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Listing 1: Clothoid by power series display

import numpy as np # Library for numerical computations
import matplotlib.pyplot as plt # Library for plotting
from math import factorial # Using Python’s built-in factorial function

# Number of terms for the Maclaurin series expansion
num_terms = 100

# Function definitions
def C_approx(t, terms=num_terms):
"""Maclaurin series approximation of C(t)"""
result = 0
for n in range(terms):
# Compute each term of the series
term = ((-1)**n / factorial(2 * n)) * (t**(4 * n + 1)) / (4 *x n + 1)
result += term
return result

def S_approx(t, terms=num_terms):

"""Maclaurin series approximation of S(t)"""

result = 0

for n in range(terms):
# Compute each term of the series
term = ((-1)**n / factorial(2 * n + 1)) * (t**(4 * n + 3)) / (4 * n + 3)
result += term

return result

# Generate data for plotting
t_values = np.linspace(0, 10, 1000) # Adjustable range of t

C_values = [C_approx(t) for t in t_values] # Compute C(t) values

S_values = [S_approx(t) for t in t_values] # Compute S(t) values

# Plot

plt.figure(figsize=(10, 10))

plt.plot(C_values, S_values, label="Clothoid,curve by power, series_ display", color
="blue")

plt.axhline (0, color="black", linewidth=1.0, linestyle="--")

plt.axvline (0, color="black", linewidth=1.0, linestyle="--")

plt.title("Parametric Plot of $(C(t),, S(t))$", fontsize=10)
plt.xlabel ("$C(t)$", fontsize=10)

plt.ylabel ("$S(t)$", fontsize=10)

plt.legend(fontsize=10)

plt.grid(alpha=0.5)

plt.axis ("equal")

plt.show ()
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Listing 2: Clothoid by scipy.special.fresnel

import numpy as np # Library for numerical computations
import matplotlib.pyplot as plt # Library for plotting
import scipy.special as sc

def myfresnel (x):
factor = np.sqrt(anp.pi / 2)
[s, c] = sc.fresnel(x / factor)
return [factor * s, factor * c]

def plot_clothoid(t_max, num_points):
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Function to plot a Clothoid (Cornu spiral)

Parameters:
t_max: float
Maximum arc length (maximum value of t)
num_points: int
Number of divisions for the arc length (number of points for t)
nnn
# Generate values for the arc length t
t = np.linspace(0, t_max, num_points)

# Use myfresnel to get the Clothoid curve
S, C = zip(*x[myfresnel(ti) for ti in t])

# Plotting

plt.figure(figsize=(10, 10))

plt.plot(C, S, label="Clothoid,curve by myfresnel", color="blue")
plt.axhline (0, color="black", linewidth=1.0, linestyle="--")
plt.axvline (0, color="black", linewidth=1.0, linestyle="--")
plt.title("Parametric Plotof ,$(C(t),,S(t))$", fontsize=10)
plt.xlabel ("$C(t)$", fontsize=10)

plt.ylabel ("$S(t)$", fontsize=10)

plt.legend(fontsize=10)

plt.grid(alpha=0.5)

plt.axis("equal™")

plt.show ()

# Execute the function
plot_clothoid (t_max=100, num_points=10000)
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Listing 3: Computation Time per Run

import numpy as np # Library for numerical computations
import matplotlib.pyplot as plt # Library for plotting

import scipy.special as sc
import time

# Define the Fresnel function

def myfresnel(x):
factor = np.sqrt(anp.pi / 2)
s, ¢ = sc.fresnel(x / factor)
return factor * s, factor * c

# Define the function to plot the Clothoid
def plot_clothoid(t_max, num_points):

# Generate values for the arc length t
t = np.linspace(0, t_max, num_points)

# Use myfresnel to get the Clothoid curve
S, C = zip(*[myfresnel(ti) for ti in t])
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# Initialize list to store computation times
computation_times = []

# Run the function 100 times and record computation times
for in range (1000) :

start_time = time.time ()

plot_clothoid (t_max=100, num_points=10000)
end_time = time.time ()
computation_times.append(end_time - start_time)

# Compute the average computation time
average_time = np.mean(computation_times)

# Plot the computation times as points
plt.figure(figsize=(10, 5))

plt.plot (computation_times, ’o’, label="Computation,Timeyper, Run",

# Use ’o’ for points

color=’blue’)

plt.axhline (y=average_time, color=’red’, linestyle=’--’, label=f"Average Time =1

average_time:.4f}s")
plt.xlabel (’Run,Number’)
plt.ylabel (’ComputationTime,(seconds)’)
plt.title(’Computation,Time for 1000 ,Runs’)
plt.legend ()
plt.grid(True)
plt.show ()

# Print the average computation time
print (f"Average  computation,time: {average_time:.4f} ;seconds")

Computation Time for 1000 Runs
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Listing 4: Clothoid by separate ODE solutions

import numpy as np # Library for numerical computations

import matplotlib.pyplot as plt # Library for plotting

from scipy.integrate import solve_ivp # Function to solve initial value problems
for ODEs

import time

# Define the right-hand side of the ODE for c(t)
def dc_dt(t, c):
return np.cos (t**2)

# Define the right-hand side of the ODE for s(t)
def ds_dt(t, s):

return np.sin(t**2)

# Function to solve ODEs and generate the clothoid plot
def solve_and_plot():
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# Initial conditions and time range

cO = 0 # Initial condition for c(0)

sO = 0 # Initial condition for s(0)

t_span = (0, 100) # Time range: t € [0, 100]

t_eval = np.linspace(0, 100, 10000) # Time points for evaluation (for
plotting)

# Solve the ODE for c(t) using solve_ivp

c_solution = solve_ivp(dc_dt, t_span, [cO], method=’RK45°’, t_eval=t_eval,
=1le-6, atol=1e-8)

C_values = c_solution.y[0] # Extract the values of c(t)

# Solve the ODE for s(t) using solve_ivp

s_solution = solve_ivp(ds_dt, t_span, [sO], method=’RK45’, t_eval=t_eval,
=1e-6, atol=1e-8)

S_values = s_solution.y[0] # Extract the values of s(t)

# Plot
plt.figure(figsize=(10, 10))

rtol

rtol

plt.plot(C_values, S_values, label="Clothoid,curve by separate 0DE, solutions",

color="blue")
plt.axhline (0, color="black", linewidth=1.0, linestyle="--")
plt.axvline (0, color="black", linewidth=1.0, linestyle="--")
plt.title("Parametric Plot of ;$(C(t), S(t))$", fontsize=10)
plt.xlabel ("$C(t)$", fontsize=10)
plt.ylabel ("$S(t)$", fontsize=10)
plt.legend(fontsize=10)
plt.grid(alpha=0.5)
plt.axis("equal")
plt.show ()

# Call the function to execute the computation and plot
solve_and_plot ()
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Listing 5: Computation Time per Run

import numpy as np # Library for numerical computations
import matplotlib.pyplot as plt # Library for plotting
from scipy.integrate import solve_ivp # Function to solve initial value problems

for ODEs
import time

# Define the right-hand
def dc_dt(t, c):
return np.cos (t**2)

# Define the right-hand
def ds_dt(t, s):
return np.sin(t**2)

side of the ODE for c(t)

side of the ODE for s(t)

# Function to solve ODEs and generate the clothoid plot

def solve_and_plot():

# Initial conditions and time range
cO = 0 # Initial condition for c(0)
sO = 0 # Initial condition for s(0)
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t_span (0, 100) # Time range: t € [0, 100]
t_eval = np.linspace(0, 100, 10000) # Time points for evaluation (for
plotting)

# Solve the ODE for c(t) using solve_ivp

c_solution = solve_ivp(dc_dt, t_span, [cO], method=’RK45’, t_eval=t_eval, rtol
=1e-6, atol=1e-8)

C_values = c_solution.y[0] # Extract the values of c(t)

# Solve the ODE for s(t) using solve_ivp

s_solution = solve_ivp(ds_dt, t_span, [sO], method=’RK45’, t_eval=t_eval, rtol
=1e-6, atol=1e-8)

S_values = s_solution.y[0] # Extract the values of s(t)

# Initialize list to store computation times
computation_times = []

# Run the function 1000 times and record computation times
for _ in range (1000):

start_time = time.time ()

solve_and_plot ()

end_time = time.time ()

computation_times.append(end_time - start_time)

# Compute the average computation time
average_time = np.mean(computation_times)

# Plot the computation times as points

plt.figure(figsize=(10, 5))

plt.plot (computation_times, ’o’, label="Computation,Time,per, Run", color=’blue’)
# Use ’o’ for points

plt.axhline (y=average_time, color=’red’, linestyle=’--’, label=f"Average Time, =1
average_time:.4f}s")

plt.xlabel (’Run, Number’)

plt.ylabel (’ComputationTime,(seconds)’)

plt.title(’Computation,Time_ for 1000, ,Runs’)

plt.legend ()

plt.grid(True)

plt.show ()

# Print the average computation time
print (f"Average computationytime: {average_time:.4f} seconds")
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Listing 6: Clothoid by complex number display

import numpy as np # Library for numerical computations
import matplotlib.pyplot as plt # Library for plotting

3| from scipy.special import erf # Error function for Fresnel integrals
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# Define constants

sqrt_pi = np.sqrt(np.pi) # Square root of pi

sqrt_i = np.sqrt(1j) # Square root of imaginary unit i
sqrt_neg_i = np.sqrt(-1j) # Square root of -i

# Compute Fresnel integral C(z)

def

fresnel_C(z):

Compute the Fresnel cosine integral C(z) using complex representations.

Parameters:
z: ndarray
Input values (can be complex or real)

Returns:
C(z): ndarray
Fresnel cosine integral values
nmnn
return (sqrt_pi / 4) * (sqrt_neg_i * erf(sqrt_i * z) + sqrt_i * erf(sqrt_neg_i

* z))

# Compute Fresnel integral S(z)
def fresnel_S(z):

Compute the Fresnel sine integral S(z) using complex representations.

Parameters:
z: ndarray
Input values (can be complex or real)

Returns:
S(z): ndarray
Fresnel sine integral values
nnn
return (sqrt_pi / 4) * (sqrt_i * erf(sqrt_i * z) + sqrt_neg_i * erf(sqrt_neg_i

* z))

# Generate the clothoid curve
def generate_clothoid(t_vals):

Generate x and y values for the clothoid curve.

Parameters:
t_vals: ndarray
Parameter values for the curve

Returns:
x_vals, y_vals: tuple of ndarrays
Real parts of C(t) and S(t), representing the clothoid curve
C_vals = fresnel_C(t_vals)
S_vals = fresnel_S(t_vals)
return C_vals.real, S_vals.real

# Define the range of parameter t
t_vals = np.linspace(0, 100, 10000) # Parameter t (larger values expand the curve

)

# Generate the clothoid curve
x_vals, y_vals = generate_clothoid(t_vals)
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# Plot

plt.figure(figsize=(10, 10))

plt.plot(x_vals, y_vals, label="Clothoid,curve by, complex number display", color="
blue")

plt.axhline (0, color="black", linewidth=1.0, linestyle="--")

plt.axvline (0, color="black", linewidth=1.0, linestyle="--")

plt.title("Parametric Plot of ;$(C(t), S(t))$", fontsize=10)

plt.xlabel ("$C(t)$", fontsize=10)

plt.ylabel ("$S(t)$", fontsize=10)

plt.legend(fontsize=10)

plt.grid(alpha=0.5)

plt.axis("equal™")

plt.show ()

Parametric Plot of (C(t), S(t))(trange[0,100])

—— Clothoid curve by complex number display
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Listing 7: Computation Time per Run

import numpy as np # Library for numerical computations
import matplotlib.pyplot as plt # Library for plotting
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from scipy.special import erf # Error function for Fresnel integrals
import time

# Define constants

sqrt_pi = np.sqrt(np.pi) # Square root of pi

sqrt_i = np.sqrt(1j) # Square root of imaginary unit i
sqrt_neg_i = np.sqrt(-1j) # Square root of -i

# Compute Fresnel integral C(z)
def fresnel_C(z):

return (sqrt_pi / 4) * (sqrt_neg_i * erf(sqrt_i * z) + sqrt_i * erf(sqrt_neg_i

* z))

# Compute Fresnel integral S(z)
def fresnel_S(z):

return (sqrt_pi / 4) * (sqrt_i * erf(sqrt_i * z) + sqrt_neg_i * erf(sqrt_neg_i

* z))

# Generate the clothoid curve
def generate_clothoid(t_vals):

C_vals = fresnel_C(t_vals)
S_vals = fresnel_S(t_vals)
return C_vals.real, S_vals.real

# Parameter t (larger values expand the curve)
np.linspace (0, 100, 10000)

# Initialize list to store computation times
computation_times = []

# Run the function 1000 times and record computation times
for _ in range (1000):

start_time = time.time ()

generate_clothoid (t_vals)

end_time = time.time ()
computation_times.append(end_time - start_time)

# Compute the average computation time
average_time = np.mean(computation_times)

# Plot the computation times as points

plt.figure(figsize=(10, 5))

plt.plot (computation_times, ’o’, label="Computation,Time,per, Run", color=’blue’)
# Use ’o’ for points

plt.axhline (y=average_time, color=’red’, linestyle=’--’, label=f"Average_ Time =1
average_time:.4f}s")

plt.xlabel (’Run, Number’)

plt.ylabel (’Computation Time,(seconds)’)

plt.title(’ComputationTime_ for 1000, ,Runs’)

plt.legend ()

plt.grid(True)

plt.show ()

# Print the average computation time
print (f"Average computationytime: {average_time:.4f} ;seconds")
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Listing 8: Clothoid by frenetSerret formulas

import numpy as np # Library for numerical computations

import matplotlib.pyplot as plt # Library for plotting

from scipy.integrate import solve_ivp # Function to solve initial value problems
for ODEs

# Define the Frenet-Serret equations for planar curves
def frenet_serret(s, y, kappa_func):

Compute derivatives based on Frenet-Serret equations.

Parameters:
s: float
Curve parameter
y: ndarray
State vector [T, N, r], where:
T: Tangent vector (2D)
N: Normal vector (2D)
r: Position vector (2D)
kappa_func: function
Curvature as a function of s

Returns:
dyds: ndarray
Derivative of the state vector

T = y[0:2] # Tangent vector (2D)

N = y[2:4] # Normal vector (2D)

r = y[4:6] # Position vector (2D)

kappa = kappa_func(s) # Curvature at parameter s

# Compute derivatives
dT_ds kappa * N # Tangent vector derivative
dN_ds -kappa * T # Normal vector derivative
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dr_ds = T # Position vector derivative
return np.concatenate ([dT_ds, dN_ds, dr_ds]l)

# Function to compute and plot the planar curve

def reconstruct_and_plot(kappa_func, s_span=(0, 100), initial_conditions=None,

resolution=10000) :

Solve Frenet-Serret equations and plot the planar curve.

Parameters:
kappa_func: function

Curvature as a function of s
s_span: tuple

Range of parameter s (start, end)
initial_conditions: list or None

Initial values for T (tangent), N (normal), and r (position)

resolution: int
Number of points for parameter s
nnn
if initial_conditions is None:
TO = [1, 0] # Initial tangent vector

NO = [0, 1] # Initial normal vector
r0 = [0, 0] # Initial position
initial_conditions = TO + NO + rO
s_eval = np.linspace(s_span[0], s_span([1], resolution) # Parameter range

# Solve Frenet-Serret equations
solution = solve_ivp(

frenet_serret, s_span, initial_conditions, args=(kappa_func,), t_eval=

s_eval, method=’RK45’,rtol=1e-6, atol=1e-8

r = solution.y[4:6] # Extract position vectors
x, y = r[0], r[1] # Separate x and y components

# Plot

plt.figure(figsize=(10, 10))

plt.plot(x, y, label=’Clothoid, by, frenetSerret, formulas’,
plt.title(’Parametric Plot of $(C(t), S(t))$’)

plt.xlabel (’C(t)’)

plt.ylabel (’S(t)’)

plt.grid(True)

plt.axis (’equal’)

plt.legend ()

plt.show ()

# Define curvature function (linear increase)
kappa_func = lambda s: 2.0 * s

# Generate and plot the curve
reconstruct_and_plot (kappa_func, s_span=(0, 100))

color=’blue’)

29




w

© W N O U

11
12
13
14
15
16
17

Parametric Plot of (C(t), S(t))(trange[0,100])
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Listing 9: Computation Time per Run

iimport numpy as np # Library for numerical computations

import matplotlib.pyplot as plt # Library for plotting

from scipy.integrate import solve_ivp # Function to solve initial value problems
for ODEs

import time

# Define the Frenet-Serret equations for planar curves
def frenet_serret(s, y, kappa_func):

T = y[0:2] # Tangent vector (2D)

N = y[2:4] # Normal vector (2D)
r = y[4:6] # Position vector (2D)
kappa = kappa_func(s) # Curvature at parameter s

# Compute derivatives
dT_ds = kappa * N # Tangent vector derivative
dN_ds = -kappa * T # Normal vector derivative
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dr_ds = T # Position vector derivative

return np.concatenate ([dT_ds, dN_ds, dr_ds]l)

# Function to compute and plot the planar curve

def

reconstruct_and_plot (kappa_func, s_span=(0, 100), initial_conditions=None,

resolution=10000) :

if initial_conditions is None:

TO = [1, 0] # Initial tangent vector
NO = [0, 1] # Initial normal vector
r0 = [0, 0] # Initial position
initial_conditions = TO + NO + rO
s_eval = np.linspace(s_span[0], s_span[1], resolution) # Parameter range

# Solve Frenet-Serret equations
solution = solve_ivp(
frenet_serret, s_span, initial_conditions, args=(kappa_func,), t_eval=
s_eval, method=’RK45°’,rtol=1e-6, atol=1e-8

)
r = solution.y[4:6] # Extract position vectors
x, vy = r[0], r[1] # Separate x and y components

kappa_func = lambda s: 2.0 * s

# Initialize list to store computation times
computation_times = []

# Run the function 100 times and record computation times

for

in range (1000):
start_time = time.time ()
# Define curvature function (linear increase)
reconstruct_and_plot (kappa_func, s_span=(0, 100))
end_time = time.time ()
computation_times.append(end_time - start_time)

# Compute the average computation time
average_time = np.mean(computation_times)

# Plot the computation times as points

plt
plt

#
plt

.figure(figsize=(10, 5))

.plot (computation_times, ’o’, label="Computation, Time,per_ Run", color=’blue’)
Use ’o’ for points

.axhline (y=average_time, color=’red’, linestyle=’--’, label=f"Average Time,=_{

average_time:.4f}s")

plt

plt.
plt.
plt.
plt.
plt.

.xlabel (’Run_ Number’)

ylabel (’ComputationTime  (seconds)’)
title(’ComputationTime for 1000, ,Runs’)
legend ()

grid(True)

show ()

# Print the average computation time
print (f"Average computation,time: {average_time:.4f} ;seconds")
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(Listing10) & 77 (K 12) 27”7,

Listing 10: Clothoid by frenetSerret formulas

import numpy as np

import math

import matplotlib.pyplot as plt

from scipy.integrate import solve_ivp

# Definition of the Frenet-Serret differential equations
def frenet_serret(s, y, kappa_func, tau_func):

T = y[0:3] # Tangent vector

N = y[3:6] # Principal normal vector

B = y[6:9] # Binormal vector

r = y[9:12] # Position vector of the curve

kappa = kappa_func(s)

tau = tau_func(s)
dT_ds = kappa * N
dN_ds = -kappa * T + tau * B
dB_ds = -tau * N
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dr_ds = T # Position of the curve
return np.concatenate([dT_ds, dN_ds, dB_ds, dr_ds])

# Reconstruction and plotting

def reconstruct_and_plot(kappa_func, tau_func, s_span=(0, 100), initial_conditions

=None, resolution=10000):
if initial_conditions is None:
ToO = [1, 0, 0] # Tangent vector
NO = [0, 1, 0] # Principal normal vector

BO = [0, O, 1] # Binormal vector

r0 = [0, 0, O] # Initial position of the curve

initial_conditions = TO + NO + BO + rO # List instead of array
s_eval = np.linspace(s_span[0], s_span[1], resolution)

# Solve using Runge-Kutta method

solution = solve_ivp(
frenet_serret,
s_span,

initial_conditions,
args=(kappa_func, tau_func),
t_eval=s_eval,

method=’RK45"’

r = solution.y[9:12] # Position of the curve
x, y, z = r[0], r[1], r[2]

# Check if the torsion is zero
is_planar = np.allclose([tau_func(s) for s in s_eval], 0, atol=1e-10)

# Plot for planar curve
if is_planar:
plt.figure(figsize=(10, 10))
plt.plot(x, y, label=’Example of ,curve’, color=’blue’)
plt.title(’Parametric Plot of $(X(s), Y (s))$")
plt.xlabel (’X(t)’)
plt.ylabel (’Y(t)?)
plt.grid(True)
plt.axis(’equal’)
plt.legend ()
plt.show ()
else:
# 3D Plot
fig = plt.figure(figsize=(10, 10))
ax = fig.add_subplot (111, projection=’3d’)
ax.plot(x, y, z, label=’Example of,curve’, color=’blue’)
ax.set_title(’ParametricyPlot of $(X(s),Y(s),Z(s))$’)

# Set axis limits
ax.set_x1lim (0, 1)
ax.set_ylim (0, 1)
ax.set_zlim (0, 1)

ax.set_xlabel (’X(s)’)
ax.set_ylabel (’Y(s)?)
ax.set_zlabel(’Z(s)’)
ax.legend ()
plt.show ()
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80 | kappa_func = lambda s: 2%s #Curvature

81 | tau_func = lambda s: 0.5 #Torsion

82

83 | reconstruct_and_plot (kappa_func, tau_func, s_span=(0, 100))

Parametric Plot of (X(s), Y(s), Z(s))

—— Example of curve

1.0 00

X 12:

FTIVE
Conclusion

5 DDFIET Clothoid ZHHH$ 5 Z AT &7z, EH2.25 5 Clothoid 2% (0.6267,0.6267)
H7=DITNORT 2 FD37770° %,
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Method Time
Python #fEHFIE Z 4 77V ZH\W =4 0.0378s
WM R OWIHIEREZ W - fil 1.4346s

AR 72 BEHOR B 7 0.0025s
Frenet-Serret #2+7% F U 7= fifiH] 6.6948s

Clothoid OfENZ 22 2t EREEZRIC LTz, B AAFTEREEIZa—F
RFETIRBICKTET 2 TFERCTHEI DIER AIVEZ DR Z 2 AlREMEIEH 5, L
LR O FIEE CErERBRICERELRENDH D Z D05,

1. X DFTEFEEN K Z W [Frenet-Serret #% FW/=HH] | 2R T, &b ET
HIRFERED /NS W TERABIEUZ - W73 13589 2678 550,

2. Fresnel D 25t AT 2 HUICHRERREI DS NATWVWE e HE X 5N 5 [Python
BUERTE 7 4 72 V) NOEEET H % scipy.special.fresnel % W 7= 4] ) 12 EE
NT, BEBORAEZ EUMICBIEF BRI BRI KR E R 2 Z e THEE
2 TREBRCE W) DI WZIT TR M 15 fEEW,

ZehFEITohd, RERELT

1. fHLZZa a2 —2D ARy ZD{KL Maclaurin FBR % W 7=24#H] ) 12
BOWTARIRX—=RERELWS 2 R 272,

2. M L7z Python BUHATHE 7 4 75 VNOM &£ DRI DRET 2 TR N5
EHRIZ D o 7z,

3. ZEfHRRIC BV THIER, IR 01272 % & 2O —BEMDOREED IR R h o 72,

DTN B, Fresnel fH77 % Mg & L T Clothoid % ffi[#H 3 3 FiEICERZ
TR PEST 2T %ﬁ/\ﬁﬁJ(@ﬁﬁﬁ@/f BERBBGR. MR,
Python 2 EWZBAST 2 HIADED 6N Z L IFEERTH - 7,

KN EZHETRICHID BRI IZHTE ZHELZTHO T ERICTE O Z#H WL
EJr IS
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