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TR OMEE B ETRD 2 = ¢ 2 BIEES £ V5.,

WS DFENL B B BT (BRI 20 o T 3 BT 15 A b T - 72 B D SR B
KD BHLB) THBH, BSOHEZHE LN L D%,

Z Z TR OBEREETRD 3 2 L BT K B, = OLETIE 1 ZHEROHS

(1) Hﬁz/ﬂwm

DIE%ERD 2 IFIEICOWTEHRE B L,

KRl fIicfLT I(f) ZEET20TIE R, HEEELVEHBD fizonT, @D
DATI(f) ZitB T2 HEEELET 5,

JEH BN 2N (BUERESAR) & B AEDRDOEEZ LTV 5,

(2) L(f) = Arf ().

T T xp & [a, 0] N HIBATHERZ 5 KT, #ZARR (sample point) &FEHINS, £/ 4, 3E
& (weight) LIEIN 5,
COXETHY LT3

(a) FMEBRERS LN
(b) ZEIEMBIMBLBUETR S 20 (double exponential formula)
Iy (2) OE LTS,

2 WHEESERS AR
BRUIBR f OMMSIAR f,(2) ZRDT. T ORI} 1(,) Ol 1(f) OBERURIRAT 2
SRR AR TS 5.

"2 RITOBIERE I OWTIE, MBS RERE T RIE. JOBEWGEIE Y T - IV aiENEHN T,
FAMIEEE WD, ERBEEBGHDOFIHEH TR VWEEZ 5N DTEHIKT 5,
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2.1 #HEZER

2.1.1 TERC—EHFHE

4 N
i 2.1 (HEZERDO—EEE) [0, X R OBEREAXM. 21,..., 2, & [a,b] NOMHER
B fila,b] >R &EFT 5L X,

(3) deg fo(z) <n—1, folag) = f(zx) (E=1,...,n

%7z 3 REBEZIEN [, (x) D—EWIFET %, J
\_

RERR  MMED » 2EEADE A D 2D, T TR REERAZ 8RS %, k=1,--- ,n I
jﬂ‘bf\

[Tisicn (x —2y) (@ —21) (& — 2p1) (@ — Top) - (& — @)
(n—1) ) = j#k _ 1 k—1 k+1 n
S | e I e R [T R ey

T L V() BED 3,
(5) L") eRlz), degL" V(@)=n—-1, L"V(@)=6r (=1,...,n)
DD LD, FTz. FERHE L TIERARITTR 5 D5,

(6) Fu(w) = [ (e = 2))
s,

(n—1) 2) = Fn(x>
DI D LD,
8) fal2) =Y flan) L (2)

rBL. (o) 3 (3) BT,
n—1
D ECHEENTRE . n— 1 RZBEAXDFRE (a0, a1,...,0,1) (DFED fo(z) = Zakxk zWn

ST L) & a1, Tay ..., By CTOMHE fo(xr), fulxa), ..., folzn) %ﬁm%‘%%g{%bi\k I&” 5 R?
NORBIBERTH 2, L TEADRFTH S e nhol, MERBTEIEMICL T, £
NFHEHTH 2, ZHZ fo(z) P—EBIITEEFS I 2ERLTWVWS, =
L V@), LY V(@) By, .z, REEARS Y 3% Lagrange #REME L TR,
LoEHD f,(2) Z f OEZIEI (interpolating polynomial) ¥ FEXR, L O#FGwD & 77025
£

9 (1) =
rRE B, 2% Lagrange fEAT (Lagrange fifiiZIHR, Lagrange interpolating polynomial)
LIS,
(Newton DRI (Newton fifH1ZIHI, Newton polynomial) &\ 5 b Db &b 203, fifH
ZHKXTH 2 Z EIZIEFED YR, )




2.1.2 Runge DIRR
nZRELTEE TRV fBIZHEAPGEONEZSITEZ 200 LAKRWD, ZHUIFRMET
b5,
BEAREEFRIRCN-Tn ZREST DL, fulz) 1F flz) ERTHLEODRNBDITRSE T
£23% % (Runge DIRK L MEITNTWVW5),

b—a 1
=_1 =1 N h = S —
a , b , €N, N N

rj=a+jh (j=0,1,...,2N)

&9 %, KB .

1) = o522
DFEIZIEAZRD T I 72 NTA L I,



* runge.c —-- FHFEAROMHEZIHENIRS v 25 L5 Runge DHHH

* 2% RIER, BHamr, HIZHAR (1973, 55 2k 2002).

* gcc runge.c ; ./a.out > runge.data

* gnuplot> f(x)=1/(1+25%x*x)

* gnuplot> plot [-1:1] [-1:1] "runge.data" with linespoints, f(x)
* gnuplot> plot [-1:1] [-1:10] "runge.data" with linespoints, f(x)
*

* T ZTIld Lagrange fifIZIHA L LCAEL TV,

*/

#include <stdio.h>
#include <stdlib.h>

/% [-1,1] TOEMBEAREDND LTV 2 THEARBEE */
double f(double x)
{
return 1.0 / (1.0 + 25.0 * x * x);
}

/* Lagrange fHIfREL */
double L(double x, int k, int N, double xv[])

{
int j;
double t = 1;
for (j = -N; j <= N; j++)
if (j '= k)
t k= (x - xv[j+NI) / (xv[k+N] - xv[j+N1);
return t;
}

/* Lagrange fiffi/Azl */
double fn(double x, int N, double xv[], double fv[])
{
int k;
double s = 0;
for (k = -N; k <= N; k++)
s += fv[k+N] * L(x, k, N, xv);

return s;
}
int main(void)
{
int j, N, nn;
double h;
double *xv, *fv;
N = 10;
xv = malloc(sizeof (double) * (2 x N + 1)); // T7—F zv 7 XIEDH
fv = malloc(sizeof (double) * (2 * N + 1)); // [k
h=1.0/N;
for (j = -N; j <= N; j++) {
xv[j + N] = j * h;
fvlj + N1 = £(xv[j + NI);
}
nn = 200;
h =2.0 / nn;
printf ("%g %g\n", -1.0, fn(-1.0, N, xv, fv));
for (j = 1; j <= nn; j++)
printf("%g %g\n", -1.0 + j * h, fn(-1.0 + j * h, N, xv, fv));
}




/

$ cc -o runge runge.c

$ ./runge > runge.dat

$ gnuplot

gnuplot> f(x)=1/(1+25*x*x)

gnuplot> plot [-1:1] [-1:1] "runge.dat" with linespoints,f (x)

gnuplot> plot [-1:1] [-1:10] "runge.dat" with linespoints,f(x)
o

‘ “runge.data” [
00 |

|
05 - T
|
o
| e
0 ‘g |
1
N
|
05 v
1
1: R D =— N=10 =21
X unge DHR, f(x) Tt (n )

27573y, REOHFRETTIE, F2ZF2TEMTETWEYD, FRASENS 2 Ths
KELLZD, HOFL TIREFRIESZELVENE L TWS, ZIUIMERSOERZHES L THWE

T, LLAELT S, =

Lo f3ZLDOTFAMOFNCEHAEINTVWE, KALWEErS->TRWEEBbh3, Z
50 5 BB D FMFRIEA RIC X 2 i ZH DA S % {1THhRvDld, FEERERL2T %
HH Ly FAMIRIFI- /2 &, ETHEXFLAL, A4 b HRELZSTHRERITED
F9)o

2.1.3 Runge DIRFHHZDT
Runge DR Z#ET 272012, RD2ODOMENRLfEbN S,
(a) XM [a,b] A T1OOMMBZEXEZMES Ce 2 HE oD, XKEE/PMEICHE LT, 2R
SE/NXET, A&V n i UTHBZER f.(2) V5,
o X754 A (spline approximation)
o ARERIEDOXTZIHN
o HUEIE T OEERETRS R (&ih)
(b) BERXRZEADOR (FER) 2EAR L T2 MEZHEX2HHT 5 (EXZHEAORIE, XDk

ROFELICELRLTVD), Gauss BEB D ARE, n RORNT, 2n — 1 RZIHA DM
7% IEHEICEITRTZ %,



2.2 HEMERERES S

X[ [a,b] 2> AREARR 21,... 2, ZBOH L7z &, BIE f OMRIZIE f,(2) 23E F 5 53,
FNIZHATH S5,

(10) Ln(f) = 1(fa)
FEZBEIETE, BHY 2 BTN L

(FH8 (2)) L(f) = Acf(ay)

DIBITTI2 5, Thze I(f) OELUTERA L7 b O 2 MREBERS 2R & M,
INEWV I L THRIDDOWVWT WS, ZREBNAL LD, (RETIE. KERETZZL, )

REAR (0,0 OHEEEASICIRAT 5. file) = £ (22) 13 0 RBER (E) TH 5.

(11) huvzhf(“;b>,iu:b—w

BN [0, 0] DU a, b ZREARSICEHRAT 2, folz) X 1XEETH D, L(f) EBFOMHEE
BRI,

(12) L(f) = 2 (fla) + f(B), hi=b—a.

| =

Simpson B [a,b] D a, b &R L2 ZIEARFITIRAT 2, f3(2) 132 RBIETH 5,

(13 L= (rw+ar (SF) +rw). =t

3 2 2

Simpson 2 " [a,b] Z3FET L7z EDOARBEARITIRAT 2, f3(z) FZ3REETH 2, —
ORI EIZFEDLIRZ WV,

an) =3 (s var (250) o (S52) v sw), w30

IS DRKOE T, —MINITS 2T b HIKE D, ERIHEOLNL2DIE, n=1,2,3 £T
DT, KEESRWVWI EIZLTAEKT 2 (RIUIHKRS). n >4 DEAIXIEL AA YD
(ZWHp, Fixn=3DHEDDHE DDA,

BAERES NS m MORRK (m ROFEE) TH 2 ki, B f OBEES AR OEE% E(f)
rEL L E,

ui

(15) E(@*) =0 (k=0,1,...,m), E(2™")#0

NI RVAS TR AR

MFEEBERE A L(f) BIED e, 27 ed n—1 ORI TH 25, Fid n BFE
DrE, nMOARTH 2, HlziX. FELAR L(f) BEAR L(f) 3 12 1Mo RT,
Simpson AR I3(f) & Simpson? A L(f) 3 IZ3MORKTH 2,



2.2.1 #EEHRLH
[a,b] & N E5 LT, &/NMXM [a;,0,] G=1,...,N) THRAARXZHVT, Zh oD%
%

N

(16) My :=hY fla+(j—1/2)h), h:=

j=1

BEFRANK, BEFHAL 2 WIFHICHRARE L&,

b—a
N

2.2.2 #HEEELN
[a,b] &% N FE LT, &/PNX/- [a;,b5] (G =1,...,N) TEEARZHWT, 2 s0f%EH

(17) Tn ::h(%f(a)+if(a+jh)+%f(b)), h::b]_va.

J=1

BEEBEAR, HEBEAL H30VFHICEEARE X3,

2.2.3 #&4& Simpson AT

la,b] 7 m F LT, Ja;,bi] (j=1,...,m) T Simpson AR ([a;,b;] OFRBES &2 5)
ZHWT, zhooflziis,

(18) Som = h (f(a)+22f(a+2jh)+42f(a+(2j —1)h) +f(b)> . h:= b_“‘

3 2m

B4 Simpson AR, HE Simpson A, & 2 WIEHIZ Simpson A& K&K,
Lol

Ty +2M,
=
CWOBRDH B, ZHIL EEEMHS LD B,

(DARE: FRARDEEIX, BIEAROBRE L FFELH T, HMEIXIFIE 1/2 RoTW
5280, 22T, FEAREEBELARXE 2: 1 127 L TE-> ZARDOBERE W &2
W Tx 2, 2% Simpson AR TH 2, W\WH T iZiRb, )

(19) SQm T2m = Tm + Mm

2.3 EEfHl

DRzH i 2060%, > 7Fn-7arsn (CEHETER) ZHEL TH S, FHERBEHER Mac
ThuE, X—IFALTUTDa~vry FEETTUIEN 1T,

curl -0 http://nalab.mind.meiji.ac.jp/ "mk/complex2/prog20190701.tar.gz
tar xzf prog20190701.tar.gz

cd prog20190701

make

HFRAR. BIEAR. Simpson ARUIRKD 2 — FTEETE 2 (UTORBEERGIO T 75
LADZLT, TDnc.c A Y7L —FRLT-TW3),
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~nc.c ~
/%
* nc.c —--- Newton-Cotes DHEITAIN: HEHLALA, HEAHEAK, A Simpson AF
*/

typedef double ddfunction(double);

double midpoint(ddfunction, double, double, int);
double trapezoidal(ddfunction, double, double, int);
double simpson(ddfunction, double, double, int);

/* B £ @ [a,b] KBFIHESOEESHEARNIC X 2 BUERES M_N x/
double midpoint(ddfunction f, double a, double b, int N)
{
int j;
double h, M;
(b - a) / N;
M= 0.0;
for (j =1; j <= N; j++) M += f(a + (j - 0.5) * h);
M *= h;
return M;

}

=
]

/x BAEL £ @ [a,b] KXBFIEDOEEEARNIC X 28ERFT T_N */
double trapezoidal(ddfunction f, double a, double b, int N)
{

int j;

double h, T;

h=(b-a)N;

T =(f(a) + £(b)) / 2;
for (j =1; j <N; j*++) T += f(a + j * h);
T *= h;
return T;
}

/* B £ @D [a,b] B SHETDOEE Simpson NFHUT X 2 BUEMTT S_{N} */
double simpson(ddfunction f, double a, double b, int N)
{

int m =N/ 2;

return (trapezoidal(f, a, b, m) + 2 * midpoint(f, a, b, m)) / 3;

U )

2.3.1 KR
o FEAK, BEARIZE DI IMNDONRT, #ETEED 1 XD & 2 [EiEREE 5 X 5,
e Simpson NFUX 3D ANNT, BHETEEED 3 XD & X IEMRELX 5 X %,

DI ZMENPDTAHL D,




/

/*
* examplel.c -- ZIHXOHED
*/

#include <stdio.h>
#include <stdlib.h>
#include <math.h>
#include "nc.c"

int degree = 0; // O or 1 or 2 or 3 or 4

// sum_{k=0}"m (k+1)x"k
double f(double x)
{
switch (degree) {
case 0: return
case return

1;

1 X;
case return 1

1

1

X + 3 % x * X;
X +3 %X %X+ 4 %X * X ¥ X;
X+ 3 %X *xxXxX+4 *%xx*xx *xXxX+5 %X * X * X * X3

w N - O

case return

+ 4+ + +
NN NN
* X ¥ ¥

case 4: return
default:
return 1;
}
}

int main(void)
{
int N;
double a, b, I[5] = {1.0, 2.0, 3.0, 4.0, 5.0};
double M, T, S;
a=20.0; b=1.0;
printf ("Simpson ANFUIXE 3 LU TOZIHEAUTH L TIELWMEZ S Z %, \n");
printf ("FRAR BEAREZE 1 LTOZHEAIIH L TIELWERZ S Z %, \n");
printf ("D Z72DHI21E N=2 TH+7\n");
printf ("X (= 4)="); scanf("}d", &degree);
if (degree > 4)
exit(1);
printf ("N="); scanf("%d", &N);
M = midpoint(f, a, b, N);
T = trapezoidal(f, a, b, N);
S = simpson(f, a, b, N);
printf ("FRAK  M=%20.15f, FF=Y%e\n", M, I[degree] - M);
printf "AFARX  T=%20.15f, #AFE=Ye\n", T, I[degree] - T);
printf ("Simpson A7 S=%20.15f, FRZ=%e\n", S, I[degreel - S);
return O;

N

\_

$ cc -o examplel examplel.c

$ ./examplel

JE=2

N=10

HFRAR M= 2.997500000000000, #f#=2.500000e-03
BRI T=  3.005000000000001, #i7&=-5.000000e-03
Simpson 37\ S=  3.000000000000000, ##7#=0.000000e+00
$

2.

3.2 BOSHLLERDISE
5272 BRI T 2 BIEM T O, FREDFEHZ R TA L D,
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1
:/ e® dx
0

s ™
/*
* example2.c -- \int_0"1 e"x dx
* cc example2.c
* ./a.out > ex2.data
*/

#include <stdio.h>
#include <math.h>
#include "nc.c"

double f(double x)
{

return exp(x);

}

int main(void)
{
int N;
double a, b, If;
double M, T, S;
a=0.0; b=1.0; If = exp(1.0) - 1;
printf("# N I-M_N I-T_N I-S_N\n");
for (N = 2; N <= 65536; N *= 2) {
M = midpoint(f, a, b, N);
T = trapezoidal(f, a, b, N);
S simpson(f, a, b, N);
printf("%5d4 Y%1l4e %1l4e %1ld4e\n", N, If - M, If - T, If - S);
}
return O;

}

-

$ cc -o example2 example2.c
$ ./example2

(ERIZEHTR>TARES)

$ ./example2 > ex2.data
$ gnuplot example2.gp -

(REFIER) 2)
\

AN

77 7 ORI N (IFARE —1), #tEEERE (WIS ERE) TH5, =

. HEHHE 2
155 BRI LT,

1 1 1
I—MN—O(W), I—TN—O(m), I—SN_O<W) (N ).

3, —RAROREE m LT 5 Y O (i),
EXROBE TR LTV 5 AAIIEGEN or H LV, BFENDI TR, FLVEE
| B85 (APAASIEARE D BRTO S DY TEEL),

J
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ex2: numerical integration for exp(x)

T T T
*~ midpoint rule —+—
102 E 0 trapezoidal rule ——
F RN Simpson rule
TR
\\\ P -
e
4 N
107 F I 4
E N
R
~ - K -
+
-6 | ~_% |
107 E *\\: X
NN
\\*L; N
\\\ P -
108 b SN 4
F S0
S ~
\X ~
-10 S X
10 E X i
F *\\l; X
%
1012 b -
lO-l4 E 4
-16 | | | |
10
10° 10t 102 10° 10* 10°

1
2: 1 :/ e dr HHEAR, BFEAR, Simpson AR TEIEL- & ZDiiE
0

2.3.3 BOSHTHRLVERDIZSE
WO THRVWEBICH T 2 BUER D ZANTA XS,

f:[ﬁfﬁmggy

s ™

$ cc -o example3 example3.c
$ ./example3 > ex3.data
$ cat ex3.data

(FERIZ Z DXHTIZE)
$ gnuplot example3.gp -

(55 3)
N J

X3 2R3, —IBREZRDT 20, ZOFHINPINETEDEL, £ Simpson N DH
EPHENR, BEAREZED SRV 2 IZ&KST <,
HHES3
HRHETH 205, WO TROBEE (EFE, 2 =1 TP ATRETR W) I LTk, IEIEL
THICRITEV, BROLNRDENM IR,
R TR VBRI L TR, 25 2 BN EHTAIRER I H D S 5,

3 BFA — SFKIT<DZR3

BUERE DA, AR S WIERIZ S £LATLHAIZ 2 008N T %, £563 BRI 12/
%"y %,

12



ex3: numerical integration for sqn(l-xz)

T

midpoint rule —+—
trapezoidal rule —<—
10tk x_ Simpson rule

10—7 L

10-8 L

10-9 | | | |
10° 10t 102 10° 10* 10°

1
H&I:/\ﬁt?Mx%¢ﬁ“ﬁ\ﬁ%ﬁﬁ\&mmm INRCRHE L7 b % 3se
0

3.1 BOoHLREHAEE® 1 AHRDES

i? 15 5 7z JE AR @ 1 A o fE S

HZOWT, DD f: R CRIESPT, BHEMT
= f(x) (z € R) 2ULD LD L &,

]—/f de, b—a=T

RHETRHATH S, fla) = f(b) THEDT,
1 N-1 1 N N-1
(200 Ty =h <§f(a) + > fla+jh)+ §f<b)> =hY _ fla+jh)=h)Y_ fla+jh)
j=1 j=1 §=0
THdIEITHEET 5,
3.1.1  #fEf
o dw 2 )N
I= —— = —. 5D LEML D O LT U, Bessel IO ERA IR D
o 2-+cosz V3
FORMOFHERL Y,
- B
$ cat exampled.c
$ cc -0 example4d exampled.c
$ ./exampled4 > ex4.data
$ cat ex4.data
# N I-M_N I-T_N I-S_N
2 4.860061e-01 -5.611915e-01 1.259323e+00
4 3.720712e-02 -3.759270e-02 1.369402e-01
8 1.927779e-04 -1.927882e-04 1.227385e-02
16 5.122576e-09 -5.122576e-09 6.425590e-05
32 8.881784e-16 4.440892e-16 1.707525e-09
64 4.440892e-16 -1.776357e-15  8.881784e-16
128 -1.776357e-15 -4.440892e-16 4.440892e-16
(AT HS)
$ gnuplot exampled.gp -

J
N =32 OEFET, BFEARDEZE |1 — Ty| ~ 4.4 x 10716 1ZFIHH L TV 2 RO R ERE

1 27
2Jn(x) = / cos (nt — xsint) dt.

21 Jo

13



ex4: numerical integration for 1/(2+cos(x))

o mi&poim rule —+—
10" F trapezoidal rule —<— 3
Simpson rule
10
104 L
108 L
108 b
1010 L
10%2 ¢ \
\
\ “
14 \ N &
1077 F " <N 1
B N XX / x
i~ 777*/// -~ e
-16 I I I I
10
10° 10 10° 10° 10* 10°

2+ cosx

2 1 R B ~
4T — / 1 a s, AIAR, Simpson AR TEHE Lk b % 0t
0

WEBZELTWVWAS, =

HIEi O ZH - 72 TlE. 2 OFIOFERSEE 2L B5WVWEBWI BT ETHAD,
H5E4

(F13) 1 & A AR O 1 ABORS 2 B ARTIHET 2 L. A&\ N THEHBER
E»EsN5,

3.1.2 Euler-Maclaurin OEI2

JIHABE D — AR DB AN TS FLHRETEL 22 id. ROEHZMNWS I TOL X
HHJHHT % éo

/
fid 3.1 (Euler-Maclaurin &R, Euler (1736), MacLaurin (1742), Jacobi (1834))

fila,b] = R CP et FED neNIZHLTh=(b—a)/n £BL L X,

/ f(z) dz=h <%f(a)+z_:f(a+]h + f ) Zthz’“ Cr=(b) — fO(a))+ R,

=1
h2m+1

B n—1 (Qm)
Ry, = —(zm)‘/BQm (;;f (a+kh+th)> dt

D DILD, 72721 By, Bu(t) &, 22X TEE SN S Bernoulli . Bernoulli
ZIENTH 5:

g

D (] < 2m).

oo
SN
s _ 1 | ’
es —1 —~ nl

n=0

\_

-

Euler ¥ MacLaurin &, ZkT (r=41,4£2,...) % Zlogk ZEHii S 2 72 DI2 2 DR E
k=1

k=1

SRR D XY a v @ C FREERTIE, FEVMIGREUE, TEEE 754 £ W\ 5 BIgICHE->TW 5, double B 7 —
K DONERRBNL. REERDS 2 LT 53 M7 T, 10 ERICHR T2 . 16 MT59ICHEN T %, 27/V/3 =3.6275--- RO
T BEN 511070 205 Z2id, IEFI6MELWIZ 2Tk 5,
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HL7, ZOXEDVIGETIE, BIEAROBREERTI AR A2 KRE, b—a D f D
F#cHhIuI, Y B0k,

N

=)

N

AR = I(f) — T, = Ry = O (B2)

\

THdIehifFEns,
botd, BAENLRHBEICHL T, ZORNKTHENEOREITK 20202 DIEL L,

3.2 1z — +oo TOHBEDEVRIFEIROES / F(z) dr hoRtE BATAR

f: R — R DEITEIT, 2 — oo DL X2 f(2) 20 &R T 5, DL

(21) I:/mf@ym
WXILT, h>0 ZHD,
(22) Iy:=h Y f(nh)

B, FZZLOBEIC L E T OBRWELICHEZ Z e HIoNTWAD, EEE Fid, HEA
FPAETAZIBELVWOT, T KkER NeN ZH-T

N
(23) InN =h Z f(nh)
n=—N
THRHT %,
I, Iy BRI S,
I X o Tld. IERFMCHIZ B S

Na
InnyN, = h Z f(nh)

n=—N1

MAE LW LB 255, T CREHORD, FIC Ly 205,

3.2.1 HBUER

EEEZPAS .
]:/ e dr (:\/7?)

. WEHZ h>0,NeNZEAT, [,y TEBLTAS, BREXETHL206 INETTLIEE
75D, ThBEAN LIS,
h=1,N=6,h=1/2, N=12; h=1/4, N =24 ¥ LTHEITL7 (N & —6 <z <6 DHiJH
FTEEZATEDL, |2|>6DEE, 0< f(z) <24x107°THD. $5 hf(jh) ZIATH
EDZED 5720,
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example5.c —-- WEZRFED
oo
I={ exp(-x"2)dx = V7
-00

& R _LOBHBERORETEr S, BIERI
(o]

*

*

*

*

*

*

* T_h=h2X f(anh) (7=721 £ WEHHFETBEED
* n=-0o

* HHWE, ZDFBYID

* N

* T_{h,N} = h X f(n h)

* n=-N

*
*
*

TIEFITHEBICHETE S 3T TH 5,

a4 )L cc -o exampleb exampleb.c

#include <stdio.h>
#include <math.h>

typedef double ddfunction(double) ;
ddfunction f;
double trapezoidal2(ddfunction, double, int);

/x BRETRAEL +/
double f(double x)

{
return exp(- x * x);
}
int main(void)
{
int m, N;
double pi, I, h, T;
/* FEZR, HERETOEME */
pi = 4.0 *x atan(1.0); I = sqrt(pi);
printf ("HEREDT DBTERNC X 2 BUEFRE 7 \n") ;
printf(" N h T I-T\n");
h =1.0;
for (m = 0; m < 3; m++) {
/* [-6,6] THIBEI2 */
N = rint(6.0 / h);
T = trapezoidal2(f, h, N);
printf ("%2d\t%g\t%20.156f %14e\n", N, h, T, I - T);
h /= 2;
+
return O;
}

double trapezoidal2(ddfunction f, double h, int N)
{

int j;

double T = 0.0;

for (j = -N; j<=N; j++) T += £(j * h);

T *= h;

return T;
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s N

$ cc -o exampleb exampleb.c

$ ./exampleb

R D ATERNC & 2 BUEkE s
N h T I-T
6 1 1.772637204826652 -1.833539e-04

12 0.5 1.772453850905516 -2.220446e-16

24 0.25 1.772453850905516 -4.440892e-16

J
h=1/2 2 WS HOWDEIT 2N +1 =25 A TOEZ W), IXEMHEHL TV 2RO KEHE
EWEELTWS, =

AE 3.2 (N OFEVAH) 'NiF 6<r<6DHPFAZTTLEITEDR] THEDH, £5L7%
B

~

In[1] flx_]:=Exp[-x~2]

In[2] Table[N[f[n]], {n, 0, 10}]

Out[2]= {1., 0.367879, 0.0183156, 0.00012341, 1.12535%10°-7, 1.38879%10°-11,
2.31952%107-16, 5.24289%10°-22, 1.60381%10"-28, 6.63968*x107-36, 3.72008*10”13

-
ZRTHH I EMRHERD7Z5570, =

4 DERXT FH
FETW - < DT 2R RNIIEAL RN Z A S0, (ERD7-D12) REPBFHZFHENTE L,

4.1 EZZH
b

I:/ f(z) dx
RETE LW,
(24) p:R— (a,b), lim o(t)=a, lime(t)=>
Zhi7ed o T T, x=(t) EEBEHRT 5L
(25) 1= [ e
h>0, NeNZr-T, (25 NFT2BHELAR
(26) Li="h Y f(e(nh)¢ (nh),

R
(27) Iy =h Y f(g(nh)¢(nh)

n=—N

EER Do

17
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EDEIR o BENIRWVWD, @F - &I
(28) f (p(£) () ~ Coxp (~C'el)

DEITKD o BERVWEGRL. ¢ ODEMKEIZ G X 7= (E& - 7% (2], [3], [4], [5])e F72. (28) %
7oA e — B AR B TR TR e AT,

4.2 BFEMLEZEHETH

A RGEIIE U T, DX BREBEN v = p(t) ZMFESDRRVWrERRSE, ZhsDH
EFNIETE R 205, REICR@BB DI, o R (fop) ¢ DT T 72N T, BE (BHED
BIE) DRI E T2 THE e 2 HTHA2 Z e 2D 5 (2D 5 BATFRICIERT 5 TE
THHH, ZRFETIEIHEH[1] 0§52 ZH X, )

4.2.1 FREMEOES
(a,b) ERXBEOBEE,

I:Zfﬂ@dx

=
Yur1), uwe(-1,1)

r=a-+

WO 1 XREBUZ LD,

1
I:/ F(u) du, F(u):zf(a—i—b_a(u—i—l))b_a
. 2 2
1
tﬁﬁ?@éh%@f\qu/qﬂ@dm@%ﬁ@&%iéo
-1

(29) ©1(t) := tanh (g sinh t) (t € R)

DRI T

4.2.2 R LOBEROEVEROBIETES
(a,b) = (—00,00) THBH, f 2 flr)=1+15 DEIIZ

T+22
C
flx)~—, r>1
|z|"
FEE DR VIE L2 LR WIS,
(30) x:q%@):smh<g$mw> (t € R)

TEBERRT 5 & B PR —EIRBEARINCIEE T 2 £ 512725,
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4.2.3 (0,00) LDRRDEVEHOKERS
(a,b) = (0,00) THBH, f 2 fHf(z)=—L5 DESIC

1422

C
fla)~ —, r>1
() L

R DRENEE LD LRV,
(31) r = p3(t) = exp (wsinht) (t € R)

TERZEIRT 5 & BHED BB “ERRBEIRICRE T 2 £ 512k 5,

424 (0,00) EO—EISBESNICHET 3 MBOKIERES

(L)
(a,b) = (0,00) THEH, f 0 f(z)= fi(z)e™ (fi(x) FRELPREIID, D25 WVITHITER)
D &5 BGEIR

(32) r=opst)=exp(t—e") (t€R)
TEBERT 2 DHRW,
lim @u(t) =0, lim pu(t) =00, lim ¢)(t) =0.
t——o0 t—o00 t—o0

t— oo DEZE, (1) WFHE LRV, f(pa(t)) @) (t) IZZEIEREIRANTIHET %,
ZO%EIE. Iy D%

No
TNy Ny = D Z f (p(nh)) ¢ (nh)

PRATZ2HBRENI EBZ W,

4.3 EEHl

A cH AN, BFEAIR. Simpson AR TF & IR o7

I:/_llmczx (:g)

% oy W2 DE & I, v THEML TAH S,
h=1 N=4 250D, h Z¥7. NZ22FICLTWL,
-~ exanple6 DGR (FTF) N

% cc -o example6 example6.c

% ./example6

testl (sqrt(1-x~2) DFET)

h=1.000000, N= 4, I_hN= 1.7125198292703636, I_hN-I=1.417235e-01
h=0.500000, N= 8, I_hN= 1.5709101233831166, I_hN-I=1.137966e-04
h=0.250000, N= 16, I_hN= 1.5707963267997540, I_hN-I=4.857448e-12
h=0.125000, N= 32, I_hN= 1.5707963267948970, I_hN-I=4.440892e-16
h=0.062500, N= 64, I_hN= 1.5707963267948968, I_hN-I=2.220446e-16

()
N J
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BAREZLIZ, h=5, N=24T

B, BEEFICIDBEATLE S 72,

FNEZ AP b o LRERMEDBW (= £1 THRA 0 1)

[_/1 dx
N -1 \/1—I2

BEANEIF 10710 RIS ST WA, 2= +1 IZH o724

=T
WRLTSH, FIREDARETH %,
4 N
test2 (1/sqrt(1-x~2) DIED)
h=1.000000, N= 4, I_hN= 3.1435079763395439, I_hN-I=1.915323e-03
h=0.500000, N= 8, I_hN= 3.1415926717394895, I_hN-I=1.814970e-08
h=0.250000, N= 16, I_hN= 3.1415926194518016, I_hN-I=-3.413799e-08
h=0.125000, N= 32, I_hN= 3.1415926318228000, I_hN-I=-2.176699e-08
h=0.062500, N= 64, I_hN= 3.1415926343278699, I_hN-I=-1.926192e-08
h=0.031250, N= 128, I_hN= 3.1415926326210668, I_hN-I=-2.096373e-08
h=0.015625, N= 256, I_hN= 3.1415926323669527, I_hN-I=-2.122284e-08
h=0.007812, N= 512, I_hN= 3.1415926327540080, I_hN-I=-2.083579e-08
h=0.003906, N=1024, I_hN= 3.1415926312582507, I_hN-I=-2.233154e-08
h=0.001953, N=2048, I_hN= 3.1415926319069589, I_hN-I=-2.168283e-08
/)
\ J

X%, MROFHMIER ST 2200 (RTHRITTH ANDS), RD XS LFHERIELNS,
~ example6kai DFER (18F)

1

h:§Jv28f%%ﬁ1msﬁﬁuﬁofméo%@%@\%ﬁ%wﬁ<bféﬁﬁwtﬁ
HRWA, ZHUIHTES (cancellation of siginificant digits) D7z T, WYNI R FTAUIMAIRT

% cc -o examplebkai example6kai.c

% ./examplebkai

(hl)

test2 (1/sqrt(1-x72) @ (-1,1) TOHED)

h=1.000000, N=
h=0.500000, N=
h=0.250000, N=
h=0.125000, N=

(LU )
N

43
8’
16,
32,

I_hN=
I_hN=
I_hN=
I_hN=

3.1435079789309328,
3.1415926733057051,
3.1415926535897940,
3.1415926535897940,

I_hN-I=1.915325e-03
I_hN-I=1.971591e-08
I_hN-I=8.881784e-16
I_hN-I=8.881784e-16

~

h=1 N=16 T 10716 BEITKR > TV 3,

example6.c

example6.c —-—— DE NT\

1
I1

-1

1
I2

-1

2 (1/2)

) (1-x )

dx

2 (-1/2)

f -x)

= T/2

dx = T

WENBUEICRERMED D - T, HIPZBIEE D AT S F AThRW,
double exponential formula (DE/AT) R HIXS FLFHETE 3,

20



* %4 )L: cc -o example6 example6.c
*/

#include <stdio.h>
#include <math.h>
#include <string.h>

typedef double ddfunction(double);
double pi, halfpi;

/x ¢ */
double phil(double t)

{
return tanh(halfpi * sinh(t));
}

/x 27 */

double sqr(double x) { return x * x; }

/x @ x/
double dphil(double t)

{
return halfpi * cosh(t) / sqr(cosh(halfpi * sinh(t)));
}

/x DE ARITE D (-1,1) 1SBY B EMHDFE +/
double de(ddfunction f, double h, double N)

{
int n;
double t, S, dS;
S = £(phi1(0.0)) * dphil(0.0);
for (n = 1; n <= N; n++) {
t =n * h;
ds = f(phil(t)) * dphil(t) + £(phil(-t)) * dphil(- t);
S += dS;
}
return h * S;
}

/* TAMHOWHETEER 2D 1 +/
double f1(double x)
{

return sqrt(l - x * x);

}

/x TANHOWHETEE 2D 2 =/
double f2(double x)

{
if (x >= 1.0 || x <= -1.0) // ¢ (t) DFHETIHERE S T 112 2HEDLEM
return 0;
else
return 1 / sqrt(l - x * x);
}

void test(ddfunction f, double I)
{

int m, N;
double h, IhN;

/* 1t1=3 FTEIETEIITT S */
h=1.0; N=3;

21



/* h 270, N Zf5IC LT double exponential formula TitBEL T =*/
for (m = 1; m <= 10; m++) {
IhN = de(f, h, N);
printf ("h=Yf, N=Y/4d, I_hN=%25.16f, I_hN-I=Ye\n", h, N, IhN, IhN - I);
h /= 2; N *= 2;
}
}

int main(void)

{
pi = 4.0 * atan(1.0); halfpi = pi / 2;
printf ("DE NFUC X 2 BUEFE T \n") ;

printf ("testl (sqrt(1-x~2) D) \n");
test(f1, halfpi);

printf("test2 (1/sqrt(1-x~2) D) \n");
test(£2, pi);

return O;

4.4 DERDFr®

o (BLRTDHR) B 2 ICEBELRIE SN WL f (p(t) ¢'(t) (t € R) S _Eig%
BEEIICIRE T 5

| (p(t) ¢'(1)] < Cexp (=C"exp[t]) (| = 00).

WA B 2 REMEICE W, FIZIERD LS5 BESTDH S FLEHHETE 3,

=
= ———dx
-1 1—1’2

Al ~ exp (—%) .

2C
Al s ~ exp (—7) ~ (AL
ZD 5 (RAELT3/NEWIGEE) ZAEZ 2T 5 . FROBENTED 2 51272
%o (Ihy IZO2WTH, N ZTHKELL->T, h2¥5. Ne2f5icd 5. [ARDZE
gz d e RS, )

L4 (n/\;&él:@ I\igﬂ:)

Inn b

e Simpson 72 ¥ & HEATHREWIZ ETERE

— [A CFRICHEDMHNT S B
— FRIUKEZE2DICFERBHEWIZD N

o Gauss BIRN (DE AEFERLATZFMMD NKTE o 72) L HARTH

— RFDHHEVICEMERE (Simpson H & D ELEL & [[IER)
— HEEDDHE 2 DIFEN (2D HRZOCDIE Gauss A DT

22



— DEREADPFELL TV (CGauss HOGE I TR0 D FEESHE — mE)
—FH. UTOZLIEFEITRETDH 5,
o BXDZIHNITH L THEDN 0 idh sV (AFRE),

e 7R =70 — F—N—T7a—PREIDPTL, TulIrrxELLEEFEEILET
H5,

DERKD70 77 I 7 EOTRIZOWTIE, # [6] DFEL V. D WE. KifthEkKO/E
K L7z DE /"D 7177 L (intde2.c) A3, http://www.kurims.kyoto-u.ac.jp/ ooura/
index-j.html TABXNTWVWE DT, ZDEHRETLD DR,

4.5 BFFREOEHE: 1970 FFitk (BEXE)

72 THEH) cws3iEeE @3 Rvars Lazwidhe, BB TREDTTIERVWDT
(X THITRAD Z DEIINEE) - FDEEICE o TR, TIRERD2S LKW,

SHIO LS REIZEH->T, HEHWEELTH, THRAFIGBE W, 2UIDHBETTLES A
NE Ve b ad, IENBANTRREX RN,

1970 £, FHEIER, ZOZ— SEELICL D, BRE IMT 2R 2 EER 2B N 1EIE
XNz ([7], [8])o TAUIED ZEREFUC X - T, 18520 EHIBEE D 1 AEAED ICE# L T,
ZRZH L TEBARZEAT 5, W0 EZITE DL,

(=K [9) 12k B . THRIZBOWTHRINCHEA S NMDZ  OBEELFEF L Ak, HAKR
BOTIEFNCHE L2 21300k AETERICR D, BREISR > TR HAZ A X
NBEVHIBEEZE>TVWEDIE, BERILeES.))

IMT ANRUIIEHICEMERETH 205, 2k kY ML T, X5 1EMAER DE 2R (double
exponential formula, —BISBBEIBILEER 7 ) 2EfEH R e RERIC X DIBIES N7z (2],
3] D3ERET X A, [4], [5] AIHRE 7z)e

DE AR, FIEHREDORXTH 2 eEZ LN TWVS (ZNZENIT 2 BRI D %),

IMT 2%, DE 2:X®d . Mathematica @ NIntegrate[] THIH I ATV,

D3 Mk TdH 5,

LEHBEFETH 2 Z & h 6. FRYFOEMMBER TV, FEREBERRNTISE A bz
IEEE R TORRIE, FHESREBERET I ZE TR OE TR TWT, 7V —IZ7 7t AW
K2 (IERBRI TRV, HAETEIPATWVWEDD, FRIGEICMEN LA IEE L WD
B?2H LT RLELHIRESTH, MV a7 AREELT VDD LKWV,

R - RO - @E [7) OERDD o RS ( RIEEHEEAI A 77V —DT7 LT Y XL
DIFFER] |, 1969/11/5~1969/11/07, R HERRZEBIRMENHIFLIN) T, ERDOFERIEME - &
[10] TH o7z (Bl [11] DSHME N S), ZAUIEIERE D & HEBEBGR O FIECIREMIT 3 5 F
HFICBET2HDTH -7,

5 BEBEDOEE « HRICK BREMRAIER
Z CHISREEBEE L TR ORI L VAET Bo kR TROEIT Y, FME 725
M,

‘http://wuw.kurims.kyoto-u.ac.jp/ kyodo/kokyuroku/kokyuroku.html
Shttp://www.kurims.kyoto-u.ac.jp/ kyodo/kokyuroku/contents/91.html
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5.1 FREDHFEREK
(Ml — TBUERES , — b [ O3 G 2B 5, )

—00<a<b< oo, fIZCIZBIIS (a,b) DEEFE D TERSINZ RIS T2 %
b
I:/ f(z) dz,
H B WVIFRED IR EARBRK p: (a,b) > RIZXLT

b
1= / f(@)p(e) da

PRODBZEBEZD,
Z L OBERET K. 2, 20 € (a,0) & wy, -+ w, ZAWVWT

(33) L= wf ()

|

LRIND, Bk

DFHiiZ L7200
DD, LT T a, b AR ERET %,
& D NOX N Ct R DOEAMFR T, [a,b] ZIEDHZIC—ALTWVW5 LT 5,
z € (a,b) £F 5 & =, Cauchy DHEITRAD S

(34) )= = [ 1C)

2m Jr 2z —x

b1
I :/ (2—7” F% dz) p(z) dz.
T NEFF DA E G KT,

IZ%Eﬁ(L:%%@Of@””

dz

DD LD, @RS

U %
b
[ pla)
(35) W@*_Z:z—x“
TEDD L,
1
(36) I = 37 FW(Z)f(z) dz
DI D LD,
¥ % p ® Hilbert Z#2 X N, C)\ [a,b] TEHITH 2 GEHIZAES). p(z) =1 DHER
zZ—a
VU(z) = Log po—

ThHb, ZIZT Log lZFEEFRT,

24



—J7. (34) & (33) IKRAT B L

k=1 % T z — I‘k
ZZT
(37) U(z) = 4
Z — Tk
k=1
Bk
1
(38) I, = 37 FWn(z)f(z) dz
Wz '
I-1,= o F@n(z)f(z) dz
ZZT o, &
(39) D,(2) =W(z) —¥,(2) (2€C\ [a,b])

TERINLHUT, (BERSRD) REDHHEEH TIN5,
REPIZED & |D,| D/ PSS WAL, BUEE T OFREDRE S I — [,| 2N E e HiFFT

X2, BHEEDANRKOBRLELY ¢, 22 Z 2 THETE %,
EER, AR THIA L XS RBUERE T T LT, ¥,(2) = Z . wkx X, v OBFHEERT
k=1~ "k

BleoTWB ZEREND FHELWVWI &),
e - R BREORMEREE Lo XS5 ITER LT, C AD [a,b] ZETHET |9, KR

LT, WL 7=

5.2 BIEEFMOBEDADILHA

f DEERIGE X, (36) ZHWVWT, I PMEBOFETKRE %,
HBE f(x) DHEBT (f(2) = 33, P(2),Q(x) € Rla], (Vx € [a,0] f(x) #0))s TREDOX

BT FOREED bEVR SR,

I= —ZRes(fW;cj)
j=1

DD LDy T Ty ooy o id f DBRDOIRTOFERZRT, GERIFERS — [EdEfE

D=t 1 KH3, ) m

5.3 FREDIFHEEMOA (1) ARXEDIZEDHEIAT

[a,b] = [~1,1], p(z) = 1 DIFPED 21 HEES > 7Y ¥ Sy

a=-1, b=1, m=10, n=2m+1, ,
2m

Som =2 (f(a) £23 Jlat2h) £ 4D flat (25— D)+ f(b)) .
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ZAUZ
rp=a+kh (k=0,1,...,2m),
h/3  (k=0,2m)
we=14 2h/3 (k=2j,j=1,2,....,m—1)
Anj3 (k=2j—1,j=1,2,....m)

SRR N
2m Wy
\Ij2m+1(z) - Z Z— Tk
k=0
LEIF 5,
z+1

ELT, |Poni1(2)] (4 <Rez <4, —4<Imz<4) OFEEHRZHNTHS,
(ZAUIR 12] D BN RN ZTDTH S, )

4 4.0 =
PG N
J LN
S //}/fﬂ\)ﬁﬂxﬁ\\
°r © 00 =,
ENRINA o /1)
NS
L°\\f“~aahinrfﬁff’///’
| .d M I 1
-4 -2 o 2 4 -4.0 -3.0 -2.0 -1.0 0.0 1.0 2.0 3.0 4.0

5: 21 RIBE S 7Y VIR DIRE DK 6: # [13] 225 |, (2)| for Simpson’s for-
PEREEL (HfontiE oD F Y mula (h = 0.1)

Ia 7o sk, ik 7?7 2R X,

2 FEIZBWT, BE7 XM [a,b] 2 5RE D5 2, [ Popir(2)| DREHIRD T2 Z 203005,
ZD XD REFML L OBMERB S ANRNICHBELTRSNDS Z2IE, ?7? THlREZ e HHET
E

Z DRI TR 2 FAAZFTHIICAE S & e AIHIK 2,
i 5.1 (% [13] h551H)

1
1
I :/ 5 dr = —log3 = —1.0986 12288 - --

1T —

WAE T BB A BRI T, 2 ZHE—OMIcH>, BIX

1
R 21 =1
o (5i2) =1,

n =21 OEE Simpson AR TlX, FEHHXH» S

|®,(2)] =3 x 107°.
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2?7 BRHWT
|AL| =

1
®,(2)Res | ——=:2 || = 1079,
(2) es<2_2,)’ =3 x 10

FEFKIZ 21 £ Simpson ARTEET B 2, I, = —1.0986 15504 --- 27 b, #&#EIF —3x 1076 &
HATAIED

&, DB EHBEB TR WG ZAUZEHFITITV LRV, RBEFRE LT, BaE
(saddle point method) & MEHIXN 2 FHIEBHZ 255035 (F% [14] #H X)), =

b5 10, BRXME EORIER T NKOBAZDRHER DR 2 DT TH . I Dz TG
LTWiwdy, HH7% Gauss-Legendre ARDIGEZMHINT 5,

4

7: (—1,1) I8 % 8 X Gauss-Legendre 53 DFE7E DR BIEL (HErHiE o H F £
8 XD Gauss-Legendre AT, n = 8 ROBERZIHAD 8 HOFE R Z AR, 2n—1 =15
RETDOZHARCOWTIEHERBED ZEIAETE 2, 2F D 5 MNORNKTH S, FEFE |Us(2)] =

10716 ORISR 2. 21 &L Simpson 2N & D DIFERITEREDRHEBDED/ N E W (8T T D
TH1IESDL) 2 0h b,

5.4 FREDFMHEHOA (2) EREEAOSHEAT

I:/Zf(x)dx

RS 2 B AR
Li="h Y f(nh)

DFBE. 1y =nh, w, =h (n €Z) Zh 6,

!~ h

Uy (2) = n;@ —
FIF IR IR L 72V, LA LRD & 5 I/MEIETHUIR W,
al Tz
Uy(z2) = Jégnoon:_N P 7 cot W
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—J7. U(2) ZESITRED?HRD (a,b) DI @L% @ﬁéﬁm@tbf

2+ R —im (Imz > 0)
v lim L
(2) = A BT TR { ir  (Imz <0).

(XBEDOFEX DI D FEHZMEN R ? LB oD TR, Rik?? & AR LRV, ) FHEREIC

P IZDOWNWT
125% 01 s
DD VD 2 L FEER I T E 5,
b
Al =1—-1, = 2L O (2)f(2) dz, Pp(2) =V (z) — Vp(2).
i Jp
| (2)| DFEEMREH X S,

X 8: R LM T 2HBENN I, (h=1/2,1/4) DFREDRHERBE DA

oI BIEL/NS VI EBHETHNS,

d":l An=-10
s
a5
T
0.0 — 10
-4.0
-4.0 o.0 4.0

ﬂ 9: #x [13] R J:O)%*ﬁy\wﬂ‘?‘é mﬁ’/\f I, (h = 0.1) OFEZEORHEBIR DA -~ 277 ikt
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6 EHREMGBERAVWEDS—DODRERT — 2RISR
Z 2T, BRI X 2RRERNT E RS (K25 - EH [15], 2 [16]).
I DR DOFAM (FEH [17] D §§1.3) LEED Z e 2T 5H 9D H %, L L., oFHsIidE

VWOT, ERRICIEFER LI 23RV, (FRREBDZ 5 % < 74U, #R T2 T, RGO
HRELTERE > d LtkW, )

6.1 R EDRDICHIZEHAN
FRHTII5 2 R — C TR LT,

(40) I= /_OO f(z) dx

DELUEZR KD 7=, BFHIE AWz & DFREZFANTZ W,
h>0 NeN&dp&x,

(41) Ty:=h > f(nh), Thy:=h >  f(nh)

r 5L,
FEH% d>01HLT,
(42) D(d) == {2 € C | |Im 2| < d}

T OERIZBEEICHRE N2 CARET 5,

EROBMEFETIE, T, ZERACTEEIRZ 2 T,y 2HELI 22820, Z0HAEE. B
f DEFTTOREDEESHHRE Y 725,

ZZTHEITOBREDEEGDOYEL L7225 X5 RIEAIRAE w: D(d) — C ZEEL T, |f(2)] <
ER w(z)| (z € D(d)) 2T fIZOVWTEZ S,

D(d) TIEHIT 0 1272 5700 w Z2—D2H D,

o f(2)
(43 If1= s |23,
(44) H(w,d):={f|f: D(d) — C IEHI || f]| < +o0}
B,

wlid, T — too DEZD f(z) DMBERDEEVWERTEMTH 5,
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a N
8 6.1 (EEMSHADRESTHE, Stenger [18], 1973 %) d > 0. f: D(d) — C FIEHI
T, RD25&M%-T2 T 5,

(a) Ve € (0,d) i LT,
(45) A(foc) = /_OO (@ +i0)| + |f(z — ic))) dz < +oo.

I 51
A(f,d—0):= lim A(f, c)

c—d—0

FHERMEETDH %,
(b) Ve € (0,d) WXL T,
lim / |f(z +iy)| dy = 0.

r—+o0

o, EED h>0 1R LT,

B exp (—2md/h) B
(46) 17 ﬂng_emﬂ_%wﬂwMﬁd 0).
N J
(46) DAEZE, h = +0 T2 E, BRCHET S (01ThADK) e REFETLI I, £
BREOEZIE, d BPRKEVIFERZW,
G ce (0,d), Ne NZEEL T, 45— (N+1/2)h—ci, (N +1/2)h—ci, (N +1/2) h+ci,
—(N+1/2)h+ci ZTHRE T E2RABZIEDAZIZ—EAT 2% C.y £ T 5,
7wz cos(mz/h) 12 BT

©(z) := cot W sin (/1)

L o (3kez) %:lm & (GkeZ) z=kh
kh & o O 1AIOMTH D,

' _cos(mz/h) B ﬁ
Res () = e /m) |~ 7

BEGEBIZED,

N N
/CLW f(z) cot %’Z dz = 2mi k:ZNf (kh) Res(yp; kh) = Qihk;]vf(k;h).

ZORT. Nooo T3k,

Ti= 30 s =g [ (<rrioe ™SR g o TS Y g

k=—o00

—7. Cauchy DFEZEH XD
/Oof(ic-i‘ic)dxzf, /oof(x—z'c)dle
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1 [ , .
1:5/ (f(z+ic)+ f(x —ic)) dx.
Wz
00 2mi(x+ic) —2mi(z—ic)
L\ eXp T — .y &Xp——
Th—[:/ flx+ic — — f(x —ic — | dx
o ( ) 1— exp 2mi(x+ic) ( ) 1— exp 7271*151:13710)

THE056,

exp (—2mc/h) e , ,
-1 < (22 s | (@ ie) + (e = o) de

__exp (—2mc/h)
1 —exp (—2mc/h)

A(f,c).

c—d—035t, (46) ®5 %, =
Thn DFREICDVTIE, ROEHEF 2,

a N
i 6.2 d > 0. w & D(d) TIEAID»D 0 %563, Aw,d—0) <o &FT 5, . [

zmafﬁwt%ﬁf\ﬁ%a1w%@@¢@»%ﬁk?z¢éo:@zg\zz/wﬂ@dx

Y Ty i=h Y f(nh) (8L TRABRD 320,

n=—oo

(47) 1ﬂw<if<fﬁiﬂﬁi$mAmui(D+h§:wwm>.

|k|>N

-

S 2T f(2)] < |If] jw(z)] CHEET B, ZhDS A(d—0) < |[/|A(e,d—0)
—AHAERXD S

(1) \I — Thn| < | —Th| +|Th — Thn| -

(1) DAEME 1 THIZOW T, M 6.1 ZHWT

exp(—2md/h)
1 — exp(—2nd/h)

exp(—2md/h)
1 —exp(—2nd/h)

[ =Ty < A(/,d—0) < [[/l[A(w, d = 0)

(£) DA 2 HIZDOWTIX

Ty — Thn| = |1 Y f(kh)

|k|>N

<h Y |f(kR) <R|fI D (kb

k|>N |k|>N

- Tunl <] (ff}ffjﬂ)h)m A-0)+n Y (kh)) .
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6.2 DE XX DIREREM
(LEH)
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6.3 0<A<E Zii/eyd ATHLT,

()=
W)= cosh(Az)
LB E, (AR ( )
exp (— N+1
Z wikh) < 4 1 —exp (—Ah)
|k|>N
Wz A2 o
7r

YD EST h N 2R,
u:-th|ggcnfnexp<_VQwAdyﬁv).

5l 6.4

g cosh z

cosh? (g sinh z)

d
w(z) == - tanh <g sinh z) =

EBLE, 2> Fto0o DEE

m
w(x) >~ mexp (—5 exp |z| + \:U]) .

h, N %

2nd

T = §exp(Nh)
LERE

|l —Thn| < C| fllexp(—CN/log N).
(TEFE) $ TRz L51

% cosh z

cosh? (% sinh z)

d T
= ! = — — qi =
w(z) = ¢y(z) = 7 tanh <2 sinh z)

B e, TAUREST T EEBBIBIICEETS 5, KX
w(z) ~ mexp (—gexp || + |x|> (R > 2 — £00).

2rd w
— == N
- = 5 exp(Nh)

2723 L2 h, N2 de, I, —1|=|l,— in| £55ZePRFTET
(I — 1] < C"[| f|| exp (=CN/log N)

DN L, ZAUE N B2 B e, HEN2RICKL, TROBEINEBD 2551k
ZERERLTWVA,

e - RFA R w BFEZTRIC, 22D L5k (ZEEHBEEINCEET %) w &
RBOKRZAET % L& U7z ([5])o
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