np.exp(s)

z0=0.6
R=2
N=80
dt=2*np.pi/N
I=1j
thetas=np.linspace(0.0,2.0%np.pi,N,endpoint=False)
zetas=R#np.exp(I*thetas)
zs=np.exp(I*thetas)
a=np.empty ((N,N))
for j in (range(N)):

for k in (range(N)):

alj,k]l=np.log(abs(zs[jl-zetas[k]))

b=-np.log(abs(zs-z0))
# Qk (k=1,...N) & Q0 Z2R® %
Q=np.linalg.solve(a,b)
Q0=0
for k in (range(N)):

Q0 += Q[k]*np.log(abs(z0-zetas[k]))

# SIROTREEHEHZTE, WBULIZE ) T2 5Dk
plt.clf(O
fig=plt.figure()
fig.set_size_inches(5, 5)
plt.axes() .set_aspect(’equal’)
m=20
nr=m
rs=np.linspace(0.0,1.0,nr+1)
nt=4*nr
ts=np.linspace(0.0,2.0*np.pi,nt+1)
#zs=np.empty ((nr+1,nt+1) ,dtype=np.complex128)
ws=np.empty ((nr+1,nt+1) ,dtype=np.complex128)
for i in range(nr+1):
for j in range(nt+1):
zs=rs[i]*np.exp(1j*ts[jl)
ws[i, j]=amanomap(zs,z0,N,Q0,Q,zetas)
for i in range(nr+1):
plt.plot(ws([i,:].real,ws[i,:].imag)
for j in range(nt+1):
plt.plot(ws[:,j]l.real,ws[:,j].imag)

plt.show()
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(—conformalmap—VQ.py

# conformalmap-v2.py

import numpy as np
import matplotlib.pyplot as plt

def amanomap(z,z0,n,Q0,Q,zeta):
s = QO0+np.dot(Q,np.log(np.divide(z-zeta,z0-zeta)))
return (z-z0) * np.exp(s)

z0=0.6
R=2
N=80
I=1j
thetas=np.linspace(0.0,2.0%np.pi,N,endpoint=False)
zetas=R#*np.exp(I*thetas)
zs=np.exp(I*thetas)
a=np.empty ((N,N))
for j in (range(N)):

for k in (range(N)):

alj,k]=np.log(abs(zs[jl-zetas[k]))

b=-np.log(abs(zs-z0))
# Qk (k=1,...N) & Q0 Z2K® 3%
Q=np.linalg.solve(a,b)
QO0=np.dot (Q,np.log(abs(z0-zetas)))

# SHROTIEHEHLTE AIHHLIZE ) T2 D0k

plt.clf()

fig=plt.figure()

fig.set_size_inches(5, 5)

plt.axes() .set_aspect(’equal’)

m=20

nr=m

rs=np.linspace(0.0,1.0,nr+1)

nt=4*nr

ts=np.linspace(0.0,2.0*np.pi,nt+1)

#zs=np.empty((nr+1,nt+1) ,dtype=np.complex128)

ws=np.empty ((nr+1,nt+1) ,dtype=np.complex128)

for i in range(nr+1):
for j in range(nt+1):

zs=rs[i]*np.exp(1j*ts[j])
ws[i,j]l=amanomap(zs,z0,N,Q0,Q,zetas)

for i in range(nr+1):
plt.plot(ws[i,:].real,ws[i,:].imag)

for j in range(nt+1):
plt.plot(ws[:,j].real,ws[:,j].1imag)

plt.show()

A RFVIvIVMEEICXT B Poincaré-Perron D&

(YEfi )
WGy D 5 6 LR, O ko & 2 ERERAN S BUEFHE ORI O b Lk,
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1.00 A —

0.75 A -

0.50 1

0.25 1

0.00 1

—0.25 A

—0.50 ~

—0.75 A

—1.00 +

-1.00-0.75-0.50-0.25 0.00 0.25 0.50 0.75 1.00

B 8: KEFDIIEIC X 2 A5 54

B Poisson AERICH T 2ERE

(ZEPFEEFRE 27— HETH B, RF v v LREICE L Tk 20U EfERTH v
DT, AR ANTELICIED S, )

BH2MERZRANL &9, BHOZDICHEBIZXME (1 X6 T, 2 R TIEENF)
A BN

B.1 EBEXNGEZS

E5E (finite difference method, FDM) Tlt, XD 22DHE 2 FixH\» 5,
o W FRNICE FN 2 EBIE 2 DT CIE S 7- 20 TR DG Z2 GRS T %,
o THIHZIKTICXY> T, TR EDfEZRkD S I LZHEICT 5,

Wiy R OWIHEREIZ N T 2 Euler %, Runge-Kutta 7% EZ2FA R Z EBH UL,
LT VwTHA I,

(B.1) f(x) = f<“h]z_ /() +O0(h) (h—0).
(B.2) F(z) = fw) - ;:(x —h O(h)  (h = 0).
(B.3) ( ):f<“h)2_hf(x_h)+0(h2) (h — 0).
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(B.4) i) = LW Z2HORTECZD) | o) (10,

flx+2h)—=2f(x+h)+2f(x —h)— f(x —2h)
2h3

(B.5) f(x) = +O(R?)  (h —0).

(B.6)
fW@y—f@+2m_4ﬂx+M+6ﬁﬁw_4ﬂx_M+f@_2m44%#)(hﬁoy

SRR DOREREEIE 2 S 2EM IS HAGHLE A 5, HIZIE

h2 h2 )
x )

B.2 1XRwxTA>hbhO
Q=(0,1), 'y = {0}, Iy = {1} DH\A. (1.1), (5.2), (1.3) IF., RO X HIcHSHZ 515,

(B.7) —u'(x) = f(z) (z€(0,1)),
(B.8) u(0) = a,
(B.9) u'(1) = .

B.2.1 E9AHFER

1
h:Ax:N, r;=1th (1=0,1,--- ,N,N+1),
Ui— —2ui+ui .
(BlO) - : 2 = = f(xl) (Z = ]-727 te aN>7
(B.11) Uy = «,
UN+1 — UN-1
B.12 e S
(B.12) L LY
(IR E L ORI 1 KSRADE 615
2 -1 O Ur fi @
-1 2 -1 U, fo 0
oo =2 |+
-1 2 -1 Un—1 fn-a 0
0 2 2 Uy fn 26h
B B\ IHEBETI R ML L < (EORE ORI 1/2 %5150
2 -1 O Uy Ji «Q
-1 2 -1 U, fo 0
Lo =Rt [+
-1 2 -1 Un-1 In-1 0
0 1 1) \ oy Lix Bh

Z DRBATINS IR A T8 e ¢, IEHICH B, W 2N 1 RGBT RN i %
Ffo, £7. ZoREITINE, WAftE Z2OMmEED DI 0 Lick>oTwa, WbWwa =iH
NATIICH Y GHN 1 R AGBRRARE ZHARK E IS %), Gauss DiE KL TRIFRNIC
(O(N) DFIMERT) i 2 EBHK S,
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B.2.2 CEEO70O7 7 LA

poissonld.c --- 1 RJGPoisson /i

*
*

* -’ (x)=f(x) (0<x<1)

*  u(0)=«

*  uw (1)=B

*

* ZENIETCELS 707 L, cglsc a9V FTay 84 )L &ETHR S,
*
*

u(x)=(x-1/3)"2 DEH. a=1/9, B=4/3 -—- 2 RBEB LD THEIZRT S

#include <stdio.h>
#include <stdlib.h>
#include <math.h>
#include <glsc.h>

#define MAXN (100);

// ZENMHTHO Gauss DIEFEICL S LU 4R

void trilul(int, double *, double *, double *);

// LU ZfiE% v ¢ ZIE AR 2 7 <

void trisoll(int, double *, double *, double *, double *);

// Poisson R DA
double f(double x)

{
return - 2.0;
}
/] B
double solution(double x)
{
return (x - 1.0 / 3) * (x - 1.0 / 3);
}
int main(void)
{
double alpha, beta;
int i, n;
double *x, *al, *ad, *au, *u;
double h, h2;

alpha = 1.0 / 9.0;
beta = 4.0 / 3.0;

printf("n="); scanf("%d", &n);

x = malloc(sizeof (double) * (n + 1));

al = malloc(sizeof (double) * (n + 1));
ad = malloc(sizeof(double) * (n + 1));
au = malloc(sizeof (double) * (n + 1));

u = malloc(sizeof(double) * (n + 1));
if (ad == NULL || al == NULL || au == NULL || u == NULL) {
fprintf (stderr, "X €Y DEHD BRI L £ L7, \n");

exit(1);

}

h=1.0/ n;

for (i = 0; 1 <= n; i++)
x[i] = i * h;

h2 = h * h;

for (i = 1; i <= n; i++) {
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ad[i] = 2;
auli] = all[i] = -1;
uli] = h2 * f(i * h);
}
/x BN 1/2 595 */
ad[n] = 1;
ul[n] *= 0.5;

/* FERIIGHGAE */

ul[1] += alpha;

u[n] += beta * h;

/x AL 1 RIGREAZ M */
trilul(n, al, ad, au);
trisoli(n, al, ad, au, u);

/x 75 7 DHEf */
ul[0] = alpha;
g_init ("POISSON1D", 170.0, 170.0);
g_device(G_BOTH) ;
g_def_scale(0,

-0.2, 1.2, -0.2, 1.2,

10.0, 10.0, 150.0, 150.0);
g_sel_scale(0);
g_move(-0.2, 0.0); g_plot(1.2, 0.0);
g_move (0.0, -0.2); g_plot(0.0, 1.2);

/x BERZREC */

g_move(x[0], solution(x[0]));

for (i = 1; i <= n; i++)
g_plot(x[i], solution(x[i]));

printf ("7 Vv 7 LTF&Ew\n");

g_sleep(-1.0);

/% ZEOTIRER R RIS +/

g_line_color (G_RED) ;

g_move(x[0], ul01);

for (i = 1; i <= n; i++)
g_plot(x[il, ulil);

printf("x=1 COMEM %, E0MW %, % %e\n",
solution(1.0), uln], fabs(solution(1.0) - uln]));
g_sleep(-1.0);

g_term(Q);
return O;

}

/% 3R (REGTAID = EATH 2 1 KARRDO = L) Ax=b <
*
x Al
* n: ARHEDMEEL
* al,ad,au: 7 1 XGEKXDREATS
* (al: WNAMOTH i.e. T=MAET (lower part)
* ad: AR i.e. Xff#7 (diagonal part)
* au: WAMO LM i.e. E=MES (upper part)
* 2%h
*
* ad[1] aul1] 0 e 0
* al[2] ad[2] aul2] 0 i, 0
* 0 al[3] ad[3] aul3] O ......... 0
X e
* al[n-1] ad[n-1] aul[n-1]
* 0 al[n] ad[n]
* al[i] = A_{i,i-1}, ad[i] = A_{i,i}, auli] = A_{i,i+1},
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all[1], auln] FEBEZRWV)

b3
*
* b: 1 RGO EADEEI N7 + L

* (BT 1 256, ie. b[1],b[2],...,b[n] IKT—=F DAL T35, )
x

* al,ad,au: AN L7REATY% LU DL

* b: I 1 KPR DfE

* B

* —E call T3 ERELTH%E LU GfRELZHDINREINDE DT,

* DIB X H U R BATANC B 3 27 1 R E S 72D,

* BI% trisoll() AMEZ 3,

* Gauss DHEEZH T WE2Y, EXR Y P OFEREZL Tk

* WDT, ERY FOERZ L TWARVLDOT, REITHNIEEMETH 3
* 72 E DY) 2 D 7 WA ISR DREE T E 22w,

*/

void tridi(int n, double *al, double *ad, double *au, double *b)
{

trilul(n,al,ad,au);

trisoli(n,al,ad,au,b);

}

/x ZENAITIIO LU 73fE (pivoting & L) */
void trilul(int n, double *al, double *ad, double *au)
{
int 1i;
/* HEEZE (forward elimination) */
for (i = 1; i < n; i++) {
all[i + 1] /= ad[il;
ad[i + 1] -= auli] * al[i + 1];
}
}

/* LU 3R A O =\ AT 2 R B R D ST AZ i +/
void trisolil(int n, double *al, double *ad, double *au, double *b)
{
int 1i;
/* BN ZE (forward elimination) */
for (i = 1; i < n; i++) b[i + 1] -= b[i] * all[i + 1];
/* $IBfRA (backward substitution) */
bln] /= ad[n];
for (1 =n - 1; 1 > 1; i--) bl[i] = (b[i] - auli] * b[i + 1]) / adlil;

B.3 2RTDIBE (FBRIETIEMT)

EAMAEE Q = (0,W) x (0, H) DBEIE, 1 X0 E KA CHRICL TRz 5, fl#DZD
Dirichlet B5HEME, §74b b

=00, In=0 (Neumann BiH03224E4)
DEEICEHWT 2, 208G, (1.1), (5.2), (1.3) &,

—Au=f (inf2), u=g (ondf)
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B.3.1 E9AHFER
N, N, € N IR LT,

44 H
hz:ALE’::F, hy:A’yZ:E,

T

r,=1iAz (0<i<N,), y;=jAy (0<j<N,)

Ko THRFA (1,y) ZED S,
FHIHNTBIC D 2T RDOA VT v 7 ADHEER

w={(i,j)[1<i<m, 1<j<n}, m=N,—1 n:=N,—1,
BMOBR LICH 2 ROA v Ty 7 A0EAZ
v:={(,0) [0 <@ < NojU{(i, Ny) | 0 <0 < N JU{(0,5) | 0 <5 < Ny JU{(Ne, j) | 0 < j < Ny}
EEL, Bz TE I ),

fw= (N, —1)(N,—1)=mn, ty=2(N,+N,), #HwUy)=(N,+1)(N,+1).

Ui —2U;i; + Uiy Uijp1 —2U; 5 +U; j .
(B.13) - e Aﬁ — = flziy) ((4,7) € w),

(B.14) Uij = q1(zi,y;)  ((4,5) €7),

L) ESTBRDOMR Uy % u(z,y;) OELUEE T2D03R O EMFFTE 2,

ZHUE (N, + DN, + D) HORFE U ;5 ((1,7) EwUry) IZ2WTD, (N, + 1)(N, + 1) il
®1Aﬁ&ﬁ1%% m]« j) €)1 (B.14) 26305 DT, 21k (B.13) ITfRALTH
E95E. (N, = 1)(N, — 1) HORRE U, ; ((2,)) € w) ITD2WTD,

(B.15) N = (N, — 1)(N, — 1)

Ao 1 XAGERAPIEFE NS,

iﬂﬁ@ﬁﬁkﬁ&ﬁ@ﬂﬁﬁ%bm@f IEATH 2R 5 & § 27 1 XGBRRXDIBIcFER
23T THE, EBEICZITE701E, Uy 2AMRTIDORY FUIZT Z0EBH %,
HT:@:&%%ﬁﬁ%#\E“T7n77A%$<M%ﬁ$L%iT\ﬁﬁ%gu&w?
H>9,
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B.3.2 EHAEN (EiL1 RAER) D175, XI MNILKRE
i D 7- &, [FX Dirichlet 355 (g1 = 0) OHEEICHAT 5,

Un f(xh ?Jl)
U f(332> Y1)
UNI—l,l f(l“NI—b yl)
Uiz f(mlv ?J2)
Uss f(x% 92)
U = : , F= :
Un,—1,2 Jf(@n,—1,92)
Uin, -1 f (1, ?JNy—l)
U N, -1 f(z2,yn,-1)
UN,~1,N,-1 f@n,—1,yn,-1)

EBLE, AR oRD X9 InEsr 1 RABRADPE SN S:
AU = F,

1 1
(B16) A= (INy 1 X —= h2 (2INI—1 - JNz—l) + ﬁ(QlNy—l - JNy—l) X [Nz_1> .

Y
22T BTN T Uy YNEERTI T TH Y., I, 1Tk ROBENATHN, J, 1ZRDOED kX
FEHfFolch s LT 5,

0 1
1 0 1 O
Ji = :
1 0 1
0 10

(BEL CI3EEH [5] 2R &, )
Tar L5 ELLELEEDRDIC, U, F ORG U, F, #ZRTELTEL,

(B.17) U=Uyj, Fi= f(xi,y),
(B.18) (=i+ (-1, —1).

DFE D, HEEBANTBOKT R (1,y;) 2 1 RITCWERTHESZ DT L0, Ew) I LTH D,
WARTjIZ— ) Tixe <, (B.18) ofb b i

(B.19) 0=j+(i—1)(N, —1)

EWVH)BDHRLfEbINS, (B.18) % row first, (B.19) % column first & MA T %, X
IZHT %5 MATLAB 7’2277 ATl (B.18) ZERH L TH 5,

W00, j) — ¢ OWZEHIZ, 2 N, —1 THZRD EFiZ i — 1,5 — 1 ETHUTR,
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B.3.3 MATLAB 7045 L4

MATLAB" REFHDH 2> I aL—vay V7 b7 =27 TH23 (HEH 6],

HIARFATIE 74 v Y AR 2 LT 2D T, HERHETIUIMZ 2 £ 9127 % (MATLAB
TAH 7 4 £ ¥ 212),

(bBAAMNET — I & 223 ZREMAFTEIHATE 2D S O | 22 SMiffifE 1
F\, ZOET MATLAB O Z § 2 Ritd 2203, 2 2 TIEBEIC MATLAB 215> T
WBANFFIZH Y 7V - 7077 L0200 L TE L, (hE., BUTRAZzM# 729D MATLAB
7077 LMconTE, HH (7], 8] 2R K. )

(B.16) DIREATIN A \ZRD 70 75 LA TEENK S,
~ poisson_coef.m ~

function A=poisson_coef (W, H, nx, ny)
% AT (0,W) X (0,H) 1B} % Poisson HFERD Dirichlet IEFLfE[EE
% Laplacian % 747U 724742 KD 5,
% iM% nx X ny O EI L CEDEMT 5,
% MATLAB TlZ
% (1) 1750lx Fotran & [EED column first TH D,
% (2) mesh(), contour() (CX % TTFIffiE, X 2(5,1) EWRTFDONELNE ML W72 DT,
% 1=i+(j-1)*(nx-1) & row first &% 5% X921 XILNEZHITT 3
hx=W/nx;
hy=H/ny;
m=nx-1;
n=ny-1;
ex=ones (nx,1);
ey=ones(ny,1);
Lx=spdiags([-ex,2*ex,-ex],-1:1,m,m)/ (hx*hx) ;
Ly=spdiags([-ey,2*ey,-ey]l,-1:1,n,n)/(hy*hy) ;
A=kron(speye(m,m) ,Ly)+kron(Lx,speye(n,n));

W=3 H=2 f=1 N,=30, N,=20
DG, RO7a 77 LA TEtEIEK S,

"Uhttps://jp.mathworks.com/
2http://www.meiji.ac.jp/isc/matlab-tah/
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-~ poisson2d_fl.m ~

% R MHEIE (0,W) X (0,H) T Poisson SFERDIAXRK Dirichlet HiFHEfTE % fiF <
W=3.0;

H=2.0;

nx=30;

ny=20;

m=nx-1;

n=ny-1;

% A XABRXZERT 5,

A=poisson_coef (W, H, nx, ny);

% WHHO Ay 2 7Yy FEHE

x=linspace(0,W,nx+1); % x=[x_0,x_1,...,x_nx]
y=linspace(0,H,ny+1); % y=[y_0,y_1,...,y_ny]
[X,Y]=meshgrid(x,y); % Z#UIDWTIE meshgrid() DHFH%Z H X,
%=1 D4

F=ones(m#*n,1); % Z Z%HHIES & —DIEFRKIEDFIEIET %,
%

u=zeros (ny+1,nx+1);

u(2:ny,2:nx)=reshape (A\F,ny-1,nx-1) ;

%

%h 79 7 DRI

clf

colormap hsv

subplot(1,2,1);

mesh(X,Y,u);

colorbar

% SRR

subplot(1,2,2);

contour(X,Y,u);

%

disp(’ KIZ{RFFT %) ;

print -dpdf poisson2d.pdf % M T&% 7+ —~v M3 doc print TIN5

J

Bl 3. 707 7 L poisson2d_f1.m ., f=1 DHEAEIMELZMELS 707 LTH B, —i
D f OGEICREZRS 7077 L2 FlE X,

DT oI, f(x,y) = —2(2? — 3z +y? — 2y) DEE (BEMRIE u(z,y) =203 —2)y(2 —vy))
Dz AL L 72 b DTH %,
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0.8

0.6

04r

0.2

X 9: —Au = —2(2® — 3z +y* — 2y)

B 4. v /7 A& poisson2d f1.m (%, [HX Dirichlet Bi%Z&f (u = 0 on 89) DA I
%ﬁq:( 7075 5 THBH, JERRK Dirichlet BEASEM (v = g1 on 002) DLEIRIEZ fiE <
VAR AN (DR

B.4 ERXBETEWEEBICEITZIEDE
(HEf )

B.5 U

o SRR OEHIZ LT D 2TV (EADMES 7220 DY, oMoy iR
DFEPUC 2> T E 2 LI D RT V) B, EFROPERP, 5 A X — L OREN
7 EOFEHIE, b & DRMATEAOWE DI & B2 D 5 (FERMRE TR 2 D%
HEL ),

o LRILDBE. BRI > TV AFEE 2 P ) 1213 TR NIEIC L 5,

C Eigen 21475V «%ZHW/k Jordan fRIBDFEATERDET
B7095L
AXHIZ Python Z 7z v 7L - 7’0 75 Akid i, DATE C++ 2w Twk, &
EFTENDLEHAETEL,
AR, ZOFDEFHEICIE MATLAB 29 O2MFEATH 553, 2 2Tk, C++ TN
7 bov, FTANCEE T 2 E2 T 5 72Ol R R 7 I A - 9475 4 ThHD, Eigen'® ZFIH
LTH5 (B, C++ TlE, HEHZHE) DBEHHETH ),

3http://eigen. tuxfamily.org/
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WWW %4 F225, eigen-eigen-5a0156e40feb.tar.gz D £ ) BHHIDY — R - 774
N—=HZATFLT, UFDXIITA YA =17 35,
~ MacBook @ —IFILTRDLHITA VA b=V ~
tar xzf eigen-eigen-5a0156e40feb.tar.gz

cd eigen-eigen-5a0156e40feb
1s

(Eigen 3% % Z & Z i)
cp -pr Eigen /include &%\ i¥ cp -pr Eigen /usr/local/include
T—=HAT7 774 NICEHEENT W, Eigen EW) T4 L 27 FY 4%, ~“/include
%°/usr/local/include D PIZatE—L T3,
- J
(BRI 2 5174 E, Eigen %\ 7, Runge-Kutta #EDH > 7L - 7’0 77 L http://
nalab.mind.meiji.ac.jp/~mk/complex2/ball-bound.cpp Z#H/F L TEL, ¥ 34D
75, Ffrofiiix, FRICHCTH S, )

Q=D =D(0;1), z=1/2 DEHEZEBOTH LI, DF HBUEAIZ

<,
©(20) =0, ¢'(z) >0
ZEETHDORRD S, ZOBEIE. 1 RO

DMFETH 5 EDTD> T 5,

conformalmap.cpp'* — 21Xy — I LT

(:curl -0 http://nalab.mind.meiji.ac.jp/ “mk/complex2/conformalmap.cpp :}

Ll vyu— K3,

~
*

conformalmap.cpp -—- SFHEMROFMEGIEH] GERMED HIEDOREFHELNN— 3 V)

g++ -I/opt/X11/include -I/usr/local/include conformalmap.cpp
-L/usr/local/lib -1lglscd -L/opt/X11/1ib -1X11
I Jopt/X11 IC X BHRD 7 7 A4 VD3,
/usr/local IZ Eigen, GLSC BAfRD 7 7 A N 2?
HBERELTRS,

BISBAFL Mac TId, GLSC 1¥ ~/include, ~/1ib X4 ¥ A F—1 LT
HEEHINE, RDXIITT 5Dk,
g++ -I/opt/X11/include -I “/include conformalmap.cpp -L ~/lib -lglscd -L/opt/X11/1ib -1X11
Z DY, Eigen & ~“/include XA YA F—L T35 LRV,
ThH, WEHPL-TTFI,

¥ X X X X X X X X X ¥ ¥ *

*
~

#include <iostream>
#include <complex>

Yhttp://nalab.mind.meiji.ac.jp/ “mk/complex2/conformalmap.cpp
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http://nalab.mind.meiji.ac.jp/~mk/complex2/ball-bound.cpp
http://nalab.mind.meiji.ac.jp/~mk/complex2/ball-bound.cpp

#include <Eigen/Dense>

extern "C" {
#include <glsc.h>
};

using namespace std;
using namespace Eigen;

// MatrixXd 3R E IDFEATRICIEE TE T, T2 double D177
// d(double) DfHDIT i(int), f(float), cf, cd (complex<double>) b OK

/] ¢ (z0)=0, ¢’ (z0)>0 Ziifizz $EHMTH
complex<double> phi(complex<double> z,
complex<double> z0)
{
complex<double> w;
w = (z-z0)/(1.0-conj(z0)*z);
return w;

}
/! REFDITHEIC K 55M 54

complex<double> f (complex<double> z,
complex<double> zO,
int N,
double QO,
VectorXd Q, VectorXcd zeta)

int k;
complex<double> s;
s = QO0;
for (k = 0; k < N; k++)
s += Q(k) * log((z-zeta(k))/(z0-zeta(k)));
return (z-z0) * exp(s);

}

int main(void)
{
int i, j, k, N, m;
double theta, pi, dt, R, QO, r, dr;
// REECEAL & RIS B R 20=1/2
complex<double> I(0,1), z0(0.6,0.0), zp, w, w2;

R = 2;

N = 80;

VectorXcd zeta(N), z(N);
VectorXd b(N), QN);
MatrixXd a(N,N);

pi = 4.0 * atan(1.0);
dt = 2 * pi / N;
// PR 1z1=2 EO%ES R
for (k = 0; k < N; k++)
zeta(k) = R x exp(I * (k * dt));
// cout << '"zeta=" << zeta << endl;
// B 1zl=1 OSSR
for (j = 0; j < N; j++)
z(j) = exp(I * (j * dt));

/] BREATHN D Hef
for (j = 0; j < N; j++)
for (k = 0; k < N; k++) {
a(j,k) = log(abs(z(j)-zeta(k)));
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3

/] A

for (j = 0; j < N; j++) {
b(j) = - log(abs(z(j)-z0));

}

// EhizRD 5
Q = a.partialPivLu() .solve(b);

// Q0 ZRD D
Q0 = 0;
for (k = 0; k < N; k++) {
Q0 += Q(k) * log(abs(z0-zeta(k)));
}

g_init((char =*)"GRAPH", 150.0, 150.0);

g_device(G_BOTH) ;

g_def_scale(0, - 1.2, 1.2, -1.2, 1.2, 10.0, 10.0, 140.0, 140.0);
g_sel_scale(0);

m = 20;
/7 LM OB
dr = 1.0 / m;
dt =2 *xpi / (4 * m);
for (i = 1; i <=m; i++) {
r =i x dr;
for (j = 0; j <=4 *m; j++) {
zp =1 * exp(I * (j * dt));
w=f (zp,z0,N,Q0,Q,zeta) ;
if (j == 0)
g_move(w.real(), w.imag());
else
g_plot(w.real(), w.imag());
}
}
/! RERDOG
for (j = 0; j <=4 *m; j++) {
theta = j * dt;
for (i = 0; 1 <=m; i++) {
r = 1i * dr;
zp = r * exp(I * theta);
w=f (zp,z0,N,Q0,Q,zeta);
if (4 == 0)
g_move(w.real(), w.imag());
else
g_plot(w.real(), w.imag());
}
¥
g_sleep(-1.0);
g_term();
return 0O;

}
-~ AR VRS ~
g++ -I/opt/X11/include -I ~/include conformalmap.cpp -L ~/1lib -1lglscd -L/opt/X11/1lib -1X1

(GLSC ZH[H L T, HREMYAR Mac Tl ~/include, ~/1ib T4 Y A P —)L &
NTWBEZE2EL TS, EOFIET, Eigen b “/include IC4 Y A F—)LLTHE

Wiz, )
N J
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