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A 7T NIVEERERIT R DES 36

B WAEHZEDOHE 38
B.1 Navier-Stokes T2 DMERIGIL & Reynolds 20 . . . . . . . . . ... ... ... 38
B.2 Bernoulli %R . . . . . ... 39

(O i[5 40

ZDOXFEIZEIT %5 TODO Y A F: Bernoulli DER, Cauchy DI E ST >~V )L DR
DFEEH, fiER (circulation) IZDWTHIRE T 5, BERSEAFDFES R TXE ) ?2?

1 EU&IC

R (fluid) &L B RENPICE > T, JZEPHAED L ) I i s bD” Z2HEKL72bDT
bHb, EMMEERMELE V) 2ODDHEEHOAMIZ K > TRELFHING,

WMARDER Z IRER K, EVIDIE, H 26 H2METH 20, IEFIEOMS A H
NZHELH Y, BIETHREICIIERIN TV AR, ZO#ETIE, MHELRI T TR, #
FEBGRZ > TR ) T RS, L) T EERRT, RILHESR 2 MEIZRENTH 2
D3, WA N DR OMAPHR L2 DIFRWI LR EEZ TV D

=2 FHEZ5ETEE. RDUfTICHREEA9,
2 RITDIFEERZV GEER) REDELZ L DTN = IERIREE

HEREEGHZ TN FOREZE DK 2 EHARETH 5 L. Z DIHEERIBDOME
BB FEDA A= TEZ AL ELHES,

EEE

EEBEBERENENA =Ty 7T 2L 22RO EHL LTL, TS5 1]
ZHITTELS (FEHFEDHALTCIE RV, FEHDSHYISAE (1914-2004) 1, Wk
FOMERT, HFEHDOSH 2] FHESIFADOIERN LG TH 5 &L ST b, HizzEORITIC
B9 2312 otse cE/TH D, Bk TYHEOBSBE, ' 2F O S VXA DA Y
N—Tb b %, FEHEOHBEEDIASI AR Z B 75 [3] bIFFICHIRREETH 5,

WMENEDOTF AL E LTI, 2] DM, 38 4] 2H 17T, @MENPEETHL I LI
Mz, AR5 @ﬁ%i% CRATEHVTV S

B, MO EME S EZ 5 Lamb [5] (&, BEENIC LoD LT 553, BEERE L
DD>HARICDOWTHFEL W (BUERIRADO AF IR L VW23, FFEDOAFIIELTH ),

FEHEAETRAA D SRR DBAARVHLD v icownTd, FiA (6] 2 H X,

'HARDYBAEDRANZTH 207 )L X A 43 1959 4740 5 24 4R, HERE TR (HhRaimed) I2FRs L 72
Iy A BT, GBEEIED S WHYOHNE, . hRaGgite o Ui - BEoBNE, & L TRiTA LI,
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BOL I EAEIERAR OWIE b A TH 2 03, HEBE L OBSENEIRHC 2 5 DT, ZEH LM
AL (EFFRE S 2o THERZR VL),

BFEDOWE - ZR L NP e UEMEEZ R > T2, BETE 2 5 WS LGS,
FEEMIAR L LCTHLD TS, ) T Eithd, 252> Th, MM ILEAIE, B
FEAfRAR L LTHD 9 2 L3k 508, TEAKE K &5 L 2NNl 2 ) | EMERA
ELTHDWIRE, EFHTLICARD (T100m/s  SWIHER ) L EHihzMwil
bdH3),

pig Tk

BEBBGHEDLIMNC, X7 POVIENT & s H iRz v 5,

X7 FVIEITIZOWTE, EHRLEEZ AR A ICHELTE W, X7 MUENTIX, FESR
N IF R SRARTAE N2 2 Gl § 2 72 DI FEE L 72 DT, BIETH 216 DI % ik
LODO¥EZ EIZAETD 5,

(20T, BREOERICIE TERRE R PN, LW RIHDPHABEIN TV SETH
20, ZORHETHRENYEZID LiF50b, ACE)RBEESZ 5, )

o s> Tid, RBIAMT E v 2 ) TilEd 5, avEa—7 — TR ikzw
27 (FreeFem++ %) #3045 DT, BWIRDH 2 NIFFAL TAHTEL W,

FUVILEWBIBERWEH L W) AL Lk, ID/T v YV onTlE, Hifdh
P I DR DB 2 e DB —F L b 32,

2 MEHZEOFER
HAR D TR 205, THRT ) EWVWIDIFTHELDT, HEOMBS B VLI L,

BEOERTIE, RV ZEHC LD hwd, BHROBEO-OIIZZN
TREATTTHA I, T TR, B¥Z20 k) 2ilAicks), “HE 2—EHHL ToH
%o VIERYIC S BEAIIC b i@ im e i e > T 223, BIR 2 57 o 7 N I30E Y 7 SCRR 12 Y
oo THTEL W (5 2], Lamb 5], & D BEANZMZ E LT, WA - R 8] @ §10.2 2, [
A 19], Chorin-Marsden [10], Meyer [11]),

TAEDIRIEIZ, SDIRD3D (22242?2)DHLDEROTEE 3,
b EEE ’U(Cl},t) = (u(a:,t),v(a:,t),w(a:,t)) = (Ul(w,t),’UQ(CC,t),Ug(II),t))
o 77 p(x, 1)

o HEL p(x,t)

MEATED D LI RIECTEPNTCVE 774> 2 [T k== 2RKTH 20, FL D EFTw sl
23, WEIIEOWEET vy v, BRSO T YV, V=< vl T VL TH D, TR IIE TG T Y
MZOLTIRMA SN TR (ZNLTHHIHCALD T, BEBHIUED > THL I L2EHD 5),

SMEAICIZ I NDB#O DD, —FAFLICC L2 LR (—FHLVLDIT),
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o MfE .. FHIIFE L2\,
M 1. K, BROEE X ZOHE (STHAGR) 2K K, HEOHIZENL 5w, (FERIF
10% kg/m3, 1.3 kg/m?, 770)

(FEHIZ 2w TR, BTHZHAELTH 5, )

2.1 EROFENX (BERTF), JEERESFEMH
EHRDFEI (continuity equation) & FHEN 5 XA DD R D 2D,

dp
(2.1) E + div(pv) = 0.

REER HERFDR D LoD T, RO V WOk EROZ X, V D8R oV 5>
SHADTEEREICHEL G,

d
2.2 pdw——/ pv - n do.
(2.2) pn -

(Z OAEUDHBH R T UL, X7 PABITOEEBNBETH L, $CHBRT740 -T2, )
S8y E B DNER A, 312 Gauss DFEBOEER % T

8/) B .
/ T dx = —/lev(pv)da:.

INPBMEED VIZOWTHY DI 05, (21) 255, =
(RDID: (2.2) DAADMRE A3, BAIRFFIC V OB 0V 2 X &> T V NIZifiduAte
{JM'ZIS@ TETHDZ ElF, N7 ]\Jl/ﬁﬂﬁfﬁin%n%km&ukffﬁ%ﬁ) St %2 Be AT T Oi il
Z\XHEH [12] ofl 3.3.2 # R X, ﬁiﬁ@ FEI V “cmf FFEL W ED S, PEREBIEDE

Lo L2 i, B i lBM |/ ) de = f(a) ZHGIUZEG, AUz
Tk, FEF [13] OB B.3.1 & R X, “

[ 2. (1) div OERZIBX K, (2) (*f@f‘" %) div(pv) = grad p-v + pdive (V 2> TFH

TEV-(pw)=Vp-v+pV-v) 2P X,

(2.1) BXRD X HICHEFIT B,

(2.3) %Jr(v-V)erpdivv:o.
D9 9 9 8 0

9.4 b._9o _ 9 0,9 109 1,0

(2.4) Dt TV T g e Tha, T s

> DRKE IXEKT 5, f-ndo= / div f dx.
oV \4

4



THEF IS Lagrange M7 (MEMS, material derivative) % ZHVS L (2.1) 1FXRD X
ICHEIT B,

Dp N
(2.5) Dt + pdive = 0.
e YEMITICOWT ~
WA DWAUSHY > CGEB)§ 2K 1D, K4l ¢t TOMEZ x(t) €T 5 L &,
3
RTINS o e DI
i @00 =325 60+ G = Gt =G v =
N J
B D Lagrange D230 THHZ &, ThbbEAM
Dp B
(2.6) =0

IR Lo E, WMAITIFFERTH S (fii £ 7%\, incompressible) &9, Tk

(2.7) dive =0

kﬁ@?%%oG@%(Zn@ﬁﬂa)ﬁO@Kﬁbﬁo@T\%§:0®dwv:0)
Wi, (2.7) 2 FEEMESRM LTS,

Friz, % p 25ER: O IZIEHEMTH 2208, WIIHT L O L\, KL, p DYER
275 &%#F%m#k%zfm%k%w%#\ KB EDXIICEDEZITHD, BT
L ICHED R 5 BHUKOTNAEE A D L, AR E R0, p RERICIEA S L,
AR (B 5 WEHEIC) ZEFEIC—ETh iU, BEITER L & 5 (2 OIEEMMEDFIA X
S 2] 1 X B),

BEICH 2RIE, [FFREDZ TSI, EMiEDH 255, LIFLIE, TRNOES S~ v
NEOT 0.3 L ETHNWIEMMEDOWEZEZ 20 ERH 5 EEbNT05, ZRDEGEIT
IR 367 km DLETHIUL, &) 2 Eickhsb, 20, SRR E EIRL T, i
DIREDE L VWiEinll - 720 T2 58 EMtE2E 2 2 D81 EL 5,

2.2 WATFVVILEEA

:@E@W%’i YIFR2ED T X A P26 DT D) 3%\, L WEBHBH A WA
. Bz iR 4] 2 R X,
“ﬁ&ﬁ@?ﬂ”®0%b?%%o

BAD X ) RINIAEBEICHBIT 2720, FB&A (body force) &M 25, JAR D HEfk$
52 LI Ko TROT e L3, B ORI 2 72 o, ERA (surface force) & MHE
N5, WA DOEGEIZRAIAE Y72 ) DN ZWA (stress) &IPS,

Sy, ik zE FEECH S ETH B,




WAEDIGIE, b AAME x LR ITIRFT 225, 20721 TR CHDE S IS
%, MDA E X, ZDOHDIAZHRAIER T FL n TERE S, WEDIEIE, (LiE ¢ IR
At LME n DATEE S (Cauchy DINARIE), DT LIS CEATERZZEE L TE <
(x=a,t="1), MEDIEN plEn ODEETHS: p=pn).

FEEEENC AT 72 P 2 = a; 238 L T, IEDMIDE DMNC FUF 3 B YS 72 h D1 %

Pi1

pio |, P = (pij) £ P Z AT VI (stress tensor) &R0, EHED S

Pi3

Di2 | = p(ez) (Z = 17 27 3)

THDHD, BIFMTEED n Il LT

(2.8) p(n) = P'n  (Cauchy ®=)
‘f\‘% %O
D1i
TXAMIEoTIE, ple) = | pu | (BRFOIEFEDHL ) LED TS, BEALIEI D Z

D3i
AN, RIFIDIT YOV, AR OREN S . —fiRIC

(2.9) Pij = Pji

DL SED (PRI T VYV THB) DT, HFH5ARITT 2053750,

ZETIE, (2.8), (2.9) IR OB HZFHHIT 2 R/MIE LV, TH0) T EPRUTK DA
& (RUT 72 B JT0MEARTE L L) 23 M2 AT,
[ 3. (EN%ED 2 IFHIENZORTHRL T) (2.8) 271t

M 4. W4 D 2 CIFHPEAORTHIEL T) I 7 v VY ViE—RICHRT v VL Th %
Z L RIRYE,

v ZIFDOHES LT 5 & &,

L L 1 (%i 82)]'
(2.10) Bi=(eg), egi= 2 (8%‘ * 8%)

oy
TEE S E 2 EBHERET VY I (rate-of-strain tensor, strain rate tensor) & M5,

ER 2.1 (ARE - BBIKDPWT) E DI L 2EEEET >~/ I (deformation rate tensor) & %
FESS X 9 TH 5, “deformation rate tensor” & W) FEEIX 7\, “rate of deformation tensor”

OIS 1T >/ )V (stress tensor) ZE T 72D, 0 EWVIIXFZM) T ELL 0, o lE SITHIBTEXY > v X
FThHhorD6, boEHRERTIEIH S,



MIEL W, VI BIHEEFRALIESH 2, ZOUY OB ICOWTIE, (FaHH
NETHDLZEbH->T) HEHARBHR,

Fre, BRAET YV ARRT DI D LI XFEMS (%) D= (§(2+52))
LEDZ) AbWVE, D V) UFEREEART Y VS (DF) D= (g—) L 3)
ANDbWVBDT, HEVPLETH S,

LI birT, ROk cheo@Eavg L X, SELTTHHT 20 TIRA L,
HITREEIRETHS, =

~rE p
Vo EWIHE52H) 2 LB 3, v D Jacobi {THIDIEEFTHI L v ) HRS L,
v du dw\ T v Dua Oug
— Ov2  Ov2  Ovz — ovy  0Ov2  Ov3
Or1 Oxo Oxz Oxrz Oxr3 Oxs
CORtT M) & BEARLT vV VIE Vol BHEET VL L (Vo + Vo).
\_ J
ST 7 JEE AR D% T
(2.11) P = —pl +2uFE

DR SEDT, T 2T p I3RS CRIMEGREL, KAEE, viscosity) EMHENZIFAEBTH D, p=
p(x,t) IZEA (pressure) &IN5,

DT ZOXETIE, (2.11) RO EOTMABICOW T LB 2 LT 5, (u BEHTH 28
#“ % Newton fiff, EH TR VYA ZIE Newton Fifl, LERZ 95T, AT TR
Newton WA 72T Z2EEKTH, L) LTHH5, )

ER 2.2 (CONERIIEEMREUDNEZBWINE) U, HEMEERAOBCANIESHRE
FLAERLTWS (Db, FEMMEZIRETERVIEHIZS SAH-TNE), Pk
CEDH, ZoffiicBuTid, EEMEZIREL Bz 5 XE1d Lk, THEFd
ThHhbd, n

BLL u=0H2%0iFv=0 (HHLGEAEK) 261X, P=—pl THIH»56., ) p(n) = Pn
X —pn IZFE LV, D DIROHANIANCEE (WA E), KE S XD STHITHK S Bo—7E
flip TH%,

(&)1 p(n), BTN P, EN p, EXFPEMEOTRT DB IAHZINE, R
FLZwXIIcgiz20L9, )

=0 TH 5z TERME (perfect fluid) F 72 IFFEREMETRIE (inviscid fluid) &SR, —77,
>0 Tdh 5l 2z MERME (viscous fluid) & M5,

"Stokes DIMAERNILE | BT v VY VDIEHRRE T VOB TH 2 L wIHiREE B &, P=(—p+
Adivo)] +2uE (A & p \3ER) DD 32D (FA - i) [8] DERE 10.11), T AUIIEERMESELE dive =0 ZfRUA
T5E (211) MEonsd, 8] IEBEIOHKS,



HMERFEOEEDOKREFSH, MMERITIREICKFET 2, BIC 200 T, KIFHMEE 1 =
0.001005 Pa-s. ¥ 7 ZHMDOKEZRIZ, KD 60 ~ 80 fFFEEE & 2>, F/ZERUE 1= 1.8 x
107° Pa-s. KAfRDEE, KiMERIZEINTIE & A ERE L 2\ (A OCHEEPH C a8 & R LT
RED L 720,

0.002

enselv\xl"‘us\ng 12 ——
0.0015 -
0.001 |-

e
e
F
"
T
~+
-+
—+
-
-
-
~—

0.0005

0

L L L L
0 20 40 60 80 100

1: ZKD KPR D FEAR A — HEmlREER (HALIX Pa - ), Bifil3ImE (HALIZER)

2.3 EBHFHEDN (BHEOKRT)

BN 2 SR T 2 K OMBEL L ov/ot T3 <, Dv/Dt THHI LEZEFRLTE
<o 7oLy ]\}l/;[:,;—'j v bcj‘j‘j—%%gﬁjﬁﬁ % I3

Dvy I Jur Jur Jur

Do Dt ot T Vlgg, T V25, T Usqy,

Z7 | Du | — | 2w Jug. vz vz

(212) Dt T Dt - ot + Ul 821 + U2 azz + v?’ 323
Dus Oug vz vz Jug

Dt ot T Vlge, T V25, T Vs,

TERT %, :@Eiﬂ%g—’t’ﬂv-vw EHEHLSZIEPSH W, OFD

V1 Ern 9
2.13 v-V= Vo | 0 = U + Vg + v3
( ) 852 6.171 8902 8x3
(%] a5
ThHHND,
dur dur dur
a 8 a U1 U1 ox1 + U2 Oxo + U3 oxs
(2.14) (v-V)v= (1 + vy + v3 vg | = [ 0122 + 0y 82 4 02
a.Tl 3x2 81’3 P 1 P 2 P 3
(% ovs ovs ovs
2 U1 ox1 + 2 Oxo + U3 Oxs

EwHZEThHsr9,



Rl 5. Rl t T I %6w%ﬁ%®mLﬁu5—fﬁ< 521%5 & 2 X,

MRESDBLL ) Pk S B

Dv 1
2.1 — = —div P.
(2.15a) Dt p iv

7272 L

Opni Op12 Op13
8%1 * 81‘2 * 8.1’3
. Opa1 Opaz Opas PN .
2.15b div P := TEDd
( ) v 8$1 + 81'2 + 8.753 (fT IV)
Ops1 Ops2 Opss3
8301 + 81'2 * 81'3

Th 5,
SEER TR V i Ww T, EBEOEGFEL S

D
—Bdw—:/ Pn do.
Dt ov

FHADS T &I Gauss D2 ﬁﬁ(ﬂi@%@ﬁﬁ?% )

/p—dw-/divP dex.
COWETBEBZ KT 5, =
Bl 6. P=(—p+Adivo)l +2uE (\, p IZEH) £T5LE

divP=-Vp+pulAv+ AN+ pu)V(V-v) (=-—-gradp+plAv+ (N4 u)graddivo)
ThHhbHIELzRNYE,
JEHEMESE RIATIE divP = —Vp TH 2005 EH)ifZ

Dv 1
i =,V
Thbb
ov 1
2.1 ov _ 1y,
(2.16) T +(v-V)v pr

DI R DER) SR & L THA % Euler BIENTH 5,
FEIEATRGEETUA T, £ P=—pl+2uF %252 L0056,

(2.17) divP = —-Vp+ p(A v+ graddivo) .

FEHERASEM: dive =0 ZfAAT % & (FUDOREDIED0 TH 5 DT)
ov 1

(2.18) EvL('v V)v = —;Vp—l—VA’U.



C NIRRT R OB /R & L TH 44 7% Navier-Stokes TR (Navier-Stokes equa-
tion) ThH 5, 7272 L

LBV, 2O v ZEREMHESR (kinematic viscosity) & PSS,
M 7. (2.17) 2R,
8. (2.16), (2.18) 27 F AL Z M, v DK u, v, w 2\ TELE,

9. fILL COAHMDKIENRED X 5127 50, —BEGEIIE 2 IRE L T, Navier-Stokes /5
A2 i CEIHY X,

[ 10. K726 1m FDEIADKERENL 5D, 15T (1013 hPa — h 13 100 f5%
KL, 1Pald 1m? H7%D 1IN OHBDD 5 L) T L) DffEd,

B 11. # kL 72RO Tl p(x) = —pgas+ R TH2 T L 2REL T (7 LAKIAZ 23 =0

EEZTVD), TAX AT ADIFNOREEZ R,

(KR Dk Q OfffEZ |Q ERT I EICT B L, MEIKPSRIT 5T (bW 5777]) 13,
0

0 o [ FITENE LM E ., KRE I EYWEROEEDKIZD»D 5 EHIJITEHEL W)
r|1Qg
RHK 2.3 (ENTRARKER?) RREEFELC LK) ICkdDons 259 0?
9 _ _
aZ - pg

FED LD EEZ SN, RADGE p IZEBTIEHEWTH A ), REHERX

p= 2 (Ry BRIER, T 13
RqT

RN L T,
o_ 9
g BZEBTH D ERET S E (RMIFZ ) TRV, ZEAPE-TWD K %BE ST,
g=198m/s? & LTHoRWERIZE %),
21 d
log p(z1) — log p(z) = _R_d/zo TZ
ETADNREE T 13 (RREMP z, y ~NDEEMEIZOOWTIEHZ DT 21T L TH) 2 ITHHKFAE
T2, BIIANGERDPNEICR 2, MW EREEHT 2L, EEEE - D0 TOiEK
B CIElTE 508, AROBEIXIZEIZETH S,

(B LD b v ) RATHEORIIEEHE, AN IBRIEE7E 29 Th 2, T(2) OEREER E0 T,
2D BB p(z) BROTEE, WE L REOMED S EERHEET 2 (M [14). =

10



Euler if#3d | Navier-Stokes /7R b IERIE R A TH 2 (HEOWIEMIT Dv/Dt =
Ov/ot+ (v-V)v D3 v IOV TIERETH 5 2 LITHERET 2),

v A v ZRiPEIE &S, Navier-Stokes TR RMEE 2% & L 72 b DY Euler /TR T
b5,

—75. Navier-Stokes /TR DIFRIEIH (v - V)v &5 & L A

ov 1
% Stokes AR & W5, I HBERTH 2D T, AT ROfEE/L L2 Lick 5, FL
BRI TH B LI 5500 Lt wds, FEIN/NZ WA, Stokes R
Navier-Stokes FRERXDIFEH L+ RWIELIC R >TWw3E, EEFbNTW»5S,

R 2.4 (EREEREOEERAREN) < OXETIIEMERE IO W TOREmIIITD RV,
LoD o

(2.20) p(aa—;)—k(sz)v):—Vp+uAv+()\+u)V(V-v)
DL SED T DD B, TN OER) TR TH 5,
— RS STEAR O IRENIHR D € 7V R 0 )

o0’u

=pulAu+ A+ p)V(V-u)
ERHRZ EHIE, =

R 2.5 (Navier-Stokes AW — FEXTICRZA 5N SH) Navier-Stokes 72 (2.18)
ERIOTHEAREE, AL (BML) TBRAZRASND7E5 90, EALICESTbD
TH3, ZOHEAZHE I v 7 2DPSTRDIT TS ko L7z, Navier-Stokes ST b
AT Y —DEAD ? THIERR LD O D > 72,

(2.22) ((;—1; +(v-V)v = %Vp +vVio+ F  ([EEWEEL).

(F A NETH Y, SHUFRIETIE R\, £, 77737y A% V2 EHLDL, k< H
HMHETH > T, RMETIE R\, ) (2.22) OFfEZIEE, L) EZRABICHZ ) 1B T
Al ENHLINE, STHICHBKD L > TP, HEFMEL S5 VLRRWESH D,
n

f 12. (2.22) OfME% IEY (% p. 41),

S, TTRLCTeRLABnTL LI, 3, kil (2016) @ p. 142.

11



2.4 HEMFvL>Y: Euler A, Navier-Stokes AERIIEITFT DM ?

—fIc, RABIB OIS & SRR 3T 5 2 & BHERXDRT % 72 0 Db BA-35%
fEEVI DI TERVY BIFHZRL2bHT5NE), UTOLIICEZZ ENPHPT
Eib s,

R7 MVERSZEITTTEZS L, Mo AERE 1 >0 T, EE R 3-o
DHBERTH 2, HELEENTLOORAEKTH 206, BEIBATH % L UL, Hife
DF A L EE R ZE T 5 & RABEOMEE L TRADMEEL 4 TOHH->T, H
EEENDRE DAL H 2 EEZ 515,

B 2\ XBEEDEB DY G, kD FREAFIEEMSGF LD, 2L Euler DR, F
721% Navier-Stokes I, I 5 1T 2 BiAL S & WIS 2 57 S ¥ 7- I HA(EIR SR 1E RS
BOBOBTFEE—EME2FARL, LWIBENLNENEZ SN S,

CHUTHINRRETH 203, BRI AR TH 272 DICH#E L <, 3XITHEBICE T
% IEEH Navier-Stokes /FFE D WIIMER FUERE X, BFE D SERBMRILICIT R > Ty,
ZAUTOWTIE, WA [6] 2 R X,

2.5 REFEX

(2 ZIIETIIT RIS, RYDBRELZF? L2 LAy F T3, )

p DARRMBIED & Z 13, @i i & EE B Tk, AEAPIPREL T TR &
Vi, 22T, UTICHY 2 REHEAZH ) 2 L%,

p 3 p DADOEETH A, LwHiNAMAE=REDIRE

p=f(p)
ZEL ZETHRI 5%\, BARWIZIE, B2 XML 2 IRET S L. Iy > 1s.t.
p X pl/“/_
FREZIRET 5 &
p X P.
XD —fic X
-Vp=Vw
p

Zi7e 9 w DFEET 5 & Z | isentropic TH b W\, w ZITVHIJLE— (enthalpy) &M
5. N1 b v ¥—iifkld isentropic TH 5%,

3 IJEEMEREDREEL DTN

(AT OFETIE, filklZd > THR Y, S0z 2 Lk Td . KiRETh, DITo
ahldEM T 5, LMDz B% &, Laplace /T2 Poisson D EEEIEL 5415
tEbhz, 2oL TENOBHZEHET S, )

12



3.1 AELABLDTEN
v BWHEOMIES & T3 & %,
w:=rotv (THUFVxv &bFHIT3)
£ (vorticity) &IPS, MK T-0 HIEDfAEED 2 (5105 L\ (29 Th3),

w=0ThsLZE, MEIABEL FIIIEEE (irrotational), IR (lamellar) &9,
FtkDsi 2 Lchiu, R v DR TV YL ¢ BEET 5.

v=Vo¢.

(2D Vo I grad £ BFHIT 5, )

3.2 FEMREDRGLOFNERT VY vIL (3RTDIHE)
Wk IS v IS LT,

o0 00 00

Vo =wv, Iie. u:a—x, v—ay, w—az

27 ¢ (WbWd v DRT VI Y IV) BFET S L&, ¢ 2WEORERT Vv )L &I
O, ZOMNBIRTIIVILRTH S L),

[ 13. (X7 VBT OEEDIITS)
(1) X7 v Vil L Th s I L z2Rt,
(2) HOESHIRANORZ L O R T v > v Ui Th % & 2R,
DUR . WADIEEMTIHAE L TH D, SR T o DRT Yo v )b ¢ BAET 5 EAET
%, —MIZ divV =divgrad = A TH 55,
A ¢ = divgrad ¢ = divv.
FEHEAfSEME diveo =0 ZFHW3 &
(3.1) A¢=0.

Thbbt, FEMHEREDORT v vy ILRIcBEWT, HERT VY v ILIZRANBERTH 5,
FLEDBE

B LB S I (RAICIE) BERT Y Y v LD EEL.
& SICHERL S ISEERT Y Y v LIGENEE TS 3.

13



B Z 1. TAED O 25 Q DB T v 235> Tl (0¢/0n=V¢-n £ D)

dp
(3.2) " (on 09Q2)
TH 555, Laplace TR D Neumann HFUERE (3.1), (5.5) 3o, ZRz2iT L ¢
BERES (v bKRE2),
&) RMEBRT YO IVBE LTINS, K7 vy v VFEIZIERICEETH 5, il
HNFECRS 72 DTE B OT, JIGHICE DS I LITT 5,

Z 2 TR, R A S i B IREMSAT 72T H 6 GEEN TR H3TIC) 0 25K
Folz, ZTUBHERZBEIZ, R T v v VDBIEET 2856813, FEEMESEE I 1 > DARABIE
o I 210N (3.1) IFEINID6, LEASTHAS ),

DXL T, MENIRE-AE LT, BAENGEH HEXD» oKD o2 EFI N
%, ZRUTOWT, —DODEHZHENL X9,

SEM R LIRAEDO R T v v WRICE W T, (S 5ICHES R KEZBMTEVWT) T
{tZ 417 Bernoulli DEE | 2340 7>, Z Z.“C RO D, pER (D F ) —FRTIEE
i) LIGEL k9. V() = LVp THZ 5, Buler HEAURAL T,

" o 5y0- v (2).

vxrotv:V<% |'v]2> —(v-V)v

X7 b ovEr o=

i)

0 1
8_§:_v (5 |v|2+%) + v X rotw.

v=Vop &, rotv=w=0 2ZfAAT 3% &

P
V(at Vo[ +p) 0.

D6 t DADEE g = g(t) BHFAEL T

33) p=—p |5 +3IVoR +al0)].

I z—fg{tE iz Bernoulli DER L W5 (M EoEmII5ER2MmA Loove b e E—if
IR % ),

KRHHUZF > T, o 0o T, p bKE S, L) 2Ltk (ViR ik
KOFTp lZ Vp DIETLLENLVDT, LB L pld—HWITITEES KW,

14



3.3 FEMREDRBZLOFNERTOFIL 2RTDBT)
WROWADS 2 RIEITH 2 1, v(w, 1) = (u,v,w) PROFIEWT I LE2F I,
(a) z 3 THS w 0.

(b) z ITX B\,

TbHb
u(z,y,t)
v(z,y,2,t) = | v(x,y,t)
0
ZD L EHER
% U e Wy — U, 0
w=rotv = 8% voey=|u,—w, | = 0
% w es Vg — Uy Uy — Uy
ZZ
0
w=10]1, W = Vg — Uy.
w

DUFClk, 2 RIGDOBHEY v = (u(z,y),v(z,y)) ITDOWTEZS I LIZL T,

(3.4) rotv = z = Uy — Uy

FloFle

LiED B (H LR DER),
SRTEDBE & RIS,

o v WRT VY VEFRFTUR (v =V = (¢, ¢,) 2t TR ¢ PFETIUL). w=0.
e w=0THIUX, v FRFANITEIRT V> v Lz,
e w=0ThD, B2 TIHE Q PHLEFECHIUL, v 1Z QBETRT VYL 2RO,
O DI EERFEOEERT VS vV EIERDIZ3RICERAMTH 3,

NG = Guy + Py = Uy + v, = divo.

W Z AT DIIEHERE T H UL Ao = 0.

w=0ThHbI LM LDERLETIERDL VY, ERICIFFEAETE T V¥ v LD
HETHIERRELTOREDT, RT VYT YIUBHFAETLIELEELEMAELDOERLEZLDDVE
Wb LN\, HEVIERT VT v VISAIBERIC 5 Z L 2P LTI 2 L2k B (%)
LTWwa56bH %),

15



£EZAT
FEHA < diveo =0
S Uy +v, =0
S Uy = (—v)y
S JATIIC F st Y, = —v, Y, =u.
[ 14. Lol L 2> D X,

B 15. WMNBIBFAEL., BRSF v-n =0 2D D& &, MNBAEIIE R % 2 3%
it L CEBTH 5 2 L xmt,

— Iz
(35) % = -0, ¢y =Uu

Zii7z 9 o &2 v = (u,v) DRNEE (stream function) &S, 2D & ZF, FNPEHKIZKD
Poisson /jf#R 2§72 9

—A@Z} - _(¢xm +wyy) = _(_Ux +Uy) = Ww.
W Z 127 L OIEERER % & 12, RN BIEULIHMBIE TH %

Ay =0.
I, TDLE
(3.6) br =u=1y, ¢y =0v=—1y.
DI Y S,
g
(3.7) f(2) = d(z,y) +itb(z,y)

IZ DWW T D Cauchy-Riemann /TR TH 5, w212 f IZIEHIBIETH 5,
f 7z v OBEREERTVIVVILE VI,
f=o¢+ip TH?EZE,

f'= o +ithy =u—iv

CHBID.
u=Ref, v=—Imf.
f@@%ﬁ%fewfwaﬁaa\v:‘”@z.@zmqﬁﬁé\eﬁﬁgwﬁmaaao

g sin

CDZEEHERIC, f DI LEEREE LIS (HBREZEE EMERIADVES L, 2D
SJFFb b IINE, HEREL V) HPFETH S),
FLHBE 2RILDFNUITDWT

O, WL I 51T BN (stream line) & 13, WADHRDOHOMGT, 2 DHAICE T 2 i
DERAZ FLE, ZOMICET 3RNOBIERY N LD EH—HT250%\0, MiEE s als) LT3
Loo2(s) || v(x(s),t) BMiTT I L HWHRTH B O DEMTH B,

16



(1) W72 L7 512 (RTINS IE) £ T v s v LDSEET 5.
CUIHEIE R T > > v WOFIET 575 5 13H87% LTh 5, )

(2) FEFER 513 (RIS I3) FAUSEASEtE T B
(G AR AET 5 7 5 1ZIRERTH 5. )

(3) FEEAFED DM L7 61X (JRATIICIE) BER T > v )b ¢, WA o PEEL T, &
HICTARBIETH B, o 13 ¢ DHEHFARBEIKTH D, fi=0+ i IFERFEER T > v
U EREIZN S IEHIBIS L 72 5,

(4) v=(u,v) DEFRERT V> v )L f BFETDLEE, ff=u—1iv.

EE 3.1 Q BHETE TR TYH, Q 2R TS DORNBEBIHEET 28560 H 5, FEBE,
—MHEE % E 72 B 72D 1iE. Q NWOEEDOEAEL ¢ 12xf L <.

/udy—vdx:/@/)xda:—kwydyzo
c c

DD SED T EDBREA T TH D, (R3DbE, ZORNZ—iETT5 L 0ICHh56%0D0
HLNZWVD, 0OH £0 EWVI)DITTIERY, )=

B 16. WENBIEDEET 2 £ Z, Euler FRERXIIRDLIICEFIT S (p BHETESL I LI
HH).
)
aﬁw— J(@, ) = 0.
7-77 L
J<f7 g) = fmgy - fygm-

FABBDTET B 72 5 IR O C. O/ FIE. Buler 7 & IR R %
YE R HRR L AHTHL I IR D, )

3.4 RBEFERTYVIVILE

WGP NN X 6 WG 2 E R, EHH &S (AEPIEE > Tw 5D Tid %
V), EHIZ UL T 2 720 DI b M L E MR E M C 2L TH B,

4 N
EE 3.2 Al t ITB T 2N DFRER (streamline) & 1F, N OHEIHDOF DMK T, 2D
BRIZBIT BRI PLE, ZORICE T A MNDHEER T FILVDFABP—EHTEHD
2w, NTET L, i s — z(s) T,

'(s) || v(a(s),t)

K% 723 b DA TH %,

o AR T L ICHE R 5,

17




o JiAkIIKL - DHIE & 13 R 2 BERTH 255, EH DG A MR IR DOl & —3
¥ 5,

o MISHIRIEE 9 b Db H2HEMT 3, (FNOTWTER TELE 25, ZiUs
BT L b BT OB E b L 2w, )

2D G, MO DEROEFEGEMRIT, WM TD %,

Bl 3.3 (AEFEZADIRT V2 v ILVROBREREICELDEHE) Q= {(z,y) e R? |22 +y* < 1},
b=(1,2) DL &, Laplace JFFEX DB EE

Aop=0 ((x,y) €),
99 _
on
D E LT, BMERT v vb ¢ 3K E 5, ZOFEM FRT v vUfR) 24 <, FRRICHN
ARz KO T, WAz, HWEY T v =V L LTKRES, XD 7 L potential2.edp

b-n ((z,y) € 09)

2: HERT VY v LR 3: Uik X 4: X7 bV

ZHEL T,
FreeFem-++ 1Z X % BUiE 5 &GS o ff|

$ FreeFem++ potential2.edp

(1oM%zH#H itk 20T, =ML T, KD, B —%
LT ¥ 2, )

18



/—potential2.edp ~

// potential2d.edp

//  http://nalab.mind.meiji.ac.jp/ mk/complex2/potential2d.edp
/] 2 RIGHIEMEAR T ¥ v Vi

// HERT v vob, B, EEZ KD

// FEART VR, AR, B <

border Gamma(t=0,2*pi) { x = cos(t); y = sin(t); } // FIEEGEIR
int m=40;

mesh Th=buildmesh(Gamma(m)) ;

plot(Th, wait=1, ps="Th.eps");

fespace Vh(Th,P1);
Vh u, v, phi, psi;
func Vn=x+2*y; // QHHMFT, v=(1,2) DL E V- n=x+2y

/] BERT Ve zRD, ZOFEER GFERT V> v U 24
solve Laplace(phi,v) =
int2d (Th) (dx (phi)*dx (v)+dy (phi) *dy (v))
-int1d(Th,Gamma) (Vn*v) ;
plot(phi,ps="contourpotential.eps",wait=1);

/] OB 2RD, ZOFEM GRFD 2 (b ko ERIELP D)
func Vn2=y-2x*x;
solve Laplace2(psi,v) =

int2d (Th) (dx (psi)*dx (v)+dy (psi) *dy (v))

-int1d(Th,Gamma) (Vn2*v) ;
plot(psi,ps="streamline.eps",wait=1);

/] FERT v )Vl E ik RIS <
// plot(phi,psi,ps="lines.eps", wait=1);

/] R7 PV (u,v)=V o ZHi (bxo RPN
u=dx (phi) ;

v=dy (phi) ;

plot([u,v],ps="vectorfield.eps");

J

TARNIC B 2 AN 22 fifR (BEEMICIZ R 5 R w e v I B OUNESY dr = (do, dy) %
T 2R (AR S 72 D D) 13, v-nds TH D,

(5 )6)-(2)

v-nds=—vdr+udy =1, dv+ 1, dy = dip.
fit> Tk C &%, Erof Bl 2iEIZ. C DIfRZ B, #&K%Z P £ LT

w21z

/Cv-nds=/0d¢=¢<P1>—w<Po>-

WZIZ, 2 DODFMRETIF X FNAHEEZ RN 2 TR0 EIZ. Tl LofnBEEoEo =T
H b,
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HAEARNAR C CHH F L 2 EFHNIZHEGE D H R D 772 2 Wi S 5 WIZ R DFEET 5
BE. HWEHL»H2VRIKRVIAANHZ I EIChE, ZOLE C hofHcEEH 2ER.
VWb W B R TE 2

/ v-nds
C

0:%[/11)0

Mk D OFHE 0D 12X L T,

/ 'v-nds:/div'vdx
aD D

FJEHEMIRATHIUL T4 0 TH %,
AR 5 8 2 FIEN O R OPHIRE C 1R L T

F::/fv-dr
c

Zz Pl ¢ 1n ) 18IR & MRS

4 FRIF#ZEREERTYIVvILETBMiNEZDRRIE
4.1 EERNGEHREN

4.1.1 —KREHRN

ceC, f(z)=cz DG, c=Ue ™ (U>0,aeR) 75, HEHEIZX

u—iv=f =Ue".

v — uy) U cosa
\v/) \Usna/’

o(z,y) = Re ((Ucosa —isina)(z +iy)) = U(zcosa + ysina),
Y(z,y) =Im ((Ucosa —isina)(x + 1y)) = U(—xsina + y cos a).

Thbb

HER T > v )b LI BEEU

BARF L LG . D TAEEEET, 2hS R VICHRT 3,

KK 41 c=p—iq(pg €R) LEVEHDEETIEZVLP?2 2D E S

v=|[")=(?
v ql’
f(2) = cz = (p—iq)(x +iy) = pr + qy +i(py — qz),

oz, y) =pr+qy, Y(z,y)=py—qzm

20



w = ST

5: —kEZeiin

4.1.2 BEHUL. RLAH

m € R, f(z) =mlogz (z € C\ {0}) DG (ZAlBIE ! ), (AMBIEIIAE S E b L
BB, LIFS CHIB, 2 & EES T % & —liB%Ic 72 2 DT, 4bHEZ C LI
375750, )

z=re =x+iy LT L,

u(z,y) —iv(z,y) = f'(z) = % = % (cosf — isinf).
Tabb -
o (u) B ?COSH
v " ing )
,
(711 ; ERALU. m>0%58AE B0, m< 0 55N, K3 SIZEED»S

HOIZENI W, )
R T V> )L LB
¢ =mlogr.
v =méb.

(6 B, o BSMMEECH S, )
FUSOR D % T 3 EEOMMER ¢ 212 L. C 5N E 2 ik (k) 3

/v-n ds:/dwzlm/ df:Im/ f’(z)dz:Im/ iy = 21m (BE L WEPHR DEIR)
c c c c c <

E—EETH %,
GHEORER: BIcREE I, n ds = ;w THY. vem ds — —v dr+u dy —
T
Yy dr +, dy=dyp TH5, £7. df = f'(2)dz = (¢ + 1) (dx + idy) = ¢, dx — ), dy) +
i(y dx + ¢y dy) = (¢ dx + ¢y dz) + i (Y dx + 1y, dy) = dp + idi).)
COWAUE, m >0 25 XRMCEVZBEEBRU (source). m < 0 & 5 IXFERICE N 720k
WA (sink) EWEIEND,
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RO D Z1IEDR EIC—T 2EEDOX M O #kEAf#R C 12 LT

/v-nds:/dd):lm/f'(z)dz:lm ™ 4 = 21m.
C C c

c <

6: HEHL

4.1.3 Bk (=B

(ED f O m ZERICEL THS, )
k€R, f(2) =irlogz (2 € C\ {0}) D, z=re =x+iy £T 5L,
w(z,y) —iv(z,y) = f'(z) = % = gz (cosf —isinf) = ; (sin@ + icosf).

Tihbb

K .
oo [U) = ;sm@ _ k[ sinf cosf) \  [cos5 —sin5")\ [cosO
\w ) —ECOSQ r \—cosh )’ —sinf )] sin 5+ cos 5* sinf |
T
(il (“;) % /2 EEL 72451, )
HWERT VS vl LRSI

¢ = —kb
P = K.

TN 2D ETAHT, FRT VY v URRIZE R Z A L T 5 BERTH B,
Zofitu, FEEICED?>NRR (vortex filament) £ 72 1XA (point vortex) &ML S,
M C\ {0} &FTO0OTHSLZ EITERL X,
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EREES

4.2 Mathematica THRILLTHSB (D FADEREA)

(A Liiv, 7y 77— FMEoTFE W, )

BEREOFHE, 2B OEFEE E 2 RIGR 7 PG ORIH S RIUL R W,

FEBORALI 1, 2290 Re (1, KEHR Im[], HARMEFEE Conjugate [, #IAME Abs (1, WA (DI
fifl) Arg[], Z#1 & ComplexExpand[] & ESHIEI N T 5,

2 BRI D FEEHRIT T ContourPlot [1, X7 MLV DOHMIZ X VectorPlot[1 2SHE I 1
TWw3, IN6DHWITIEA Y I74 Y - ~L T 2K,
. uniform flow.nb N

(* uniform_flow.nb *)

c=1-21

flz_]:=c z
phil[x_,y_]:=ComplexExpand[Re[f [x+I y]]]
psilx_,y_]:=ComplexExpand [Im[f [x+I y]]]

phi[x,y]
psilx,y]

gl=ContourPlot [phi[x,y]==Tablelc,{c,-5,5,1.0}],{x,-2,2},{y,-2,27},
ContourStyle->Directive [Red,Thin]]

g2=ContourPlot [psi[x,y]==Table[c,{c,-5,5,1.0}],{x,-2,2},{y,-2,2},
ContourStyle->Directive [Blue,Thin]]

vvix_,y_1:={Re[f’ [x+I y11,-Im[f’[x+I y11}
g3 = VectorPlot[vv[x,yl, {x, -2, 2}, {y, -2, 2}]

gall=Show[gl,g2,g3]

Export ["uniform_flow.png",gall]

J
ComplexExpand [] IFHHIC Evaluate ¥ 2R SEZEZTH ML 72D, wob Inzfli)od
DROVDIIRL TP 6 %0,
— IR RE L O THEBEICHETE 203, 29 THhWVLD DRELIENSNEZ ) 72,
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HEX7 b L

24

M/ A A b

A% 4/4/14/42/2,

8 —RERDEAR T > v LR R (b5 BABET )

9: —~FERDER T v v )LEL. Wik s



e source.nb ~N
(* source.nb -—— HEHLZHS %)

m=1;

flz_]:=m Log[z]

ComplexExpand [f [x+I y]]

phi[x_,y_] :=ComplexExpand[Re [f [x+I y]]]
psilx_,y_]:=ComplexExpand [Im[f [x+I y]]]
phi[x,y]

psilx,y]

gl=ContoutPlot [phi [x,y]==Table[Log[r],{r,0.1,3.0,0.2}],{x,-2,2},{y,-2,2%},
ContourStyle->Directive [Red,Thick]]

g2=ContourPlot [psi[x,y]==Table[c,{c,-Pi,Pi,Pi/10}],
{x,-2,2},{y,-2,2},ContourStyle->Directive [Blue,Thin]]

vvlx_, y_] := {Relf’[x + I y1], -Im[£f°[x + I yIl1}

(x 9 F AT %)

g3 = VectorPlot[vv[x, yl, {x, -2, 2}, {y, -2, 2}]

(x R %)

g3 = VectorPlot[vv[x, ylBoole[x"2+y~2>0.2], {x, -2, 2}, {y, -2, 2}]

gall=Show[gl,g2,g3]

Export["source.png",gall]

4.3 EBEFNBZHRhOERGDLYE

§64.1 TR L 2 AN 2 A bE RN AR TAL S, BEURSI (1] 1Kf-
citHZ T 5208, BIEDRER EZADH B LT,

200D 27t LIFEMESH 5 L &, MES L2 ZNZTN v, vy, TTEFREERT Vv
W% f1,fo &8T5, 2DLE v +v, ZHES L T30, 3D 2RIt LIEERMERT
b, ZOEERERT VY VIE L+ f, THD,

FEE. rotv; =rotwvy =0, dive; =dive, =0, f] = uy — vy, fi = uy — ivy THIUL,

rot (v +v2) =0,
div ('Ul + '1]2) = O,
(fr+ f2)/ = (u1 + ug) —i(v1 + vy).

Bl 4.2 (—KRREFZHUDEREDE — HBIERYEZLEDHN) U >0, m>0 L7
5, BEHRERT Vv VD fi1(2) = Uz ORI E . HFEHEER T V> v VD fo(z) = mlog 2
DIHEH L DELAEDEDERELR T v > v L ik

f(z) = fi(z) + fo(2) = Uz +mlogz = Urcos +mlogr +i(Ursin@ + mb).
W Z At BI
Y = Ursinf +mb.

25




0=0¢,T2L =0 Fhl0=0tT2Lp=mr THE05, ZN5IFp DHFEEHMRT
b5, QZICH (DS RERODD) IR TH S,
¥ 7-

Yv=mn < Ursinf+mf=mnr < T:M & r="2.%_

Usinfd U sing

7Rl =71 —0. ZHUIAHFICEERICHO S UFRORETcH 5, (LT7F A MHL
THBHDOEN, EBICIZ U FROMBED ) b O EFFHOFSEZTD L) TH B, ¥R
h=—mr TH5%, MAZBIET20803H 25 K972, #HErLE—MIFH TS NRWES
2 ) TARDSIERIMER A DS E . IR & T 2% (U FIHERIC) AT, Fittds
BIIZ T v, WZIZ, oML, ZOOUKRE LE LN ERL VS, -

T T T T T T T
[y - — i — — — — — o — e

-2+

Y = S Y Ry ey,

10: —FR e E M L oERAbYE (KT © = +mr)

Bl 4.3 (AUESDFEZHU - RLVGAHDI) FELWHIDHEZH L LRVIAADEBA DY
EZE), 2=a ICHEWEI m DFEEHL, 2= —a ITEWVEI —m OR\VIAAZEH
REDLEIMNDOERZRER T > v Lk

Z—Qa

z+a

f(z) =mlog(z —a) —mlog(z + a) = mlog

(Z3UIFHEIF C\ [—a,a] TliERIZB%TH %, )
TF. ARD 2 ZZENZEN

91 92
)

z=a-+re z = —a+ree’

26



THEEHZ 2 L,

f(z) =m(logry +10) — m (logry +i6y) = mlog; +im (01 — 0s) .
2

TU_ R AT Yy e MT. TR U=y 20MTH B,

T2
L e T
PR PR L - .
R e A T I
I / P B T R T | i '

o, . . 4 . - - + - - ; ; , p -

-2 -1 i 1 2

X 11: AUMIDOFEEHL ERVIAADELREDE

O:=0,—0,1F a, —a o 2 ZRACHTH S, 0, — 0, = EE X, 25 +a ZFESERD
ZiEETAMINTH S (HMEADEMDLIZLS), =

Bl 4.4 (ALUEE, REEZDBOW) S L iES2H5, BEORE 2O MO ERA
bE¥EZEZL), z=a,—a WEVEREHROEERER T Vo Yy V2 ZNEFN

fi(2) = ilog(z —a),  fal2) = —irlog(z + a)
ET5, INHHINDOERAEDLYDEFZHEER T V¥ v LI,

X Zz—Qa
f(2) := fi(2) + fa(2) = ik log prat
HRT VY v IR
0, — 0y = T,
T i3
2= sk
)
ThHsb,
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-1

-2

12: MLREZ, KA E o OBERAEDY
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Bl 4.5 (T VF Y DIF (Rankine body)) U >0, m > 0,a >0 & T3, —k&i fi(2) = Uz,
B m D —a ITEVHEHL fo(2) = mLog(z + a). S —m D a ITE W IZWRVIAAR
f3(2) = —mLog(z — a) ZEHDAEDOE LN ZHHRITH L),

Z+a

f(z) :==Uz+mlog(z + a) — mlog(z —a) = Uz + mlog

z
iR gRESEUES
_1 2ay
¢ =Uy—m (b —b) = Uy — mtan PP
Fiih (y=0) T, v =0 THI05, EIRMTDH 2,
¥ 7

m_ 2ay
'QD =0 = Yy = ﬁ tan m

AR EZ £ T, T % Rankine DB (the Rankine body) & FERY, m

1 I I
2 e - — - o e - — — — — — ]
- - - i s I e P = . e =

| = - — i e i e TR . T T ]

Pl LTl T e b
1 1 1

13: Rankine DI (M UEBS DB S HL - R\iAH & RO ENDAG DY)

Bl 4.6 (2EFEZHU (doublet)) #4.3 DIMNDOMRZEZ 5, IEE p ZHD . 2am = p
EWVLIH R R R T ET. a0 T3,

f(z) = —2ma (1+§(9)2+~-> LM s

z z z

105 F.#% @ William John Macquorn Rankine (1820-1872) 126 7 &5,
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log(z + a) — log(z — a) R

(EWVHEDb . m= % ZfUA LT, f(z) = mlog(z—a)—mlog(z+a) = —pu >

ﬂéé%z——gk?%®ﬁ%$ﬁ&%5o)C@ﬁﬂ%2iﬁgﬂb@mmM)kW$o.

o [T T L T T T L T T T]
+ -~ - = %
-1_ -
H e | e S
% L3 'II' /—“-\ l. / &
XN o HA
ot S . - - - -
- - ’(; h\ b -
N A
| L e .. !
-1 .
g, 4 - s
-E-I. 1 1 .| 1 |.I |. |.| I |.| 1 1 1 1 1 1 1 I-
=0 =1 i 1 2

B 14: ZHEBEEML (ACMIOHEEHL - WAL DHGIR)
Bl 4.7 (MAEFEZBEZ—KR) 7 F VOB T2am =p (IEEH) ELTa—0 ELTAHK
) (CHBEEML LR LDERGEDE, EDBFA5D),

R:=\/u/U £EL &

WERT VS v L ¢ EIRNBE 13

2
¢—U(r+%)0089

2
zﬁ:U(r—R—) sin 6.
r

M r=R ETy¢Y=0TH2056, r=RIBIMMTH5, n
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q

o
ra

—EII I—'II
X 15: MR:%Z 8 E 2 &

5 MRy vIIBBZRVWTHRiNnZRDS

e TRT vy vV E 2 ORI Y v ) XEZHEL T 5, ZOfiDNEIXE
BLRbDIZLT, L DILRBZOXEHZHETHS ) LIHICTE28 D) (FlRT-b Ik
TWTH LA W),

51 IRFrIvILEEER

Laplace HfEX Au =0 OEREMEZRT> v ILEE L 5, IEHIBEBO A - B
FMBIE (7 777 A TTHEADR) TH 2790, BHBGROHE ZHLDOHERELGIH TR T V¥ v b
MG 5,

2 KoL U IEEMROBE R T > > v )L ¢ 1, Laplace D Neumann 53 FHiE

(5.1) A¢p=0 in 2,
9¢
on
DfFThH b, vy TP 7,

INTIid, 2hzd L —M{LL 72 Poisson AR OB HENE (5.3), (5.4), (5.5) 2%
Z 5,

Yhttp://nalab.mind.meiji.ac.jp/ mk/lecture/applied-complex-function-2018/potential/

2_Au=f L) BOMI A% Poisson AR, f =0 D54, §4b5 Au=0 2% Laplace FEERT
»H5,

(5.2) =v-n ondf2
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Fix, COMEIREFRICHORGEETH 2, 2D, R4 LBEFREEEH K S,
Z CTIRBIRESRILIC X 2 A R 2T 5,

Z DMDOEMEEIBEIE IS DT, MHGE TR T v & v VRTEDOEMERTE, (http://nalab.
mind.meiji.ac.jp/ “mk/complex2/potential.pdf) &\ XEHZMEL %,

5.2 BRERETRTVIOvILFEEZREL
5.2.1 Poisson FEADIRFMERREE ENICHT 55N
Q% R? OFRBZERK, ZOBER 00 3T, [y Kbt Tws LT3,
0N=T,Uly, I'Nnly=0.

7R Q OB 00 EDORICE T 25 E DBAERN 7 FvE n T 5,
f. Q—>R, g1: F1—>R, ga: FQ%R%%‘K%“%&.&%\

(5.3) —Au=f (in Q)
(5.4) u=g (onl)

ou
(55) % (ot

7T u 2RO £, L1 DB Poisson HEEADEIFARIETSH 2.

o Ou, o u(zdhn)—u(z)
H: %(m) = hlgr—lo N =Vu(x) n

COMEIZ, XD L) ICEETE S (99EFIL, weak formulation),

4 N
Find u € X, s.t.
(5.6) /gradu-gradv d:c:/fv da:—l—/ gvds (veX).
Q Q Iy
22T

Xg ={weH Q) |w=g onl}, X:={weH(Q)|w=0 onT;}.

(D71 : gradu - grad v = uv, + uyvy.)

_ J
Zfh (5.6) B LS, WULREMFDD LT, FEXEHT ue X, F—RICEZE

D, ZN3b LOREDME L 72, BERZT v Z2RD2Z 2 T L DREZ M Tk

ZHEBOFELTS, (ZONV—r L LTHEARDIE, Riemann 12 X 2G4 EM D, Dirichlet

DIFEZ FHWZFEHTH 52— ZHUTODWTIEBHFIHT %, )
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5.2.2 HBREFRE, FreeFem+}+

BIRERE (finite element method) 13, F9EDTIEZFEH & § 2 HEHHRIETH 5, 21
37 ) D2 HELHR 2 720, EHOY 7 b 2 7HFESN TR S,

ZD1>5TH5. FreeFem++13 1%, RV 6 K% J. L. Lions tH%EHT D Frédéric Hecht,
Oliver Pironneau, A. Le Hyaric, JAEEFEEBRERAEDO RFKE R S D3BFE L 72, 2 X, 3 Xt
% GIRERE TR 72d D, —FdD PSE (problem solving environment) TH %, V — A
a—F, v=27) (fJ400 R— ) FWLIEX), £ 77 v FF—24 (Windows, Mac, Linux)
[T D FTIEA Ry r =P BRI T 5,

FreeFem++ 122V TE, KIF-Eif [15] &0 ) iESE S ITw» 203, i 2 &3, TFreeFEM++
DI ZHDIEDDBTH A,

A VA= NVIERDFIETIT ), FETPH>THELDT, 25 ZDRIT—HEIZP > T
AT, Torolz BB L TFE\,

1. B> Tw 3 Mac OS X (macOS) D/N— a ¥ ZifEER 35 ( T2 D Mac lZ2W T
25 LX),

2. VBHBERS, O WWW H A b (%7:1% FreeFem++') L5id WWW ¥4 225,
TD OS DNN—2 a /il A Y A b —NVHD pkg 7 74 )V (FreeFem++-3.53-1-Mac0S_10.11. pk;
D &) 40 2 AT 5,

3. AFL7 pkg 7 7 A NVEETT 5 (Control+7 Vv 7§ DD 502 b)),
b L OMRAEICIR D322 5 7% 6 1, /System/Library/CoreServices IZdH 5 “A ¥ A
F=77 2L, 226 pkg 77 A NVERET 5,

4. /usr/local/ff++ D NIZH 5 bin L W) HZHTOT AL 7 P Y4 2P L, PATH IZZ Nz
ET 5, FreeFem++-3.53-1-Mac0S_10.11.pkg D¥#rld, /usr/local/ff++/openmpi-2.1/3.53/bi
EWV)T 4L MY 4D T, ~/.profile (£7:13 ~/.bash profile) D N DI

export PATH=$PATH:/usr/local/ff++/openmpi-2.1/3.53/bin:/usr/local/ff++/openmpi-2.1/bin

(R D $PATH IZ : TIXYJ>TEMT 2, )

EWVI)TT2EEIAL, F—IF NV ZEH LET D, source .profile DK ) ICL THE
ZBLAET

/usr/local/ff++/share/freefem++/freefem++doc.pdf &\ v =2 71D H 5,

Bhttp://www.freefem.org/ff++/
“http://nalab.mind.meiji.ac.jp/ mk/labo/text/welcome-to-freefem/
Bhttp://www.freefem.org/ff++/
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5.2.3 (5.1), (5.2) Z < fcHD FreeFem++ D707 3 L
MR T V> )L RO 5 BN E

(F5.1) Np=0 (inQ)
(F$5.2) g—i =v-n (ondN)

DEGEIF T1=0,T2=0Q, f=0, g =v-n.
iz Q={(z,y) eR? | 2> +y* < 1}, v = (;) DEZIF, (2,y) €N ITBVT n= <I>

Yy
THHDH,
Jo=v-mn= . =x+ 2y.
2 Y

a HWERT V> v )L %ZKRD S potential2d-v0.edp!® <« TNZIRET S N

// potential2d-vO0.edp

//  http://nalab.mind.meiji.ac.jp/ mk/complex2/potential2d-v0.edp
/] 2 RIGIEIEMER T > > v Vi

// HERT Yy v, HEZRD, FRT V2 v bRk, B2 i<

border Gamma(t=0,2%pi) { x = cos(t); y = sin(t); } // PFIEGER
int m=40;

mesh Th=buildmesh(Gamma(m)) ;

plot(Th, wait=1, ps="Th.eps");

fespace Vh(Th,P1);
Vh phi, v, vi, v2;
func Vn=x+2x*y; // QHHMHT, v=(1,2) DL F V- n=x+2y

/] BERT Ve aRD, ZOEER EFERT V> v Ui 2H<
solve Laplace(phi,v) =
int2d (Th) (dx (phi) *dx (v)+dy (phi) *dy (v))
-int1d(Th,Gamma) (Vn*v) ;
plot(phi,ps="contourpotential.eps",wait=1);

/1 X7 (v1,v2)=V ¢ Z2Hi (b ko LHERP DI
v1=dx(phi) ;

v2=dy (phi);
plot([vl,v2],ps="vectorfield.eps",wait=1);

/] FERT T v MR E T POV 2 [FAIRF IS <
plot([vl,v2],phi,ps="both.eps", wait=1);

_J
707 757X AL - 74 % — (mi, emacs, Xcode, T¥ Ak « ZF7 4y ML) TE
KL, ¥—3FLhs6,

ARSI THET
[FreeFem++ potential2d.edp ]

UFXZAPZT4y FC, TXAL - 77 ANEAT] - ET 2IC3HETOREPNIETH 5, http://nalab.
mind.meiji.ac.jp/ mk/knowhow-2015/nodel.html % F X,
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EZATLTHETTES, VI =« T—2f[ DT LICRDMITHEAR, iR (X7 P EE
KT v v Utz i TEE W) 1 Escape ¥ — 2> TR T T 5,

B 17: —FEROER T v v IURR, ks, X7 kL

Zo7ur 7 L, KD PostScript 7—% “counterpotential.eps”, “vectorfield.eps”,
“both.eps” ZHITLTWw3,

(ix, LoFERIBO—RBER 2 DT, 2O70 77030 LEIVEIADH 5, )

FreeFem-++ [E X7 ¥ > v )LREICIR S 97, s ZEEZFE 2 LUk S, R R- 72
IR DB : Navier-Stokes HHEHIC X 2, HHALMHEDOH ) OKO|NDS T 2L —2a v -
78 75 L NS-cylinder.edp'® (¥R JEJE/E®D Finite element programming by FreeFem-++
— intermediate course!® 2> 5)

Bhttps://www.1j1l.math.upmc.fr/~suzukia/FreeFempp-tutorial-JSIAM2016/EDP/NS-cylinder.edp
Yhttps://www.1jll.math.upmc.fr/~suzukia/FreeFempp-tutorial-JSIAM2016/
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{oix

A RNITMNIVEREITRDES
I TNCHRE Y. IR DERDOEE IZEMKT 5 (FEH [12]),

Q%R DHEHKET S, QZ2ERKETHEBMER7 PVERKF:- Q-RDOZEZ2 Q L
DANZF—IZ LTS, £/, Q Z2EREET S n oG 7 FVEBE f- QO >R DT L %
Q EORT NIVIG LS,

fi
f2
F=| | eTBLE,
f
de:}j%?

j=1
EBE, divf % f OFEL (divergence) EWES, divf DI EZ V.- f LDEL, divf i Q
LEDAAH T —YTH B,

“R BER 2RO Q OPER T C o7 Pl f ISR LT

(A.1) /Qdivf de = f-ndo

DR D 32D (Gauss DRELEER), 7272 L n 1, 00 LORICE T 20 M S HALEM T R
ThHD, do ZEHEER 2 XLOLEIIMER) 2RT LT 5,
M 17. (A1) &

of .
——dx = fnido (j=1,2,...,n
 0z; o’ ( )

LHEETH D I LERMERE K, 2EL, n; En DFEjRITH 2,
CHHDBIB F: Q — R ICXHL T,

(A.2)

oF

o1
oF

grad [ := @

OF
OTn

L&, F OB (gradient) LI, VF Eb#EL, Z4UiQ LORY FAUETH 2,
Q EOXT7 FVE £ITRL T,

grad F = f (in Q)
Ziil- TP Q> RBGFETZEE, F % f OIRTVIVILETS,
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fOCPHDORT YY)V FBEETS%6IE,

ofi _ 9f;
A. = 7

(in Q;4,7=1,2,...,n)

N AVRYASN

WIS C DT PV f 23 (A3) &7 LTwT, Q LR IE, fORT v v
IWSET %, FEBE. Q WIEEDOHEALEN a ZHEAE LT, Q NOMEEDOMA 1T L
T,z 2R ET 5. Q NORXZTIIZHE S 22l Cp 12K LT

/ f-dr

DEIE, Cp DD THICKSTIC 2 DATEED,
F(x) ::/ f-dr

EBSIZLETHONZBEAB F- QR fO—D2DRT VYLl 5,

Q BEDPHEFECAVWEAED | EEORIFERERTH 206, f 23 (A3) 2z L
TVIUR, ERDHDTI/INS LA TR T VY Y VISFET 5 28Xk 5,

3RILD C {7 PV £ IR T,

) ol _ on

% fl eq Oxo Oxs

— |9 — | 9L _ 9fs
I"Otf | oy f2 €2 = O3 Ox1
2 f3 e 8 on

1 T2

EEBZ. f OEEE (rotation) X, V x f, curl f £ HERT, rot f 1 3 KILDOXRY L
Th b,
3XILD CH 7 by fITR LT, (A3) I1F

rot f=0

EFfETH 5, 2T, 3RILDXRTZ PV f R TV v V2 FFTE rot f = 0 23K D 37
5, Wil rot f =0 YK D 0% 51, HUEFHIHICE VT f DR T U Y VBFEET B,

2 RILDN7 MV f = (“) IR L TR, (A3) 1
(%

Uy — Uy =0

EIAfETH D, FRRD Z &R D,
RIS 72 o 723,
rotgrad =0, divrot =0, divgrad=A.
nE
rot(rot f) = grad(div f) — A f.
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B FENFOHE

OMRIIMAEN LTI R ODOT, RN TEUIWITHVLDOLETNE (LT TILD 5008
HEL v, )

B.1 Navier-Stokes IR DERIT{IL & Reynolds #
R T E 7172 Navier-Stokes JTFEFIZ

ov 1
(B.1) E%—(U-V)v:—gradp—l—%Av.
772U Re i3, REWLEE U ERENLRS L 2HwT
(B.2) Re := PUL = vL
o v

TERE I N5 HRILE (dimensionless number) Td D, Reynolds # (the Reynolds number)
EWFIEN S,

B[N 22 BT, Reynolds 2035 L v 2 2DfiiLd, HITH S L v,

38



~ BSOS DA N
RS L RENEES U %o

T t U
B. / = — / = —_— / = —
(B.3) vED VS YTy
EBLE, Y IRIERITOMVERTH D, o FIERITCDEBEHTH %,

oo _UD

9 vo
ot otor Lot
V', AN % o BT 3o ERHEET S &

0 9zy o
oz Ox1 Ox 3 9
_ 5 I A 1 B 0 1
V= 25 | = 8_$;8z'2 —EV', A— w—ﬁ&l
o afl‘d o 7=1 J
DL k% Navier-Stokes JTREFUZUA L T
U o 1 1
p {Z%UU’ + (Uu’ —V’) Uu’] = —EV’p+uﬁ N U
Fl, fAznE N L T
U? [ou 1 U
T {a (W' V) “] AL a2
A% pU?/L CT#E S &
ou’ , 1 i
- VW = ——=Vp+ A",
57 + (u Ju i p+pUL u
22T
1 UL
) Vi g Re=
EBCE, ELHLERILDET
/
1
(B.5) % + (W -V =-V'p + e VANETS
NS J

B.2 Bernoulli DEE

MBernoulli DEM ) ZIEFICHELTHD., LIFLIFEREINZD, MZHEL TWAENE
LALEWTH D Z EIZIERICHETH B,
(HEfi )
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C ROREE

BE1L Kl ld1g TH225, 1md Tlk, 1002 g = 10° g = 103 kg. D RIT p =
10° kg/m?. (1325 A — bV DKIZ 1 )

RE. BB (TR 32) EEFE (TR 28) 28, BB XZ 2080 o TIRAI N
TV5DT(LIHIDPLHEEICP S EMFE, EHR, 7T vp3 2178 : 1), FHOITFREI,
32x0.2428%0.8 = 28.8. WAIZ 1 mol DERIF 28.8 g =2.83x10"2 kg. T DRI, 0°C, 1

-2
ST, 2240 =224%x10" em3 = 2.24x 1072 m3. WA p = %kg/mg’ = 1.3 kg/m3.
(b I UEHICEHET 2 & 1.293 kg/m?) ’

m®%§+%ﬁ®%§u\T§#W0-

ofv  0f  0Ofs
8561 * 8$2 * 8:63'

R 3. (T IBIEEARITLRAAL DI EEE LTHLTL Eo%, VbERAV{l10
EERTFE v, PIZBHA - B 8] BBEICE S,

BRE 4. (M — AEHROREICKZ2Z97, )
BRE 5. ()
fRE 6. (MEfH)

B 7. FEUDOE i Ko7

BBE 2. (1) divf= (2) (ffiH 7 D THE) m

THH, FALDFE i RTIT—HT 5, »
fRE 8. (¥EfHh)

0

BE o HEER2 g 2LT2E, ANEIZ F=| 0| £%3%, BHEL TR L) Z
-9

Eldv(x,t) =0 £\) T ETHSHH 5, Navier-Stokes TR IT,

1
0:__vp+f7
P
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bbb
0=-Lr o=ty o-_F_4
p p p

IS p(r,y,z) = —pgz + F(t). KiHiz 2=0%& LT, F(t) Z KR ppg 12T 5 &

p(2,y,2) = i — pgzm

fRE 10. LoOMWAVKANICEEN S, 141 m DV SiEEZEZ %, KHIC 1 m® OKRICH &
N5, Kid 1Tem? = (1072 m® DHEDN 1g=10"2kg TH20 5, 1 m® DKIZMH

HZ
10° x 107 kg x 9.81 m/s? = 9.81 x 10° N.

@zmmﬁigmxgﬁﬂi~ﬁ KETIZ 1013 hPa = 1.013 x 10° Pa TH 226, KRJE
XKD lgii@f—m3MT%% KREFEDTT DI 1IHTRZ W, KED25 10m FTHOEZA

9.81 x 103
DAKFEDEIE 1 RIEE VS C LIz B, EMERRIERA T 1 (L EHLEL ),

BRE 11. LT3 h 6, E=0THEDT, P=—pl. ®ZIZ p(n) = —pn.
WA D o 28R E QO &9 5, WRER 0Q OM/INES do DK 62T B 11k, —pndo
THsr6. MikEkTIE

F:= [ (—pn)do.
o0

COH j TR, FERUERL (A2) 1Tk - T

5 /?wdw:pQMI(j=3)
p
Fj:—/ pnj do = — /8 dx
o0 i /hdmzo (j=1,2).
Q

0
F = 0 .
pg Q|

A} i 1 1
ﬁ%llﬁﬂ%lﬁ@;Vp?ﬁﬁ-?foﬁ&

(i) BEE p CHENZFLIAH, EHplihoTLESTREDIE, FORTRLE057 2
Do (2.18) DEHDOMET, W% p THZEERH -7 Z 2B L THL »,

(i) B5 — VEL TV 2D bl v K 9 7223, (B ED 72 H D) 1 (O—H8) 2 THT,
(R 2 LT U D 0U0) FTEDE WD ARWTIZ I DMEI C 2 L IR TE 5D T,
—BhruEE,rLv, LAMTZIETTHS, =
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BRZ 13. (1) —MIC rotgrad¢ = 0 23K D 32D, (2) FEBNDE R D SEED M 2 12\ 5
I N DML C, ZHl-> T, gb(w):/ v-dr EBLE, IZvDRT YT YL THS, m

x

BRE 14. HEDH: (x) ::/ udy—vder £5%, m
Ce

RE 15. g—f:o ThHHIENEPNS, m

B 17. (MEfiE)

£E3
(1] ZFH00 « EERMT & itk 717, HAGE L (1981/10/20, 1989/4/1).
2] G WS B, EHERS (1973), B iE ko 72,
3] 5359« JSAEBIEGH 1, 11, 1 = > A%k (1981).

TeoAELES

[4] 58 KIE ¥R, BEEER (1982).

5] AL —RAF L1 7 AWEY 1, 2, 3, HEKE (1988), Lamb, Hydrodynamics, Dover
Publications (1945) O4HY), fGARZEIIC X 2HERTH 5, JHEFHD PDF 23 % v F TAF
T:‘ % % o

6] FARA : F7 4« 2 =7 ZTBRAOEB, FERYHIE (2009).

(7] =27 742 YHDI-DDRT PV ET VYL HIEEE (2013/1/30), )14 #

8] FAAK, WAt « BIBUAAT, S EME (2006/1/26, 2016/11/10 (POD fR)), 7k B
Bt DI (1996~1999) Dotz TR L 72 b 0.

9] FAK: F T4 - A b —27 ZHBADEZ )7, #FFY, Vol. 48, No. 11, pp. 71-77 (2010),
20104E 11 H=.

[10] Chorin, A. J. and Marsden, J. E.: A Mathematical Introduction to Fluid Mechanics,
Springer (1979, 1990, 1993).

[11] Meyer, R. E.: Introduction to Mathematical Fluid Dynamics, Dover Publications
(2012/3/8), 704 1* Wiley & Sons, Inc. 7> 6 1971 FICHIR S 11 7.

[12] FEHIHESE : 2B DM ET - 2 §FF% / — b B85 28, http://nalab.mind.meiji.ac.jp/
“mk/lecture/tahensuu2/tahensuu2-p2.pdf (2006~).
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[13] HEFHHHSL : O T F 2 7% / — b 86 13, http://nalab.mind.meiji.ac.jp/
“mk/lecture/tahensuu2/tahensuu2-pl.pdf (2008).

[14] IMEEG + — MRS 5 2 hidfliaT i, EURFA IS (2016/3/25).

[15] REKEZ mareh @ ARERETHSHR EHOE — FreeFem++BMEE 70 /5 2 v
7 —, ESTHIR (2014), http://comfos.org/jp/ffempp/book/ L \>9) HH—TF WWW
YA 8D B,
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% 5l

dimensionless number, 38 Newton Jitfk, 7
streamline, 17 RhMEGREL, 7
Wz - S82
o b
RiEAR, 7
R, 22 KRS, 7
o oNa b a ik, 12
IV ILE— 12 JEIES, 5
BEuler 73, 9 RS, 5
W7, 5 FEANEER, 13
JGh TV, 6 EARHET VIV, 6
B EHRT VIV, 6
54, 37 JE Newton Jifh, 7
frDfEte L —EE, 12 JERERES AR T
Gauss DFEHERE, 36 ’
SERMR, 7 BFRHEL, 16
HEEHERT > v, 16
B, 36 WIRTRS, 5

Cauchy DG, 6

RO L, 32 ~7 PV, %
5 q: s

Bernoulli DEHE, 14

3;?;;52032 BIGRET V)L, 6
MEV AR, 21 Pf)ifson JifE=, 31
Xﬁ?——;% 36 /T:T‘/*‘/ﬁon/, 36
Stokes 7:7*%’;—& 11 ’T‘7: Mt w@%ﬁ, 14, 31
7 ATV ¥ IV, 13
s SERTEHL, 33
HERT v v, 13 )
kA, 5 2, 36
o it 5
IR, 22

HIREEFIE, 33
Eb*ljjl[‘étiéﬁ 10 Lagrange wﬁj\a 5

Navier-Stokes T2z, 10 Rankine D JFIE, 29
B, 16 e
; Wi, 17

THHEHL, 30 T, 2
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Reynolds %, 38
e D IR 4

HMEML, 21
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